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Abstract. Let K be a nonarchimedean local field, let h be a positive integer,
and denote by D the central division algebra of invariant 1/h over K. The
modular towers of Lubin-Tate and Drinfeld provide period rings leading to an
equivalence between a category of certain GLj,(K)-equivariant vector bundles
on Drinfeld’s upper half space of dimension h — 1 and a category of certain
D*-equivariant vector bundles on the (h — 1)-dimensional projective space.
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0 Introduction

Let p be a prime number. The category of p-adic Galois representations, i.e.
that of continuous representations of the absolute Galois group of a local field on
finite dimensional QQ,-vector spaces, has largely been studied through a variety
of period rings. These play a role in J-M. Fontaine’s description of p-adic Galois
representations through étale (p, I')-modules, as well as in the geometrically sig-
nificant definition of de Rham, semi-stable and crystalline representations (cf.
[20, Theorem 4.23, Chapters 5 and 6]).

In view of the p-adic Langlands program, seeking to generalize the local Lang-
lands correspondence by matching up p-adic Galois representations with certain
continuous representations of p-adic reductive groups on nonarchimedean topo-
logical vector spaces, it seems a natural question whether it is possible to also
study representations of reductive groups using suitable rings of periods.



Making use of the towers of Lubin-Tate and Drinfeld — two objects from arith-
metic geometry — we present a first and promising construction, showing that
this novel strategy leads to very interesting results. Let us mention that the
Lubin-Tate tower figures most prominently in the proof of the local Langlands
correspondence in characteristic zero by Harris and Taylor [26], as well as in
Strauch’s purely local proof of the fact that its ¢-adic cohomology realizes the
Jacquet-Langlands correspondence (cf. [42]).

In order to describe our procedure more precisely, let K be a nonarchimedean
local field of any characteristic, denote by 0 = o its valuation ring, choose
a uniformizer m = 7 of K, and let h > 1 be an integer. Denote by K the
completion of the maximal unramified extension of K, and by ¢ its valuation
ring.

For any integer m > 0 let yﬁ,’;’ be the generic fibre of the formal d-scheme
parametrizing one dimensional formal o-modules of height h and level structure
m, constructed in [14, Section 4]. It is an étale Galois covering of the rigid ana-
lytic open unit polydisc of dimension h — 1 over K. Denoting by D = Dg) the
central division algebra of invariant 1/h over K and by op its valuation ring,
there are commuting left actions of the groups Géh) := GLy(0) and Ho(h) =0

on yﬁ,’f) and hence on the ring B .= O(y%’)) of its global sections.

) under the

Section 1 is concerned with computing the rings of invariants of B,g,l
actions of G(()h) and Héh) (cf. Theorem 1.4 and Corollary 1.6). For any integer
m > 1 set Hf,?) := 14 7™op. Denoting by K,, the field obtained by adjoining
the m™-torsion points of a one dimensional Lubin-Tate formal o-module to K,

we find a Géh) X Héh)—equivariant isomorphism (B,(,’Z))HW ~ K.

Let X(()h) = Q%) XK K, where Q(I?) is Drinfeld’s upper half space of dimen-
sion h — 1 over K. Interpreting X éh) as the generic fibre of a formal o-scheme
parametrizing special formal op-modules of height A%, Drinfeld constructed in
[15, §3] a family Xﬁ,}f) of finite étale Galois coverings of X(()h) with m > 0. Again,

there are commuting left actions of G((Jh) and Héh) on X" and hence on the

ring AW = O(x M) of its global sections.

In Section 2, we compute the rings of invariants of Ag,};b) under the actions of
Géh) and H(gh) (cf. Theorem 2.8 and Corollary 2.10). To this end, we first show
that the spaces X" are connected (cf. Theorem 2.5). Partially, this result is
contained in [22, Théoréme 1.1] , [18, Lemma 4.5] and [5, Theorem 2.3]), and
can also be deduced from the work of P. Boyer and J-F. Dat on the cohomology
of the Drinfeld tower (cf. [12], for example). We find a G((Jh) X Héh)—equivariant
isomorphism (A%L))GS:) ~ K.

In Section 3 we combine the two modular towers of Lubin-Tate and Drinfeld,
setting 2 .= xW X i Y and o = O(ZM) for any integer m > 0.

There are commuting left actions of the groups Géh) and H(()h) on the ring C’T(,}LL )
whose invariants are computed in Theorem 3.2. In fact, we find equivariant



isomorphisms
O(Zg,}:))Géh) ~ (’)(y(()h)) and (’)(Zg:))Héh) ~ (’)(Xéh)).

We are interested in the following problem. For any integer m > 0 there are
natural morphisms p,, : Z%L) — X(()h) and ¢, : ng;) — ygh). Given a G(()h)-
equivariant vector bundle M on X (()h), when is there an integer m > 0 and
an Héh)—equivariant vector bundle N on yg’” together with a Géh) X Héh)—
equivariant isomorphism

P(M) >~ ¢;,(N)?

Due to Theorem B for quasi-Stein spaces, the category of Géh) -equivariant vector
bundles of finite rank on X (()h) is equivalent to the category of finitely generated

projective Aéh)—modules with a semilinear action of G(()h) via the global section
functor (cf. Corollary A.3). We denote by (-)™~ the usual quasi-inverse. Using
this result, the above problem admits the following algebraic approach, familiar
from the philosophy of period rings for p-adic Galois representations which we
referred to above.

A Ggh)—equivariant vector bundle M = M of finite rank on X éh) is called Lubin-
Tate if there is an integer m > 0 such that the natural map

(h)
C,(#) ®B((]h) (07(,?) ®A[()h) M)GO — C,%L) ®A[()h,) M
is an isomorphism (cf. Definition 3.4). In this case,

(h)
]D)LT(M) = [(C,(,?) ®Aéh) M)GU ]N

turns out to be an Héh)—equivariant vector bundle of finite rank on yg") whose
definition is independent of the integer m > 0 (cf. the discussion following Def-
inition 3.4, as well as Lemma 3.5).

Likewise, an H(()h)—equivariant vector bundle N' = N of finite rank on y(()h) is
called Drinfeld if there is an integer m > 0 such that the natural map

(n)
C,(f) ®Agh) (Cﬁl) ®B(()h) N)HO — CT(:) ®Béh) N
is an isomorphism (cf. Definition 3.4). In this case,
(n)
Do) = [(CL) @0 W)

is a well-defined G(()h)—equivariant vector bundle of finite rank on X éh).

It is a formality to show that the functors Dy and Dp, are mutually quasi-
inverse equivalences between the categories of Lubin-Tate and Drinfeld bundles
on X (()h) and ygh), respectively (cf. Theorem 3.7). The nontrivial part of the
theory is rather concerned with the construction of interesting examples. Using



Galois descent, we show that if V' and W are finite dimensional smooth repre-
sentations of Géh) and Héh) over K, respectively, then the equivariant vector

bundles

M(V) = OXS;L) @V and  NW):=0,m QW

y(()h
are Lubin-Tate and Drinfeld, respectively (cf. Theorem 3.8). Other examples

are provided by the structure sheaves of the coverings X ;ﬁ) and yﬁf;% respec-
tively (cf. Remark 3.9).

In Lemma 3.10 we show that the ring A{" (resp. ng)) is (K, G%L))—regular
(resp. (K, H,gil))—regular) in the sense of [20, Definition 2.8]. In Lemma 3.11
we then give an alternative characterization for equivariant vector bundles to
be Lubin-Tate or Drinfeld. As a consequence, the categories of Lubin-Tate and
Drinfeld bundles enjoy many good formal properties (cf. Theorem 3.12).

In order to study objects which are equivariant under the full groups G :=
GLj,(K) and H™ := D*, we consider the Rapoport-Zink spaces X" and 252)
of the moduli problems of Drinfeld and Lubin-Tate, as well as the corresponding
period spaces X éh) and IF’}I';(_l (cf. Section 4). The latter carry actions of G(")

and H™ | respectively, and the notions of equivariant Lubin-Tate and Drinfeld
bundles are generalized in Definition 4.2.

We follow Fargue’s exposition in [19, Chapitre I, Section IV.11], to define an
equivalence between the category of H(M-equivariant coherent modules on }P’}}(_l

and the category of so-called H(M-equivariant cartesian coherent modules on
the Lubin-Tate tower (cf. Theorem 4.1). We use this result to define two mu-
tually quasi-inverse functors, again denoted by D and Dp,, between the cate-
gory of G"-equivariant Lubin-Tate bundles on X gh) and the category of H(")-
equivariant Drinfeld bundles on P}Iﬁ(_l (cf. Theorem 4.4). The latter contains

the category of all finite dimensional smooth representations of H"") over K as
a full subcategory (cf. Theorem 4.5).

We closely examine the abelian case of height one (cf. Proposition 4.6) and de-
duce that the above correspondence satisfies a general compatibility relation on
traces (cf. Theorem 4.7). This raises the question of how it is related to the
Jacquet-Langlands correspondence (cf. Remark 4.8).

The above results rely on a natural functoriality property underlying the moduli

problems of Sections 1 and 2 (cf. Section 5). If L|K is a finite field extension

of degree n and ramification index e, we recall how to obtain GLy,(0y,) X 02“")_
L

equivariant morphisms

. h h h h

LK * X‘(enz,L - Xfffz? and TLIK * yinz,L - 3’5312
for any integer m > 0, satisfying certain natural conditions (cf. Proposition
5.1). If the equivariant objects under consideration arise from finite dimen-
sional smooth representations, the pullback functors ile and r;‘K respect the
properties of being Lubin-Tate and Drinfeld, respectively, and commute nicely



with the functors Dyr and Dp, (cf. Theorems 5.2 and 5.3).

Let us point out that also L. Fargues, building on ideas of G. Faltings, con-
structed a correspondence between certain smooth equivariant objects on the
period spaces associated with the deformation spaces of Lubin-Tate and Drinfeld
(cf. [19, Chapitre I, Théoreme IV.13.1]). His correspondence is even an equiva-
lence of topoi and is a formal consequence of the construction of an equivariant
isomorphism between the two towers. On the other hand, it does not seem
to apply to coherent module sheaves and is by far more complicated than our
explicit and elementary approach.

Finally, many of our methods and arguments are general enough to hope for
similar functorial correspondences involving other p-adic period domains and
thus other p-adic reductive groups.

Acknowledgements. The author is grateful to Brian Conrad, Alain Genestier,
Laurent Fargues and in particular to Matthias Strauch for many very helpful
discussions.

Conventions and notation. Let K denote a nonarchimedean local field, i.e. a
field which is locally compact with respect to the topology defined by a nonar-
chimedean nontrivial normalized valuation vg. Let 0 and k£ denote the valuation
ring and the residue class field of K, respectively, and let ¢ be the cardinality
of k. We choose a uniformizer m = mx of K and a separable closure k° of k.
Let K := K™ denote the completion of the maximal unramified extension of
K, and let & denote the valuation ring of K.

If h > 1 is an integer we denote by D = D%L) the central division algebra of
invariant 1/h over K. Let Nrd : D — K denote the reduced norm of D over
K. The valuation vg extends to a valuation vp := vg o Nrd on D, and we
denote by op the corresponding valuation ring of D. We set G™ := GL,,(K)
and Géh) := GLy(0), as well as H") := D* and Héh) :=o0}. If R is a ring we
denote by My, (R) the ring of (h x h)-matrices over R. For any integer m > 1 we
let Ggf) = 14+7"M}(0) and H,(,?) := 14+7™0p denote the principal congruence
subgroups of G and H") of level 7™, respectively.

1 Invariants in the Lubin-Tate tower

For Drinfeld’s theory of formal o-modules with level structure we refer to [14, §4].

Let C be the category of commutative unital complete noetherian local 6-
algebras R = (R, mg) with residue field R/mg ~ k°. If R is an object of C, if H
is a one dimensional formal o-module over R, and if a € o, then we denote by
o]y = [a]u(X) € R[[X]] the corresponding endomorphism of H. Recall from
[23, Lemma 4.1], that either the power series [r]p reduces to zero modulo the
ideal mgR[[X]] or else there is a uniquely determined positive integer h and a
power series f € k°[[X]] with

(7] (X) modmg = £(X7") and f'(0) # 0.



