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Abstract

Let X be the schematic Fargues-Fontaine curve as defined in [FF]. Following arguments of Bondal and
van den Bergh we show that Ox @ Ox (1) generates the derived category of quasi-coherent O x-modules.
By a theorem of Keller the latter is equivalent to the derived category of an associated differential graded
algebra. We give an explicit description of this algebra in terms of rings of adeles on X and determine the
dg modules corresponding to all coherent O x-modules. We also take first steps in determining the mul-
tiplicative structure of a huge skew field first discovered by Colmez. This involves explicit computations
in the heart of a t-structure constructed by Le Bras.

Zusammenfassung

Sei X die schematische Fargues-Fontaine-Kurve wie in [FF] eingefithrt. Argumenten von Bondal
und van den Bergh folgend zeigen wir, dass Ox @ Ox (1) die derivierte Kategorie der quasi-kohérenten
Ox-Modulen erzeugt. Letztere ist nach einem Satz von Keller dquivalent zur derivierten Kategorie einer
assoziierten differentiell graduierten Algebra. Wir geben eine explizite Beschreibung dieser Algebra mit-
tels Adelen auf X und bestimmen die zu allen kohédrenten Ox-Moduln korrespondierenden DG-Moduln.
Dartiber hinaus unternehmen wir erste Schritte in der Bestimmung der multiplikativen Struktur eines
riesigen Schiefkdrpers, der zuerst von Colmez entdeckt wurde. Dies beinhaltet explizite Berechnungen
im Herzen einer von Le Bras konstruierten ¢-Struktur.
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0 Introduction

Fix a prime p. Let F be a nonarchimedean local field of residue characteristic p and let I’ be a perfectoid
field of characteristic p. Let X = Xg r be the Fargues-Fontaine curve associated with F, F'. This is a con-
nected separated Noetherian regular scheme of dimension 1 which was discovered and studied extensively by
Laurent Fargues and Jean-Marc Fontaine in [FF]. Using this curve Fargues and Fontaine were able to give
geometric proofs of fundamental results in p-adic Hodge theory. More recently ([FS]), Fargues and Scholze
used families of Fargues-Fontaine curves in order to develop a geometric version of the local Langlands pro-
gram.

The motivation for this project comes from the question of Fargues ([LeB], Question 7.18) whether the
Fargues-Fontaine curve is in some sense the Brauer-Severi variety associated with a particular skew field &
that was originally studied by Colmez in his work on Banach-Colmez spaces ([Col]). In his dissertation [LeB|
Le Bras established a connection between Colmez’ skew field and the Fargues-Fontaine curve by showing
that the category of Banach-Colmez spaces is equivalent to the heart of a certain nontrivial ¢-structure on
the bounded derived category of coherent sheaves on the curve.

The aim of this thesis is to make use of this connection and apply derived tilting theorems to give an algebraic
description of the derived category of X and to gain a better understanding of the skew field %.

To put this into perspective, recall the following classical example. Let K be a field and let A be a k-linear
Grothendieck category. An object T of A is called a tilting object if the functor

RHom(T', —) : D(A) — D(Modgna(r))

is an equivalence of categories. There are explicit criteria characterizing tilting objects (see e.g. [Kel], §4.6).
One can use these criteria to show that if P} denotes the projective line over k then O]P’i @ Opi (1) is a tilting
object for the category of quasi-coherent sheaves on P}, i.e. the functor RHom(OP}c & O]Pk (1), —) induces an
equivalence

D(PL) = D(R).
k

Here R = End(Op @ Op1 (1)) = <k:[x ol

2) where k[x,y]; denotes homogeneous elements of degree 1.
Although it is far from being a classical variety, the Fargues-Fontaine curve X shares a lot of features with
the projective line over the field kK = E. In particular, this concerns the classification of vector bundles (cf.
Theorem 1.29 below). However, there are significant differences leading to the fact that the sheaf Ox ®Ox (1)
is not a tilting object in the classical sense above. The issue is that Ext'(Ox (1), Ox) = HY(X,Ox(—=1)) #0
(in fact, it is infinite dimensional over the base field). However, following the strategy of [BvdB], Theorem
3.1.1, we give a self-contained and streamlined proof of the fact that Ox @ Ox (1) generates Dyeon(Ox) in
the sense of triangulated categories (cf. Theorem 3.3). This allows us to make use of a more general tilting
construction due to Keller.

Namely, let A be a Grothendieck abelian category such that D(A) is generated by a compact object P. Then
Keller showed that D(A) is equivalent to D(/) where o is a differential graded algebra (dg algebra, for
short) obtained by replacing P by a K-injective complex and whose cohomology is given by Ext*(P, P).

By applying Keller’s result to A = QCohyx, the category of quasi-coherent sheaves on X, we obtain an
equivalence between D gcon(Ox) and the derived category of the dg algebra
&/ = RHom(Ox & Ox(1),0x @& Ox(1))

(cf. Theorem 2.20). The dg algebra <7 may be computed by using an injective resolution Z of Ox @& Ox(1).
Then o/ = Hom®(Z,Z), where Hom® denotes the Hom complex, see §2.1.



As one of our main results we show that the dg algebra & admits an astonishingly explicit algebraic
description. To explain this, let F(X) be the function field of X and denote by £x the constant O x-module
with value E(X). Denote by | X| the set of closed points of X, and let

Ag( = H @X,x C H/ Frac(@x’x) =:Ax

z€|X| z€|X|

be the rings of (integral) adéles on X. For a ring R denote by Ms(R) the ring of 2 x 2-matrices over R. In
§3.2 we describe Hom®*(Z,Z) in terms of E(X), A% and Ax. We use this in order to obtain a dg algebra
&7/ which is isomorphic to 7. Our main result is the following (cf. Theorem 3.24):

Theorem 0.1. Let X be the Fargues-Fontaine curve and let of be the dg algebra described above. Then <f
is isomorphic to a differential graded algebra o7 %* with underlying complex

My(E(X)) x Ma(A%) — Ma(Ax)
with an explicit an easy to write down differential.

If F is algebraically closed then there is a particularly simple classification of vector bundles on X. For
coherent sheaves on X there is a well-defined notion of degree. Putting this together with the rank function
on vector bundles, Fargues and Fontaine introduced a general formalism of slopes leading to a simple classi-
fication result. Namely, for each A € Q there is a unique stable vector bundle Ox (A) of Harder-Narasimhan
slope A, and every vector bundle decomposes as a direct sum of stable bundles (cf. Theorem 1.29). The
bundle Ox (A) is the pushforward of a line bundle along a finite étale morphism of curves. In Proposition 3.20
we establish a connection between the differential graded algebras for such finite étale coverings of curves.
Moreover, we show that the derived pushforward and pullback along the covering map translate into derived
scalar restriction and extension between differential graded modules. This allows us to determine explicitly
the differential graded «7-modules corresponding to the vector bundles Ox () under the equivalence of cat-
egories Dgcon(Ox) =2 D(o7). In fact, we determine what happens for coherent Ox-modules in general (cf.
§3.4).

In principle, our results allow to translate any problem about Dgeon(Ox ) into a corresponding problem about
differential graded </-modules. An interesting question that we do not discuss is how to make explicit Le
Bras’ t-structure in terms of D(&7).

We note in passing that many of our results and arguments work for abstract curves in general and also in
the setting of generalized Riemann spheres as introduced by Fargues and Fontaine (cf. §1.3).

In the last part we take a first step in investigating the multiplicative structure of Colmez’ skew field &
which is not well understood. Let us mention that % is a rather mysterious object containing the central
E-division algebras of invariant % for all h > 0, as well as all untilts of F' in the sense of Scholze. Note that
the latter are in correspondence with the closed points of X.

Let us sketch the construction of € following Le Bras. Let C be the heart of Le Bras’ t-structure on
D?(X). Let C° C C be the Serre subcategory consisting of objects that are finite direct sums of copies of
the structure sheaf Ox. The localization Q := C/C° is a semisimple abelian category with a unique simple
object, and Colmez’ skew field ¥ is the endomorphism algebra of this simple object. We point out that the
aforementioned properties of the category Q are stated in [LeB] without proof. We give a detailed account
of the arguments in §4.2. Since Ox (1) represents the simple object of Q, the general theory of localization
shows that ¢ is a filtered colimit

%ZEndQ(Ox(l)) = hﬂ HOch(OX(l),f)
S:Ox(l)—>.7:



where the index set runs over all morphisms s : Ox (1) — F which become isomorphisms in Q and is filtered
by using pushouts. Therefore, the elements of % are represented by roofs of morphisms in C of the form

LN
Ox(1) Ox(1)

where ker(s), coker(s) € C° and for which we write s~! f. Here F is an object of C which becomes isomorphic
to Ox(1) in Q. A first but important step in determining € consists of giving a complete list of the possible
objects F, i.e. in determining the indexing set of the above colimit. We do so in Proposition 4.9:

Proposition 0.2. (i) If f: Ox(1) — F is a morphism which becomes an isomorphism in Q then
F=0% @G for somen > 1 and where G is either Ox (1), a skyscraper sheaf Cy for some closed point
z € |X|, or Ox(—+)[1] for some h > 1.

(i) If F is of the form in (i) and if f : Ox(1) — F is a nonzero morphism in C then f becomes an
isomorphism in Q.

The appearance of the objects Ox(—+)[1] shows that ¢ also contains all central E-division algebras of
invariant —%. Although this has not been observed before, we do not know if ¥ contains still other central
E-division algebras.

The multiplication in % is given by the pushout of roofs: Given two roofs

F g
/ ’\ and / \
x (1) Ox( Ox(1) Ox(1

the product t~'g - s~!f is given by the outer roof of the diagram

@) 1) )

Floxm) 9
F / \ g
Ox(1) Ox(1) Ox(1)

where the upper square is the pushout of the morphisms s and ¢ in the abelian category C.

We note that the degree function on coherent sheaves is additive in short exact sequences and can therefore
be extended to objects of Dycon(Ox) and C. An important step in making the multiplication of the skew
field € explicit is to compute the above pushouts in C. In Proposition 4.10 we solve this problem completely:

Proposition 0.3. Let F,G € C be of degree 1 and let f : Ox(1) = F, g : Ox(1) — G be two nonzero
morphisms.

(i) If F = Ox (1) then their pushout in C is isomorphic to G.
(i) If F =G = Cy for some x € | X| then their pushout in C is isomorphic to Cy.

(iti) If F = Cy and G = Cy for some x # y then their pushout in C is isomorphic to Ox(—1)[1].



(iv) Let F = Ox(—+)[1] for some h > 1 and G = C,, for some x € |X|. Lett € H*(X,Ox (1)) be such that
x = oot Moreover, suppose that the map f is the class of the extension

0— Ox 1 SO 5 00(1) =0
h X

where p = (51 5h+1) with s1,...,8n+1 € H'(X,Ox(1)). Then

1 ~ OX(*%)“] thE <517~--75h+1>E,
Ox(—~ C, =~
x( h)[l] O;H),C {OX(—l)[l] otherwise.

Here (s1,...,8h11)E denotes the E-subspace of H°(X,Ox (1)) generated by s1,...,Shi1.
(v) Let F = Ox(—+)[1] and G = Ox(—45)[1] for some h,h' > 1. Let f and g be represented by extensions

1
0= Ox(—=) =05 041) =0
h X

and 1

0= Ox(—37) = Ot % 0x(1) =0,
respectively. Write p = (81 sh+1) and q = (sh+2 sh+h/+2) for some s; € H°(X,0x(1))
and setn = dimg(s1, ..., Spin+2) 6. Then the pushout of f and g in C is isomorphic to Ox (—-15)[1].

In order to make explicit the skew field € in terms of the above colimit formula, one needs to compute
Homc(Ox (1), F) for the various possibilities of F. This is a simple task which is already implicit in the
work of Fargues, Fontaine and Le Bras.

The final step in determining % is understanding the transition maps in the above colimit. This is a question
we hope to come back to in the future. A second follow-up project is concerned with the connection between
the skew field ¥ and the dg algebra «7??. As explained earlier, for this one needs to transfer Le Bras’
t-structure to the derived category of &7*? and mimic the construction of %.
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1 Curves

In §1.1 we recollect the basic definitions about abstract curves as introduced in [FF], §5. In §1.2 we explain
how to define a degree function on coherent sheaves on a curve, and we recall the Harder-Narasimhan
formalism introduced in [FF], §5.5. In §1.3 we recall the notion of a generalized Riemann sphere as in [FF],
§5.6.4. Finally, in §1.4 we briefly introduce the Fargues-Fontaine curve and state some of its properties as
well as the classification of vector bundles.

1.1 Generalities

Definition 1.1 ([Ked], Definition 3.3.4). An (abstract) curve is a connected separated Noetherian scheme
which is regular of dimension 1.

Lemma 1.2 ([Det], Lemma 1.2). A connected separated scheme is an abstract curve if and only if it admits
a finite affine open covering by spectra of Dedekind domains one of which is not a field. In particular, any
curve is normal and integral.

Let us fix some notation: If X is a curve then we denote by | X]| its set of closed points. We let € X be the
generic point and denote by E(X) := Ox , the function field of X. For each z € |X| the local ring Ox , is
a discrete valuation ring which we may view as a subring of E(X). We have Frac(Ox,) = E(X). fU C X
is non-empty open then we also view I'(U,Ox) as a subring of F(X). If U is affine, F(X) is the field of
fractions of T'(U, Ox).

