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Introduction

Given a finite extension K of the field Q, of p-adic numbers, it is a fundamental goal in num-
ber theory to understand the absolute Galois group of K. One studies this group using certain
representations. Around 1990, Fontaine devised a strategy to compare these to objects of semi-
linear algebra, the so-called étale (¢, I')-modules. We will forget about the group I' until the
last section and talk instead about ¢-modules. The goal of this thesis is to provide a mostly
complete proof of Kedlaya’s slope filtration theorem and talk a bit about its applications and
the general importance of slope filtrations. Put briefly, the slope filtration theorem is a classifi-
cation result for ¢p-modules over the Robba ring similar to the Dieudonné-Manin classification
of isocrystals (cf. [19, Satz 8.21]). The main reference is Kedlaya’s 2008 article [16] and we will
use the section titles from that article.

In the first two sections, we explain all the objects of interest, starting in Section 1 with
the Robba ring R. It is the ring of infinite Laurent series over some complete discretely valued
field which converge on suitable annuli of outer radius 1. We will be especially interested in
two subrings of R, consisting of series with bounded and integral coefficients, respectively.
All three rings have many good algebraic properties which are proven very thoroughly in [19,
§§9-10]. On the Robba ring, we will be interested in relative Frobenius lifts. These are special
endomorphisms of R which (almost) act as the g-power map on the series variable and act as
an arbitrary isometry on the coeflicients. Here g > 1 is some fixed integer.

We then look at more general ¢-rings, that is, rings R equipped with an endomorphism ¢.
A p-module over R is then a finite free module M over R together with an R-linear isomorphism
@M — M. We can describe and study such objects in terms of representing matrices as in
linear algebra. Modelled after the theory of vector bundles on a curve, we define a notion
of semistability for ¢-modules and prove general properties. A formal consequence of the
formalism of slopes will be the existence of a canonical semistable filtration, the HN filtration.
We conclude our preliminary study of ¢-modules by introducing the properties we are really
interested in, namely étale and pure @-modules.

In the third section, we state the slope filtration theorem: Any semistable ¢p-module over
the Robba ring is pure. This means that the HN filtration has much more structure than one
might have expected from its definition and only because of the slope filtration theorem does it
become a useful tool for studying ¢-modules over R. The theorem has found various applica-
tions in p-adic Hodge theory and encouraged a lot of progress in the theory of (¢, I')-modules,
for example due to Berger. We will come back to this in the last section and only make a few
immediate observations here. To conclude this section, we outline how the proof of the slope
filtration theorem will be carried out in Sections 4 and 5.

In Section 4, we construct a larger ring using Hahn series for which one can prove the slope
filtration theorem by explicit calculations. This is where most of the work comes in. It then
remains to pass back to R which will make use of faithfully flat descent. We will need to adapt
the theory of Newton polygons to twisted polynomials to solve ¢-equations and construct a
suitable field of coefficients for this "extended Robba ring".

In the final section, we switch to the side of Galois representations. We explain Fontaine’s
strategy to attach Galois representations to (¢,I')-modules and vice versa and outline some
work of Berger leading to a proof of a conjecture made by Fontaine. In the last subsection, we
talk a bit about 2-dimensional trianguline representations. Roughly speaking, these represen-
tations are connected to upper triangular matrices, explaining the terminology. We comment
on the appearance of trianguline representations in the p-adic Langlands program and outline
the strategy used in the proof of the p-adic local Langlands correspondence for GL,(Q,). The



whole section is more of a survey, but the impact the slope filtration theorem has had should
become apparent.

Notations and conventions

We make use of the usual conventions regarding +co and —co. Applying a ring homomorphism
to a vector or matrix means applying the morphism to each entry of that vector or matrix. If
(K, vk) is a (discretely) valued field, we denote by ok its valuation subring with maximal ideal
mg and by kg its residue field. We drop K from the notation whenever it is clear from context.
All rings are assumed to be unital and (with the exception of twisted (Laurent) polynomial
rings) commutative.



1 The Robba ring

The Robba ring R will be the main object of interest for us. We collect here some properties of
it and refer to Schneider’s lecture notes [19] for proofs. Note that Schneider’s notation differs
slightly from that of [16].

1.1 Basic properties

We collect some basic properties of the Robba ring and two of its subrings. Let (K, vx) be a
complete discretely valued field and let © € K be some uniformizer. Fix some absolute value
|- | associated to vk and extend it to an absolute value |- | on a fixed algebraic closure K of K.
The normalization is not important. We start with some more notation.

Notation. We will need to talk about open or closed circles, discs and annuli in K orK. Given a
real number a > 0, the circle |t| = « is the set of elements of K (or K; for our purposes it does not
matter) of absolute value . Similarly, the annulus o < |t| < 1 is the set of elements of absolute
value at least a and strictly less than 1. Open or closed discs and annuli where the outer circle is
included are defined the same way.

Definition 1.1. We write K(t,t™') for the K-vector space of all infinite Laurent series f =
Y iz ait’ with coefficients in K. If r > 0 is a real number, then we say that f converges on the
annulus e < |t| < 1ifforallp € [e7", 1),

lim |ap' =0 and lim |ap’ = 0.
I—+00 1——00

By convention, we also allow r = +co. In this case, the condition on the right should be read as
a; = 0 for all i < 0 and we say that f converges on the entire open unit disc. The set of all infinite
Laurent series converging on e”" < |t| < 1 is denoted R" and their union Rg = J,.o R" is called
the Robba ring (over K). We omit K if it can be inferred from the context.

Remark 1.2. R is a K-vector space which becomes a K -algebra by the formula

(Zat th])—Z(z a;b;

i€Z kez i+j=k
One can show that R is an integral domain (cf. [19, Lemma 9.2]).