In the latter case, the integer h is called the height of the formal o-module H.

We fix an integer h > 1 and a one dimensional formal o-module H® of height
h over k* which is defined over k. Up to o-linear isomorphism (defined over k*)
there is exactly one such module, and we have

(1) End, (H™) ~ op,

where op is the valuation ring of the central division algebra D = D%L) of in-
variant 1/h over K (cf. [14, Propositions 1.6 and 1.7]).

For any integer m > 0 consider the set valued functor m,(f{ ) on C which associates
to an object R of C the set of isomorphism classes [(H, p, )] of triples (H, p, ¢),
where H is a one dimensional formal o-module of height h over R, p is an o-linear
isomorphism

p:H® — Hmodmpg,

and ¢ : (17™0/0)" — (mg, +x) is a homomorphism of abstract o-modules such
that the power series [] ¢ (r-m o0y (X — ¢(a)) divides [7™]g (X) in R[[X]].

If m’ and m are integers with m’ > m > 0 then we define a natural transforma-
tion

h
(2) V) — D
by sending the isomorphism class of a triple (H, p,¢) defined over an object

R of C to the class of the triple (H, p, p|(z—mo/0)n) via the o-linear embedding
(™0 /o) C (=™ 0/0)".

The following fundamental theorem is due to Drinfeld (cf. [14, Propositions 4.2
and 4.3]). In the case m = 0 and o = Z,, it was first proved by Lubin and Tate,
building upon the work of Lazard (cf. [31, Theorem 3.1]). If m = 0 and if o is
arbitrary, a concise proof can be found in [43].

Theorem 1.1 (Lubin-Tate, Drinfeld). Let h > 1 be an integer.

(i) For any integer m > 0 the functor @5,’3) is representable by an object Rg,}f)

of C. The local ring R,(ff) 1s regqular.

(ii) If m and m' are integers with m’ > m > 0 then the homomorphism of
local rings Rg,}f) — Rgs,) induced by (2) is finite and flat.

(iii) The ring R(()h) is noncanonically isomorphic to the ring 6[[t1,...,th—-1]] of
formal power series in h — 1 indeterminates over o. (|

)

For any integer m > 0 there are commuting left actions of G(()h) and H(gh on the

functor @,(jf) for which the morphisms (2) are equivariant. They are given by
(3) (g,d)-[(H,p,o)]:=[H,pod ', pog ") for dec H(gh) and g € G(()h),

where the action of Héh) makes use of the identification in (1). The action of
the subgroup {(o, @) |a € 0*} of G(()h) X H(gh) on the functor @%) is trivial.



For any integer m > 0 we let YV .= (Qjﬁ,’}))rig be the rigid analytic K-variety
associated with the formal 3-scheme 94 = Spf(Rgf)) (cf. [28, Section 7]). Let

B = 05)

be the K -algebra of global rigid analytic functions on y%’). By functoriality,
yﬁ,’? and B,(A,ff ) carry commuting left actions of Géh) and Héh), respectively.

Theorem 1.2. Let h > 1 be an integer.

(i) For any integer m > 0 the rigid analytic Iv(—variety y;’ﬁ s smooth con-

)

nected and quasi-Stein. The Iu(-algebm B;,’Z is an integrally closed integral

domain.

(i) If m' and m are integers with m' > m > 0 then the morphism

(4) Vo) — Vi)

induced by (2) is a finite étale Galois covering with Galois group G%)/Gg;,).

(iii) The space ygh) is noncanonically isomorphic to the rigid analytic open
unit polydisc IB%}}{_I of dimension h — 1 over K.

Proof: All assertions follow from Theorem 1.1 and the properties of the rigidi-
fication functor (cf. [28, Section 7]). That BM is an integrally closed integral
domain follows from Lemma A.1. |

Remark 1.3. It is a classical result that all formal o-modules of height one over

0 are isomorphic (cf. [30, Lemma 2]). In this case R

= 0,, 1s the valuation
ring of the finite Galois extension Br(,i) = K,, of K obtained by adjoining the
m™-torsion points of any Lubin-Tate formal o-module of height one over o to K
(cf. [30, Theorem 3]). We have Gal(K,,|K) ~ (o/7™0)* ~ Gg”/Gﬁ,{) for any
integer m > 0.

The following result heavily relies on the work [41] of Strauch.

Theorem 1.4. Let h > 1 and m > 0 be integers.
i) We have BT%) agt = B,
0

(ii) We have (BT(,}LL))HW =K,,. Viewz'ngf(m as aleft o> -module via the homo-
morphism 0* — (o/7™0)* ~ Gal(K,,|K) (c¢f. Remark 1.8), the induced
left actions of Ggh) and Héh) on K,, are given by g- o = det(g) () and
0 -a=Nrd(d)(«) for all elements g € Géh), d€ Héh) and a € K,,.

(iii) If N is a finitely generated projective B,g,l)—module with a semilinear ac-

tion of Gé’”/G%’P, then the natural map B,(,?) ® g NG N is an
9]
isomorphism.
Proof: Assertion (i) is a direct consequence of Theorem 1.2. As for (ii) we start

with the following lemma, built upon a result of Gross and Hopkins (cf. [23,
Proposition 14.18]).



Lemma 1.5. We have (B(()h))H =K for any open subgroup H of Héh).

Proof: If H = H(gh) this follows as in [23, Proposition 14.18]. In the general
case we may assume H to be normal in Héh), so that (B(()}L))H is a finite Galois
extension of the field K (note that (Béh))H C B(()h) is an integral domain by
Theorem 1.2). However, K is algebraically closed in B(()h) C K[[t1,...,th_1]).0

By [41, Corollary 3.4 and Theorem 4.4], there is an equivariant embedding

Iu(m C Bfff) with the actions of G(()h) and Héh) on R’m as given above. Note that
the actions in [41] are from the right and are related to our actions by taking

inverses. Thus, K,, C (B,(,ff))Hff),

On the other hand, since the actions of Géh) and H(()h) on B,(,?) commute, the
ring (Bffbl))Hff)7 which is an integral domain by Theorem 1.2, is finite over
(B(()h))HT(v}f) = K (cf. Lemma 1.5). Thus, (Bf,’}))Hﬁff) is a field and a finite Ga-
lois extension of K,, in B Tt follows from [41, Proposition 4.2], that K,, is
separably closed in Bf# ), Indeed, if E|R’m is a finite separable extension inside

BY then its valuation ring op is contained in R (cf. [28, Theorem 7.4.1]).

Let 7, and 7 be uniformizers of K,, and E, respectively. There is an integer
e > 1 such that 7,05 = 7%0g. By [41, Proposition 4.2], the ring R,(g)/ﬂm £ff>
is reduced, so that e = 1. Thus, the extension °E|°1“(m is étale. Since 0,
is strictly henselian we must have op = 0 and thus £ = K. Therefore,

(BINYHL = K,
Finally, assertion (iii) follows from Corollary A.3 and Theorem A.4. (]

Corollary 1.6. Let m > 0 be an integer. We have (B,(jf))H = (K, )Nr4H) for
any open subgroup H of Héh).

9

Proof: As above, the ring (ng))H is a finite Galois extension of (B(()h))H =K
inside BS,’;). According to the proof of Theorem 1.4 we have (B,(#))H - Iu(m
Moreover, the field K, is stable under the action of Héh) which factors through
the reduced norm. Therefore, (K,,)N4H) = (K,,)2 C (BY)E C (K,,)2. O

2 Invariants in the Drinfeld tower

For Drinfeld’s theory of special formal o p-modules we refer to [4], [15] and [21].

We fix an h-dimensional special formal op-module G of height h? over k*
which is defined over k. The op-module G is unique up to isogeny, and there
is an isomorphism

(5) End,, (G™) ®, K ~ M;(K)

of K-algebras (cf. [4, Propositions 11.5.2 and I1.5.3] for the case h = 2).



Let Nilp, denote the category of commutative unital o-algebras in which the
image of 7 is nilpotent. Define the set valued functor f{éh) on Nilp, by asso-
ciating with an object R of Nilp, the set of isomorphism classes [(¢, G, p)] of
triples (v, G, p), where ¢ : k* — R/m R is a homomorphism of o-algebras, G is a
special formal o p-module of height k2 over R and p : ¥,(G) — G'mod 7 is an
op-equivariant quasi-isogeny of height zero (cf. [15, §2.A] or [4, Section I1.7.1]
for the notion of a quasi-isogeny and of its height).

There are commuting left actions of the groups GY” = GLj(0) and H{" = o},

on the functor .’f(()h), given as follows. Any element g € Géh) defines a quasi-
isogeny of G" of height zero via (5), and we set

g- [(1/1, G7 p)] = [(17/}3 Ga po 1/)* (tg))]a

where 'g denotes the transpose of g. We emphasize that this definition of the

G(()h)—action on .’f(()h) differs from the usual one by the automorphism (g — ‘g~1)
of the group G = GL, (K).

Given a special formal op-module and an element § € Héh), we let °G be
the special formal op-module obtained by pulling back the action of op via
conjugation by 4. In this way, the action of §~! on G defines an op-equivariant
quasi-isogeny 6! : G — %G of height zero, and we set

g [(1/% G7 p)] = [(qua §G7 po 7/}*(571))]

Clearly, this action of Héh) on %éh) is trivial. Further, the action of the sub-
group {(o, ) | € 0™} of Géh) X Héh) on the functor %éh) is trivial.

Let Q(I?) denote Drinfeld’s upper half space of dimension h — 1 over K, ob-
tained by removing all K-rational hyperplanes from ]P’;‘(_1 (cf. [37, 8§1]). Set
Xéh) = Q%) x g K. There is a natural action of the group G = GL,(K) on
the space Qg?)

G . Tt extends to an action on Xéh) over K. We emphasize that we let G
(R)
0

which we change via the automorphism (g — tg~1!) of the group

act trivially on K. Further, let the group H™ = D* act trivially on X

The following fundamental theorem is due to Drinfeld (cf. [15, Theorem 2.A];
see also [4, Théoremes I1.8.4, 11.9.3 and I1.9.5], as well as [21, Chapitre III,
Théoreme 3.1.1)).

Theorem 2.1 (Drinfeld). Let h > 1 be an integer. The functor %éh) is pro-
representable by a formal 6-scheme which is locally formally of finite type. Its

generic fibre (%éh))”g 18 G(()h) X Héh)-equivam'antly isomorphic to the rigid ana-
lytic Iu(—space X(()h). O

According to Theorem 2.1 there is a universal special formal op-module over
the formal o-scheme %éh) which may be used to define a certain family of rigid
analytic K-spaces (X"),,5¢ (cf. [15, §3], where these spaces are denoted %"

see also [4, Section 11.13], and [21, Section IV.1]). Each of the spaces XM



carries commuting left actions of the groups G(()h) and Héh)7 and if m’ and m
are integers with m’ > m > 0 then there are equivariant morphisms

(©) X X

(h) op

The following results are all implicit in the construction of the spaces X},

follow from [37, §1 Proposition 4].

Theorem 2.2. Let h > 1 be an integer. For any integer m > 0 the rigid
analytic K-variety ng) is smooth and quasi-Stein. If m' and m are integers
with m’ > m > 0 then the morphism (6) is finite étale and Galois with Galois

group HT(,}LL)/Hﬁf,) O

Remark 2.3. If h = 1 then there are isomorphisms X ~ Sp(K,,) for all
integers m > 0 with K, as in Remark 1.3. Tk&e ﬁeuld K,, is a left 0*-module via
the homomorphism 0* — (o/7™0)* ~ Gal(K,,|K). The resulting left actions
of G((Jl) = 0% and HOI) = 0* on I?m, obtained by transport of structure, are
given by g-a = g7 1(a) and § - a = §(a) for all elements g € Gél), o€ Hél) and
a € Ky,

As a supplement to the results [22, Théoréme 1.1], [18, Lemma 4.5], and [5,
Theorem 2.3], concerning the connected components of the spaces X 53), we
shall prove the following two theorems.