For x € | X| we denote by
vy B(X)* = Z
the normalized valuation and by w, a uniformizer of the discrete valuation ring Ox ;. We set v,(0) := oo.
Then Ox , = {a € K | vy(a) > 0}, and by [GW], Proposition 3.29, if U C X is a nonempty open subset
then
[(U,0x) ={f € E(X) | Vz € |U| : v2(f) = 0}

Definition 1.3. If X is a curve then Div(X) denotes the free abelian group on the closed points of X. An
element of Div(X) is called a divisor on X. A divisor D = }_ ¢ v ma - [2] is called effective if my > 0 for

all z € |X|. Any divisor D =} ¢ v ma - [2] gives rise to an Ox-module Ox (D) as follows: For any open
set U C X we set
I'(U,0x(D)):={f € E(X) |Vx € |U| : vu(f) +msz > 0}.

If V. C U then the restriction from U to V is the inclusion I'(U, Ox (D)) < I'(V,Ox(D)). The scalar
multiplication I'(U, Ox) x I'(U, Ox (D)) — I'(U,Ox (D)) is given by multiplication within E(X). If f €
E(X)* then we define the divisor of f by

div(f) := Z v (f) - [z] € Div(X).
z€|X|
The divisors of the form div(f) for some f € E(X)* are called principal divisors.

Remark 1.4. (i) f D=3} . x ma[z] and D' =} . x| m[z] are divisors on X with m, < m;, for all
x € | X| then we have a natural inclusion

Ox(D) = Ox (D).

(ii) For every D € Div(X) the Ox-module Ox (D) is invertible with inverse Ox(—D). The sequence of
abelian groups

15 T(X,0x) = B(X)* & Div(X) = Pic(X) — 1
D — [Ox(D)]
is exact (cf. [GW], equation (11.12.6) and Propositions 11.27/11.38).



(iii) A divisor D on X is effective if and only if Ox(—D) is an ideal of Ox. The corresponding closed
subscheme of X is denoted by D as well. By definition there is an exact sequence of Ox-modules

O%OX(—D)%O)(—)OD%O
(cf. [GW], Remark 11.25). Twisting with Ox (D) yields an exact sequence
0— Ox — Ox(D) = Op — 0.

Indeed, write D = " n.[z]. There is an isomorphism of Ox-modules Op ®o, Ox (D) =5 Op whose
germ at each point = € supp(D) is given by the Ox ,-linear isomorphism

Ox.o/wy* ®ox, @, ""Oxa — Ox.o/@,",
sending 1 ® f to wi= f.

Definition 1.5 ([Ked], Definition 3.3.4). A complete curve is an abstract curve X together with a nonzero
additive map deg : Div(X) — Z which is nonnegative on effective divisors and zero on principal divisors.

Example 1.6. Let k be a field and X a connected smooth projective curve over k. Set deg(x) := [k(z) : k]
for x € | X|. Then (X, deg) is a complete curve (cf. [Harl], Corollary 6.10).

Remark 1.7. If X is a complete curve then the degree map on Div(X) induces a map
deg : Pic(X) — Z
(cf. Remark 1.4 (ii)).

Lemma 1.8 ([FF|, Lemme 5.1.5). If X is a complete curve then I'(X,Ox) is a subfield of E(X) which is
algebraically closed within E(X).

Proof. Let f € E(X)*. By [GW], Proposition 3.29 (3), I'(X, Ox) = (,¢x| Ox..- Hence, f € I'(X, Ox) if
and only if div(f) > 0. Since deg(div(f)) = 0, the latter holds if and only if div(f) = 0. Since the valuations
are multiplicative we have div(f~!) = —div(f). It follows that I'(X,Ox) is a subring of E(X) which is
closed under taking inverses, hence it is a field which we call F.

It remains to show that an element of F(X)* that is algebraic over F lies in E. Let f € E(X)* and suppose
that there are n € N>; and ay,...,an,—1 € E such that f" + Z?;Ol a;ft=0.Forz € |X|and0<i<n-—1
we have

Um(aifi) = vg(a;) + vw(fl) =i-v.(f)
In particular, the elements v, (a;f!),1 < i < n — 1, are pairwise distinct integers. By the strict triangle

inequality,
n—1

v (Y aif) =min{i-v.(f) |0<i <n—1}.

=0
Assume that there exists x € | X| such that v, (f) # 0. Then we obtain

n—1

nevp(f) = va(f") = va(D_ aif")

=0
=min{i-v,(f) | 0<i<n-—1}
_ {0, va(f) >0
(n_l)'vx(f)7 v:r:(f)<0'

In the first case, n = 0, a contradiction. In the second case, v, (f) = 0, a contradiction as well. It follows
that v, (f) =0 for all x € | X|, whence f € E. O



Definition 1.9. If X is a complete curve then the field T'(X, Ox) is called the field of definition of X.

Lemma 1.10 ([FF], Lemme 5.4.1). Let X be a complete curve admitting a closed point co € |X| such that
deg([oo]) = 1 and such that X \ {oo} is affine. The following are equivalent:

(i) Pic(X \ {oc0}) = 0.
(ii) The map deg : Pic(X) — Z is an isomorphism.

Definition 1.11. Let X be a complete curve satisfying the equivalent conditions of Lemma 1.10. For k € Z
we define
Ox (k) :== Ox (k[o0]).

Note that this definition is independent of the choice of a closed point oo.

1.2 Slope theory for coherent sheaves on complete curves

Throughout this section let X be a complete curve. In particular, it comes with a degree map deg : Pic(X) —
Z. We will extend this to coherent sheaves on X. An inportant result for us will be that it is additive in
short exact sequences.

Definition 1.12. Let F be a nonzero vector bundle on X. The degree of F is
rk F

deg F := deg(/\ F).

Remark 1.13 ([Ked], Example 3.3.2). If 0 - F' — F — F” — 0 is a short exact sequence of vector
bundles on X then deg F = deg F’ + deg F”, i.e. deg is additive in short exact sequences of vector bundles.
This relies on the fact that there is a natural isomorphism

rk F rk F’ rk F”’
ANF=(N\ Freo. (\ F)
of Ox-modules.

Definition 1.14. (i) A coherent Ox-module G is a torsion sheaf if its stalk at the generic point of X is
0.

(ii) Let G be a torsion sheaf on X. We define its degree to be
deg G := Z deg(z) - lengthy (Ga).
zeX

Remark 1.15. Let G # 0 be a torsion sheaf on X. Then supp(G) := {z € X | G, # 0} is a proper closed
subset of X, hence is finite.

If € is a coherent sheaf on X then £ = F & G where F is a vector bundle and G is a torsion sheaf on X. We
define deg £ := deg F + deg G. One can now show that deg is additive in short exact sequences of coherent
sheaves on X.

Let us introduce the Harder-Narasimhan formalism for vector bundles on X.
Definition 1.16. Let F be a vector bundle on X.
(i) The (Harder-Narasimhan) slope of F is the rational number

_ deg F
HF) = tk F -




(i) F is called semistable if for every nonzero subbundle 7' C F (the quotient need not be locally free)
((F') < u(F).
Theorem 1.17 ([FF], Théoreme 5.5.2). Every vector bundle F on X admits a unique filtration
0=FyCFHC---CF=F
such that
(i) Fi/Fi—1 is semistable for each 1 < i <r, and
(11) the sequence of slopes (u(Fi/Fi—1))1<i<r 1s strictly decreasing.

Definition 1.18. Let F be a vector bundle on X. Let 0 = Fy C F1 C --- C F, = F be its Harder-
Narasimhan filtration as in Theorem 1.17. The slope multiset of F is the multiset of rational numbers of
cardinality rk F containing u(F;/F;—1) with multiplicity rk(F;/F;—1) and which is ordered decreasingly. If
= (uo, ..., i) denotes the multiset of slopes of F then the HN polygon HN(F) is the polygon with slope
w; on the interval (i,7 4 1).

We define a partial order on HN polygons as follows: if HN; and HNy are two polygons, then we say that
HN; < HN; if HN; lies on or below HNy and the polygons have the same endpoints (cf. [BFHHLWY],
Definition 2.2.12).

The following result gives an obstruction on the HN polygon of an extension of vector bundles.

Lemma 1.19 ([Ked], Lemma 3.4.17). If0 — F; — & — F2 — 0 is a short exact sequence of vector bundles
on X then HN(E) < HN(F; & Fa).

1.3 Generalized Riemann spheres
Definition 1.20 ([FF], Définition 5.6.21). A generalized Riemann sphere is a pair (X, E) where
e X is a complete curve with field of definition F, and
e E|E is an algebraic field extension which is Galois with Galois group Z
such that
(i) for each closed point = of X, Fo|FE embeds into k(z)|E,

(ii) there is a closed point co € |X| of degree 1 such that for all intermediate extensions E C E' C E
with F’|E finite there is a closed point of X Xz E’ in the fiber above oo whose complement is the
spectrum of a principal ideal domain, and

(iii) H'(X,0x) =0.

Let X be a generalized Riemann sphere. For h € Z let E}, := Eé‘oi This is a cyclic extension of degree h of
E, and Eo, = J;, En. We set
Xh =X XE Eh

and let
o Xp— X

be the projection. If y € | X} is a closed point then we set deg([y]) := deg([mr(y)]) and extend this linearly
to a function deg : Div(X},) — Z.

Lemma 1.21. For any h > 1 the scheme X, is a complete curve with field of definition Ej,.



Proof. First of all, I'(X}, Ox, ) = I'(X,0x) ®g E, = Ej,. If U = Spec(R) C X is non-empty affine open
then 7, ' (U) = Spec(R) x g Ej, = Spec(R ®p Ej,). As Ej|E is separable and E is algebraically closed inside
E(X) = Frac(R), the ring R ®g E}, is an integral domain (cf. [Jac], Cor. 1 on page 203), showing that X},
is an integral scheme.

Set S := R®g Ej,. Then S|R is a finite ring extension, hence dim(S) = dim(R) = 1. Fix a closed point
ooy, above oo such that X}, \ {oop} is the spectrum of a principal ideal domain. Since Ej embeds into the
residue fields of the closed points of X, the fiber of 7;, over each closed point consists of h distinct points,
and the group Gal(Ep|E) acts simply transitively on each fiber. In particular, Gal(E,|E) does not fix the
affine open subscheme X}, \ {oo} (if h # 1). It follows that X} admits a covering by two spectra of principal
ideal domains, so that X, is indeed a curve. Let us write E(X) and Fj,(X}) for the function fields of X and
Xp, respectively. We claim that E(X,) = E(X) ®g Ep.

As before, using Jacobson’s result, the right hand side is an integral domain. Since it is an integral
ring extension of the field F(X), it is a field itself. The inclusions F(X) C E,(X}) and E, C Ep(Xp)
induce a canonical field homomorphism E(X) ®g En — FEp(Xp). On the other hand, the inclusion
R C E(X) induces a ring homomorphism R ®g Ej, — FE(X) ®g Ej which extends to a field homomor-
phism Fy(X,) = Frac(R®g Er) — E(X)®g Ej. This gives the desired isomorphism E,(Xp) 2 E(X)®gEp.

It remains to prove that X} is complete. Note that Gal(Ep|E) also acts on Ep(Xp) = E(X) ®@p Ej via
the second factor, making Ep(X},)|E(X) a Galois extension with Galois group isomorphic to Gal(Ep|E). If

y € | X}p| corresponds to the nonzero prime ideal p in the coordinate ring S of some affine open subset of X},
and if f € Fy(X}) = Frac(S) and o € Gal(Ep|FE) then

v, (o(f)) = max{n € N | o(f) € p"}
=max{n e N| f€o " (p)"}
= Vo-1(y)(f)-

This implies

deg(div(o(f))) = D vy(a(f)) - deg(y)

YE|Xn|

Y Uoi((f) - deglo (y)

yE|Xn|

ST wy(f) - deg(y)
yE|Xn|
= deg(div(f)).

Let g € E(X)*. We may also view g as an element of E;,(X},) = E(X) ®g Ej,. We will write divx (g) (resp.
divx, (g)) for the principal divisor on X (resp. on X},) associated with g. Let z € |X| and y € 7}, ' (z). Since
the map 7, is totally decomposed at the closed points we have v, (g) = v;(g). This shows

deg(divx, (9)) = Y vy,(g)deg(y)

YE|Xn|

= Z Z vz (g) deg(z)

z€|X | mh(y)=2

= h - deg(divx(g)).
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Now let f € Ey(Xy). Using that X is complete we obtain
0 = h-deg(divx (N(f)))
= deg(divx, ([[ (/)

= Z deg(divx, (o(f)))

= h-deg(divy, (f)),
showing that also X}, is complete. O

Definition 1.22. Let X be a generalized Riemann sphere. Fix a compatible system (ocop)p, € im, | | X
of closed points of degree 1 and a generator o € Aut(Xy/X) = Z/hZ. For k > 1 we define -

Ju

k
Ox,, (k) = Ox, (D _lo* (con)]).
i=0

1=

Remark 1.23. o If X is a generalized Riemann sphere then for each h > 1 the map deg : Pic(Xp,) — Z
is an isomorphism (cf. Lemma 1.10). Recall that by the way the degree map on X}, is obtained from the
one on X we have deg(a(oop)) = deg(oop) = 1 for all a € Aut(X}/X). Therefore, up to isomorphism
Ox, (k) is the unique line bundle of degree k on X},. In particular, this shows that it does not depend
on the choice of generator o.

e If we write oo := 0o; then we have Ox, (h) = Ox, (7, *(c0)).

Definition 1.24 ([FF], Définition 5.6.22). For d € Z and h € N> we define
Ox(d,h) == m, . Ox, (d).
If (d,h) =1 and A = £ € Q then we set
Ox(A) :==m,.Ox, (d).