Remark 1.3. Anelement f = Y., ait' € R" can be thought of as a function from the annulus
e’ < |t| < 1inK toK. Namely, the convergence condition ensures that in this range the assignment
z — f(2) = Yz @iz’ gives a well-defined map (note that f(z) converges in K[z] < K which is
complete). Such a map is called a (rigid) analytic function.

Example 1.4. IfK has characteristic 0, then the logarithm

00 111'
10g(1+t=2 )

is an element of R which converges on the entire open unit disc0 < |t| < 1 (cf. [17, Remark 16.2.1]).
Two subrings of R are of particular importance.

Definition 1.5. We write R® and R™ for the subrings of R consisting of series with bounded
and integral coefficients, respectively. That is, a series ¥z ait' € R lies in R® if and only if the
set {|a;|} icz is bounded. It is an element of R™ if and only if |a;| < 1 for all i € Z. R is sometimes
called the bounded Robba ring and its elements are correspondingly called bounded elements.



Theorem 1.6. R is a field and R* = (R")* = R\ {0}.
Proof. See [19, Satz 10.2] and op. cit. [Bemerkung 10.3]. O

The valuation w(} ;. a;t') = min;ez vk (a;) makes Rba discretely valued field. Clearly, R
is the corresponding valuation subring and its maximal ideal is mx R ™. We have the following.

Theorem 1.7. R is a henselian DVR with residue field x(t). It is not mg-adically complete.

Proof. See [19, Satz 10.6] and the discussion after op. cit. [Bemerkung 10.3]. O

Definition 1.8. We denote by E™ and £ the (mg-adic) completions of R™ and RP, respectively.
One can describe explicitly what elements of £ and &€ look like.

Lemma 1.9. & is the field of all Laurent series Y, ., a;it' such that the set {|a;|} icz is bounded and
such that lim;_,_o, vg(a;) = co. The discrete valuation w on £ is given by the same formula as on
R and the corresponding valuation ring is E™.

Proof. See [19, Lemma 10.4]. O
Next, we define the r-norms. These will be extremely important.

Definition 1.10. Forr > 0, let |- |, be the (multiplicative) supremum norm on the circle |t| = e"
as applied to elements of R". By the maximum principle (cf. [19, Lemma 9.3]), we have

= sup{|a;le”"}.

,  i€Z

Z aiti

i€Z

The norm |- |, is called the r-norm (or e"-Gauss norm). R" is complete with respect to |- |, (cf. [19,
Ubungsaufgabe 9.15]). We generalize the definition to vectors and matrices over R" by taking the
maximum over entries.

Remark 1.11. If f is represented by an ordinary power series (that is, no negative powers of t
appear), then |f|, < |f|s for all0 < s =< r. Hence the supremum of f over the entire disc |t| <= e”*
is achieved at the boundary circle |t| = e”°. Analogously, |f|, = |f|, for all 0 < s < r if no positive
powers of t appear. Both combined imply that if f convergesone™" < |t| < 7%, then the supremum
of f on this closed annulus is max{|f|,, |f|}. That is, the supremum of f over a closed annulus is
achieved on the boundary circles. In particular, f is bounded on any closed annulus on which it
converges.

For r > 0, we have on R’ the s-norm ||, for any s € (0, r]. This defines what is called
a Fréchet topology on R". We equip R with the direct limit topology which is sometimes
called the LF topology. A sequence in R converges w.r.t. the LF topology if it is contained in
some R" and converges there for the Fréchet topology (i.e. if it converges w.r.t. |-| for any
s € (0, r]). This does not depend on the choice of r > 0 since the inclusion R" — R" for r’ < r
is a homeomorphism onto its image equipped with the subspace topology (cf. [17, Definition
16.2.3]). Given f € R', we can detect whether f € R by looking at the growth of the function

s = [fl,

Lemma 1.12. Iff € R, then f € R™ if and only if there exists m € Z and r > 0 such that t™f is
bounded by 1 on the annulus e™" < |t| < 1, that is, |t f| < 1 for all s € (0, r]. The same then holds
for any integer m’ = m.



Proof. Write f = Y,z ait’. We first assume that t™f is bounded by 1 on some annulus ™" <
|t| < 1. Clearly, f € R™ if and only if t™f € R™ so we may assume that m = 0. Now
sup;cz{laile™'} = [f|; < 1 implies that |a;|e™" < 1 for all i. In particular, |a;| < 1 for all i < 0. We
come to the same conclusion for i > 0 by letting s — 0 as then e™*! tends to 1 from below. It
follows that |a;| < 1 for all i so f € R™. Conversely, assume that f € R™ n R". We then have
la;le™* < 1for all i = 0 and all s € (0, r] since e™*' < 1 in this range. By convergence, there can
only be finitely many i < 0 with |a;/e””" > 1. Choose m = 0 large enough so that i + m > 0 for
all those i. Then |a;le”"*™ < 1 for all i < 0. For i < 0, there are now two possibilities. Either
i+ m < 0 in which case |a;|e**™ < |a;|e”™™ < 1 for any s € (0, 7], or i + m = 0 in which case
|aile*(*™ < |a;| < 1 for any s € (0, r]. It follows that |a;|e™**™ < 1 for all i < 0 and all s € (0, r]
and the same is true for all i = 0. Hence |a;|e "™ < 1 for all i € Z and all s € (0, ] so that t"f
is bounded by 1 on e™" < || < 1, as desired. The last remark is clear. O

Corollary 1.13. Iff € R, then f € R if and only if there is r > 0 such that f is bounded on the
annulus e’ < |f| < 1.

Proof. This follows from the lemma since f € R if and only if 7 € R™ for some m = 0. [J
Remark 1.14. Both results hold verbatim for vectors and matrices with entries in R".

We have seen that RP and R™ have very good algebraic properties, being a field and a
DVR, respectively. R itself on the other hand is not even noetherian (cf. [17, Exercise (5)]), but
we do have the following.

Theorem 1.15. R is a Bézout domain, i.e. every finitely generated ideal of R is principal.