Theorem 2.4. Let h > 1 be an integer. The rigid analytic K-variety Q([?) 18
smooth and geometrically connected. In particular, the ring of global sections of
Q(I?) X g F is an integrally closed integral domain for any complete valued field
extension F of K.

Proof: By [37, §1 Proposition 1], the space Q(I?) is an admissible open subset of
]P’;‘(_l. Therefore, Qg) X i F' is smooth over F.

Consider the admissible covering (leh))nzl of Q%), constructed in the proof of
[37, §1 Proposition 1], consisting of an increasing sequence of admissible open

subsets. According to the proof of [37, §1 Proposition 6], each leh) admits an
admissible covering by open subsets (V; ,,); with pairwise non-empty intersec-
tions such that each V; ,, is isomorphic to the product of an open polydisc with
a closed polydisc. Thus, each space V; ,, is geometrically connected, and we may

use [10, p. 492] to conclude that so is Qg?).

The last assertion of the theorem follows from Lemma A.1. O

Theorem 2.5. Let h > 1 be an integer. For any integer m > 0 the rigid analytic
K -variety XM is connected and its ring O(XM)) =: AW of global sections is
an integrally closed integral domain.

Proof: The group H(()h)/ Hf,f ) acts transitively on the set of connected compo-
nents of X", Indeed, any connected component C of X" is finite and flat over
the connected space X éh), hence maps surjectively onto X éh) (cf. Proposition
A.6). Thus, it suffices to see that Héh) acts transitively on the fibre in X" of

10



any point in X éh). But here the transitivity follows from Theorem 2.2 and [3,

V.2.2 Théoreme 2].

Thus, choosing a connected component C' of X g,’:) and denoting by H’ its sta-
bilizer group in H(gh)/Hf,?’), we need to show that H' = H(gh)/Hf,?). Since
Héh) / Hgf ) is a finite group, it suffices to show that it is the union of the conju-
gates of its subgroup H' (cf. [1, Exercice 1.5.6, p. 130]).

Let L|K be an extension of degree h and choose an embedding L <— D = D%L),
inducing embeddings L* — H®™ and o) — Héh). Denoting by e = er |k the
ramification index of the extension, we shall recall in Section 5 how to construct
an o5 -equivariant morphism X 21)1 L — X xf) =X fs’)K, where the index indicates
which base field the objects refer to. The space X S)

m
just one point whose image in X EE)K we denote by yr,. By the above reasoning

L= Sp(Lem) consists of

there is an element 6 € Héh) such that § -yp, € C. It follows that for any exten-
sion L of K of degree h there is an embedding L — D such that the image of
of in Héh)/Hgl) is contained in H'.

According to [15, §2], the action of Héh) on X 52) extends semilinearly to the full
group H™ . In particular, the action of Héh) on the set of connected compo-
nents of X" extends to an action of H). According to [15, §3], the morphism
XS?)LL — XfZ?K is L*-equivariant. Choosing L to be totally ramified over K,
the point yy, is fixed by a uniformizer 7;, of L, and the component C is fixed by

the uniformizer IT := 67,6~ of D. Tt follows that the subgroup H' of H™® /H{"
is normalized by the image of II.

By abuse of notation, let H' C Héh) be any subgroup which is normalized by
a suitable uniformizer IT of D and which contains a copy of o} for any field
extension L of K of degree h via a suitable embedding L <— D (e.g. the inverse
image of H' in Héh) under the projection H(()h) — H(()h)/HgL)). We show that
Héh) is the union of the conjugates of H'. Indeed, let « € Héh) and let L' be a
maximal commutative subfield of D containing K[«]. According to [2, VIII.10.3
Corollaire & la Proposition 3|, the field L’ is of degree h over K. By the theorem
of Skolem-Noether (cf. [2, VITL.10.1 Théoréme 1]), there is an element § € H™)
such that L := ¢ - L' - 5! has the property that o} C H’. Writing 6 = II"4,
with ég € Héh) and a suitable integer 7, we obtain o € d; ' H'dg, because H' is
normalized by II.

The final assertion of the theorem is now a consequence of Theorem 2.2 and
Lemma A.1. O

Remark 2.6. In the case where K is a local function field, Genestier con-
structed a Ggh) X Héh)—equivariant morphism ng) — Sp(f(m) (cf. [21, Chapitre
IV, §2]), the actions of Géh) and Héh) on K, being as in Theorem 1.4. Letting
N,, be the kernel of the map Héh)/HT(,?) — (0/7™0)* induced by the reduced

norm Nrd : Héh) — 0%, the space X /N, ~ X(()h) xkl?m can be thought of as
being obtained by trivializing the determinant of the universal special formal op-
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module on X ((Jh). The construction of an equivariant morphism &’ gf) — Sp(lu(m)
in characteristic zero (and for many other moduli spaces) is the subject of the
forthcoming thesis [9] of Chen, as well as of the recent work [27] of Heday-
atzadeh. For the Drinfeld tower, a global construction, relying on Carayol’s
strategy [8, Section 4.3], of computing the geometrically connected components
of the spaces X%L), was given in [5].

Proposition 2.7. The field K, is separably closed in Agf).

Proof: Let E be the separable closure of K in A&,’;). Since Agf) is an integral
domain (cf. Theorem 2.5) the field E is stable under the action of the group
G’ of elements in G™ whose determinant is contained in 0* (cf. Section 4 for

the extension of the action from Géh) to G’). Let K’ denote the unramified
extension of degree h of K, and denote by y the image of an oj,-equivariant
morphism Sp(K?,) = XE}L?K, — XEZ?K as in Section 5. Since K’ = K, the
Galois group of the extension #(y)|K is a quotient of 0}, C G'. Since E embeds
0% -equivariantly into (y), it follows that Gal(E|K) is an abelian quotient of
G’. Since the commutator subgroup of G’ is SLj, (K) and since the determinant
on G™ restricts to the norm map Ny x on (K')*, it follows that E is fixed by
all elements a € 0, such that N/ (o) = 1. Consider the diagram

res

(7) Gal(K! |K') — Gal(K,,|K)
o
(oxr/m™ogr)* —— (o/7™0)*,

which is commutative according to the base change property of local class field
theory. In fact, for abelian extensions generated by torsion points of one di-
mensional Lubin-Tate modules of height one, it can be proved directly (cf. [44,
Theorem 5.9]). It follows that E C K,,. O

We are now ready to prove an analog of Theorem 1.4.

Theorem 2.8. Let h > 1 and m > 0 be integers.
(i) We have (A%L))Héh) = A(()h).

(ii) We have (A;{}))ng;’ = K,,, and the resulting actions of Ggh) and Héh) on
Iv(m are as in Theorem 1.4.

(iil) If M is a finitely generated projective Agf)—module with a semilinear ac-
tion of Héh)/H,(g), then the natural map A&’;) ® 40 ME" M is an
0
isomorphism.

Proof: Assertion (i) is a direct consequence of Theorem 2.2. As in Theorem 1.4,
assertion (ii) follows from Proposition 2.7 together with the following lemma.
Finally, assertion (iii) follows from Corollary A.3 and Theorem A.4. O

Lemma 2.9. We have (A(()h))c = K for any open subgroup G of G(()h).

12



Proof: Let z = [29 : ... : zp_1] € X((Jh) C IP’};{I be a K-rational point (for
example the image in X éh) of the point y which appears in the proof of Propo-
sition 2.7). Multiplying z by suitable elementary matrices with entries 0 or 1,

we obtain a K-rational point all of whose coordinates are different from zero.
We again denote it by z.

Let f € Aéh) be G-invariant. Replacing f by f— f(z), we may assume f(z) = 0.
There is an integer m > 0 such that also f(z’) = 0 for any point 2’ of the form
2/ =apzg i ...t ap_12p—1] with a; € 14+ 7™0. Since z; # 0 for each index i,
the subset (1 + 70)z; of K has z as a limit point. Therefore, an elementary

induction argument on h shows that we must have f = 0. (]

The following corollary can be proved like Corollary 1.6.

Corollary 2.10. Let m > 0 be an integer. We have (Agf))G = (K% C) for
any open subgroup G of Géh). O

3 Admissible bundles on the deformation spaces

Let h > 1 and m > 0 be integers, and set Z%’) = ng) X, yﬁ,’?. The mor-
phisms (4) and (6) induce morphisms

(8) zh _, zh

for any integer m/ with m’ > m. Set o = O(2M). Combining Theorem
1.2, Theorem 2.2 and Theorem 2.5, we obtain the following results.

Theorem 3.1. Let h > 1 be an integer. For any integer m > 0 the rigid
analytic R’—vam’ety Zgj) is smooth connected and quasi-Stein. In particular, the
ring Cy(,?) 1s an integrally closed integral domain. If m’ is an integer such that
m’ > m then the morphism (8) is finite étale and Galois.

Proof: According to [41, Theorem 4.4], the space y§j;> is geometrically con-

nected over Sp(km). The connectedness of Z(mh') is therefore a consequence of
Theorem 2.5 and [16, Théoreme 8.4].

The smoothness of ng) follows from the corresponding properties of X 5,’;) and
V" (¢f. Theorem 1.2 and Theorem 2.2), as well as from [11, Theorem 4.2.7].
The last reference also implies the covering morphisms (8) to be étale. They
are finite by the remark following [6, 9.4.4 Corollary 2]. Finally, the property
of being Galois is also a formal consequence of the corresponding fact for the
morphisms (4) and (6). Since we will not make use of this result, we leave the
details to the reader.

Finally, the assertions concerning the ring C,(,? ) follow from Lemma A.1.0]
For any two integers h > 1 and m > 0 the rigid analytic K,,-varieties X fff) and

y%’) admit admissible coverings by increasing sequences of affinoid subdomains
such that the inclusion maps are relatively compact over K, in the sense of [6,
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Section 9.6.2], and such that the restriction maps on the corresponding affinoid
algebras have dense image. It follows from [17, Proposition 2.1.16] and [36,

Propositions 16.5 and 20.7], that Ag,’f) and By(,ff ) are nuclear Iv(m—Fréchet spaces
in the sense of [36, §19].

If V and W are two locally convex vector spaces over a complete nonarchimedean
valuation field F' then we denote by V& rW the complete projective tensor prod-
uct of V and W over F (cf. [36, §17]).

It follows from the above results as well as from [6, 9.6.2 Lemma 1], [17, Propo-

sition 1.1.29], and [36, Corollary 20.14], that C™ is a nuclear K,,-Fréchet space
and that there is a natural topological isomorphism

CM ~ AMG . B,

Note that by a cofinality argument the topologies of Agf), BT(,? ) and Cr(r}f ) do

not depend on the choice of the admissible affinoid coverings chosen above. It
follows that the groups Géh) and H(gh) act on A,(jf) and By(,? ) by continuous K-
linear automorphisms. According to Theorems 1.4 and 2.8 the actions of G(()h)
and H(gh) on the common subalgebra K,, of Agf) and Br(,f ) agree. By continuity,

we obtain commuting diagonal left actions of Géh) and Héh) on C,(,f ),

Theorem 3.2. For any two integers h > 1 and m > 0 there are isomorphisms
h h

(C’T(,}LL))H(% '~ Aéh) and (C’#f))Gé = Béh) which are Géh)-equivariant and Héh)-
equivariant, respectively.

Proof: Given the results of Theorem 1.4 and Theorem 2.8, the two assertions
follow from the following general fact by first considering the invariants under
the open subgroups H,(jf ) and G,(ff), respectively. O
Lemma 3.3. Let F' be a field which is spherically complete with respect to a
nonarchimedean valuation, and let V. and W be F-Fréchet spaces. Let T' be a

group acting on V' by continuous F-linear automorphisms and endow W with
the trivial T-action. If one of V. or W is nuclear in the sense of [36, §19], then

(Verw)' ~viepw.