One has the following classification of vector bundles, assuming that certain extensions of vector bundles
always admit global sections:

Theorem 1.25 ([FF], Théoréme 5.6.26). Let X be a generalized Riemann sphere. Suppose that for all h
and allm > 1, if

1
0— OXh(_E) - F = 0x,(1) =0
is a short exvact sequence of vector bundles then H°(Xy,F) #0. Then
(i) the HN filtration of a vector bundle on X splits, and

(ii) the assignment

{Mi)1<i<n € Q" | n €N AL > -+ > N, } —> {wvector bundles on X}/ ~

Ay An) — [@ Ox(\)]

is a bijection.
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1.4 The Fargues-Fontaine curve

Fix a prime p and let E be a nonarchimedean local field of residue characteristic p. Let F' be a complete
algebraically closed nontrivially valued nonarchimedean field of characteristic p. The (schematic) Fargues-
Fontaine curve X = Xg r is a complete curve with field of definition £ whose closed points are all of degree 1.
It was first defined by Fargues and Fontaine (cf. [FF], Définition 6.5.1). We have X = Proj(@®,,s, B*~"")
where B is a Fréchet algebra depending on F and F' and which admits a Frobenius endomorphism ¢. If
x € |X| is a closed point then we let ¢, : {x} — X be the inclusion and write C,, = £(z) for its residue field.
Abusing notation we will also write Cy, = 15 «k(x) for the skyscraper sheaf on X with value C, at z. We list
some important properties of the curve:

Theorem 1.26 ([FF], Théoreme 6.5.2). (i) If E'|E is finite then there is a canoncical isomorphism
XE’ i} XE ®E E/.

(ii) The complement of each closed point x of X is the spectrum of a principal ideal domain. Its residue
field Cy, is a complete algebraically closed field whose tilt is isomorphic to F. All untilts of F' arise in
this way.

(iii) There is a bijection
(B#="\ {0})/E* S |X|, t+ o0p.

(iv) If E'|E is finite then via the étale covering Xgp — Xg the fiber over a closed point x € |Xg| consists
of [E' : E] points of the same residue field as the one of x.

(v) The degree map induces an isomorphism Pic(X) =7z
(vi) One has H*(X,0x) = 0.
Corollary 1.27. The Fargues-Fontaine curve is a generalized Riemann sphere.

Remark 1.28. There is also a version of the Fargues-Fontaine curve as an adic space X*? over Spa(E) and
a morphism of locally ringed spaces X% — X pullback along which induces an equivalence of categories
between vector bundles on X and X (cf. [KL], Theorem 8.7.7).

One has a classification of vector bundles:

Theorem 1.29 ([FF], Théoréme 8.2.10). (i) For each A € Q the semistable vector bundles of slope A on
X are isomorphic to finite direct sums of Ox ().

(i) The Harder-Narasimhan filtration of any vector bundles splits.

(iii) Every vector bundle F on X admits a direct sum decomposition
F=Pox)
A

where the A run over the slope multiset of F (cf. Definition 1.18).
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2 Derived categories and t-structures

In §2.1 we construct the Hom complex. In §2.2 we recall the basic definition of a generator of a triangulated
category. In §2.3 we recall the definition of a t-structure and explain how to construct kernels and cokernels
in the heart in the case where the ¢-structure comes from a torsion pair on an abelian category. This will
be helpful when we compute pushouts in §4. Finally, in §2.4 we introduce basic constructions of differential
graded algebras, show how Hom complexes give rise to differential graded algebras, and sketch a proof of
the tilting theorem of Keller that we will use later.

2.1 The complex Hom*®

Let A be an additive category admitting countable direct products. If X,Y are two complexes of A then
we let Homj (X, Y') be the total (product) complex associated to the double complex (Homa(X™, Y")),, m.
This defines an additive bifunctor

Homj (—, —) : CoChy? x CoChp — CoChg

(cf. [KS1], Lemma 11.6.1 and Example 11.6.2 (i)). It induces an additive bifunctor

Homj(—, —) : K(A)°? x K(A) — K(Z).
In the following we will write Homa (X,Y)" instead of Homj (X, Y)" for the nth graded piece. Explicitly,

Homa (X,Y)" := [ ] Homa(X*, y"+H),

keZ
and if f € Homj(X,Y)" then d"f € Homp(X,Y)""! has kth entry
(d"f)F =dy™ o fF 4+ (=)™ 7 o dy € Homa (XF, Y HIHF).

By [KS1], Proposition 11.7.3,
H°(Hom} (X,Y)) = Homga) (X, Y).

Proposition 2.1 ([KS1], Corollary 14.3.2 and equation (13.4.2)). Let k be a field and let A be a k-linear
Grothendieck abelian category. Then Homjy admits a right derived functor

RHoma : D(A)°? x D(A) — D(k).
Moreover, H*(RHoma(X,Y)) = Hompa)(X, Y [k]) =: Extk (X,Y) for all complezes X,Y .

As usual the functor RHoma may be computed by using resolutions by K-injective objects (cf. [Sta], Lemma
070K). Specifically, if X, Y are two complexes and if we choose a quasi-isomorphism Y — I where [ is K-
injective then

RHoma (X,Y) = Homj (X, I).

2.2 Generators of triangulated categories

Definition 2.2. Let D be a triangulated category. An object P of D is called a (weak) generator of D if for
any object F of D, Homp(P[n], F) = 0 for all n € Z implies F = 0.

Remark 2.3. If D = D(A) is the derived category of an abelian category A then a complex K is a generator
of D(A) if and only if RHom(K, —) detects the zero object (cf. Proposition 2.1).

Definition 2.4. Let X be a scheme. We denote by Dgcon(Ox) € D(Ox) the full subcategory of complexes
of Ox-modules whose cohomology sheaves are quasi-coherent. Moreover, we say that a complex F of Ox-
modules is perfect if it is locally quasi-isomorphic to a bounded complex of vector bundles.

Bondal and van den Bergh proved the following:

Theorem 2.5 ([BvdB], Theorem 3.1.1 (2)). Assume that X is a quasicompact quasiseparated scheme. Then
Dycon(Ox) is generated by a single perfect complex.
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2.3 Torsion pairs and t-structures

Definition 2.6. Let A be an abelian category. A torsion pair in A is a pair of classes of objects (T, F) of

A such that
(i) Homa(T,F)=0forall T € T,F € F,
(i) if T € A such that Homa (7, F) =0 for all F € F then T € T,
(iii) if F' € A such that Homa (7T, F) =0 for all T € T then F € F, and
(iv) for every X € A there is a short exact sequence

0T —-X—>F—=0

withT € T and F € F.

If (T, F) is a torsion pair then T is called the torsion class and F is called the torsionfree class.

Definition 2.7. Let D be a triangulated category. A t-structure on D is a pair of strictly full subcategories

(D=%,D=29) of D satisfying the condition below. Write D" := D<°[—n] and D=" := D=°[-n].
(i) D=0 c D=! and D=! c D=9,
(i) Homp(X,Y) =0 for X € D=? and Y € DZ!, and
11) for eac € D there is a distinguished triangle
iii) f h X € D th i disti ished tri 1

A— X — B— A[l]

with A € D=0 and B € D=%.

If (D=0 ,D2Y) is a t-structure then the full subcategory D=0 N D= is called its heart.

Example 2.8 ([KS2], Example 10.1.3 (i)). Let A be an abelian category. Let D=0 be the full subcategory
of D?(A) consisting of the complexes K*® such that H(K®) = 0 for all i > 0, and DZ° the one consisting of
complexes K* satisfying H*(K*) = 0 for all i < 0. The pair (D=, D=9) is a t-structure on D?(A) called the

trivial t-structure. The functor HY : D?(A) — A induces an equivalence D=0 N D=0 = A,

Proposition 2.9 ([KS2], Proposition 10.1.4). Let D be a triangulated category. Let (D<°,DZ°) be a t-
structure on D. The inclusion DS™ — D (resp. DZ° — D) has a right adjoint functor <" : D — D=" (resp.

a left adjoint functor 72" : D — DZ").

Proof. We may assume n = 0. Let X € D. By the third axiom of a t-structure we may embed X into a
distinguished triangle Xg - X — X3 [il with Xy € D=0 and X; € DZ!. One can show that the assignment

X — Xp (resp. X — X;) yields a functor 7<° (resp. 721) as desired.

Remark 2.10 ([KS2], eq. (10.1.1)). We have

1R

In particular, 72°(X) = 721(X[-1])[1].

The functors 7<" and 72" are called the truncation functors with respect to the t-structure.

Proposition 2.11 ([KS2], Proposition 10.1.11 (i)). The heart of a t-structure is an abelian category.
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Proof. We sketch the construction of the kernel and the cokernel of a morphism. Let f : X — Y be a
morphism in the heart. We may embed f into a distinguished triangle X Ly oz E Then

O

There is a relation between torsion pairs in an abelian category and t-structures on its bounded derived
category:

Proposition 2.12 ([Mat], Proposition 2.6). Let A be an abelian category and let (T,F) be a torsion pair
in A. Let .
DSV .= {X* e D*(A) | H(X®) =0 fori>0,H°(X®) € T},

and
D20 := {X* € D*(A) | H(X®*) =0 fori < —1,H }(X*) € F}.

Then (D=°,D=%) is a t-structure on D?(A).

Proof. We verify the third axiom: Let X*® be a complex of A with bounded cohomology. Since (7, F) is a
torsion pair in A there is a short exact sequence

0-TH HX) S F -0

with T € T and F € F. Consider the following commutative diagram of exact sequences in A obtained by
pullback along p from the lower horizontal sequence:

m+——o
N<+—o

.<7
t\
S —

Note that pullback preserves monomorphisms, epimorphisms, and kernels. Moreover, since the map ker(d°) —
H(X*) is an epimorphism, the pullback is also a pushout and hence it also preserves cokernels.

Let d~! =i o p be the canonical factorization of d~* through im(d=!) and let d~! := zi” o p. Let X’® be the
following subcomplex of X*:

-1
X*: o X2 xS B0
By construction, X’® € D=Y. Let X”* be the quotient complex X*/X’®. We obtain a distinguished triangle
X" = X* — X" = X"*[1]

in D’(A). It remains to show that X’® € DZ!. By construction, H*(X"*) = 0 for i < 0. Now X"° = X°/FE,
X" = X' and we have a commutative diagram with exact rows
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0 E X0 XY/E —— 0

[k

00— 00— Xl =——X! —— 0

where d° denotes the 0-th differential of X"*. Hence, H(X"*) = ker(d°) = ker(d°)/E =~ HO(X*)/T = F €
F, so that X"”* € D=1, O

The following result gives a recipe to construct kernels and cokernels of morphisms in the heart of a ¢-structure
coming from a torsion pair.

Corollary 2.13. Let A be an abelian category with a torsion pair (T, F). Let (D<°,DZ%) be the corresponding
t-structure of D’(A) as in Proposition 2.12 with associated heart C := D=0 N\ D2%. Let f : X* = Y* be a
morphism in C. Embed f into a distinguished triangle

x* Ly 5 z0 o X1
Embed H=(Z*) into a short exact sequence in A
0T HZ°) = F—=0

withT €T and F € F. Let

E— 5T
| |
ker(d,') —— HY(Z*).

be a pullback diagram in A. In other words, E C ker(d,") is such that E/im(d,?) = T is the torsionfree
part of H=1(Z*). Then

-1 0 1
kerc(f)2 (- —=Z 25 E—=0—---)
and
-1 0 1
cokerc(f) =2 (---—=0—=ZYE—=2° = 7' —...).
Proof. This follows by combining Proposition 2.11 with the proof of Proposition 2.12. O

2.4 Differential graded algebras and derived tilting

Throughout this section let R be a commutative unital ring.

Definition 2.14. A differential graded R-algebra (dg R-algebra, for short) is a Z-graded R-algebra
A =P, ey @" endowed with a differential d of degree 1 such that

d(ab) = d(a)b+ (—1)"ad(b)

for all a € ™. b € &/. A homomorphism of differential graded R-algebras is a homogeneous morphism of
degree 0 of the underlying Z-graded R-algebras commuting with the differentials.

Remark 2.15. We may view the ring R as a differential graded R-algebra concentrated in degree 0.

Example 2.16. Let A be an abelian category with enough injectives. Let X be a complex of A. Then
o/ := RHoma (X, X) (cf. §2.1) can be given the structure of a dg algebra. Choose a quasi-isomorphism
X — I where I is K-injective. Then we have &/ = Homj([,T). Note that we replace both entries with
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I because we will define a multiplication on & which comes from composition of morphisms I — I. Let
f €™ and g € &/™. We define their product f x g € &Z/™t™ by

(f*g)k:karmogk for all k € Z.

This makes </ into a Z-graded algebra with unit element 1, = (id;x)* € &7°. It remains to verify the
Leibniz rule:

(d(f) * 9)" + (=1)"(f * d(9))"
ST T () o g (A R o gt 4 (1) g o
:dllf+n+m o karm ° g + ( )n+m+1fk+m+1 s dk
=AM o (f x g)P + (1) (fx g)* o df
=d(f * g)".

Definition 2.17. Let &/ be a dg R-algebra. A differential graded (right) < -module (dg <f -module, for

short) is a Z-graded (right) «/-module .# = @, ., .#™ endowed with a differential d of degree 1 such that

d(ma) = d(m)a + (—1)"md(a)

for all a € o and m € .#". A homomorphism of differential graded o -modules is a homogeneous morphism
of degree 0 of the underlying Z-graded 4/-modules commuting with the differentials. The category of dg
o7/-modules is denoted Mod,,. There is a forgetful functor

Mod,, — CoChg

of abelian categories. Here CoChp denotes the category of cochain complexes of R-modules. For n € Z
the n-th cohomology group H™( M) of a dg o/-module .# is defined as the n-th cohomology group of the
underlying cochain complex of R-modules.

In a similar way one defines the notion of a dg left «/-module. However, if we say dg «/-module we will
always mean a dg right <7/-module.