Proof. See [19, Satz 10.1]. O

1.2 Relative Frobenius lifts

Choose an arbitrary integer g > 1. It will be fixed until the very last section.

Definition 1.16. A relative (q-power) Frobenius lift on the Robba ring is an endomorphism ¢ of
R of the form Y. ez ait’ — Y.cr o (a;)u’, where px : K — K is some isometry and u € R™ is
such that u - t1 € mgR™. If k has characteristic p > 0 and q is a power of p, then we define an
absolute (q-power) Frobenius lift to be a relative Frobenius lift in which @k is a lift of the g-power
map on K.

Before verifying that a relative Frobenius lift actually gives a well-defined map R — R,
we look at a simple example. An important step in the proof of the slope filtration theorem
will be to reduce to this situation.

Example 1.17. The substitution ¢ : (t — t9) is a relative Frobenius lift. Here @i is the identity
on K and u = t9. Note that ¢ does not preserve R" since it maps R" into R"'9, but it does define
a map on the whole Robba ring. Note also that |¢(f)|,,4 = If|, for anyr > 0.

Lemma 1.18. Let ¢ be a relative Frobenius lift on R. There exists ry > 0 such that for any

r€(0,r] and all f € R", we have o(f) € R"9. Moreover, l9(F)l11q = If|, for r in this range.

Proof. Write ¢(t) = u = Y,z cit'. Since u - t9 € 7R™, we have |¢;| < |7| for all i # q and
¢y — 1] = |n|. Note that the latter condition implies that ¢, € oy, i.e. |c,] = 1. We prove the
q P q K q p

following claim.



Claim. There is ry > 0 such that |u|
|t4],/q = € forr in this range.

riqg = |tl, = € for any r € (0,ro]. Moreover, |u - 1], <

Proof of Claim. Write u- 19 =Y ., b;t', thatis, b; = ¢; for i # gand by = ¢, - 1. Then by € mog
for all i € Z and there is some s > 0 such that ;. b;t' € R®. This means that lim;_, .| b;le”"" =
0 for all r € (0, s]. In particular, |b;je*" > |z| only for finitely many i € Z all of which have to
be negative since |b;le™s" < |rr|e”*" < |x| for i = 0. Hence the set {i € Z : |b;je”*" > |x|} is finite
and it becomes smaller if we make s smaller because |b;le™'" < |b;le™ for all s’ < sif i < 0. We
may thus choose ry > 0 such that |b;|e™™
i = 0. Making ry even smaller, we may also assume that e > |r|. It follows that for all i = 0
and all r € (0, ry],

! < || for all i < 0 and the same is of course true for all
|bile™ 4 < || <e<e.
For i < 0 and r € (0, ry], we have

lbile ™ < |n|<e < e

IA

|bile™1 < |byle"

Altogether,
|ul, 1 = sup{cile”"?} = max{e ", sup{|bile""I}} = "
i€Z i#q

for any r € (0, rp]. This proves the claim. O

Now let f = ¥,z ait' € R" for some r € (0, r,]. To prove that ¢(f) € R"9, it suffices to
show that the sequences (g (a;)u)i-o and (pg(a_;u");so converge to zero with respect to the
s-norm for s € (0, 7/q]. We have, for s in this range,

lim |px(a)ul; = lim Jaje? = 0

i—+o00

because sq € (0, r]. This proves the first part of the lemma. Given ) > 0 as in the claim, we

now verify the compatibility of ¢ with the r-norms for r € (0,r]. We have |u - 1], < ™.

This implies |45 - 1,/, < 1 by multiplicativity of the r-norms and hence ;7

;7 1s a unit in R™.
Claim. If we write x = &, then |x' - 1],/q < 1 foralli€ Z.

Proof of Claim. The claim is trivial for i = 0. For i > 0, we have

. . i i
=t = K= 0+ -1 = B (-
k=1 r/
q
k
s max{lx — g} = fx — 1y < 1.

We then get the desired result for i < 0 as well since |x’ - 1/q = |xi|r/q|x’i— 1yq < |x|£/q =1. O
The claim implies that for all € (0, ry] and all i € Z,
|ui - tqi|r/q < |tqi|r/q =" (1'2‘1)

If we now write

o(f) = X ex(a)u’ = ¥ ox(a)t? + Y ox(a)(u’ - t?),
i€Z i€Z i€Z



then the first summand has r/g-norm

Y ox(a)t?

i€Z

= sup{|px(a))|e "7} = sup{|aie "'} = |f],
rlq i€Z i€Z

whereas the second summand has r/qg-norm

Y ox(a)(u’ - t7)

i€Z

< sup{la - [u" = 7]} < sup{laile™™} = [f]..
r/q i€Z i€Z
Here we use (1.2.1) in the last line and the fact that the supremum is really a maximum. This
implies [¢(f)|,/q = |f], by the strict triangle inequality. O

Remark 1.19. It follows that a relative Frobenius lift gives a well-defined endomorphism of the
Robba ring. The compatibility with the r-norms together with Lemma 1.13 then implies that ¢
preserves RY and R™. In fact, if we let r — 0 then it follows that the discrete valuation w on R
is @-invariant.

Proposition 1.20. Let ¢ be a relative Frobenius lift on R and let A be a n x n matrix with entries
in R, Then the map v — v — A@(v) induces a bijection on (R/R")".

Proof. For any m € Z the matrix A’ = (t™/@(t™))A has entries in R™ as well. We have a

commutative square

R/RPyr YA Rbyn

Ltm Ltm

R/RPyr Y2VAU) o Rbyn

Clearly, the vertical arrows are bijective so it suffices to show that the lower arrow is bijective.
By Lemma 1.12, we may choose m’ < 0 such that the entries of ™™ A are bounded by 1 on some
annulus e < |t| < 1. Since t™ /p(t™) = t1-D™  we then have |A’|, = |t"9™ A|, < [t A|, < 1.
Replacing A,v by A’,t™v for m = —-m’, we may therefore assume that the entries of A are
bounded by 1 on the annulus e™” < |t| < 1. After possibly making r smaller, we may also
assume that r € (0, ry] where ry > 0 is as in Lemma 1.18.