Proof: Denote by W' the space of continuous F-linear functionals on W. Given
a nonzero element A € W’ endow the quotient Wy := W/ker(\) with the
quotient topology which makes it a one dimensional F-vector space with its
natural topology. Due to the Hahn-Banach theorem, the natural map

W — H Wi
rew?’

is continuous and injective (cf. [36, Corollary 9.3]). Endow V/VT with the
quotient topology and consider the commutative diagram

00— VI@W ————>V@pW —————— (V/V))&rW

| | |

06— I Vierwy __ T1 VerWs__ I (V/VHerWr__ |
rxew’ xew’ xew’ ’

0
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We shall need several properties of the complete projective tensor product over
F' which can be proved as in the archimedean context. Notably, the complete
projective tensor product commutes with arbitrary direct products (cf. [24, 1.1.3
Proposition 6]). It coincides with the usual tensor product if both spaces are
Hausdorff and if one of the factors is finite dimensional over F', endowed with its
natural topology. It follows from the nuclearity and metrizability assumptions,
as well as from [24, 1.1.2 Proposition 3 and I1.3.1 Corollaire & la Proposition
10], that the two rows in the above diagram are exact. The vertical arrows
are injective according to [24, I1.1.2 Proposition 3]. Since the middle arrow is
I'-equivariant and since (V @r Wy)' ~ VI @p W, for all A € W', the result
follows. (]

Let B (G((Jh)) denote the category of G((Jh)—equivariant vector bundles of finite

Xéh)

rank on X 6h). Recall from Corollary A.3 that the global section functor is an

equivalence between B ) (Géh)) and the category of finitely generated projec-
9

tive Aéh)—mgdules with a semilinear action of Géh). Given such a module M, we
denote by M the associated equivariant vector bundle. If m > 0 is an integer,
we let the group G(()h) act diagonally on Cf,’f ) ® am M.

0

Similarly, let B (Héh)) denote the category of Héh)—equivariant vector bun-

A
dles of finite rank on yéh). Results and conventions analogous to those for

Byow (GS") apply.

Definition 3.4. (i) A G(()h)—equivariant vector bundle M = M of finite rank

on Xéh) is called Lubin-Tate if there is an integer m > 0 such that the
natural map

Q)
(9) C,(,}LL) ®B(()h) (C,(f) ®A((Jh) M)GO — Cﬁ,il) ®Agh> M
is an isomorphism.

(ii) An Héh)—equivariant vector bundle N = N of finite rank on yé’” is called
Drinfeld if there is an integer m > 0 such that the natural map

Q)
(10) 07(:) ®A[()h,) (C,(,}LL) ®Béh) N)HO — Oy(,}f) ®B(()h) N
is an isomorphism.

Assume that M = M is a Lubin-Tate bundle on X éh'). Choose an integer m > 0
as in Definition 3.4 and let x € ng) be any point. Then z corresponds to a

closed maximal ideal m of AS,}:). One can show that m is of finite codimension
over K,,, so that the sequence

0— m®f(mB£:) — C’r(?i’) — k(x) Q. Br(:) — 0

is exact. We obtain from (9) that the natural map

(h

)
(k(x) %k, BT(,}LL)) ®B((Jh) (Oy(,f) ®A[()h) M)GO — (k(x) ®x,. BS,};)) ®A((Jh,) M
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is an isomorphism. Since the right-hand side is a finitely generated projective

module over £(z) ®j B and since the latter is faithfully flat over B((]h) (cf.

Theorem 1.2 and Proposition A.5), it follows that (C,(#) ® 4w M)Géh’) is a finitely
0

generated projective Béh)—module of the same rank as M. Moreover, via the

action of Héh) on C’T(,}f), which commutes with that of G(()h) and is trivial on Agh),

we obtain an Héh)—equivariant vector bundle
ON
(11) Dyx (M) := [(CF) @ 0 M)0]

of finite rank on Y§". Similarly, if N’ = N is a Drinfeld bundle on V" and if
the integer m > 0 is as in Definition 3.4 then

(12 Dor(N) = [(CF) @ g M)

)

is a Ggh)—equivariant vector bundle on X éh of the same rank as NV.

Lemma 3.5. (i) fM=Misa Géh)—equivariant vector bundle of finite rank

on X((Jh) such that the map (9) is bijective for some integer m > 0 then it
s also bijective for any integer m’ > m, and the natural homomorphism

Cﬁ?) ® yom M — CT(:, ® ,m M induces an isomorphism on G(()h)—invariants.
0 0

(i) If N = N is an Héh)-equivaﬁant vector bundle of finite rank on yé’”
such that the map (10) is bijective for some integer m > 0 then it is

also bijective for any integer m’ > m, and the natural homomorphism
(h)

C’T(,?) ® g N — Cnf,) ® ) N induces an isomorphism on Hj "~ -invariants.

0 0
Proof: As for (ii), note that the isomorphism (10) is Héh)—equivariant if we let
Héh) act on Cf,il) on the left and diagonally on the right-hand side. Tensoring
with C’fj) over Cr(f ) and passing to Héh)—invariants, we obtain the isomorphism

(CT(:,) @ g N)ngh) o~ (07(:,) & 4 (C,(,?) PN N)Héh))Héh).
0 0 0

Since (C,(,?) ® pm N)H((Jh) is a projective Agh)—module, it follows from Theorem
0
3.2 that the right-hand side is naturally isomorphic to
(h) (h) (h)
(CEN™" ® 4o (CO) @ oo N)0 = (O @ g NYMo”

m/’ m

proving the second claim. The first claim is obtained by tensoring with Cr(:,)
over Aéh) and once again using (10) for the integer m. Assertion (i) can be

proved analogously. a

Corollary 3.6. If M and N are Lubin-Tate and Drinfeld bundles on Xéh) and
y(()h), respectively, then the vector bundles Dy (M) and Dp,(N) are independent

of the integers m > 0 appearing in Definition 3.4. O
Denote by B;Tgh) (ng)) and Bg§h>(Héh)) the full subcategories of BX[(Jh,)(GE)h))

and B (H(()h)) consisting of all Lubin-Tate and Drinfeld bundles, respectively.

A
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Theorem 3.7. If M is a Lubin-Tate bundle on Xéh) then Dy (M) is a Drinfeld
bundle on yéh). If N is a Drinfeld bundle on yéh) then Dp,(N) is a Lubin-Tate
bundle on Xéh). The assignments

Drr i= (M +— Dpp(M))  and Dp, :== (N — Dp,(N))

are mutually quasi-inverse equivalences of categories between Bf{){h) (Géh)) and

r h
B (Hg")-

Proof: Let M = M be a Lubin-Tate bundle on X(()h). The isomorphism (9) of

) act diagonally on the left-hand

Cr(,ff )_modules is Héh)—equivariant if we let Héh
side and via its action on C,(y? ) on the right-hand side. Since M is a projective
Agh)—module we have
(C'(h) ® 4 M)Hfgh) ~ (C’(h))Héh) @ o M~ M

0 0

m m

by Theorem 3.2. It follows that Dy (M) is Drinfeld and that Dp, (Dyr(M)) ~
M, naturally in M.

Similarly, one can show that Dp,(N) is Lubin-Tate if N is Drinfeld and that in
this case Dy (Dp,(N)) ~ N, naturally in A. Since the assignments Dyt and
Dp, are obviously functorial, the theorem is proved. O

A large class of Lubin-Tate and Drinfeld bundles is provided by the following
construction. Denote by Rep¥ (G(()h)) and Rep? (Héh)) the categories of smooth
representations of Géh) and Héh) on finite dimensional K-vector spaces, respec-
tively. If V is an object of Rep;{v"(Géh)) then, via the diagonal Géh)—action,
M) = (A(()h) ®i V)~ is a Géh)—equivariant vector bundle of finite rank on
X (()h). Similarly, N'(W) := (B((Jh) ®pi W)™ is an Ho(h)—equivariant vector bundle
of finite rank on y(()h) for any object W of Rep}o(H(()h)).

Theorem 3.8. If V and W are objects of Rep;(’f’(Ggh)) and Rep?(HO(h)), re-
spectively, then the equivariant vector bundles M(V') and N (W) are Lubin-Tate
and Drinfeld, respectively.

Proof: Since dim (V) < oo there is an integer m > 0 such that the action of

G(()h) on V factors through G(()h) /G By Theorem 1.4 the natural map

(h)
(13) B @ (BR @5 V)9 — BV @p V

is bijective. Note that by Lemma 3.3 and Theorem 2.8
(n) (n) (n)
(€M @, V)% ~ (W)W @, V)% ~ (BM @, V)% .

Therefore, tensoring (13) with i over BYY, we obtain that M(V) is Lubin-

Tate. That the Héh)—equivariant vector bundle N (W) is Drinfeld follows by a
similar reasoning. (Il

17



Remark 3.9. If V is a finite dimensional smooth representation of G((Jh) over
K then the Héh)—equivariant vector bundle Dy (M(V)) on yé’” is typically
not of the form N (W) for any object W of Rep?(H(gh)). If for example m >
0 is an integer and if V := IU([G(()h)/G%L)] with G(()h) acting through the left
regular representation, then one can check that Dy (M(V)) ~ O Likewise,
Do (N (K[HP JHIP])) ~ O p(w for any integer m > 0.

Y-

We are now going to study the formal properties of the categories of Lubin-Tate
and Drinfeld bundles.

Let B be a ring carrying the action of a group I'. Assume E := B' to be a field
and let F' C F be a subfield. Recall from [20, Definition 2.8], that B is called
(F,T)-regular if B is an integral domain such that Quot(B)" = BT and such
that any element f € B spanning a one dimensional I'-stable F-subspace of B
is a unit.

o

Lemma 3.10. For any integer m > 0 the rings A,gf) and B,(,?) are (K, Ggf))—
regqular and (K, gt ))—regular, respectively.

Proof: Note first that Bf,lf) is an integral domain and that (B,(,?))H}v’;) = Iu(m by
Theorems 1.2 and 1.4.

We will first show that Quot(Béh))Hr(:) = K for any integer m > 0. Since
Béh) is integrally closed in its field of fractions, Lemma 1.5 shows that it suf-
fices to treat the case m = 0. Let fi1,fs € Béh) with fo nonzero, such that
F = fi/fs € Quot(B(()h)) is Héh)—invariant. According to the proof of [23,
Proposition 14.18], there is a K-rational point y € yff”) whose Héh)-orbit is
Zariski dense. Thus, fa(y) # 0. Set a := fi(y)/f2(y) € K and consider
F':i=fi—afs € B(()h). It follows from the Héh)—invariance of F that F'(y') =0
for all y' € H(gh)y. Thus, ' =0 and F = a € K.

In the general case, Quot(B,(,?))Hv(f) is integral over Quot(B(()h))Hw = K c B,
Since B,(,}f) is integrally closed in its field of fractions (cf. Theorem 1.2) we have
Quot(BT(,}LL))ngP = (BS,?))H%L).

Now assume f € Béh) to span an HT(,f )_stable one dimensional K -subspace of

Béh) for some integer m > 0. We show that f is a unit. Let {h,...,h,} be a
set of representatives of Héh)/Hf,?) in Héh) and set f := L hi- f. The element
fof Béh) is nonzero and spans an Héh)—stable subspace. Therefore, the action

)

of Héh) on f is given by a character y : Héh — K*. According to Lemma 1.5

it will suffice to show that x is trivial.

According to the proof of [23, Proposition 14.18], the stabilizer group of the
above point y € yf)h) is the group of units o, of the valuation ring of the un-
ramified extension K’ of degree h of K via some embedding oy, — H(gh). It
follows from our assumptions that the image of f in k(y) = K is nonzero. Since
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the induced action of 0y, on x(y) is trivial, it follows that x|oj, = 1.