Example 2.18. Fix the setting of Example 2.16. For any complex Y of A the complex .# = RHoma(X,Y)
can be given the structure of a dg /-module as follows: Choose a quasi-isomorphism Y — J with J
K-injective, so that .# = Homj(I,J). If f € 4™ and g € @™ then we define

(f xg)F = fetmo gk for all k € Z.

This makes .# into a Z-graded «/-module, and the Leibniz rule holds by the same computation as in
Example 2.16.

Lemma 2.19 ([Sta], Lemma 09JJ). The category Modg, is abelian and has arbitrary limits and colimits.
If & is a dg algebra then we denote by D(<7) the derived category of the category of dg &Z-modules.
Let ¢ : @ — 2 be a homomorphism of dg R-algebras. If A4 is a dg #-module then we can view it as a dg

o7-module via ¢. This yields a functor ¢, : Modgz — Mod,, called restriction of scalars slong ¢. It admits
a right derived version R ¢, : D(#) — D(«) (cf. [Sta], Lemma 09LI).

Let 7 be a dg R-algebra. Let .# be a dg @/-module and .4 a dg left .&/-module. Then we can consider the
tensor product .# ®. A of the underlying graded objects. Recall that it is defined by

(M @y N) =coker( P M T @ N = P M @R N
r+t+s=I p+q=l
rRaAQY—rRay —ra@yY
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for I € Z. Abusing notation we write x ® y for the class of z ® y in A Qg A. We define a differential d on
M Qo N by
dx@y) =dx) @y + (—-1)"z @ d(y)

for all x € .#™ and y € 4 homogeneous. This makes .# ®, A4 into a dg &/-module.

Now let again ¢ : &/ — 2 be a homomorphism of dg R-algebras and let .# be a dg «/-module. We can
view Z as a dg left &/-module via ¢. Abusing notation we will write & instead of ¢,Z. Consider the dg
o-module A4 R, 9. Via multiplication on the right factor it becomes a dg %B-module which we call the
extension of scalars of .# along ¢ and denote it by ¢*.#. This defines a functor ¢* : Mod,, — Modg which
admits a left derived version L p* : D(&) — D(#) (cf. [Sta], Lemma 09LS).

We will make use of the following tilting theorem due to Bernhard Keller in the case where X is a curve.

Theorem 2.20 ([Sta], Theorem 09M5). Let X be a quasicompact quasiseparated scheme. There exists a
differential graded algebra <7 such that Dycon(Ox) = D(&).

Proof. By Theorem 2.5 there exists a perfect complex P of Ox-modules which generates Dyeon(Ox). Set
o/ = RHomop, (P, P).
For n € Z its n-th cohomology group is
n 2.1
H"(«/) = Homp o) (P, P[n])
= Extg (P, P).

In other words, the cohomology of &7 computes the Ext-groups of P. By [Sta], Lemma 09LZ, this implies
that the functor
— oL K:D(«) — D(Ox)

(cf. [Sta], Lemma 09LX) is fully faithful. Hence, its right adjoint
RHom(K,—) : D(Ox) — D(&)

is a left quasi-inverse. On the other hand, the essential image of —®%, P is contained in Dycon(Ox) (cf. [Stal,
Lemma 09M3). Since P generates Dycon(Ox ), the kernel of the restriction of RHom(P, —) to Dycon(Ox) is
zero. The statement now follows from a formal result (see [Sta], Lemma 09J1). O
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3 A derived equivalence

Using the construction of Bondal and van den Bergh in the proof of Theorem 2.5, in §3.1 we will compute
a particularly simple generator of Dycon(Ox) if X is a curve admitting a closed point whose complement
is affine. In §3.2 we compute certain sets of morphisms of injective Ox-modules in terms of adeles on X.
This finally leads to an explicit description of a dg algebra 7 such that Dgeon(Ox) = D(&7) which we will
establish in §3.3. Finally, in §3.4 we compute explicit dg modules corresponding to coherent sheaves on the
curve along the equivalence Dyeon(Ox) = D(o7%%).

3.1 A simple generator of the derived category of a curve

Lemma 3.1. Let X be a ringed space, U C X an open subspace and denote by j : U — X the inclusion.
Let G € Mod(Oy) be a skycraper sheaf at a closed point of U. Then jiG = j.G.

Proof. Let x € U be a closed point and M an Ox ;-module such that G = ¢, .M. Since j is left adjoint to
restriction we have
Homo, (19, j+G) = Homo,, (G, (j+G)|,) = Homo, (G, G).

By taking the preimage of the identity on the right, we obtain a canonical morphism jG — 5.G. Over U
this map is the identity of G and hence an isomorphism. If y ¢ U then both (jiG), and (j.G), are equal to
0. For j this is clear from the definition. For j, we use the fact that = is a closed point of U, hence of X,
and for y ¢ U we therefore find an open subset V, C X containing y but not . Then G(V, NU) = 0 and
hence (j.G), = h—r>nercX Ggvnu)=0. O
Lemma 3.2 ([Stal, special case of Lemma 09IR). Let X = Spec(A) be an affine scheme, let t € A be a
regular element and denote by j : U = D(t) — X the corresponding open embedding. Let G € Modop, be the
sheaf corresponding to the A-module A/tA. If F € Dyeon(Ox) with Hompo ) (G[n], F) = 0 for alln € Z
then the canonical map F — R j.(F|,) is an isomorphism.

Proof. The unit of the adjunction between the direct and inverse image gives a canonical comparison mor-
phism F — Rj.(F,). Since this morphism is functorial in 7 and since F is quasi-isomorphic to a K-injective
complex, in order to prove the statement we may assume that F itself is K-injective. Since X is affine, we
have an equivalence of categories Dgcon(Ox) =2 D(A) (see [Sta], Lemma 06Z0). Using this equivalence we will
view F as a complex M*® of A-modules. Applying the functor Homp (-, M*®) to the short exact sequence
of A-modules

0+ A5 A= A/tA—0

and looking at the long exact cohomology sequence, we get that for all n € Z the map
Hompa)(A, M*[n]) = Ext; (A, M*®) — Ext’ (A, M*) = Homp4)(A, M*[n])
is an isomorphism. Since M*®[n] is a K-injective complex, by [Sta], Lemma 0701, we have
Homp4)(A, M*[n]) = Homga)(A, M*[n]) = Homcocna) (4, M*[n])/ ~,

where ~ denotes the homotopy relation. Now Homcocn(a)(A, M*[n]) is isomorphic to ker(d" : M™ — ML
by sending a morphism of complexes f : A — M*[n] to the image of 14 under f. Moreover, such a morphism
is homotopic to zero if and only if it factors through im(d"~1). Hence,

Homcocn(a) (A4, M®[n])/ ~ = ker(d")/im(d" ') = H*(M*).
It follows that for all n € Z, multiplication by ¢ on H™(M?*) is bijective.

Using that localization at ¢ is exact (and by definition of j.), the cohomology groups of the complex j. (M, |'U)
are the localizations at ¢ of the cohomology groups of the complex M®. Thus, the canonical map H"(M?®) —
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H" (]*(Ml’U)) is an isomorphism for all n by the bijectivity of multiplication by ¢t on H™(M?*). This means
that M® — j.(M "U) is a quasi-isomorphism of complexes, hence is an isomorphism in D(A4). Note that since
M?* is K-injective the functor R j, is computed by applying j. in each degree. O

Theorem 3.3. Let X be a curve admitting a closed point oo such that X \ {oo} is affine. Let k be a nonzero
integer. Then Ox & Ox (k[oo]) generates Dgeon(Ox).

Proof. We follow the strategy of [Sta], Theorem 09IS, which is due to Bondal and van den Bergh (cf. [BvdB],
Theorem 3.1.1).

Write U := X \ {oco}. By [Det], Lemma 1.4, we may choose an affine open neighborhood V' = Spec(A) of
oo such that the prime ideal p C A corresponding to oo is principal. We choose a generator ¢t € A of p. In
other words, {co} = V() as subsets of V' = Spec(A). We have the following diagram of open immersions:

uvnv —,u

ol

Vv —— X
Note that U NV = D(t) as a subscheme of V' = Spec(A). Let d be a positive integer. Denote by G the Oy -
module associated to the A-module A/t?A. Over D(t) = V \ {co}, ¢ is a unit, so that Gpy = 0. Moreover,

Gp = A, /plA, =2 A/p? = AJtYA. Hence, G is the skyscraper sheaf at oo on V with value A/t?A. By Lemma
3.1 we have j.G = 51G, which is the skyscraper sheaf at co on X with value A/t?A.

We claim that P := Ox @ j.G generates D(Ox). Suppose we have F € D(Ox) such that
Hompp,)(P[n], F) = 0 for all n € Z. We may assume that F is a K-injective complex (cf. [Sta], Proposition
077P and Theorem 079P). Using the adjunction between extension by zero and pullback along j we obtain
that for all n € Z,

0 = Homp o) (7:G[n], F) = Homp (o, (G[n], F|, )-

By Lemma 3.2 this implies that the canonical map

]:|v — Rg*(]:hmv)

is an isomorphism. By [Sta], Lemma 08FE, the right hand side is canonically isomorphic to R f.(F|,)
showing that the canonical map

lv>

is an isomorphism over V. That it is an isomorphism over U follows immediately from the definition of the
pushforward. Using this together with the adjunction between pullback and pushforward along f we obtain
that for alln € Z

0 = Homp(o,)(Ox|[n], F) = Hompo,)(Ox[n],R f«(F,))
= HOIHD(OU)(OU[T”L]:\U)'

Since U is affine, Oy generates D(Oy) (cf. [Sta], Theorem 06Z0), showing that 7|, = 0, whence
F =R f.(F|,) = 0, concluding the proof of the fact that Ox @ j.G generates Dgcon(Ox).

By Remark 1.4 there are short exact sequences of Ox-modules
0— Ox — Ox(d[x]) = 5.6 = 0
and

0 — Ox(—d[x]) = Ox — j.G — 0.
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If 7 € D(Ox) then the functor Homp(o)(—,F) is cohomological (see [Sta], Lemma 0149). Therefore,
the distinguished triangles induced by the previous exact sequences induce long exact sequences of abelian
groups

.. = Homp(o ) (j+G[n], F) = Hompo ) (Ox (d[cc])[n], F) — Homp o) (Ox [n], F)
— HomD(OX)(j*g[n — 1},]‘—) — ...

and

.. = Homp(o ) (§+G[n], F) = Homp(o ) (Ox [n], F) = Homp (o) (Ox (—d[oc])[n], F)
— HOIHD(OX)(]*Q[” - 1]7]:)

Now if k is positive then the first long exact sequence shows that together with Ox ®75.G also Ox @O x (k[o])
is a generator.

Similarly, for negative k£ the second long exact sequence shows the desired result. O

3.2 Morphisms of sheaves and adeles on curves

Recall the following elementary fact:

Lemma 3.4. Let A be an integral domain with field of fractions K. The multiplication map
m: K — Endas(K),z — (y— xy),

is a K-linear isomorphism.

Proof. Tt is enough to observe that any A-linear endomorphism of K is automatically K-linear because
K = Frac(A). O

Lemma 3.5. Let A be a complete discrete valuation ring with maximal ideal m and fraction field K. Let
a € Z. Then the map

K — Homu (K, K/m?),

x = my = (y — zy + m?)

is a K-linear isomorphism.

Proof. The map is clearly K-linear. If x € K with m, = 0 then xy € m® for all y € K, which implies
x = 0. For the surjectivity let ¢ : K — K/m® be given. Let 7 be a uniformizer of A. For n > 0 write
g(m™™) =z, + m® for n > 0. Since g is A-linear for every n > 0 we have

Tp+m® =g(r-7 ") =7wg(n ") = mrpg o +m,

so that z,, — mx,41 € m® and hence 7"x,, — 7" 12, ;1 € m®™ for all n. This implies that x := lim,, o, ™2,
exists in K with 7"z, —x € m®*™ for all n. Consequently,

my(n™ ") =n"z4+m* =7 "(x — 7"z, +7"x,) + M =z, + m* =g(v 7 ").

The A-linearity of g and m, then imply that g = m,. O

Proposition 3.6. Suppose that A is a discrete valuation ring with mazimal ideal m and fraction field K.
Denote by A the m-adic completion of A and by K the fraction field ofA Let a,b € Z. There are natural

o

A-linear isomorphisms Hom 4 (K, K/m®) —s K and Hom (K /mb, K/m®) — m®= A such that the diagrams
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Homy (K, K) —** Homu (K, K/m?)

IR
g
=~

= K
and
Hom 4 (K /m?, K/m®) —2" Hom 4 (K, K/m®)
afbA\ = ]:?
commaute.

Proof. First note that for any n € Z we have K N m" A = m" as A-submodules of K. Since K is dense in K
and m™ A is open, this implies that the map

K/m" - K/m"A
is an A-linear isomorphism.
Now let f € Hom (K, K/m®). Base change to A gives us an A-linear map f®idg: K®a A K/me@y A
Under the identifications K ®4 A = K and K/m®®4 A K/m“g the latter map corresponds to an A-linear

map f: K — IA(/m‘HZ. Say f is given by f(7~") = x,, + m® for n > 1 and some z,, € K, where 7 is a fixed
uniformizer of A. Then f(7~") = z,, + m®A for all n > 1.

We claim that the A-linear map
Hom (K, K /m®) — Hom 3(K, K /m®A), f + F,
is an isomorphism.

For the injectivity, let f : K — K/m® be A-linear with f=0. Write f(r™™) =z, +m® for n > 1. We
obtain x, € m*AN K = m? for all n > 1 and hence f = 0.