To show injectivity, we must see that if w = v— A¢(v) is bounded (i.e. has bounded entries),
then so is v. Choose ¢ > 0 such that |w|; < cfor 0 < s < rand |p(v)|; = cforr/qg < s < r.
The latter is possible because ¢(v) is bounded on any closed annulus by Remark 1.11. Then
|, = [w + Ap(v)|; = c for any s € [r/q,r] by the strict triangle inequality and because the
entries of A are bounded by 1. Hence |¢(v)|; = |v|;, < c forall s € [r/qZ, r/q]. We may repeat
the argument inductively to get |¢(v)|; = c for all s € [r/qm”, r/qm] for any m = 0. Thus,
Vs = |@(v)]s/q = ¢ for 0 < s < r. Hence v is bounded by Lemma 1.13, proving injectivity.

To prove surjectivity, let w € R". Define the sequence {w;};. as follows. Start by setting
wo = w. Given w;, write w; = Y., wy;t. Set wj = Y, o wy;t' and w; = w; — w}, and define
Wi = Ap(w)). Since the entries of t™'w] are analytic on the entire open unit disc, we have

-1 - / /
er|W;|r =t Wﬂr <|t 1"Vﬂr/q = erq|wzr|r/q <e q|Wl|r/q

by Remark 1.11. Since the entries of A are bounded by 1, we deduce that

|Wl+1|r/q = |§0(W;)|r/q = |W7|r = e_r+r/q|wl|r/q'



Hence the w; converge to zero under |- |,/,. In particular, the wj converge to zero under |- |,
and hence under |- |, for any s = r/q using Remark 1.11 again. On the other hand, we have for
0<s=rlq,

[wils = [Wilq < [wi

r/q r/q

by the final observation in Remark 1.11. It follows that the w; converge to zero under |- |,
for any s € (0, r/q]. Now define v = Y ;2 w}. Then v has entries analytic on the closed disc
|t| < e"/9 by convergence of w; to zero under |- | for s = r/q. Moreover,

[se] (<] (o8] [se] (o8]
wW-v+Ap(V) =wo - Y W] + Y Ap(W]) = Wo— D W] + 3 Wi = ) WL
=0 =0 =0 =0 =0

The series on the right is convergent and its limit is bounded on e™/? < |t| < 1 by the observa-
tions made on the w;. In other words, the class of v is a (potential) preimage of the class of w. It
remains to extend v to an annulus of outer radius 1 as then v will have entries in R. Since ¢(v)
is analytic on the closed disc |¢| < ™"/ ¢ by properties of ¢, we can write v = w+A@(V)- )0 W]
and thus extend v across the annulus e"9 < |t| < e™”/ 7 Proceeding inductively, we may extend
v to the entire open unit disc. This proves surjectivity. O

1.3 Some properties of Bézout domains

We conclude our overview of the Robba ring with some algebraic properties of Bézout domains.
These can be found in [16, Remark 1.1.2 and §3.4] and/or Clark’s Commutative Algebra notes
(6, §3.9.2], for example.

Lemma 1.21. Let R be a Bézout domain. The following assertions are true:
 Any finite locally free R-module is free.
* Any torsion-free R-module is flat.
* Any finitely generated R-submodule of a torsion-free R-module is free.

e If M is a finite free R-module and N is an R-submodule of M which is saturated, that is,
N = M n (N eg Frac(R)), then both N and M/N are finite free.

Remark 1.22. The set N**' = M n (N ®g Frac(R)) = {m € M : rm € N for some0 # r € R} is
called the saturation of N (in M).

Proposition 1.23. Let R — S be an inclusion of domains where R is Bézout. Then S is faithfully
flat over R if and only if S n R = R*.

Proof. Recall that S is flat over R if and only if for each proper ideal I of R, the multiplication
map I ®g S — S is injective. In fact, it suffices to check this for finitely generated ideals since
every ideal of R is an inductive limit of finitely generated ones. Moreover, if S is flat over R,
then it is faithfully flat if and only if for every proper ideal I of R, I ®g S = IS # S. Again, it
suffices to check this for finitely generated ideals.

Now let I ¢ R be a finitely generated ideal of R. Since R is Bézout, there is r € R\ R* such
thatI = rR. ThenI®g S = rR®gr S =~ rS whence the map I g S — S is just the inclusion rS c S
which is of course injective. We have rS = S if and only if » € S$*. This gives the claim. U

Lemma 1.24. Let R be a Bézout ring. If w, ..., u, generate the unit ideal, then there exists an
invertible n x n matrix U over R such that Uy = u; forall1 < i< n.

10



Proof. We proof the claim by induction on the number of elements, the case n = 1 being triv-
ial. Let d be a generator of the ideal (uy, ..., u,-1) so that the u;/d generate the unit ideal. By
induction hypothesis there exists an invertible matrix B such that B;; = u;j/dfor1 < i< n- 1.
We extend B to an invertible n x n matrix by setting B,, = 1 and Bj, = B,;=0for1<i<n-1.
Since (d, uy) is the unit ideal, we can find e, f € R such that de - fu, = 1. Define the matrix

d 0 .. 0 f
0 1 0 0
C=|: - :
o 0 .. 1 0
u, 0 ... 0
Then U = BC does the job. O

Lemma 1.25. Let M, N be two modules over a Bézout domain R. Given a presentation ). | y;®z;
of x € M o N and elements uy, ..., u, € R which generate the unit ideal, there exists another
presentation x = Y1, ¥ ® z[ with y{ = },iL; ;Y.