Further, the restriction of the reduced norm map Nrd : Héh) — 0% to oy, is
surjective. Together with [34, Corollary 4.1.2], this implies that any element of

Héh) is a product of an element in 0, and a commutator in Héh). Thus, x = 1.

In the general case let f € B%l ) span a one dimensional H,% )_stable K, m-subspace

and consider the norm f := NBSf)lBéh)(f) = ngcg’”/GS,’f) g-fof fin B(()h).

Since the actions of G(()h) and Héh) on Br(,? ) commute and since the restriction of

NBUI)‘BUI) to Ky, is a power of N | (cf. Theorem 1.4) it follows that f spans
m 0 m

a one dimensional Hf,? )—stable K -subspace in B(()h)
have f € (B{)* and thus (w1 9- NHft=1

. By the above reasoning we

The ring Ag,ff ) can be treated similarly. O
Lemma 3.11. (i) For any G(()h)-equivariant vector bundle M = M of finite

rank on Xéh) and for any integer m > 0 the natural map

) AP e, (D ew 0 — A 0 M

m

is injective. The vector bundle M is Lubin-Tate if and only if there is an
integer m > 0 such that the map (14) is bijective.

(ii) For any H(()h)—equivariant vector bundle N' = N of finite rank on yé’” and
for any integer m > 0 the natural map

(15) BY @ (BY ©p00 N) — B @ a0 N

m

m

is injective. The vector bundle N is Drinfeld if and only if there is an
integer m > 0 such that the map (15) is bijective.

Proof: Using Lemma 3.10 the injectivity of the maps (14) and (15) can be
proved as in [20, Theorem 2.13].

If (15) is a bijection then W := (B @ 400 N)H5” is a finite dimensional K,,-
0

vector space carrying a semilinear action of Héh)/ H,(,}f ), By Theorem 2.8 the
natural map

(16) AD @ o0 (AR @ WY — AW @ W

is an isomorphism. Since it is Agf)—linear it is even a topological isomorphism
with respect to certain natural Fréchet topologies on both sides (cf. the remarks
preceding [40, Proposition 3.7]). Taking the complete tensor product with B

over K,,, we obtain an isomorphism
(n) R
C,@,fj) ®A((Jh) (Aﬁ,’j) QK. W)HU — A%L)(XJ]“(MB,(,?) Q.. w.

Likewise, the map (15) is a topological isomorphism so that the right-hand side

can be identified with C,(,}f ) ® ) N. By Lemma 3.3 we have

B((]h

m

(h) (h)
(17) (AR @, WY = (O @ a0 N)o”,
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and the above isomorphism turns out to be the natural homomorphism
(n)
C%l) ®A(()h,) (O,,(,]:) ®B(()h) N)HU — 07(7};) ®B((]h) N.
Therefore, A is Drinfeld.

Conversely, if (10) is an isomorphism for some integer m > 0 then, passing to
H,gf )_invariants on both sides and using Theorem 1.4 and Lemma 3.3, we obtain

(h) (h) (h)
A%)@Km (Bgl)@Béh)N)H"’; ~ (C&)@Béh)N)HTf ~ A&)@ (C$)®Béh)N)HO X

Al

Here we used that (B,(,?) ® ) N)Hﬁf> is a finite dimensional K,,-vector space
0]

because of the injectivity of (15). Tensoring with i over ALY and using (10)
again, we obtain that the natural map

(n)
Ch) @, (B @poo )" — Y @ N

is bijective. As seen before, the ring C,(# ) has a quotient which is faithfully flat

over B, Thus, we can deduce that (15) is bijective for the integer m. The
analogous assertion in (i) can be proved similarly. O

As a consequence of the two preceding lemmas we obtain the following result.

Theorem 3.12. The categories of Lubin-Tate and Drinfeld bundles are strictly

full subcategories of B (Ggh)) and By (Héh)), respectively, which are closed
0

a i
under direct sums, tensor products and duals. The equivalences Dyt and Dp,
commute with these structures. Let

0—>M1 —>M2—>M3—>0

be a sequence of homomorphisms of G(()h)—equivariant vector bundles of finite

rank on Xéh) and assume My to be Lubin-Tate. If the sequence is exact on the
left (resp. on the right) then My (resp. M3) is Lubin-Tate, as well, and the
induced sequence

(18) 0 — Drr(M1) — Dpr(M2) — Drr(Ms) — 0

is exact on the left (resp. on the right). Analogous results hold for sequences in
By (HS"
yom (Ho'™).-

Proof: The properties of being strictly full and of admitting direct sums are
clear. It is also clear that the functors Dy and Dp, commute with direct sums.
Given an exact sequence of Ggh)—equivariant vector bundles of finite rank on

Xéh) as above, write M; = M; for i = 1,2,3, let m > 0 be an integer, set
W, .= (Agf) ® 4w Mi)va}f), and consider the commutative diagram
0

0—= A Q. Wi — A Q. W2 — A Q. Wi

| | |

0—— Aﬁfl‘) ®Aéh) M, —— Aﬁff) ®A((]h) My —— Aﬁ,ﬁ‘) ®Aéh) Mz —— (.
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The vertical maps are injective according to Lemma 3.11. Using the flatness of
the ring homomorphism A(()h) — AP (cf. Proposition A.5), it is straightforward
to check that together with the vertical arrow in the middle also the one on the
left (resp. on the right) is bijective once the initial sequence is exact on the left
(resp. on the right). In this situation it follows that also the sequence

00— W — Wy — W3 —0

(h)

is exact on the left (resp. on the right). Tensorizing with By’ over K,, and

passing to G(()h)/Ggf)—invariants we obtain that the sequence (18) is exact on the
left (resp. on the right) (cf. Theorem A.4 and the analog of (17)).

Assuming M = M to be Lubin-Tate there is an integer m > 0 such that the
natural map (14) is G -equivariantly bijective. Putting M* := M*(X(()h)) =
Hom , ) (M, Aéh)), there is an isomorphism

0

NEI) ()
(19) (A ® 400 M )ém” ~ Homy ((AD) ® 40 M) Kon),
from which one obtains the isomorphism

G *
(20) AW @, (AW © 4o M )G~ AR ® 40 M.

m

Using Lemma 3.11 one concludes that the dual bundle M* is Lubin-Tate. Fur-
ther, the analog of (17) leads to a natural isomorphism Dy (M*) ~ Dyp(M)* of

H(()h)—equivariant vector bundles on yf)’”. In particular, the category of Drinfeld
bundles is closed under duals, too.

The assertions concerning tensor products can be proved as in [20, Theorem
2.13]. The details are left to the reader. O

4 Admissible bundles on the period spaces

In order to extend the equivalence in Theorem 3.7 to objects which are equiv-
ariant under the full groups G™ = GL,(K) and HM = (D%L))*7 we need to
pass to the corresponding Rapoport-Zink spaces X, fﬁ) and st), i.e. to allow
quasi-isogenies of arbitrary heights in the moduli problems of Sections 1 and 2
(cf. [35, Definition 2.15]).

Recall that there are decompositions

x5 =TTam and Y0 =TTV,

ne”Z nez

where X" (resp. YW") is the open subspace on which the universal quasi-
isogeny has height nh (resp. n). All spaces X" (resp. Y™} are noncanon-
ically isomorphic to ng)’o = ng) (resp. yS,’;)vO = yfff)). For any two integers
m’ and m with m’ > m > 0 and for any integer n there are finite étale Galois

morphisms Xg;,)" — ng)’" and yffj?" — y%’)’” which, for n = 0, are given by
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(4) and (6).

For each integer m > 0 there is a left action of H) on the space Xflf) such that
§(YWmy = Yyh)n=vo @) for all integers n and all elements § € H™ . It restricts
to the action of Héh) on yﬁ,’? considered in section 1. Further, the covering

morphisms XEZ,) — Xfﬁ) are HM-equivariant.

There is also a left action of Géh) on ng), commuting with the action of H)
and respecting the components yS,’;)v". For n = 0 it is the action considered

in section 1. It extends to a left action of G) on the family (Xgl))ng in the
following sense.

IfU C Géh) is an open subgroup then we choose an integer m > 0 such that
G C U and set X(L?) = Xg)/U with the induced action of H". If g €
G™ is an element such that gUg~' C Géh) then there is an H®-equivariant
isomorphism

g: V) — Vo
IfU C G(()h) is an open subgroup and if g1,g2 € G™M are elements such that

glUgf1 C G(()h) and ggglUgflggl C Géh) then the diagram

(h) g1 (h)
XU —gq1Ugy B

%%

(R)

Zg21Ugy Y95t

comimutes.

If U and U’ are open subgroups of G(()h) such that U’ C U then there are mor-
phisms qp/ v : 281,) — lgl) If in particular U’ = Gg;,) and U = G,(Jf) for
integers m’ and m with m’ > m > 0 then ¢y y is the covering morphism (4).
Set qu := G-

Following [19, Chapitre I, Section IV.11], a left H™ -equivariant cartesian co-

herent module on the Lubin-Tate tower is a family (N ), oo of left HM-
&Gy

equivariant coherent modules Ny on ngh) for any open subgroup U of Géh)
together with H("-equivariant isomorphisms

v gy yWNo) — Nyoand ¢g = (971 (Ng-1ug) — N

for any two open subgroups U’ and U of Ggh) such that U’ C U and for all

elements g € G™ such that ¢~ 'Ug C Géh). These are subject to the obvious
cocycle relations.

There is a left action of H" on IP;LV(_I and an étale H™-equivariant rigid analytic

morphism

D l(gh) B ]P)}}(717
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the so-called period morphism, whose restriction ®y := ®| y(()h) to yéh) is the
morphism constructed in [23, Section 23]. Given a coherent H("-equivariant
module F on P’}(_l consider the family

D (F) 1= (@0 qu) (F)yegm

of HM_equivariant coherent modules on the Lubin-Tate tower.

Theorem 4.1. The functor (F — ®% (F)) is an equivalence between the cat-
egory of HM -equivariant coherent modules on P}Iﬁgl and the category of HM -
equivariant cartesian coherent modules on the Lubin-Tate tower.

Proof: This can be proved as in [19, Chapitre I, Proposition IV.11.20]. (Il

Given a vector bundle M on X gh) (resp. N on IP"}(_l) which is equivariant with

respect to G (resp. HM) we denote by resgzzz M (resp. reng:; N) the G((Jh)—
0 0
(h)

equivariant vector bundle on X" (resp. the Héh)—equivariant vector bundle on
]P”}(_l) obtained by restriction of the action from G to G(()h) (resp. from H")

to H(gh)).
Definition 4.2. (i) A G"-equivariant vector bundle M = M of finite rank
on X (()h) is called Lubin-Tate if the G(()h)—equivariant vector bundle resgzg M
0
is Lubin-Tate in the sense of Definition 3.4 (i).

(ii) An HM-equivariant vector bundle of finite rank on ]P’}}(_1 is called Drinfeld
if the Héh)—equivariant vector bundle ®f (resgég F) on yg’” is Drinfeld in

the sense of Definition 3.4 (ii).
In order to relate the categories of Lubin-Tate and Drinfeld bundles we need

to examine the actions of G and H™ on the inductive limit of the rings of
sections of the spaces X' 5,? and zgﬁ)

For any integer n and any integer m > 0 we let Al o (9(?(52)’”) and
B — OV 5o that

AD =T AYP" and B =] B
nez neZ

are the rings of global sections of X' Elf) and 27(7’;), respectively. We endow them

with the product topology of the Iu(-algebras Axf)’n and By(,ff)’n. The above

covering morphisms allow us to define
(21) Ag}é) = 1immA£flL) and ng) = limmBgf),
— —

endowed with the topology of the locally convex inductive limit in the sense of
[36, §5.E]. Further, the actions of G*) and H" give rise to commuting contin-

wous K-linear left actions of G® and H® on Agﬁ) and Bg).
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For any integer m > 0 we let Ef,?)’n and F,g,h)’n denote the separable closure of

K in A" and B{M™, respectively. We know from Proposition 2.7 and the
proof of Theorem 1.4 that each of these fields is isomorphic to K,,, hence is
Galois over K. Tt follows that the subalgebra ], B (resp. [, Fﬁi‘)") of
A%L) (resp. BSS)) is stable under the action of G x H®), Using Theorem 1.4

and Theorem 2.8 one can show [[, Ey(,ff)’n and [, Ff(nh)’n to be G x H")_
equivariantly isomorphic.