Now let g € Homg(f(,f(/maﬁ). Write g(m~") = z,, + m®A for some x,, € K and all n > 1. Using that
the canonical map K/m?® — K /m“A\ is an isomorphism we may assume that the x,, lie in K. Now define
f: K — K/m®by f(r=") := 2, + m® and extend A-linearly (note that K = A[x~!]). This is well-defined:
Since g is A-linear we have

Tnit +miA =mg(r ™ 1) = g(x ") = 2, + m°A
and hence 7z, 11 — 2, € meANK =mo. Finally, f: g.
By Lemma 3.5 the map
K — Hom ;(K, K /m®A),
T my = (yr—>my+m“21\)

is an A-linear isomorphism. Moreover, from our explicit construction it follows that the first diagram
commutes. To conclude the proof it remains to observe that an element x € K lies in m®=°4 if and only if
mbA C ker(my). O
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From now on we fix a Dedekind domain A with field of fractions K. If p C A is a nonzero prime ideal then
we write Ap for its p-adic completion and Kp for the field of fractions of Ap

I~
II %
pCA
maximal

Definition 3.7. We call

the ring of adeéles of K, where the restricted direct product is with respect to the subrings Ep C [A(p, and

A% = H A\p

pCA
maximal

the ring of integral adéles of K.

Remark 3.8. Via the diagonal embeddings A cé> A% and K cé> A, AY is an A-algebra and Ag a
K-algebra.

Lemma 3.9. The multiplication map
K ®4 A% — A
is an isomorphism of K-algebras.

Proof. If A is a field then A = K = A% = Ak and the statement is trivially true. Let us now assume that
A is not a field.

Since K is a localization of A, it is a flat A-module. The map of interest is thus the base change to K of the
inclusion A(}{ C Ak followed by the multiplication map K ® 4 Ax — Ak which is an isomorphism because
A is a K-algebra. It remains to show the surjectivity.

For this, let f = (f,)p € Ak be an adele. For each maximal ideal p of A we denote by v, : K — Z the
p-adic valuation on K. It extends uniquely to a valuation IA(,, — Z which we call v, as well. Let @ denote
the finite set of maximal ideals q of A such that fq ¢ jq_ For each maximal ideal p of A we may choose
7"1U%) ¢ A because vq(fq) < 0 for all

g€ Q. Defineg:=a-f € Ak. prgéchengp:afpegp becauseaeAandfpeﬁp. If g € @ then

q(9q) = vq(fq) — Z vy (for)vg(mq) = — Z Vg (for) vq(mgr) 2 0.

9'eqQ a#a 2 >0

mp € A such that its image in A\p is a uniformizer. Then a := quQ Ty

Hence g, € Ap for all p, whence g € A%, and o' ® g € K ®4 A% maps to f under the multiplication
map. O

Remark 3.10. Let a be a fractional ideal of A. Since A is noetherian, the direct product of any family
of flat A-modules is flat (cf. [Cha], Theorem 2.1). Hence, A% is a flat A-module and therefore the map
a®y A(I){ - K ®4 A(}( is injective. The isomorphism K ® 4 A(}( =~ Ak then identifies aA([){ with a ®4 A%
as A-submodules of Ag.

We define the following partial ordering on the set of nonzero ideals of A: If I, J are two fractional ideals of
A then I < J whenever I O J. In this case there is a natural projection A/J — A/I. This makes the family
(A/I); into a projective system of A-modules.

Lemma 3.11. There is an A-linear isomorphism A%, = lim A/l
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Proof. Since A is Dedekind every nonzero ideal I of A admits a unique decomposition I = Hp pvr () with
vp(I) € Z. By the Chinese Remainder Theorem,

AT =TT AR,
p

Using that projective limits commute with arbitrary products, we have the following series of ring isomor-
phisms:

lim A/7 2 [ lim A/p*@ 2 [ lim A/p™ = [ lim A, /p" 4, = [ 4, = A%
p 1 p p

I n>1 p n=>1
O

Let a be a fractional ideal of A and let p be a maximal ideal. We denote by @, the p-adic completion of a,
ile. a, = Mn a/p"a where the index set runs over all n such that p™ C a. Recall that we have a, ~ a®y4 A,.

If aA\p denotes the A\p—submodule of I?p generated by a then by flatness of A — A\p we have a ® 4 /Tp =~ aﬁp.

Proposition 3.12. Let a C K be a fractional ideal of A. There is a unique K-linear isomorphism
® : Homu (K, K/a) =y Ag

such that for each mazximal ideal p of A the diagram

—®id 3 ~ o~
End(K) —" Homa(K, K/a) — Homjy (K,,K,/d,)

T i ofes

A Proj, =
K Ak K,

commutes. If b C K is another fractional ideal then there is a unique A-linear isomorphism
U : Homu(K/b, K/a) — b~ 'aA%

making the diagram

—®id 3 ~ o~ o~
Hom (K /b, K /a) —% Homyu (K, K/a) — Homj (K, /by, K, /d,)

glw :l¢ s

- proj ~_1~
-1 0 = » —1
b~ aAj Ay b, “ap

commutative for any nonzero prime ideal p.

Proof. Step 1: Consider the A-submodule Hom 4 (K /A, K/a) of Hom4 (K, K/a). We claim that it generates
Hom 4 (K, K/a) as a K-vector space.

To see this, let f : K — K/a be A-linear. Its restriction to A is not injective because K/a is a torsion
A-module. Therefore, there is a nonzero element z € A such that f(z) = 0. This means - f contains A in
its kernel. Thus, « - f € Hom(K/A, K/a), proving the claim.

Taking the base change of the inclusion Hom (K /A, K/a) < Homa (K, K/a) along A — K, we get an

isomorphism
K ®4 Homu(K/A, K/a) — Homa (K, K/a).

24



Indeed, the injectivity of this map follows from the flatness of A — K, and the surjectivity is the claim above.
Step 2: Therefore, it suffices to construct an A-linear isomorphism

Homu(K/A, K/a) — aA)
such that for all p the diagram

_®id2p ~ ~ ~
Homy(K/A, K/a) — Hom 3 (Kp/Ap, Kp/ay)

% =s

proj
0 P
aAj,

ap

commutes. Indeed, the base change to K then gives a unique K-linear isomorphism between Hom 4 (K, K/a)
and
Ko,0A% K@ 004 A% 2K @4 A% = Ak

making the diagrams of the proposition commute if we identify a, ® 4 K with K o

Step 3: For any nonzero element x € A evaluation at 2= + A gives an isomorphism between Hom 4 (z~1A/
A,K/a) and ~'a/a. The latter is isomorphic to a/za =2 A/rA ® 4 a via multiplication by z. Now K/A is
the colimit of the A-modules =1 A/A. By the universal property of colimits Hom 4 (K /A, K/a) is isomorphic
to the limit of the A-modules A/xA ® 4 a where x runs over the nonzero elements of A and the transition
maps are the natural ones. Here the indexing set is ordered by divisibility in A. In this special situation the
base change commutes with the limit because a is finitely presented and the A-modules A/xA are of finite
length (allowing for a Mittag-Leffler argument; cf. the proof of [Jen], Théoreme 7.7). Therefore, the limit is
isomorphic to A% ®4 a = aA% (by Lemma 3.11, using that the set of nonzero principal ideals is cofinal in
the set of all nonzero ideals of A).

We now show that the first diagram commutes. Let o« € K. The corresponding map K — K/a sends z to

az + a. Choose y € A such that ay € a. Then under the isomorphism K ® 4 Hom4(K/A, K/a) — Af the
above map corresponds to y~! @ mg, on the left. Going through the various isomorphisms from step 3 we
see that mg, corresponds to the adele (ay), € AY%. Hence, we indeed obtain that the adele corresponding
to a is («)y, showing the commutativity of the first diagram.

Generalizing the construction in step 3 we now show that Hom4(K/b, K/a) is isomorphic to b=taA%. If
x € A is a nonzero element such that b C £~ 1A then evaluation at z=1 + b gives an isomorphism between
Homu(z71A/b, K/a) and 27167 'a/a. The latter is isomorphic to b~ la/ra = b7 /zrA®s a2 A/rA® b ta
via multiplication by z. Now K/b is the colimit of the A-modules x7'A/b such that b C x~!A, because
the set of such z is cofinal in the set of all nonzero elements of A. By the universal property of colimits
Hom 4 (K/b, K/a) is isomorphic to the limit of the A-modules A/xA ®4 b~'a. This limit is isomorphic to
A(I)( ®4 b7l b_laA%.

For the commutativity of

Homy(K/A, K/a) — Hom 3 (Kp/Ap, Kp/ay)

% s

proj
0 » =
aAj ayp
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we note that the left vertical isomorphism is the projective limit of the isomorphisms

~

Homu(z7'A/A, K/a) & a/xa considered above. Likewise, the isomorphism from Lemma 3.5 can be con-
structed as the inverse limit of the analogous isomorphisms Hom (z7'A,/Ap, Ky /ay) = @y /za,. In both
cases we may let z run through the nonzero elements of A because K/A = UIGA\{O} z71A/A and

I?p/A\p = U:ceA\{o} xilzzl\p/gp, using that /Tp - IA{p is open and K C I/(\'p is dense. Therefore, it suffices to
show that the diagram

Homa(z 1A/A, K/a) —— Homﬁp (f(p/ﬁp,f(p/ap)

% |=

a/za a,/xa,

commutes. Since the lower horizontal map is induced by the inclusion a — @, this follows directly from the
definition of the vertical isomorphisms. [

Remark 3.13. The isomorphism @ is characterized by the following property: Given an A-linear map
f:K—K/alet z = (xp) denote the corresponding adele. For any p let fp Kp — Kp/ap denote the base
change of f along A — A Then the relation between f and x is characterized by the fact that for any p
the map fp is xp times the residue class map Kp — Kp/ap

Let X be a curve with field of definition E. Let £x denote the constant O x-module associated with the
function field F(X) of X. Similarly to the affine case let

o~ / o~
&= H Ox, C H Frac(Ox, ) = Ax
z€|X| z€|X|

denote the ring of ( mtegml) adéles over X where the restricted direct product is taken with respect to the

subrings OXm C Frac(@x «). Recall that a fractional ideal sheaf on X is a subsheaf Z C £x that is a
coherent O x-module.

Lemma 3.14. The map
E(X) — Endox (EX),a — - ’idgx,

is an E(X)-linear isomorphism.
Proof. Since the restriction maps of £x are the identity maps this follows from Lemma 3.4. O
If 7 is a fractional ideal sheaf on X then we write

IA% = [[ Z. c Ax.
z€|X|

Note that the arguments in step 3 above also show that aAf. = Hp ay. Therefore, the notation TAY is not
an illegitimate abuse of notation if X = Spec(A) is affine.

Corollary 3.15. Let X be a curve with field of definition E and let Z, J C Ex be fractional ideal sheaves.
Denote by A : E(X) — Ax the diagonal embedding. The isomorphisms from Proposition 3.12 glue to
isomorphisms

HOHI(QX ((S‘X?gx/:Z') i AX

and
Homo , (€x/T.Ex/T) — T 'TA%

such that the diagrams
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Endox (gx) % HOIHOX (5)(,5_){/1-)

=Jos F

EB(X) — 2 4 Ax.
and
Homo, (€x/T,Ex/T) —*"* Home, (Ex,Ex/T)
«| F
JITAS = Ax.
commute.
Proof. This follows from Proposition 3.12 and uses the uniqueness statement therein. O

Example 3.16. Let X be a complete curve with closed point co whose complement is the spectrum of a
principal ideal domain. For k € Z we have the invertible Ox-module Ox (k). Choose a uniformizer w of
Ox. and let € € A% be the adele defined by

w, X =00
&g =
1 else.

Then Ox (k)A% = e FAY.

Lemma 3.17. Let X be a curve and let T be a fractional ideal sheaf on X. Then Ex /T is an injective
O x -module.

Proof. By [Har2|, Proposition 7.17, an Ox-module F is injective if and only if for each z € X its stalk F,
at x is an injective Ox z-module. Since X is a curve, all its local rings are principal ideal domains. By [HS],
Chapter I, Theorem 7.1, a module over a principal ideal domain is injective if and only if it is divisible. Now
for every point x € X, the stalk £x , = F(X) = Frac(Ox ;) is a divisible Ox ,-module, hence is injective.
Therefore, £x is an injective Ox-module. Since any quotient of a divisible module is again divisible (cf.
[HS], Chapter I, Proposition 7.2), it follows that £x/Z is an injective Ox-module. O

Proposition 3.18. Let Z,J C Ex be fractional ideal sheaves. Then there is an exact sequence of abelian
groups

0 — Hom(J,Z) - J 'ZA% — Ax/E(X) — Ext'(J,Z) — 0.
In particular, we have E-linear isomorphisms
J A% N B(X) = Hom(J,T)

and
Ax/(E(X)+ T 'ZAS) = Ext! (7, 7).

Proof. The statement follows from Corollary 3.15 and the snake lemma applied to the following diagram all
of whose rows and columns are exact by the injectivity of £x and Ex /Z:
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0
0 Hom(J,7)
0 —— Hom(éx/J,Ex) —— Hom(Ex,Ex) —— Hom(J,Ex) —— 0
—_— —_———
=0 ~E(X)
0—— HOm(Ex/j,gx/I) Emd HOm(gx,gx/I) Emd HOIn(j,gx/I) — 0
—_—————

~7-1TAY% ~Ax

Ext'(7,7)

3.3 An explicit differential graded algebra

Throughout this section let X be a generalized Riemann sphere over a field E (cf. §1.3). Fix k € Z. Recall
that by Theorem 3.3 P := Ox®Ox (k) is a perfect generator of Dyeon(Ox). Set Pp, := miP = Ox, ®Ox, (kh),
a perfect generator of Dycon(Ox,,)-

Definition 3.19. For h > 1 set @, := RHomo,, (Ph, Pr).
o), is a dg Ejp-algebra (cf. Example 2.16), and by Theorem 2.20, D 4con(Ox,, ) = D(4%,).