Proof. By the previous lemma, there exists an invertible matrix U over R with U;; = u; for
1 < i < n. Given such U, we calculate

Z Vi®zi= Zt (]ij(U_l)j]yi ® z
! L],
=2 Ujyi) @ (zl:(U_l)lel)-
joi

Hence y; = 3.iL; Ujyi and 2/ = ¥, (U™");2; are as required. O

Corollary 1.26. Let M, N be two modules over a Bézout domain R. Ify."", y;®z; is a presentation
of some x € M ®g N with n minimal (i.e. there is no presentation of x with fewer summands),
then y, ..., y, are linearly independent over R.

Proof. Suppose that yy, ..., y, are linearly dependent over R. Choose u, ..., u, € R not all zero
such that 37, u;y; = 0. Since R is Bézout, the ideal generated by the u; is a principal ideal, say
generated by u € R\ {0}. Replacing uy, ..., u, by ui/u, ..., up/u if necessary, we may assume
that the u; generate the unit ideal. By Lemma 1.25, we can then find another presentation
x =YLy ez with yj = L) w;y; = 0, contradicting the minimality of n. Hence the y; must
be linearly independent over R. O

2 ¢-modules

In this section, we introduce ¢-modules and various properties they may have. Such objects
appear in a variety of situations, e.g. in the classification of p-divisible groups.

2.1 The category of p-modules

We begin our study of ¢-modules with two equivalent definitions of what a ¢-module is and
some simple semilinear algebra. It will pay off later to be a bit more precise here than what is
perhaps necessary.

Definition 2.1. A ¢-ring (resp. a ¢-field) is a ring (resp. a field) R equipped with an endomor-
phism ¢ = pgr. We say that R is inversive if ¢ is bijective. A morphism of p-ringsf : R— Sisa
@-equivariant ring homomorphism f : R — S, that is, fopr = @sef.
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Starting now, every ring will be a ¢-ring.

Notation. By abuse of notation, we write ¢ instead of gr even when there are multiple rings.
Since all ring homomorphisms ¢ will be compatible this should not cause any confusion.

Definition 2.2. Let M be a finite free R-module equipped with a ¢-semilinear map gy : M —
M, that is, gy is additive and satisfies gp(rm) = @(r)op(m) for allr € R and all m € M. Let
e, ..., e, be some R-basis of M. The matrix A = (A;);j € R™" satisfying pum(ej) = Y1y Aije; for
all 1 < j < n is called the representing matrix of pp (wr.t. ey,...,€ey).

Remark 2.3. If we use the basis ey, ..., e, to identify M with R", then ) (V) = A@(v), that is, the
action of ¢ on M is given by multiplication with the matrix A times the componentwise action of
. For this reason, we often call gy the p-action on M.

Remark 2.4. Ife, ..., e}, is another R-basis of M and U = (Uj;);; denotes the change-of-base ma-
trix (i.e. € = )i, Ujje; for all j), then the representing matrix of gy w.rt. ef, ..., e, is U Ap(U).
In particular, the representing matrix of gy w.r.t. some basis is invertible over R if and only if this
is true for any basis.

By the previous remark, the following definition is reasonable.

Definition 2.5. A ¢-module over R is a finite free R-module equipped with a ¢-semilinear map
om : M — M whose representing matrix w.r.t. some (hence any) R-basis is invertible over R.

We will primarily use the above definition of a ¢p-module, but in some instances it is con-
venient to use another definition. Both definitions are easily seen to be equivalent.

Definition 2.6. A ¢-module over R is a finite free R-module equipped with an R-linear isomor-
phism @i : oM = Reg,M — M. We recover gy from ol by precomposing with the canonical
map M — ¢'M, m — 1® m and we obtain @i from gy via @i (r ® m) = roy(m).

Example 2.7. R equipped with ¢ : R — R is a ¢-module of rank 1 over R. Similarly, R" with
the componentwise action of ¢ is a p-module of rank n over R. It is called the trivial p-module (of
rank n) over R. A ¢-module M over R is called trivial if it is isomorphic to the trivial p-module
over R. This means that M should admit a basis which is invariant under the ¢-action, i.e. a basis
such that the representing matrix of gy is the n x n identity matrix E,,. Such a basis will be called
a p-invariant basis.

Definition 2.8. A morphism of ¢-modules f : M — N is an R-linear map f : M — N
commuting with the g-actions, i.e. fopp = @nof. The set of morphisms of p-modules from M to N
is denoted Hompg ,(M, N). We write Hom(M, N) if there is no confusion about R or ¢ and reserve
Homg(M, N) for the set of all R-linear maps from M to N.

We obtain the category of ¢-modules over R. This allows us to talk about categorical no-
tions such as ¢-submodules or irreducible ¢-modules. We look at some natural constructions
with ¢-modules.

Definition 2.9. Given two ¢-modules M, N over R, we equip the tensor product M ®g N with the
@-action Ppre,N = @M @ . In particular, if R — S is a morphism of ¢-rings, then we can perform
a base change from ¢-modules over R to ¢-modules over S. Having defined the tensor product of
two p-modules, one can also define symmetric and exterior powers of p-modules. Note that these
are free by construction so we really get p-modules.

Notation. IfR is clear from context, we write M ® N instead of M ®p N.
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Definition 2.10. Given a ¢-module M over R, there is a unique way to equip the dual M" =
Homg(M, R) with the structure of a ¢p-module such that oy (f)(op(m)) = f(m) for any f € MY
and all m € M. Alternatively, the isomorphism ¢ : ¢*M — M induces an isomorphism (¢i2")"
MY — (¢*M)". Taking the inverse and precomposing with the isomorphism ¢*M" = (¢*M)" gives
the desired structure of a ¢-module on M".

Remark 2.11. IfR is inversive and M is a p-module over R, then @y is bijective and @y is given
by o (f) = @of oy forf € M.