In order to ease the notatuion we identify all fields EgL ) and FT(,?)’" with Iv(m
Define the rigid analytic K-variety

Zg;) — H Xgrf:),n X ygrf;),n
neL

and denote by C{ = oz = [1.cz ™ its ring of global sections, en-
dowed with the product topology. Here

el .= o(xMm . Yy~ AWng . ghn

for every integer n. We also set C((,Z) = lii)nm(Cgs), endowed with the topology
of the locally convex inductive limit.

There are K-linear diagonal actions of G and H™ on C® such that for each
integer m > 0 the induced action of Géh) X Héh) on C,(# ) coincides with the one
considered in Section 3.

Theorem 4.3. For any integer m > 0 there are Géh) x HM _equivariant iso-
morphisms ((CS..’?)G%” o~ (IB%&L))G%) ~ BW. For any integer m > 0 there are
G x HM -equivariant isomorphisms (Cé’é’)Hﬁf’ ~ (AS.Z))HW ~ AW, Fur-
ther (AE@)G(’” o~ (IB%S.Z))GW ~ (C&L))G(h) ~ (B&))H(h/) ~ K, and there are
GM _equivariant isomorphisms (AS)H™ ~ (CWHYH™ ~ 4.

Proof: If m’ > m is an integer, the subrings Afﬁ,), ]BE,]:,) and (Cfs,) of Agﬁ% Bg)
and (ng), respectively, are stable under the actions of Gg,’f) and H,gf ). The first
assertions of the theorem follow from Theorems 1.4, 2.8 and Lemma 3.3 together
with the following consideration.

Let n be an integer and let § € H® be such that vp(§) = —n. The element §
() .
defines G, “-equivariant isomorphisms
A(h,) _ A(h,)’n and B(h,) _ B(h,)’n

whence (Af:,)’n)cif) = K,, and (Bgl,)’”)Hv(f) ~ Ko,

Any element 8 € (IBB(()Z))H ™ is contained in some subring B, Tt follows that
8 e B,(ff ), embedded into ]B%gf) via the direct product of the integral powers of
some uniformizer of D. Since the projection Bg,’:) — Bgf) is Héh)—equivariant,
we obtain 3 € K from Theorem 1.4. The HM-invariants of Agé) and (Cgé) can
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be computed by the same strategy, using Theorems 2.8 and 3.2.
As seen above, we have (A%))G(rs) =Ilez K, and this algebra is stable un-
der the action of G with SLj,(K) acting trivially. Embedding K,, diagonally
via some element whose determinant has valuation 1, we deduce as above that
(Aéﬁ))G"” = K by using Theorem 2.8.

Finally, any of the subrings B%L) (resp. (Cg,}f)) of Bg.}f) (resp. (ng)) is stable under
the action of G(()h), so that ((ng))c(h) ~ (B&))G(m - Béh). Let f € th) C IB%?.Z)
be invariant under G*). Choosing g € G with v (det(g)) = 1, we see that f
is determined by its restriction to the space yé’” = yéh)’o.

According to the proof of [23, Corollary 23.21], there are closed rigid analytic
polydiscs D1,..., D, in Zéh) such that the restrictions ® : D; — ®(D;) of the
period morphism are isomorphisms and such that the subsets ®(D;) form an
affinoid covering of ]P’}}(_l.

We obtain sections f; € O(®(D;)) via ®*(f;) = f|D; and claim that f; and f;
coincide on ®(D;)NP(D;) for any two indices ¢ and j. Since IE”};{I is reduced, this
can be checked pointwise. If y; € D, and y; € D; are such that ®(y;) = ®(y,)
then there is an element ¢ € G, an integer m > 0 and a point Y, in 252)
lying above y; such that g : 252) — X(()h) is defined and maps y, to y; (cf. [23, p.
82], [35, Section 5.50], or [42, Proposition 2.6.7]). Since the compositions with
® of the morphism g and the covering morphism lfﬁ) — X(()h) agree, there is a
commutative diagram

K(P(yi)) = K(P(y;)) — K(vi)

| |

k(y;5) - 4 K (Y;)-

But then fi(®(y:)) = f;(®(y;)) by the G™-invariance of f.

Therefore, the family (f1,..., f,) gives rise to a global section on IE”};{l. Since
O(P’}{_l) = K we obtain f|D; € K and then f € K since yéh) is normal and
connected (cf. Theorem 1.2 and [10, Lemma 2.1.4]). O

Given a GM-equivariant Lubin-Tate bundle M = M on X éh), we claim that
the natural map

(h)
(22) (ng) ®B[()h) ((ng) ®A(()h) MG — (C(()Z) ®Aéh) M

is bijective. Note first that, as in the proof of Theorem 4.3, A(()h) is identified with

the ring of H"-invariants of c by embedding it diagonally via the integral
powers of a fixed element § € D with valuation —1. Choose an integer m > 0
so that the map (9) is bijective. For any integer n we then have

(h) (h)
(ch ® 40 MG ~ (Chm ® 40 M)%o
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via 0™ ®idps. Since M is finitely presented over Aéh) (cf. Proposition A.2), the
natural G((]h)—equivariant map

CH @4 M — JTC" @ 400 M)
neZ

is bijective (cf. [3, Exercice 1.2.9, p. 62]). Since the module (07(,]:) ® 4m M)Géh)
0

is finitely presented over Béh) (cf. the discussion following Definition 3.4), the

same reference together with the above reasoning implies that the natural map
h (n) Q)
Eé ) PPN (C,(,?) & 4 M)GU — ((C%L) & 4 M)GO
0 0 0
is bijective. Therefore,

(h) (h)
(qusb) ®B§)h) (Cﬁfj) ®Agh) M)GU ~ Cs,}ll) ®B(()h) (C(h) ®A§)h) M)GO ,

m

where Béh) is embedded into (Cg,}f) via the integral powers of §. Thus, by the

base extension of the isomorphism (9) from C,(,? ) to (Cgf ) via the integral powers
of §, we obtain that the natural map

(h)
Cgf) ®th) (Cg;) ®A(()h) M)GU — Cgf) ®A(()h) M

is bijective. Passing to the direct limit over all integers m’ > m, and using
Lemma 3.5, we obtain the desired bijectivity of (22).

We obtain the H™-equivariant vector bundle NGéh) = [((CS,’;) ®Aéh) M)Gt(lm]w

of finite rank on X(()h) such that N | yf)h)’” ~ [(Cﬁ,ﬁl)’n ® 4w M)Ggh)]N for some
0 0

integer m > 0 and any integer n.

The bijection (22) is Ggf)—equivariant with respect to the diagonal action on

both sides. Since ((CS.Z) ® 4o M)Gl()h) is a projective I[Béh)—module7 passing to
0

G,gf)—invariants and tensoring with (Cg..}f) over IEB%L) shows that the natural map
()
(ng) ®B$7;LL> ((ng) ®A(()h) M)Gm — (Cgcl) ®A(()h) M

is bijective for any integer m > 0. We obtain an H")-equivariant vector bundle

Ny = [((Cé’;) ® 4 M)Gis)]N of finite rank on ng) satisfying @Gy Ngm) =
m 0 m 0
N

Given a compact open subgroup U of Géh) set Ny = g5 (N,

G(h)), which is
0

an H("_equivariant vector bundle of finite rank on zl(Jh) with global sections

((Cg..’f) ®Agh) M)U.

The diagonal action of G") on c ® 4m M induces on the family (My)u the
0

structure of an H("-equivariant cartesian module on the Lubin-Tate tower, in
which all modules Ny are locally free of finite rank. According to Theorem
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4.1 it corresponds to an H™-equivariant vector bundle of finite rank on IP”;{l
which, by abuse of notation, we denote by Dyr(M). By construction there is
an Héh)—equivariant isomorphism

« (h) (h)
(23) }(res™ ) Dr(M)) ~ Drp(resi) M).
0 0

Conversely, if F is an H™-equivariant Drinfeld bundle on P%‘l then the natural
map

(24)  CY®,m (CL @gm & (F)PNT" — L 0y 2" (F)(”)

is an isomorphism. Indeed, the ]B%éh)—module O (F) (zgh)) is finitely presented
so that there is an H("-equivariant isomorphism

P @00 B (F)DE) = [T O™ @ o @ (F)DF)
neZ

for any integer m > 0. The embedding of cim ® g @*(f)(y(()h)) into the right-
0
hand side via the integral powers of a uniformizer of D induces an isomorphism
(n)
(OO @ @ (F)PVNT = (C @y @ (F) (25N
for any integer m > 0. The bijectivity of (24) follows from Lemma 3.5 and the

fact that ®*(F)| Y{" = ®z(F) is Drinfeld in the sense of Definition 3.4. As a
consequence,

Do (F) = (€ @pon & (F)Q5)T "]

is a vector bundle of finite rank on Xéh). Further, the action of G™M on (Cg..}f)

induces on Dp,(F) the structure of a GM_equivariant vector bundle. By con-
. ) (h) N . .

struction there is a G ’-equivariant isomorphism

(h) « (h)
(25) resg(h) Dp, (F) ~ DDr(éo(resgw) ))-
0 0

As in Section 3 we denote by BX(h)(G(h)) and Bpn-1(H™) the category of
0 K

G _equivariant vector bundles of finite rank on X (()h) and the category of H™-
equivariant vector bundles of finite rank on P!, respectively. The full sub-
categories consisting of Lubin-Tate and Drinfgld bundles are marked with a
corresponding superscript. The following result is a direct consequence of The-
orem 3.7, Theorem 4.1, (23) and (25).

Theorem 4.4. If M is a G™-equivariant Lubin-Tate bundle on Xéh) then
Dyr(M) is an HM -equivariant Drinfeld bundle on ]P”;{l. If Fis an HM-
equivariant Drinfeld bundle on ]P’};{l then Dp,(F) is a G -equivariant Lubin-

Tate bundle on X(()h). The assignments
Drr = (M = ]D)LT(M)) and Dp, := (.7: — ]D)Dr(f))

are mutually quasi-inverse equivalences of categories between ngh) (GM)Y and

Bh . (H™). O
K
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As for the formal properties of the categories of Lubin-Tate and Drinfeld bun-
dles on X (()h) and IP"}(_l, Theorem 3.12 has an exact analog which we refrain from

repeating.

Let Rep (H (7)) denote the category of finite dimensional representations of
H® over K. Given an object p of this category set F(p) := Opn—1® 7 p, which is
K

an HM_equivariant vector bundle of finite rank on P}Iigl. Since F (p)(]}"';{l) ~p

as an H(M-representation over K, the functor (p — F(p)) from Rep ;- (HM) to
B, (H™) is an embedding of categories.

h—1
K

We say that a finite dimensional representation p of H® over K is Drinfeld
if the H™-equivariant vector bundle F(p) on IP};{l is Drinfeld in the sense of

Definition 4.2. In this case we set Dp,(p) := Dp,(F(p)) and have isomorphisms
(26) Dorlp) = [(CL @4 p)" ") and p= (CL @ 400 Don(p)(XG”)"

in BXéh) (G™) and Repf((H(h)), respectively.
Given a finite dimensional representation V of G(" over K we shall also consider

the GM-equivariant vector bundle M (V) := (Aéh) ®i V)~ on Xéh).

over K
over K

Theorem 4.5. Any finite dimensional smooth representation p of HM
is Drinfeld. If V is a finite dimensional smooth representation of G
then the G -equivariant vector bundle M(V') on Xéh) is Lubin-Tate.

Proof: This follows from (23), (25) and Theorem 3.8. |

Note that by Remark 3.9 the essential images of the functors Dy (M(-)) and
F(-) do not seem to agree.