Proposition 3.20. There is a homomorphism of dg E-algebras

On L — Gy
such that the diagrams
choh(OXh) — D(h) choh(OXh) — D()
S A e
Dyeon(Ox) — D() Dyeon(Ox) — D(A).

commute.

Proof. The map ¢y, is the canonical one mentioned in [Sta], section 0B6A. We need to see that it is a
homomorphism of dg algebras. Explicitly, ¢y, is given as follows: The complex of Ox,-modules

Ky = 6Xh Engh — EX;L/OX,L EBSXh/OXh(kh)

is K-injective (see Lemma 3.17) and quasi-isomorphic to P, = Ox, @ Ox, (kh). Note that we have
Ky =27 K.
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Now if f € @ = Hom, (K1,K;) is homogeneous of degree n with f = (f*), then ¢, (f) = (7} (f*))x €
is again a homogeneous map K; — Kp, of degree n. One checks that this indeed gives a homomorphism of
dg algebras.

Let F € Dgeon(Ox,,). By [KS1], Theorem 14.4 (c) there is an isomorphism (in D(E))
RHomo,, (7, P, F) = RHomo, (P, 7h,.F)

which is functorial in F. This is an isomorphism in D(«7) if the left hand side is given the dg «7/-module
structure induced by scalar restriction along ¢, showing the commutativity of the first diagram.

The second diagram commutes by uniqueness of adjoint functors since the horizontal functors are equiva-
lences. O

Proposition 3.21. The canonical map
o Qp By — o,

is an isomorphism of dg Ej-algebras.
Proof. Consider the Cartesian square

X, — ™ X

| J

Spec(E,) —— Spec(E).
Since P € Dyeon(Ox) is perfect, by [Sta], Lemma 0AAT, the canonical map
o @p En = RHome,, (P,P) — RHomo, (Ph, Pn) =

is an isomorphism in D(FE}). By construction it is comptatible with the algebra structures, hence is an
isomorphism of dg Ej,-algebras. O

We will now use the results of §3.2 to make the dg algebras more explicit. Let us fix some notation.

Fix a uniformizer w of Ox . For h > 1 and y € |X},| with 7, (y) = oo set w,, := Wﬁ(w), a uniformizer of

Ox, y- Let e, € A%, be the adele defined by

~1
Wy, em, (00
(‘Sh)y: Y Yy h ( )
1, else,

and set Jp, := (th ?) € My(A%, )

Definition 3.22. We denote by d,fd the differential graded Ej-algebra with graded pieces

MQ(Eh(Xh)) XMQ(A[))(h), TLZO,
(ﬂhad)n = MQ(AXh)a n= 17

0 else,
differential

d:=d": (2" = (a2
(M,N) s M — JFNJ, ¥,
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and whose algebra structure is given by the formulae

(M,N)*(A,B) = (M- A,N - B),
(M,N)*P=JFNJ % P,
Px(M,N)=P- M,

Px@Q =0

for (M, N), (A, B) € («,4)° and P,Q € (o).
Proposition 3.23. Pullback along m;, induces a homomorphism of dg E-algebras
P 1t —s e,

Proof. For each y € X}, the local homomorphism of local rings wg’y : Ox.mn(y) — Ox,,y extends uniquely
to a local ring homomorphism @X,W;L(y) — @X,“y and further to a field homomorphism Frac(@xml(y)) —

Frac(@xmy) which we still denote by ng’y.
If y = np, is the generic point of X}, then 7, (y) = n is the generic point of X, and we obtain a map
Th, - B(X) = Ox.n = Ox,,.m, = En(Xp) between the function fields. We extend it to a map M>(E(X)) —
M, (ER(X}p)) by applying it to each entry.

If we let y run over all the closed points of X} then we obtain an F-algebra homomorphism

AO = H @X,m% H H @Xh,y:Ag(h

z€|X]| mG‘X|yEﬂ';1(w)

and an E(X)-algebra homomorphism

Ax = H/ Frac(@XJ) — H/ H Frac(@x,“y) =Ax,

z€|X| 3U6|X|y€ﬂ;1(z)

given by sending an adele (f;).e|x| to ((Wg,y(fx))yeﬂgl(z))ze\Xl- We extend this map to matrices by apply-
ing it componentwise.

Abusing notation we will denote all the maps
My(E(X)) = My(En(Xn)), Ma(A%) — My(A%,), and My(Ax) — Ma(Ax,)
simply by 7T}ﬂl. This induces a map wzd A ,Q{h“d on the level of the underlying complexes.

To show that ¢ is a homomorphism of dg algebras amounts to the commutativity of the diagram

My(E(X)) x My(A}) —4— My(Ax)

| |

Ms(Ep(Xp)) x Ma(A%,) —4 Ma(Ax,).
Let (M, N) € («24)°. If we first apply the differential of @?? and then W}ﬂl then we obtain the matrix

mh (M) — (1) e (N (J1)F.
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On the other hand, if we first apply wﬁ and then the differential of dﬁ’d then we get the matrix

mh (M) = Ty (N) T~
2(6) = ¢p, which is true by
O

Hence, it suffices to see that Wfl(Jl) = Jj which in turn boils down to =«

definition.
Theorem 3.24. For each h > 1 there is an isomorphism of dg Ep-algebras

Vp ¢y — A

such that the diagram
o —s ot

%Jjbl %wh

ad
©h
szlad ELAIEN 42/,;“1

commutes.

can

Proof. Recall that
9
Pni= can
Kn:= &x, ©&x, (0—> ) €x,/O0x, @ €x,,/Ox,, (kh)
is a K-injective complex (see Lemma 3.17) which is quasi-isomorphic to Py, = Ox, @ Ox, (kh).

Also recall that for n € Z the nth graded piece @™ is given by
' =Homoy, (Kn,Kp)" = [ [ Homoy, (K}, K;™).
leZ
This can be illustrated as follows, where the labels indicate the degrees of the morphisms:

%, — Exu/Ox, ® Ex, /Ox, (kh)

b > )

5)2()1 - th/OXh @th/OXh(k’h).

Since £x, /Ox, and £x,/Ox, (kh) are torsion Ox,-modules and £x, is torsion-free, there are no nonzero

morphisms of degree —1 from K}, into itself. Hence, @/ = 0 for n # 0, 1, and
End(th /Oxh ) th/OXh (kh))

o0 = End(Ex, ®Ex,) X
End(gxh/oxh) HOHl(EXh/OXh(kh), EXh/OXh,)
End(£x, /Ox, (kh)

= My(End(€x,)) X
Hom(gxh/oxm SX;L/OX;L (kh))

Hom(th ® 5Xh75Xh/OXh D SXh/OXh(kh))

Hom(EXh,EXh/C’)Xh) HOHI(SXh,SXh/OXh)
Hom(é’xh, th/OXh(kh)) Hom(EXh,7€Xh/0Xh,(kh))
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Recall that we denote by p, : &x, ® £x, — €x,/O0x, ® &x,/Ox, (kh) the differential of K; . Let
[ € End(&x, & €x,) and g € End(€x, /Ox, & €x,/Ox, (kh)). The differential d : &) — o} of o
post- (resp. pre-)composes f (resp. g) with p, and takes the difference of the resulting morphisms of degree
1, i.e. it takes the pair (f,g) to pro f — gopp.

The algebra structure on o7, is given by the formulae

(a1,b1) * (az,b2) = (a1 0 ag, by 0 by),

(a,b)xc=boc,
c¢x* (a,b) = coa,
cxd=0,

for all (a,b), (a1,b1), (a2,b2) € & and ¢,d € o}.

Recall that

k= whO € m
O, (k) = § o = PO U € ()
Ox, .y else,

showing that Ox, (kh)A%, =efA%, .
By Proposition 3.15 we have the following commutative diagrams:

End(EXh) — HOHI((SX’L,EXJL/OX}L) — End(EXh/OXh)

F |

En(Xp) 2 Ax, A%,

V)

End(gxh) — Hom(gX;”gX;L/OX;L) — HOm(EXh/OXh(k‘h),gxh/OXh)

] Pk

Ep(X)) ——2—— Ay, = e A%,

End(gxh) — Hom(SXh,SXh/OXh(k;h)) — Hom(gxh/OXh,(th/OXh(k‘h))

4 F |=

) —
Eh(Xh) 2 Ax - EhkAg(h

h

Abusing notation from now on we will not write A anymore and view it as an inclusion. Let 72 be the dg
Ejp-algebra with underlying complex

AO 6kAO ~
MaE ) < (AR St ) < anax,)
h X Xn

(A,B)— A—-B
and whose algebra structure is given by the formulae

(A1, By) % (A2, B2) = (Ay - Ag, By - Ba),
(A,B)«C =B-C,
Cx(A,B)=C"A,

Cx+xD =0,
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for all (4, B), (A1, B1), (A2, B2) € & and C, D € .
The commutative diagrams above yield an isomorphism of differential graded Ej-algebras 1;1 ), = ﬁffh;d.

We have an isomorphism of Ej-algebras
AS el A o
. h h** Xy, = AO
X (ghkAg(h Ay ") T MalAN)

A JFATF

Recall that we denote by d : ,;a/had’o — ) @1 the differential of the dg Ej-algebra ;zfif‘d which is given by

d(A, B) = (A, JFBJ; ). The diagram
o) < (A ) L M)
€p A())(,L A(;(,L "
lidxx;l Jl’d
My(En(Xp)) x Ma(A%,) ———— Ms(Ax,)

commutes. Therefore, we obtain an isomorphism of differential graded Ej,-algebras .7,2% = ,th“d which we

still call xp. The composition ¥y, := xp 0 15;: defines the desired isomorphism .27}, =, sz}fd.

The commutativity of
52%1 Ph "th

El"l"l %lﬂ’ h

ofad *%d of0d
1 h
O

follows immediately from the construction.
Let us do a sanity check and compute the cohomology of &7 := &7, By the proof of Theorem 2.20 it

should be isomorphic to Ext* (P, P). We have
E(X)NAY  E(X)NnekAS Ax/(E(X)+A%)  Ax/(E(X)+eFA%)
52

E(X)NnAY%

H*(%ad) —
E(X)Nne kA% Ax/(E(X)+e*A%)  Ax/(E(X)+A%)

on which the algebra structure is induced by the one on 7%,
By Proposition 3.18 applied to Z,J € {Ox,Ox(k),Ox(—k)} we have short exact sequences
0— H(X,0x) = A% - Ax/E(X) —» H'Y(X,0x) = 0,

0— H(X,0x(k)) » e *ASY = Ax/BE(X) — H'(X,0x(k)) = 0,
0— HY(X,O0x(—k)) = *A% - Ax/E(X) = HY(X,0x(~k)) =0
Using this we may identify
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HO(X7OX(k)) HO(XaOX)

HY(X,0x) HY%X,0x(—k)) HY(X,0x) HYX,0x(—k))
H*(ﬂad _ o)
HY(X,0x(k))  H'X,Ox)

which is exactly Ext*(Ox & Ox (k),Ox @® Ox(k)), as it should (cf. the proof of Theorem 2.20).

3.4 The dg modules associated with coherent sheaves

Example 3.25 (Line bundles). Let d be an integer. Then
LD = (Ex — Ex/Ox(d))

is a K-injective complex of quasi-coherent Ox-modules which is quasi-isomrphic to Ox(d). Therefore, the
differential graded .27-module corresponding to Ox (d) is Homg, (K, L(D). The following diagram illustrates
the situation.

Ex D Ex L> Ex/OX Eng/Ox(k)

o b

gX 4(]) 5x/OX(d)

We obtain the complex
Hom(é’?(,é’x) X Hom(EX/OX @5x/OX(k),5x/Ox(d)) — Hom(é’?(,é’x/(’)x(d))
(f,9)—rqof—gop.
The @/-module structure is given by the formulae
(m,n)* (a,b) = (moa,nob),
(myn)*c=noc,

p*(a,b) =poa,
pxc=20

for all (a,b) € &/°, c € &', (m,n) € Hom®* (K, £D)° and p € Hom® (K, £(4))!.
By Proposition 3.15 the dg .«/-module Hom® (K, £{¥)) corresponds via base change along the isomorphism
o 5 o799 to the dg &/ *d-module .4 (d) with underlying complex
E(X)? x (e 1AY @ A% ) — A%
(M,N)— M — N

concentrated in degree 0 and 1. Its o/d-module structure is given by the formulae
(M,N)x(A,B)=(M-A,N - B),
(M,N)«C =N -C,
Px(A,B)=P-A,
PxC=0

—~—0 ——1

for all (A, B) € (&794)0, C' € (e/*d)!, (M,N) € #(d) and P € .#(d) .
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Example 3.26 (Skyscraper sheaves). Let x € X be a closed point and let ¢, : {x} < X be the inclusion.
Let d € Nx1. Then Oy, = L%*(’)X@/mg is the skyscraper sheaf at = with value Ox7w/mg. There is a short
exact sequence of Ox z-modules

0= Ox./md — B(X)/m? — BE(X)/Ox.—0

the two nonzero terms on the right are divisible Ox ;-modules, hence are injective because Ox . is a principal
ideal domain (cf. [HS], Chapter I, Theorem 7.1). Applying ¢, . yields a short exact sequence of O x-modules

0= 12.0x2/md — 1, JB(X)/md — 1, ,F(X)/Ox.2 — 0

in which the two nonzero terms on the right are injective quasi-coherent O x-modules (cf. [Har2], Proposition
7.17). Hence, the complex of Ox-modules

GW .= 1, ,B(X)/m! — 1, ,E(X)/Ox ..

is K-injective and quasi-isomorphic to Lm’*OX,z/mg. From now on if M is an Ox z-module we also write M
instead of ¢, M for the corresponding skyscraper sheaf on X.