One would also like to take kernels, images or quotients in the category of ¢-modules,
but these need not be free in general. Thankfully, we will be working mostly over Bézout
domains where we can take quotients by saturated submodules (cf. Lemma 1.21). Hence, if R
is Bézout, kernels of morphisms of ¢-modules are ¢-submodules of the source because they
are clearly saturated. This implies that images of morphisms of ¢-modules are naturally ¢-
modules as well. Next, we talk about morphisms and extensions of p-modules. As it turns out,
the following definition will be crucial.

Definition 2.12. If M is a ¢-module over R, set
H°(M) = ker(pp - 1) and HY(M) = coker(qy — 1).
Lemma 2.13. If M, N are p-modules, then
Hom(M,N) = H'(M" e N) and Extg,(M,N)=H'(M"® N).
Here Extg ,(M, N) denotes the group of isomorphism classes of extensions of ¢-modules

0 N P M 0

where two such extensions are equivalent if there is an isomorphism of the middle terms inducing
the identities on the outer terms. We write Ext(M, N) if there is no ambiguity about R or ¢.

Proof. We prove the lemma only under the assumption that ¢ is bijective since we will only
need it in this case. If ¢ is bijective, then the natural isomorphism of R-modules MY @ N =
Hompg(M, N) is an isomorphism of ¢-modules with the ¢-action on H = Homg(M, N) given
by @u(f) = enofop;i for f € H. An element of ker(py — 1) is thus precisely an R-linear map
f : M — N which satisfies f = @nofog;. This is just another way of saying that f is a
morphism of ¢-modules, proving the claim about H°. For the claim about H!, we follow the
proof of [12, Proposition 2.4]. Given h € H, we set E, = N ® M with the ¢-action given by

_(oN heom
e 0 oum
i.e. gg,(n, m) = (en(n) + hopp(m), ea(m)). This gives rise to an extension of ¢-modules

0 N E;, M 0

Since ¢-modules are free, any short exact sequence of p-modules splits as a short exact se-
quence of R-modules and hence is isomorphic to one of the above form. It remains to see when
the extensions associated to h, h’ € H are isomorphic. This is the case if and only if

1 k) (on heom\ (1 k N _(on Heom
0 1 0 oum 0 1 0 om
for some k € H. Writing this out gives

hogpg + koga — onok = W oy & h—h = pnokopy} - k = (@i - 1)(k).

Hence the extensions associated to h and h’ are isomorphic if and only if the classes of h and
h’ in H'(H) agree, as desired. O
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2.2 Twisted polynomial rings

An R-module M equipped with an R-linear map M — M can be viewed as a module over the
polynomial ring R[T]. We can think of ¢-modules in a similar way, but one has to be a bit
careful since our definition of a ¢-module includes the condition that it is finite free.

Definition 2.14. The twisted polynomial ring R{ T} over R is the set of polynomials in the variable
T with coefficients in R, equipped with the unique structure of a (non-commutative) ring such that
Ta = @(a)T for all a € R. If R is inversive, we can impose a similar condition for ¢! and T

and define the twisted Laurent polynomial ring R{ T*}. We may also view this as a localization of
R{T} in the non-commutative setting. Since we will work only with twisted polynomials, we will
drop the descriptor "twisted" most of the time.

Remark 2.15. IfR is a field then all left ideals of R{ T} (and R{ T*}, if R is inversive) are principal.
This is because we have a Euclidean algorithm as for R[T] (cf. [18, Theorem 6]).

We can now view a ¢-module M over R as an R{T}-module by letting T act as ¢y. If R
is inversive, we see that a ¢-module over R is the same as a left R{ T* }-module which is finite
free over R.

Lemma 2.16. If R is an inversive @-field then any irreducible p-module M over R is isomorphic
to R{T*}/R{T*}P for some irreducible Laurent polynomial P € R{T*}.

Proof. Let m € M be nonzero and write n = rk(M). The R-submodule of M generated by
m, op(m), ..., @i (m) is ¢-stable and must be all of M because M is irreducible. Consider the
map R{T*} — M sending Y., a:T' to ¥z ai¢l,(m). It is surjective by the previous observa-
tion. The kernel of this map is a left ideal of R{ T*} and hence is a principal ideal generated by
some P € R{T*}. Thus, M = R{T*}/R{T*} P with the ¢-action given by multiplication with T
from the left. To conclude, we note that any nontrivial factorization of P would give rise to a
nontrivial ¢-submodule of M. Since M is irreducible, this forces P to be irreducible. O

Remark 2.17. Since T is a unit in R{T*}, we can always achieve that P € R{T}.

Definition 2.18. Let a > 1 be an integer. View ¢-modules as left modules over R{T} and ¢°®-
modules as left modules over R{T}. Define the a-pushforward functor [a). (resp. the a-pullback
functor [a]”) to be the restriction of scalars (resp. the extension of scalars) along the inclusion
R{T*} — R{T}.

Remark 2.19. e If M is a p-module, then the ¢*-module [a].M is the R-module M equipped
with the ¢®-semilinear map ¢4;. Note that if A is the representing matrix of gy, then the
representing matrix of @2 is Ap(A) - ¢° (A). It will be convenient to define the twisted
powers At of A by the recurrence

Al = E, Al 2 apalm),

Then the representing matrix of ¢, is Al%} Note that the above recurrence can be viewed
as a two-way recurrence if ¢ is invertible. Hence we can also define twisted powers with
negative exponent in this case.

e IfN is a ¢®-module, then we can explain the a-pullback functor as follows. Recall that R{ T'}
is a free R{T*}-module of rank a with basis 1, T,..., T*'. Now [a].N = R{T} ®g(re} N
is a p-module via multiplication with T from the left on R{T}. Writing R{T} = R{T?} @
TR{T%} & - ® T*'R{T“}, we can identify [a]'N with N°, the direct sum of a copies of
N. Since ¢n is multiplication by T?, we see that under this identification the map ¢(q;N is
given by (ng, ..., ng-1) — (on(ng-1), no, .., Ng-2).
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We collect some properties of the functors [a]. and [a]" in the following lemma. Most of
these are to be expected.