Proposition 4.6. Identifying the category of G- and H® -equivariant vec-
tor bundles on X(()l) = Sp(K) and IP’(}( = Sp(K) with the category of finite
dimensional representations of GV and HY over Iu(, respectively, we have
B;El)(G(l)) = Rep}i{o(G(l)) and BIIP??Z (HM) = Rep;’{«o(H(l)), Identifying G and
H® with K* we have

tTDD,.(p)(Oé) = tr,(a)

for any finite dimensional smooth representation p of K* over K and any ele-
ment a € K*.

Proof: In this case we have A%) = Bg) = C’fﬁ) = Rm for all integers m > 0.
According to Lemma 3.11, the restriction of any Lubin-Tate (resp. Drinfeld)

representation of G) (resp. H())) to some suitable subgroup Gs,ll) (resp. Hr(r}))
is trivial. The converse is the content of Theorem 4.5.

If p is a finite dimensional smooth representation of H(}) over K, consider the

isomorphism
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which is checked to be K*-equivariant with respect to the Cg)—linear extension
of the action of K* on p and Dp,(p), respectively. (]

The compatibility with traces in Proposition 4.6 extends to a more general
situation. For this, let ¢ € G™ be regular elliptic, i.e. assume its minimal
polynomial 14(t) € K[t] to be irreducible and separable of degree h. Denote by
L := K[g] ~ K|[t]/(14(t)) the subfield of My, (K) generated by g. Let C denote
the completion of an algebraic closure of K. The fixed points z; of g in ]P’h L)
correspond bljectlvely to the eigenspaces of g in C", hence to the h dlstlnct
roots o, ..., ap of g in C. We have r(z;) ~ Koy]) ~ L for all indices 4, and

all points z; are contained in Q' )(C’).

Note also that there is a K-linear isomorphism of fields 7 : C — C with
7(ey) = «; for any two indices ¢ and j. Since g is K-linear we have 7(x;) = z;.
Thus, all points 1, ..., z, are conjugate over K and have the same underlying

image in Qg?).

Now let M be a G(-equivariant vector bundle of finite rank on Xéh) o~
Qg?) xx K. For any point z € X(()h)(C) the reduction M ® k(z) of M at z
is a finite dimensional £ (z)-linear representation of the stabilizer subgroup a
of GM at z. If g € G we denote by tr ver)(9) € K(z) the trace of g on
M ® k(x).

Recall that there is a bijection between the set of conjugacy classes of regular
elliptic elements in G and the set of conjugacy classes of certain elements in
H™ Tt is characterized by the identity of the corresponding minimal polyno-
mials over K.

Theorem 4.7. Let h > 1 be an integer, let g € G™ be regqular elliptic and
let 6 € HM be a Tepresentative of the conjugacy class corresponding to the

conjugacy class of g in G . If p is a finite dimensional smooth representation
of H™ over K then
(27) trDDr(P)@I{(I) (g) = trP(a)

for any fixed point x € Xéh)(C) of g.

Proof: Choose a representative § € D of the conjugacy class corresponding to g
and consider the subfield L := K[d] of D. Since L is of dimension h over K we
shall construct in Section 5 an embedding L — M, (K) and an L*-equivariant

morphism i,k : X( ) — X( & for any integer m > 0. Here e = ek denotes
the ramification 1ndex of L over K. For m = 0, the morphism i,k defines a
fixed point 2’ of the image ¢’ of § in G™ under the embedding L* < G,

According to the base change property exhibited in Theorem 5.3, there is an
L*-equivariant isomorphism

2 ()
(Doi(p) © k(') @uiery L = Die(resti” (L@ p)).
Thus, Proposition 4.6 implies that

(28) trDDr(p)®K(m/)(g') = tl"p(é).
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According to the theorem of Skolem-Noether (cf. [2, VIII.10.1 Théoreme 1))
there is an element v € G such that y¢’y~! = g. Setting z := v -um', the
element + induces an isomorphism of fields v : k(z) — k(2') and a K-linear
bijection

Do (p) @ ki(z) — Dpi(p) @ k(')
compatible with . Thus, z is a fixed point of g and Y(trp,, (p)er=)(9)) =
trpp, (n@r(e) (') It follows from (28) and the fact that tr,(d) lies in K that

trpy, (p)®K(x) (g) =tr, (5) .

The element ~ induces a bijection between the fixed points of g’ and those of g.
By the arguments just given we may assume g = ¢’ and = = 2.

Let 2" € X ((Jh)(C) be a second fixed point of g. According to our preliminary
remarks the points  and z” are conjugate over K. Thus, there is a K-linear
isomorphism 7 : K — K of fields such that z” is the image of the L*-equivariant
morphism

(™)

1),(m iL|K h),(T
gy e e i,

of K-varieties. Here Z(7) = Z X K denotes the base extension along 7
for any rigid }u(—variety Z, and Z\") — Z is the natural projection. Denote
by 7 : k(z”) — L) the induced homomorphism of fields over K. Using the
embedding 7 : K — K — L in the construction of the morphism ip,k of section

(™)

LK Therefore,

5, we obtain precisely the morphism i

i(r ") 2(r
(]DDr(p) ® "Q(x//)) ®i<c(x”) L( ) =~ ]D)Dr(resf* (L( ) ®f{ p))

and 7(trpy, (p)en@)(9)) = T(tr,(d)), as above. Since the restriction of 7 to
the subfield K of k(z") coincides with 7, the latter equation implies that
Dy, (p)@n(z) (9) = trp(0). 0

Remark 4.8. The space of global sections of a G-equivariant vector bundle
M of finite rank on X ((Jh) is a K-Fréchet space with an action of G") by contin-
uous K-linear automorphisms. This construction gives rise to many interesting

examples of locally analytic representations in the sense of [39, Section 3] (cf.
[38] and [33]).

A first attempt to define the trace of a locally analytic representation, at least
in special cases, was made by Diepholz in [13]. It is not clear if it covers our
situation. If g € G™ is a regular elliptic element one might alternatively choose
an embedding k(z) — C for any fixed point x € X(()h)(C) of g. Assuming the
integer h to be prime to the characteristic of K we set

1
tra(g) := n Z trpmen() (9) € C,

sex(M (o)
99—z

and call traq(g) the trace of g on M. With this convention Theorem 4.7 implies
the more suggestive formula

Dy, (p) (g) = trﬂ(é)
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for any finite dimensional smooth representation p of H") over K.

This compatibility with traces raises the question of how the restriction of the
equivalence in Theorem 4.4 to finite dimensional smooth representations of H )
over K is related to the Jacquet-Langlands correspondence.

If p is a finite dimensional smooth representation of H") over K, the naive
approach of considering the subspace of G("-smooth vectors in Dp,(p) or in its
continuous K-linear dual does not yield anything useful. If for example p = K
is the trivial representation of H(, then O(Dp,(K)) = O(X(()h)) = A(()h), by
Theorem 4.3. Tt follows from Lemma 2.9 that the subspace of G(™-smooth vec-
tors of the latter is just K , i.e. the trivial representation of G(").

On the other hand, the bundles Dp,(p) carry an additional piece of structure.
Namely, they come equipped with a G")-equivariant integrable connection. The
corresponding de Rham complex is simply the p-isotypic component of the de

Rham complex of O, for m sufficiently large. It is tempting to wonder

about the connection between the smooth G("-representation associated to p
via the Jacquet-Langlands correspondence and the de Rham cohomology of
Dp.(p). For example, the smooth G(")-representation corresponding to the
trivial representation p = K is the Steinberg representation. According to a
theorem of Schneider and Stuhler, the latter also coincides with the continuous
K-linear dual of Hgil(é\f'gh), O.m) = Hggl(Xéh), ]D)Dr(f()) (cf. [37, §3 Theorem
1 and §4 Lemma 1]).

xgm

5 Functoriality

Let L be a field extension of K which is of finite degree, and denote by n :=
[L: K], e=epk and f = fr|x its degree, its ramification index and its residue
class degree, respectively. All objects of the previous sections will be marked
with an additional index L or K, according to which base field they refer to.

Fix an embedding K C L over K and consider the induced embedding 0 C 0.
Since the residue class fields of 6 k¢ and 0;, coincide, restriction of scalars defines
an embedding resy i : Cr — Cxg. If h > 1 and m > 0 are integers then

the restriction Q‘jg;)}( ores|k of the set valued functor 2)52)[( to the subcategory

Cy, of Ck is represented by the formal scheme Spf(RE:?K®5K6L) = QJELL)K X OL-

Fix an integer h > 1. Via restriction of scalars, the one dimensional formal oy-
module H(Lh) of height h over k? is a one dimensional formal o x-module of height
nh. In particular, there is an isomorphism th) ~ Hg?h) (cf. [14, Proposition
1.7]), giving rise to an embedding of rings

(nh)

(29) 0 ~ End,, (H") C End,, (H") ~ End, . (H?") ~ o

(h) (nh) -
DL DK

For any integer m > 0 we define a natural transformation
h h
(30) Lk Do 1 — Vit © TS|
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of set valued functors on Cr, as follows.

Given an object R = (R,mg) of C; and an isomorphism class in Qjem L(R),
represented by a triple (H, p, ¢), define its image under rp,k(R) to be the iso-
morphism class in @g::}}z(R) represented by the triple (H', p’, ") where H’ is
obtained from H via restriction of scalars. Further, p’ is the composition of
p with the fixed isomorphism H(Lh) o~ Hg?h). Finally, choosing an ox-linear
isomorphism o7, ~ 0%, we obtain an ox-linear isomorphism

(mp ™ opfor)" = (mg™or/oL)" 5 (ng ™ok for)™

and define ¢’ to be the composition of its inverse with (.
The identification o7, ~ 0% defines an embedding
(31) Gyl Gl

Letting Géhz and HéhL) act on 2]1(2}2 oresy g via restriction along the embed-

dings (29) and (31), the transformation rp,x becomes Gé’fz X Héflg—equivariant.

Since the functors @em ;, and @5: }2 oresy|i are representable, the transforma-
which

is the image of the identity on Ré ) under rL‘K(REZZ 1.)- By abuse of notation

tion ry,k corresponds to the homomorphism r;‘K R(" 13 Qs 0L — Rinz I

we also write rp g and rL|K for the mduced G( 0. X H, (h)—equivariant morphisms

TLK ¢ y(,mL y("” XIV(IVJ and rle : BT(AZ’E ®p I — BW

em,L
of the associated rigid L-spaces and their rings of global sections, respectively.

Proposition 5.1. Let L|K be a field extension of finite degree n and ramifica-
tion index e, and let h > 1 be an integer.

(i) If m and m’ are integers with m’ > m > 0 then the diagram

TL|K (nh)

yt(e}:g',L — Vi K Xf{i

i |

h LK
Vons Yol x i L
s commutative.

(ii) If m > 0 is an integer then the diagram

Y s Y0 L —— Y0
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is commutative and G(()}fz X HéflL)—equivariant. The actions of G(()}’% and

HéhL) on Sp(K,,) are given by det} ' : Gé{% — 0} and Nrdy, : H(()hL) — o7,
respectively, composed with the homomorphism

N o o
0f =5 0% — (o /mRor)” ~ Gal(K | K).