The underlying complex of the corresponding differential graded «/-module Homg, (K, gg(gd)) is
Hom(Ex/Ox @ Ex/Ox(k), BE(X)/m%) — Hom(£%, E(X)/m) x Hom(Ex/Ox ® Ex/Ox (k), E(X)/Ox.»)
— Hom(£%, B(X)/Ox.)
which is concentrated in degrees —1,0, and 1.

Note that if F is an Ox-module and M and Ox z-module then by the adjunction between pullback and
pushforward along ¢, there is an isomorphism

Homoy (F, tg« M) = Homoy , (Fu, M)

which is functorial in F and M.

Suppose now that = # co. Denote by m, = mz@XJ C @X,x the maximal ideal. Then by Proposition 3.6
the above complex is isomorphic to

/Z/Zd) = (ﬁmﬁ)Q — Flrac((’sx’w)2 X (’3_%(30 — I**lrauc((/ﬁ)(,w)2

using that Ox(k); = Ox,. The first differential is given by f — (f, f), the second one sends (g,h) to
g — h. The scalar multiplication with elements of &/%¢ works as follows: If (A, B) € (&/%4)% C € (a/ed)!
K e (D)1, (M,N) € (i) and P € ()" then

K«xC=K-C,,

K x(A,B) =K - By,
(M,N)x(A,B)=(M-A;,N-B,),

(M,N)«C =N -C,,

P«x(A,B)=P-A,,

PxC=0.
If x = oo then we obtain
//ng“ = (ﬁl‘io &) nAl‘ijk) — F‘rac(@xm)2 X ((/Q\X,oo o) ﬁ’;o) — 15‘1rzabc(67)\xm)2
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since Ox (k)oo = m*. For the differential as well as for the scalar multiplication with elements of <724 we
have the same formulae as in the case x # co.

Multiplication by 7% yields O X ,00-linear isomorphisms

oy =~k ~d = ~d+k
Ox,00o — my, and mg, —> mg] .

Hence, %ﬁ ) is isomorphic to

(Wd,)? = Frac(Ox.o0)? X @3(00 — Frac(Ox «0)>.

oo

To summarize, for any closed point = of X the differential graded o7 *d_module associated to O x,/md viewed
as a skyscraper sheaf at x is given by the complex

j/fﬂ“ = (ﬁgﬁf — F‘mc((’sx’w)2 X (’Sifw N Frac(@xw)2
with differentials f — (f, f) and (g, h) — g — h. Note, however, that the scalar multiplication is different for

x = o0o. Its cohomology is (Ox ,./m%)? in degree 0. The projection

()2 —— Frac(Ox..)? x @%UE —— Frac(Ox ,)?

| s J
0 ——— (Ox,/md)?2 ——— 0

induces isomorphisms in cohomology, hence is an isomorphism in D(27%¢). Note that we have an Ox ,-linear
isomorphism

Oxﬁm/mg i) @X’m/ﬁ\lg

Example 3.27 (Vector bundles). Let d € Z and h € N>y such that (d,h) = 1. Let Ox (%) := 7, .0x, (d),
the unique stable vector bundle of slope A = 4

o
We first compute RHomoy, (Ph, Ox,(d)). There is a short exact sequence of Ox,-modules
0— Ox,(d) = E&x, — €x,/0x, (d) — 0.
We obtain a K-injective complex of Ox,-modules
L= Ex, = Ex,/Ox,(d)
which is quasi-isomorphic to Ox, (d). Hence, we need to compute Homéxh (Kh, ﬁgd)), that is morphisms of

different degrees Kp, — £§Ld) as illustrated by the following diagram:

K : 5)2(}1 —_— th/OXh D th/OXh<hk)
lo \ JO
£§1d) : Ex, — &x,,/0x, (d).

Fix a uniformizer @ of Ox . Recall that e, € A%, is the adele with entry w, := wfl J(@)ify € 7, ' (00) and
1 otherwise. More generally, let e, 4 € Ag(h be the adele with entry w, if y = o%(occy,) for some 0 < i <d—1,
and 1 otherwise. The latter notation O’i(OOh) was intoduced in Definition 1.22. With this notation, e, 5, = €p.
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It follows that the differential graded ,sszhjd-module %) corresponding to Oy, (d) has underlying complex

(En(Xn) @ En(Xp)) x (5, 1A%, © 2, 4erA%,) = (Ax, @ Ax,)

where the differential takes the difference of matrices. The «/2¢-module structure is given by the formulae
(M,N)x(A,B)=(M-A,N - B),
(M,N)«C =N -C,
Px(A,B)=P- A,
PxC=0

—~—0 ——1

for all (A, B) € (¢4)°, C € (£0)}, (M, N) € .,(d) and P € .4,(d) .

Via base change along the isomorphism ,1221;1 = ,infd we obtain a dg dh“d—module M, (d) which has the same

underlying complex as .#},(d) and whose scalar multiplication works according to the formulae

(M,N) (A, B)=(M-A,N-JEBJ, "),
(M,N)«C =N -C,
Px(A,B)=P-A,

for all (A4, B) € (7240, C € (09, (M, N) € My(d)° and P € 4ty(d)".

We may view the latter as a dg **-module .# (%) via scalar restriction along the homomorphism

ad
ol LN . By Proposition 3.20, //(%) is the dg «/*-module corresponding to (’)X(%) along the
equivalence Dgeon(Ox) = D(e7d).

Let us remark that the above examples cover the dg modules associated with all coherent sheaves on X.
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4 Le Bras’ nontrivial ¢-structure on the derived category of the
Fargues-Fontaine curve

Let X be the Fargues-Fontaine curve. We first recall the ¢-structure on the bounded derived category of
coherent sheaves on X which was studied by Le Bras in [LeB], §5.2. In §4.2 we explain the construction of
the skew field of Colmez. Finally, we investigate its multiplicative structure by computing pushouts in §4.3.

4.1 A nontrivial t-structure on D°(X)

Let F be a nonzero coherent sheaf on X. Write it as F = £ @ T where £ is a vector bundle and 7 a torsion
sheaf. We write F > 0 if all of the slopes in the slope multiset of F are nonnegative. We write F < 0 if
T =0 and if all the slopes in the slope multiset of F are negative.

Proposition 4.1 ([LeB], Proposition 5.5). The full subcategories
D=0 = {F € D"(X) | H*(F) > 0 and H'(F) =0 for all i > 0},
DSO={F e D"X) | H F) <0 and H(F) =0 for all i < —1}
define a t-structure on D*(X). Its heart DZ° N D= will be denoted by C.

The objects of C are isomorphic to direct sums F'[1] & F” with 7' < 0 and F” > 0 (see [LeB], computation
after Proposition 5.5).

It will be useful to compute the truncations of particularly simple objects with respect to this t-structure.
If F =@, 0\ ®T with T torsion then we write F=° = @,,,O0(\) @ T and F<* = @, _, O(N).

Lemma 4.2. Let F be a coherent sheaf on X, viewed as an object of D*(X) concentrated in degree 0.
(i) T<SOF =2 F20 and 72°F = F,
(it) T<O(F[1]) = F[1] and 7=°(F[1]) = F<O[1].

Proof. Since F € D20 the canonical map F — 72°F is an isomorphism (see [KS2], Prop. 10.1.6) Similarly
the map 7<°(F[1]) — F[1] is an isomorphism.

Consider the short exact sequence of coherent sheaves

0 FL > F—FL 50
<~ <~
eD=0 eD>1
Hence by [KS2], Prop. 10.1.4 and its proof, 7<0F = F=0. Moreover, 7=°(F[1]) = 7=1(F)[1] = F<°[1] using
[KS2], formula 10.1.1 on page 413. O

4.2 The skew field of Colmez

We may extend the degree function to bounded complexes of coherent sheaves by setting

deg(F*®) := Z(—l)i deg F*.

i€Z

Since it is additive in short exact sequences of coherent sheaves, it is invariant under quasi-isomorphisms.

Therefore, it can be defined on D?(X).

Lemma 4.3. The degree function is additive in short exact sequences in C.
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Proof. Let 0 = F — G — H — 0 be a short exact sequence in C. Then there exists a morphism H — F[1]
in D*(X) such that
F—=G—>H— F[1]

is an exact triangle in D®(X) (cf. [KS1], Proposition 13.1.13). Now by definition of the triangulated structure
on D?(X) an exact triangle is one that is isomorphic to the image of an exact triangle in K?(X) under the
localization functor. Since deg is invariant under quasi-isomorphisms we may reduce to the case where

F—=G—>H— F[1]

is an exact triangle in K®(X). Now an exact triangle in K?(X) is one that is isomorphic to the triangle asso-
ciated to a termwise split short exact sequence of complexes (cf. [Sta], Definition 014Q). Since a homotopy
equivalence is a quasi-isomorphism we may thus further reduce to the case where

F—=G—H—F[1]
is the triangle associated to a termwise split short exact sequence of complexes, i.e.
0=+F—=>G—-H—=0
is a short exact sequence of complexes, and for each i € Z the sequence of coherent sheaves
05F =G -H =0
is split exact. In this case deg is additive. O

Definition 4.4 ([Sta], Definition 02MO). Let A be an abelian category. A Serre subcategory of A is a
nonempty full subcategory A® of A such that given an exact sequence

A—B—C

with A, C € AY then also B € A°.

Lemma 4.5 ([Sta], Lemma 02MP). Let A be an abelian category. Let A° be a subcategory of A. Then A® is
a Serre subcategory if and only if the following conditions are satisfied:

(i) 0 € AY,
(ii) A is a strictly full subcategory of A,
(iii) any subobject or quotient of an object of AV is an object of A°, and
(iv) if A € A is an extension of objects of A° then also A € AP.
Moreover, a Serre subcategory is an abelian category and the inclusion functor is exact.
Proposition 4.6. The full subcategory CO of objects of degree 0 is a Serre subcategory of C.

Proof. Note that the degree function on C takes values only in Ng. Indeed, recall that any object of C is

isomorphic to a direct sum F'[1] & F” with 7/ < 0 and F” > 0. Hence, its degree is deg F' — deg F' > 0.
>0 <0

An object of degree 0 in C is thus a finite direct sum of copies of the structure sheaf O. That this is a Serre

subcategory of C follows from the the previous lemma together with the fact that deg : C — Ny is additive

in short exact sequences of C. O
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By [Sta], Lemma 02MS, we obtain an abelian category Q = C/C° together with an exact functor F : C —
Q = C/C° which is essentially surjective and whose kernel is C°. The objects of Q are the objects of C and
a morphism from z — y is a fraction s~ ! f where f : £ — 3/ is a morphism in C and s : y — 3/ is an element
of the multiplicative system
S := {f € Mor(C) | ker(f), coker(f) € C°}.

The category Q is called the localization of C at the set S.

Remark 4.7 ([LeB], §7.3). Note that the objects of degree 0 do not form a Serre subcategory of the category
Cohx of coherent sheaves on X. For example, O(—1) is a subobject of O but it has degree —1. Instead, the
objects of rank 0 do so. These are precisely the torsion objects, and the localization Cohy /Coh’"® identifies

via F — F, with the category of finite dimensional E(X)-vector spaces. In particular, this category is
semisimple with a unique simple object.

Proposition 4.8 ([LeB], §7.3). The category Q = C/C° is semisimple with a unique simple object.

Proof. We first show that the degree function deg is additive in short exact sequences in Q. As we have
seen before it is additive in short exact sequences in C. Now if X 2 Y in Q then deg X = degY. Indeed,
let a : X — Y be an isomorphism in Q. Then a = s~'f for some s : Y/ — Y in Sand f: X — Y’ in
C. Denote by F : C — Q the localization functor. Its kernel is CY (cf. [Sta], Lemma 02MS). By the proof
of [Sta], Lemma 05QG, F(ker(f)) is a kernel of s™!f and similarly for the cokernel. This means that both
ker(f) and coker(f) lie in the kernel of the localization functor F', hence degker(f) = deg coker(f) =0, i.e.
f € S. This implies
degY = degY’ = deg coker(f) + degim(f)
= degcoker(f) 4+ deg X — degker(f)
= deg X.
Now let s71f : X — Y be a monomorphism in Q, where f: X — Y’ and s:Y — Y’. Then
degY = deg Y’ = deg coker(f) + degim(f)
= degcoker(f) 4+ deg X — degker(f)
= deg coker(s ' f) 4 deg X,

showing that the degree function is indeed additive in short exact sequences in Q.

Now we prove that any object of Q is isomorphic to a finite direct sum of copies of O(1). This follows from
the following short exact sequences in C for d > 2 and k > 1 (cf. [LeB|, Lemme 7.3):

050—-01)®0d—-1)— O(d) =0
0= O = Ok) = tooxOoo/mE — 0

and
0= O = 1o Ooo/mb, — O(=k)[1] — 0.

Indeed, by the classification of vector bundles on X every vector bundle is a finite direct sum of O(\) for
A € Q, where O(£) = 7, ,O4(d) if (d,h) = 1. By looking at the first sequence on the degree h covering
and applying the direct image functor, we obtain inductively that O(%) >~ O(%)@d/ in Q for some d' > 1.
By looking at the second sequence on the degree h covering and using that the extension of residue fields is
trivial we obtain O(}) & teo,«k(00) = O(1) for all A > 1. Now if d > 1 then the second and third sequences
together imply O(—%)[1] & 1 . Ox o /md, = O(%). Again using the first and second sequence we see that
every torsion sheaf is isomorphic to a finite direct sum of copies of O(1).