Lemma 2.20. Let M be a p-module and N a ¢*-module over R. The following assertions are true:
1. [a]" and [a]. are adjoint (in both orders).
2. Both functors are exact and commute with duals.
3. [a]. commutes with tensor products over R, but [a]” does not.
4. M eg [a]'N = [a]"([a].M ®r N) ("projection formula").
5. rk([a].M) = rk(M) and rk([a]'N) = ark(N).
6. [al.[a)N=Ne ¢'No - o (¢p*!)N.

Proof. We only prove (vi) because it is maybe the least obvious and the ¢-action on the right
deserves some explanation. We identify [a]’N with N as in the above remark. That is,
@Ne is given by the map (ng, ..., ng-1) — (on(ng-1), Mo, ..., Ng-2). Applying [a]., we see that
[a].[a]'N is isomorphic to N equipped with the ¢®-semilinear map ¢g. : (no,..., ng-1) —
(on(ng), ..., oN(ng-1)). Finally, note that in the isomorphism [a]'N = N¢, each summand N is
identified with (¢')'N, and the g-action given by (¢')"¢pn. Hence the g-action on the right is
really ¢n in each component. Putting everything together gives the claim. O

Lemma 2.21. If N is a ¢*-module for some integer a = 1, then
H'(N) = H([a]'N), i=0,1.

Proof. Again, we identify [a]’N with N and the ¢-action given by the map (ny, ..., n4-1) —
(oN(ng-1), no, ..., na-2). If on(n) = nthen @pgn(n, ..., n) = (n,..., n) and it is also easy to see that
any element fixed by ¢[,-n must be of the form (n, ..., n) for some n € N by applying ¢[,~
repeatedly. This proves the assertion for i = 0. Consider the morphism [a]’N 3 (ny, ..., ng-1) —
Y40 n; + im(pn - 1) € HY(N). It is clearly surjective and one checks that its kernel is exactly
im(¢pqn — 1). This gives the desired result for i = 1. O

2.3 Semistability and the HN filtration

We introduce a notion of semistability for ¢-modules. A formal consequence will be the ex-
istence of a canonical filtration, the HN filtration. Most of this can be done axiomatically as
in [1, §1.3], but there is no real benefit to introducing the category theory required for it. For
the rest of this section, we make the following hypothesis which comes in a weak and a strong
form. Unless otherwise stated, we only assume that the weak form holds.

Hypothesis 2.22. Let R™ c RP c R be inclusions of integral domains where R is Bézout and R®
is a discretely valued field with valuation subring R™. Also assume that R* < R°. Let ¢ be an
endomorphism of R which preserves R® and R™. Assume that the discrete valuation w : R® —
Z u {+oo} is g-invariant and that w(R*) = Z. Finally, assume that for any n x n matrix A over
R™ the map v +> v — Ap(v) on R" induces an injection (weak form) or a bijection (strong form)
on (R/R°)".

Remark 2.23. In [16, Hypothesis 1.4.1] the rings R™, R® and R are only assumed to be Bézout,
but this may not be sufficient in some places. With the above assumptions we should not run into
any problems.
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Lemma 2.24. Let a = 1 be an integer. Then Hypothesis 2.22 also holds for ¢°.

Proof. We only need to check the last assertion. Given an n x n matrix A over R™, apply the
assertion for ¢ to the na x na matrix

o o0 .. 0 A
E, 0 0
A=|0 E,
: 0
0 0 E, 0
It follows that the map
Vo, -5 V1) — (Vo = Ap(Vao1), Vi = @(Vo), ovr s Vao1 — 0(Vao2)) (2.3.1)

is injective or bijective on (R/RP)"®. Let v € R" with v — Ap%(v) € (RP)" and set v; = ¢'(v) for
0<i<a-1 Wehavevy- Ap(ve) = v - Ap®(v) € (R)", and

Vvi= (Vo) =Va— (Vi) = = Va1 — @(Vaz) =0

by definition of v;. But then the injectivity of (2.3.1) implies that v = v, € (R’)". If w € R" and
(2.3.1) is surjective, then we find vy, ..., v,-1 € R" with

W =vo - Ag(vy-1) mod (R")"

and v; - ¢(v;_1) =0 mod (R°)" for 1 < i < a- 1. The last condition implies that v,_; = ¢ !(v()
mod (R")", that is,
W =vo — Ap(Va1) = vo - Ap“(vo) mod (Rb)"-

Hence v, is a preimage of w modulo (R")". O

Remark 2.25. If N is a ¢“-module and A is the representing matrix of ¢n w.r.t. some basis, then
the corresponding representing matrix of ¢qn is the matrix A above (see also Remark 2.19).

Example 2.26. As the notation suggests, Hypothesis 2.22 holds for (Rint,Rb,R) = (R, Rb, R),
the Robba ring and variants, if we take as ¢ any relative Frobenius lift and as w the discrete
valuation on R® (cf. Section 1). The hypothesis is also satisfied for (R™, R*,R) = (ok, K, K), the
discretely valued field from Section 1. Here ¢ = ¢ and w = vg.

We now define the slope of a ¢-module.

Definition 2.27. Let M be a ¢-module over R and let A be the representing matrix of gy w.r.t.
some R-basis. The determinant of A is a unit in R and hence an element of R® so we can apply the
valuation w to it. Since w is @-invariant, the quantity deg(M) = w(det(A)) is independent of the
choice of basis (cf. Remark 2.4). 1t is called the degree of M. If M is nonzero, then we define the
slope of M as p(M) = deg(M)/ rk(M).

Remark 2.28. Since we will often only be interested in the slope or the degree of a ¢p-module M,
we will sometimes speak of "the determinant det(gar) of pu " or "the representing matrix A of oam”"
although both may well depend on the chosen basis.