Proof: Assertion (i) is obvious. As for (ii), the upper row is Ggf% X HSTLL)—
equivariant by construction, and so are the vertical arrows with respect to the
action exhibited in Theorem 1.4. In particular, r;IK restricts to an equivariant
homomorphism

9 n (nh) n n) () y

K, = (Bfn'}g)Hmf? c (Bﬁn';g)Hefn,,L - (BEQVL)HELL,L — Lo,
giving the bottom row of the diagram. According to Theorem 1.4, the last
assertion in (ii) follows from the fact that the restrictions of dety : Géfl]g) —o0x
and Nrdg : HO(TLKh) — o0y to G((J}fz and H(()hL) coincide with Ny g o dety and
Nk oNrdp, respectively. For the determinant this is well-known (cf. [1, I11.9.4

Proposition 6]). Given a € H&hL), choose a maximal commutative subfield L’ of
)

D(Lh) containing «. It is of dimension h over L, so that its image in Dg?h is a

maximal commutative subfield containing K and «. We have
NrdK(a) = NLllK(Oé) = NL\K o NL/‘L(OC) = NL\K ] NrdL(a). O

Note that the embeddings HéhL) — HéTLKh) and Gé{% — Gg?[}? extend to embed-
dings H]Eh) — H[(?h) and G(Lh) — Gg?h). Without giving the details, we remark

)

that the morphisms ry,k extend to G(Lh) X Héh -equivariant morphisms

ILIK * Xi’fﬁ,L - 252}2 “K L

of the corresponding Rapoport-Zink spaces. These give rise to a continuous
G(Lh) X Héh)-equivariant homomorphism r;‘K : Bg% — IB%S.Z?L of topological

K -algebras, as well as to an Héh)-equivariant morphism
TLIK * ]P’}iil — ]P)T}(hil Xf( f/

As for the Drinfeld tower, given a field extension L|K of finite degree n, an

integer h > 1 and starting from a K-linear embedding D(Lh) — Dﬁ?h), Drinfeld
constructed in [15, §3], a closed embedding

(32) 1L|K : xé}’% — ng;? X3 OL-

Its construction relies on the fact that o pem Qo ) G(Lh) is a special formal
K Dy

0, m-module of height (nh)® over k®, hence is isomorphic to Gg?h) (cf. [15,

K
§2.1]). Any such isomorphism induces an embedding

(33) Mu(L) > End, . (G{") @0, L —End, ,, (G") @oy K = My (K)
L K
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of K-algebras, giving rise to an embedding of the subgroup of G(Lh) consisting

of elements with determinant in o} into the subgroup of G(I?h) consisting of
elements with determinant in o). It follows from its functorial construction

that the morphism i,k is G(()hz X HéhL)—equivariant.

We denote by ik : X éhz — X gf}é) X Ki the induced morphism of rigid ana-
lytic L-varieties. According to [15, §3] it induces closed equivariant embeddings
LK : X(SQ’L — Xﬁﬁ'}? for any integer m > 0, where e = ep|x denotes the

(nh)
- Am,K

the induced continuous equivariant homomorphisms of K-Fréchet algebras.

ramification index of the extension L|K. We denote by i;lK : Agfrz I

Proposition 5.1 has an exact analog in this situation which we refrain from re-
peating.

Again, the morphims i,k extend to G%h) X Héh) -equivariant morphisms i,k :
X gfrz , — X 7(:;’2 X5 L between the corresponding Rapoport-Zink spaces and

give rise to a continuous G(Lh) X Héh)—equivariant homomorphism

Sk n h
LK - Aio% - At(xn?L

of topological K -algebras. We also denote by iy the induced G(Lh)—equivariant
morphism

. h h h K h h

i Aol = Aoy /H — Xy~ X0 HEY.

We shall now study the behavior of Lubin-Tate and Drinfeld bundles under pull
back along ip|x and ryk, respectively. If I' is a locally profinite group and if I/
is a closed subgroup then we denote by res = rest, : Rep¥ (I') — Rep¥ (I”) the
restriction functor.

Theorem 5.2. Let L|K be a field extension of finite degree n, and let h > 1 be
an integer. The two diagrams

n nh
Reps (GY) —2 By (GO
res o(L® i ( - ))J{ liik

oo M h
Rep} (Gf)hi) Bng‘z (G(()z)

and
n nh
Repig (H{[i)) — By (H)
reso(i@f(( ) J{rItK

oo N h
Rep (H{") By (H'7)

are commutative. In particular, i;lK(M(V)) and rle(N(W)) are Lubin-Tate
and Drinfeld bundles on ngz and yg’jg whenever V and W are finite dimen-

sional smooth representations of Hé?Kh) and Gé?;é) over Iu(, respectively. In this

34



case there are natural isomorphisms
(34) Drr(ipc(M(V))) = rpx(@er(M(V)))  and
(35) Dy (r V(W) = i (Do (N (W)))

mn By(h,) (H, ) and BX<h) (G Ohg) respectively.

Proof: The commutativity of the two diagrams is clear, so that the second
assertion is a consequence of Theorem 3.8. In the proof of the latter we saw

h)

that there is a natural HénK -equivariant isomorphism

(36) Dip(M(V)) = (C’("h) ®x V) G~ (B("h) ©p VO

(nh)

for any object V' of RepK (G(”h)) if the integer m is chosen so that G(nh) acts

trivially on V. Further, the natural map

B ® g (B @, V)OK — B @ v

is a Gétl;é)—equivariant isomorphism. Since the Bé?}?)—module Drp(M(V)) is

projective, passage to G((J}fz-invariants gives

n (h) n (h) n (nh)
(BUM) @4 V)Golt o (BUM))Colk ® oo (BU™) & v)Golk

m, m,

(n)
Tensoring with B, (n 12 over (BT(:@)GO’L shows that the natural Gg’jz—equivariant
homomorphism

(nh)
Bm,K
is bijective.

Note that (B(nh)) 0% is the ring of global sections of y<" /G(h). Since the

covering Y,, nh) y(”” is finite étale and Galois, so is the covering yﬁ;"}@ —
(nh) /G(h). In particular, the homomorphism (qu:f};g)aéh2 — (nh) is faith-

(h)
fully flat (cf. Theorem 1.2 and Proposition A.5). It follows that the (B ( ))GO}L

(h)
module (Bfn Ig ® V) o1 is projective. Thus, there are Hé g—equlvarlant iso-
morphisms

(’I’Lh) G(nh)

(37) (B® | @ V)Cot ~ B L>®B(M> (BU") & . v)Co
In particular, i;‘K(M(V)) is trivialized by Bém)’L. Combining the above with
the natural isomorphisms

Dise(i, (M (V) =~ (BL,!

em,L

R V)Gé}fz
and (36), this proves (34). The functoriality assertion in (35) can be proved
analogously. (I

For vector bundles coming from smooth representations, the functoriality prop-

erties of Theorem 5.2 extend to the equivalence in Theorem 4.4 involving the
full groups G(I?h) and H%h).
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Theorem 5.3. Let L|K be a field extension of finite degree n and let h > 1 be

an integer. If p is an object of Rep?(H}?h)) then the Gih)—equivariant vector

bundle i;lK(DDr(p)) on X(()},le is Lubin-Tate. In fact, there is a natural Ggl)-
equivariant isomorphism

(38) it i< (D () = De(res. 5, (L@ p))-

Proof: As in the proof of Theorem 3.8 we see that there is an integer m > 0
and Gé?;?—equivariant isomorphisms

nh (nh) nh (nh)
Die(p) = (AR @ )" = (AT @ p) 10

Thus, we may argue as before. O

A Results from rigid geometry

We will prove several results from rigid geometry for which we could not find
suitable references. Throughout the appendix, let F' be a field which is complete
with respect to a nontrivial nonarchimedean valuation.

Lemma A.1. If Z is a normal connected rigid analytic F-variety then the ring
of global sections of Z is an integrally closed integral domain.

Proof: Tt follows from [10, Lemma 2.1.4], that S := O(Z) is an integral domain.
Further, Z admits an affinoid covering (Z;);cr such that all affinoid spaces Z;
are normal and connected. By [10, Lemma 2.1.4] and [3, V.1.5 Corollaire 3],
each of the rings S; := O(Z;) is an integrally closed integral domain. The sheaf
axioms imply that also S is integrally closed. (I

Let Z be a rigid analytic F-variety. We call vector bundle of finite rank on Z a
coherent locally free Oz-module M such that

(39) sup{rkp, M.} < co.
z2€Z

If Z has only finitely many connected components then the global finiteness
condition (39) is satisfied by any coherent locally free Oz-module.

Proposition A.2. Let Z be a quasi-Stein rigid analytic F-variety such that
sup,c{dim(Oz )} < co. The global section functor is an equivalence between
the category of vector bundles of finite rank on Z and the category of finitely
generated projective O(Z)-modules.

Proof: Let (Z;);en be an affinoid covering exhibiting Z as a quasi-Stein space.
It follows from Theorem B (cf. [29, Satz 2.4]) that the assignment M — M,
with M(Z;) == O(Z;) ®o(z) M, is quasi-inverse to the global section functor,
considered on the larger category of coherent module sheaves on Z. A proof
of this fact in the more general setting of possibly noncommutative analogs of
O(Z) can be found in [40, Section 3]. Any finitely generated projective O(Z)-
module M is finitely presented and hence is contained in the essential image
of the global section functor (cf. [40, Corollary 3.4]). Evidently, the sheaf M is
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locally free of finite rank.

Conversely, if M is a vector bundle of finite rank then M(Z) is a finitely gen-
erated projective O(Z)-module. Indeed, by [3, VIIL.1.3 Proposition 8] and our
assumption, there is an index iy such that dim(O(Z;)) = dim(O(Z;,)) for all
indices ¢ > ig. The claim can now be proved along the lines of [25, p. 84], proof
of Théoréme 1. It is here that we need the global bound (39). O

Let Z be a rigid analytic F-variety endowed with the left action of a group I
Recall that an Oz-module M is called left I'-equivariant if there is a family of
isomorphisms ¢, : (y71)*(M) — M, v € T, satisfying the relations ¢; = id
and ¢, o (75 1)*(¢y,) = €4y, for any two elements 1,72 € I

By spelling out the definition of an equivariant sheaf, the following corollary is
an immediate consequence of Proposition A.2.

Corollary A.3. Let Z be a quasi-Stein rigid analytic F-variety endowed with
the action of a group I'. Assuming sup,c,{dim(Oz )} < oo, the global section
functor is an equivalence between the category of I'-equivariant vector bundles of
finite rank on Z and the category of finitely generated projective O(Z)-modules
carrying a semilinear action of I. [

By reducing to a local situation, the following theorem can be proved using
general facts on étale Galois descent for schemes (cf. [7, Example 6.2.B]).

Theorem A.4. If f : Z — 7' is a finite étale Galois morphism of rigid an-
alytic F-varieties, and if I' denotes the corresponding Galois group, then the
inverse image functor f* is an equivalence between the category of coherent
Oz-modules and the category of T'-equivariant coherent Oz-modules. A quasi-
inverse is given by the functor sending a I'-equivariant coherent Oz-module M

to fo(M)T. Locally free sheaves correspond to locally free sheaves of the same
rank. |

Proposition A.5. Let f : Z — Z' be a finite flat morphism of quasi-Stein rigid
analytic F-varieties and set R := O(Z) and S := O(Z'). Assuming Z to have
only finitely many connected components and sup,, ¢z {dim(Oz ./)} < oo, the
S-module R is finitely generated and projective. If, moreover, Z is non-empty,
and if Z' is normal and connected, then R is faithfully flat over S.

Proof: If Z has only finitely many connected components then the Oz/-module
f+Oz is locally free of finite rank in the strong sense of (39). Thus, under the
assumptions on Z’, R is a finitely generated projective S-module according to
Proposition A.2.

It follows from Lemma A.l that S is an integral domain. If Z is non-empty
then R is nonzero, and the flat homomorphism S — R is injective. Since it is
also finite, it follows from [3, I1.2.5 Corollaire 4 and V.2.1 Théoréme 1], that R
is faithfully flat over S. O

Proposition A.6. Let f : Z — Z' be a finite flat morphism of rigid analytic
F-varieties. If Z is non-empty and if Z' is connected then f is surjective.
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Proof: The image of f is a Zariski closed subset of Z’ by [6, 9.6.3 Proposition
3]. If U C 7' is an affinoid subdomain then the restriction of f to f~1(U) is a
finite flat morphism of affinoid spaces. According to [32, Theorem 1.2.12], the
subset f(f~1(U)) of U is Zariski open. It follows that f(Z) is Zariski open in
Z'. Since the image of f is non-empty the connectedness of Z’ implies that
f(z2)y=2". O
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