Together with the additivity of the Ng-valued degree function on C we can now conclude the proof of the

proposition. It remains to see that O(1) is simple in Q. Given a subobject F of O(1) then F = O(1)%"
which by additivity of deg forces n to be either 0 or 1. O
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For example, for any h > 1 the vector bundle (9(%) represents the simple object of Q. By Schur’s lemma, its
endomorphism ring in Q is a skew field which we call ¥. Le Bras constructed an equivalence of categories
between C and BC, the category of Banach-Colmez spaces introduced by Colmez ([Col]). This equivalence
identifies C/C° with a localization of BC, from which Le Bras deduced that ¢ is the skew field first studied
by Colmez in [Col], §5 and §9. We aim to give a more explicit description of the skew field €.

4.3 Multiplicative structure of ¢

By [Sta], 05Q1,
% = Endq(O(1)) = lim Homc(O(1), F)
$:0(1)—>F

where the index set runs over all morphisms s : O(1) — F which lie in S and is filtered by using pushouts.
More explicitly, if s : O(1) — F and t : O(1) — G are morphisms in S then we form their pushout

o) —=——

t I

G —— Fllow) 9
and the composition is an element of S (see the proof of [Sta], Lemma 02MS).

An element of % can be illustrated as a roof of morphisms in C of the form

where ker(s), coker(s) € C° and for which we write s~! f. Here F is an object of C which becomes isomorphic

to O(1) in Q.
The multiplication in % is given by the pushout of roofs: Given two roofs
F g
TN N
1) O(1) o) o1

the product t~'g - s~!f is given by the outer roof of the diagram

Fllow) ¢

]—‘/ \ g
1)% \ o(1) / X(9(1)

where the upper square is the pushout of the morphisms s and ¢ in C.

Proposition 4.9. (i) If f : O(1) = F is a morphism in S then F = O™ & G for some n > 1 and where
G is either O(1), a skyscraper sheaf Cy for some closed point x € |X|, or O(—+)[1] for some h > 1.
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(it) If F is of the form in (i) and f: O(1) — F is a nonzero morphism then f € S.

Proof. Recall that we can write F = F'[1] & F” for some coherent sheaves F' and F” where F' only
has negative slopes and F” only has nonnegative slopes. Moreover, we have the additive degree function
deg : C — Ny. That s is an element of S therefore implies that deg F = 1. By [FF], Proposition 5.6.23 (5),
Hom(O(1),0(3)) = 0 for all h > 2. Hence, if f: O(1) — F is an element of S then F is one of the objects
mentioned in the statement.

In order to prove the second part of the statement, let us investigate the cases separately.

Firstly, since Hom(O(1),0(1)) = H°(X,0) = E (cf. [FF], Théoréme 6.4.1), any nonzero morphism
O(1) — O(1) is an automorphism, hence lies in S.

Secondly, any nonzero map O(1) — C, is automatically surjective and has kernel O for reasons of degree
and rank, hence lies in S.

Now let & > 1. A morphism f: O(1) — O(—+)[1] in C corresponds to a class of extensions
1
0— O(_E) - &—=0(1)—=0.

Since £[1] is isomorphic to the mapping cone of f, we may read off the kernel and cokernel of f from the
vector bundle £ using Lemma 4.2:

ker(f) = 7= = €79,
coker(f) = r2%(&[1)) = £<1).

Il

Let us use Lemma 1.19 in order to restrict the possibilties for £. First let us draw the HN polygon of
O(—+)®O(1):

1 h+1

It follows that the slopes of £ are between 0 and 1. However, none of its slopes can be strictly between 0 and
1. Indeed, any such could be written as p = % with r,s € Z, r < s and s > 1, and the straight line from the
origin to the point (s,r) crosses through HN(O(—+) @ O(1)). Hence, there are only two possibilties: Either
the largest slope of € is equal to 1. In this case, £ = O(—1) @& O(1) is a split extension. Or & has only slope

0 and is hence isomorphic to O"+1.

In the case of the split extension we obtain cokerc(f) = £<°[1] = O(—+)[1], so that f does not lie in S. If
£ 2= OMI then f € 8.
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Note that the morphisms f: O(1) — O(—

) % ] corresponding to a nonsplit extension class are precisely the
nonzero morphisms O(1) — O(—+)[1], and

1
hat the space of such is nonempty because

)
t

1 —1—-h
Hom((’)(l),o(—ﬁ)[l]) ng(X’O( )) %Hl(XfHOXh(_h )) OXh,OOh/(Eh+mh+1)'
To conclude the proof recall that Hom(O(1),0) = H°(O(-1)) = 0. Hence, if f : O(1) — G is a morphism
in S with G as in the statement then also the map O(1) — ©1) on @ G lies in S because kerc(0, f) = kerc(f)
and cokerc (0, f) = O™ & cokerc(f). O

In order to understand the composition of morphisms in the filtered colimit above, we are led to compute
pushouts of diagrams

o1 Lo F
o|
g

in the category C, where F and G are objects as in the previous lemma.

Proposition 4.10. Let F,G € C be of degree 1 and let f : O(1) — F, g : O(1) — G be two nonzero
morphisms.

(i) If F = O(1) then their pushout in C is isomorphic to G.
(i) If F =G = Cy, for some x € | X| then their pushout in C is isomorphic to Cy.
(iti) If F = Cy and G = Cy for some x # y then their pushout in C is isomorphic to O(—1)[1].

(iv) Let F = O(—4)[1] for some h > 1 and G = C, for some x € |X|. Let t € H°(X,0(1)) be such that
x = oo¢. Moreover, suppose that the map [ is the class of the extension

0—>(’)—l SOt 001) =0
h

where p = (31 sh+1) with s1,...,8n41 € H'(X,0(1)). Then

1 ~ O(—l)[l} ift€<81,...,8h 1>E,
O(_E)[l] H Ca = {(’)(—hl)[l} otherwise. :

Here (s1,...,8h41)E denotes the E-subspace of H°(X,O(1)) generated by s1,...,8ht1-
(v) Let F = O(—$)[1] and G = O(—15)[1] for some h,h’ > 1. Let f and g be represented by extensions

0= O(—2) = 0" B 0(1) = 0
h

and

0— O(— )%OMJ%O() -0,
respectively. Write p = (31 S;H_l) and q = (8h+2 cer Sheh +2) for some s; € HO(X (9(1))
and set n := dimg(sy,...,Shrn+2)g- Then the pushout of f and g in C is isomorphic to O(— )[1]

Proof. (i) Since Hom(O(1),O(1)) = E, f is an isomorphism. Therefore,
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(iii)

is a pushout diagram in C.

Note that Home(O(1),C,) = Homo, , (O(1),,C,) = C, by the adjunction of pullback and pushfor-
ward along ¢, and because O(1), is a free Ox z-module of rank 1. Hence, a nonzero map O(1) — C,
is automatically surjective, and we have g = af for some a € C. Now

cokerc((_];f> LO(1) = Cy & C,)

Ncokerc(<£) :0(1) = Cp @ Cy)

~C,

O) on the target.

. . . . (1
by applying the automorphism given by the matrix (a 1

The map ( fg) : O(1) = C, @ C,y is surjective as a map of O-modules. Its kernel (in Cohx) is therefore

a vector bundle of rank 1 and degree —1, hence is isomorpic to O(—1). Therefore, we have a short
exact sequence of O-modules

0-0(-1)=0(1)=C,aCy—0
which by rotation of the corresponding exact triangle induces a short exact sequence

05 0(1) > C,®Cy — O(—1)[1] = 0

in the category C, showing that cokerc ( / ) = O(-D[1].

The map g fits into the short exact sequence of O-modules
0505%001)%C, —o.

The map of complexes

ot 25 0(1)

is a quasi-isomorphism, and up to post-composition with its inverse the map f is the morphism of
complexes



Therefore, the map ( fg) :0(1) — (9(—%)[1} @ C, can be replaced by the map of complexes

O(1)
) id
oh+1 Q 0(1)£9<Ci>.

The mapping cone of the latter is the complex

Z:0(1)ao" L onac,

with differential d = (idg g) By the formulas for kernels and cokernels from Corollary 2.13 we
obtain

kerc((f )) ~ H1(Z)2°[0] = ker(d)=°[0]
and

cokerc((_fg)) =~ (Z71/ ker(d)=° 4, Z°) = ker(d)<°[1].

Hence, we are left with computing ker(d). The kernel of the composition of d with the projection onto
Cris O O"1. Restricting d to the latter and composing with the projection onto O(1) yields the

map d = (t s1 ... spg1) : O"2 — O(1) with ker(d) = ker(d). By the above formula for the

cokernel of ( ! ) it remains to see that ker(d) is isomorphic to O & O(—1) if t € (s1,...,Sp41)p and

to O(—%ﬂ) otherwise.

If t =), a;s; for a; € E then set

1 0 ... 0
—a; 1 0 0
A=]| —ay 0 1 | € GLyo(E).
. . -
—apy1 O 0 1
Then
(t S1 ... Sh_;,_l)'A:(O S1 ... Sh+1).
Hence, by precomposing d with the automorphism of O"*2 given by A we obtain the morphism
(0 s1 ... spy1): O"F2 = O(1)). Since si,...,sp41 are linearly independent (cf. Lemma 4.11),
its kernel is isomorphic to O ® O(—%). If instead the elements ¢, s1, ..., sp41 are linearly independent

then by Lemma 4.11 the kernel of d is (’)(—h%rl).

v) We need to compute cokerc f c0(1) - O(-H[1]e O(—=+)[1]). Consider the quasi-isomorphisms
—g h R



and

oM+t 1, 001)

where O(—+) and O(—7;) are in degree —1 (so that we should rather write O(—+)[1] and O(—)[1]).
f

We may then replace the map ( ) by the morphism of complexes

o0(1)

id
+ ) )
—id
Ohtl g O+ Q 0(1)2.

Z:0(1) ® 0" g oM+ 4 0(1)?

Its mapping cone is the complex

id p 0

where d = (—id 0 q> . By Corollary 2.13 we obtain

kerc(( / )) ~ H1(2)2°(0] = ker(d)2°[0]

and
cokerc((fg)) = (Z—l/ker(d)ZO i> ZO) ~ ker(d)<0[1].

Hence, we are left with computing ker(d). By applying the automorphism < d 0

zd id) of O(1)? the map

d corresponds to the map

(z’d P o)
, 0 p ¢
oneorttgortt Y — 7 01)

1 —p O
By applying the automorphism given by the matrix {0 1 0| on the left hand side, the latter map
0 0 1

can be replaced by

(z’d 0 0)
, 0
omeorttaor Vo L paype

The kernel of its composition with the projection to the first copy of O(1) is O" 1 @ OW+1. The kernel
of its composition with the projection to the second copy of O(1) is

) o(1)).

To compute the second direct summand, we may assume that A > h'. By Lemma 4.11, the elements
S1,...,Sh+1 are linearly independent. In particular, n > h 4+ 1. Since we may choose a maximal

/ p q
O(1) @ ker(O" 1 @ OF 1 (—>
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linearly independent subset of s1, ..., Sp4p/ 42, Up to reordering the elements sy, ..., Sprp/42 We may
assume that sq,...s, are linearly independent. Then the elements s,41,...,Sp4n/42 lie in the E-
subspace of H%(X,O(1)) spanned by the s1,...,s,. Hence, we find a matrix A € M,, p4n/42-n(E)
such that (81 Sn) A= (Sn+1 5h+h’+2)- Set AV = (I(;L I A ) S GLh+h'+2(E) =
—Lhtn'+2-n
Auto(Oh"'h/"'Q). Then (51 5h+h'+2) A= (31 .8, 0 L. O).

Hence, by precomposition with the automorphism of O"*+1 @ On'+1 given by the matrix A we identify
the map (p q) = (81 sh+h/+2) with the map

(s1 ... sn O ... O):Oh+1@0h/+1—>0(1).

The kernel of this map is ker (51 sn) @ OPth'+2=n  Gince the elements sq,...,s, are linearly

~

independent, ker (51 . sn) >~ O(—ﬁ) by Lemma 4.11. Putting everything together we now know
that ker(d) = O(—-15) @ O +2=7_ Therefore,

1 1. . <Oy L
O(~) TT O(~7) = kex(d) =[] = O(~—)[1].
o@1),C
O
Lemma 4.11. Let h > 1. A set of h+ 1 global sections sg, ..., sy of O(1) is E-linearly independent if and

only if the map OM+1 (s0238n) O(1) has kernel O(—+).
Moreover, in this case the map Q"1 (30:5%) O(1) is surjective, so that we obtain a short exact sequence
1 a1 (S0.5m)
0—>(9(—E)—>(9 == 0(1) — 0.

Proof. Suppose that s, ...,s, are linearly independent over E. For 0 < i < h the map O 2% O(1) is

surjective (even an isomorphism) over D (s;). Hence, the direct sum map O"*! (s0,4pn) O(1) is surjective
over ULO Dy (s;) = X using the linear independence (see [FF], Théoréme 6.5.2 (3) and (4)). Its kernel F is
o

a subobject of O" ! not containing a copy of O. Indeed, if there was 0 # | : | € Homp (O, O"1) 2 phtl
an

such that the composition with Oh+! (s0i00) O(1) is zero then Z?:o a;s; = 0 contradicting the linear
independece of the s;. Therefore, all of the slopes of F are negative. Its HN polygon has endpoint (h, —1)
by Lemma 1.19. By concavity of the HN polygon F is isomorphic to (’)(—%), as desired. In particular, we

obtain a short exact sequence 0 — O(—4) — O"! (s00i00) O(1) — 0.

Conversely, suppose that the kernel of the map O"+! (s024pn) O(1)is O(—+). If >, as; = 0 for some a; € E

Qo
which are not all 0 then themap | : | : O— O is injective and the composition with @"+1 (50:;%) o)
ap
is zero, hence the kernel of the latter map contains a copy of @. This is impossible since Home (O, O(f%)) =
0. O
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