Example 2.29. e The trivial p-module R has degree and slope 0. Given n € Z, thereis A € R*
with w(d) = n. The ¢-module R(n) is the R-module R equipped with the ¢-semilinear map
Ap : R — R. It has degree and slope n.
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e IfM = R{T}/R{T}P for some polynomial P(T) = T" + a,_; T" ' + - + ay € R{T}, then the
degree of M is w(ay). This is because the representing matrix of gy (i.e. multiplication by
T) w.rt. the basis1,T,...,T" Visa companion matrix of P and hence has determinant +aj.

Before giving the definition of semistability, we prove some useful properties of the degree
and slope.

Lemma 2.30. The following assertions are true:

1. If0 - My — M — M, — 0 is a short exact sequence of ¢-modules, then we have

deg(M) = deg(M;) + deg(My).
2. If M, N are two p-modules, then y(M ® N) = p(M) + u(N).
3. If M is a p-module of rank n, then u(A\'M) = iu(M) for0 < i < n.
4. If M is a p-module, then deg(M") = - deg(M) and hence p(M") = —pu(M).
5. If M is a p-module, then p([a]l.M) = ap(M).
6. IfN is a ¢®-module, then u([a]'N) = a ' u(N).

Proof. All assertions can be checked easily, but let us give some short arguments.
(1.) The representing matrix of ¢y is a block diagonal matrix with one block the representing
matrix of ¢y, and one block the representing matrix of ¢p;,. The claim now follows from
properties of the determinant and of the valuation w.
(2.) Let rk(M) = mand rk(N) = nso that tk(M @ N) = mn, and write ¢y ® on = (@p®1)o(1® gn).
The determinant of the first morphism is det(¢ss)" and that of the second is det(pn)™. Applying
w and dividing by mn yields the claim.
(3.) A"M is a p-module of rank 1 and the map A"M — A"M induced by ¢y is multiplication by
det(gas). This gives the claim for i = n. The rest is a generalization of this special case using
the isomorphism in [1, Proposition 2.2.2].
(4.) Let A be the representing matrix of ¢ w.r.t. some basis. By definition of the ¢-module
structure on M", the representing matrix of ¢y, w.r.t. the dual basis is the transpose of A™!. In
particular,

deg(M") = w(det(gp)) = w(det(A™)) = —w(det(A)) = - deg(M).
(5.) [a].M has the same rank as M and ¢[q.m = @3 has determinant det(¢)®.
(6.) [a]l’N has rank ark(N) and degree deg([a]’N) = deg(N) (see Remark 2.25). O

Remark 2.31. e Item (1.) implies that p(M) is a weighted average of (M) and p(Ms,), pro-
vided that M; and M, are nonzero. More precisely,

rk(M;)

rk(M)

k(M)
k(M)

H(M) = p(My) + (M)

* A short exact sequence as in (1.) is really a commutative diagram with exact rows

0 M, M M, 0
[
0 M, M M, 0

Note that the diagram remains commutative if we replace the vertical arrows by ¢ — 1 so
that the snake lemma gives an exact sequence relating H® and H' of M, My, M.
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By a similar argument as for item (2.), we see that base change of ¢-modules preserves
slopes, at least when this makes sense.

As for vector bundles on a curve, we can now define semistability for ¢-modules. Note
however the opposite choice of sign in our definition of the slope. This causes all inequalities

to be flipped!

Definition 2.32. A ¢-module M is called semistable (resp. stable) if we have u(N) = pu(M) (resp.
U(N) > p(M)) for any nonzero p-submodule N ¢ M.

Both properties are preserved under twisting, i.e. tensoring with a ¢-module of rank 1.

Lemma 2.33. Let M, N be ¢p-modules where N has rank 1. Then M is semistable (resp. stable) if
and only if M ® N is.

Proof. This follows directly from Lemma 2.30 and the exactness of twisting. For the converse,
twist by NV instead. O

Our next goal is to construct the HN filtration. We start with some preliminary results.
Proposition 2.34. Any ¢-module of rank 1 is stable.

Proof. If M is a ¢p-module of rank 1, then we may twist by M and invoke Lemma 2.30 and
2.33 to reduce to the case that M has degree 0. In other words, it suffices to show that M = R
is stable. Let N ¢ M be a nonzero ¢-submodule of M. Since N is finitely generated and R is
Bézout, N must be of the form N = Rx for some nonzero x € R. Let 1 € R* < R with ¢(x) = Ax.
By definition, #(N) = w(A). Assume that u(N) < 0, so that A~! € R™. Then the injectivity of
v = v — 1"1p(v) on R/R? (Hypothesis 2.22) implies that x € R® because x - 17" ¢(x) = 0 € R.
But then x € (R?)* < R* whence N = M and u(N) = p(M) = 0. This shows that p(N) > 0 = (M)
unless N = M, as desired. O

Corollary 2.35. If N ¢ M is an inclusion of ¢-modules of the same rank then u(N) = u(M) with
equality if and only if N = M.

Proof. Let n = rk(M) = rk(N). It suffices to show that deg(N) = deg(M). We have an inclusion
of ¢-modules of rank 1, AN c A" M where the slopes are the degrees of N and M, respectively
(cf. Lemma 2.30). Hence the claim follows from the previous proposition. O

Lemma 2.36. Let M be a ¢-module. Then the slopes of nonzero ¢-submodules of M are bounded
below.

Proof. We proceed by induction on n = rk(M). The case n = 1 follows from Proposition 2.34 so
we are left with the induction step. The corollary above gives the claim for ¢-submodules of
full rank. If M has no nonzero ¢-submodules of lower rank, then we are done. Otherwise, let
N be a ¢-submodule of rank m < n. Replacing N by its saturation (which has rank m as well),
we may assume that N is saturated so that M/N is also a ¢-module. By induction hypothesis,
the slopes of nonzero ¢-submodules of N and M/N are bounded below. If P is any nonzero
¢-submodule of M, then we have a short exact sequence

00— NaP——P —— PNaP) — 0

where the outer terms are ¢-submodules of N and M/N, respectively. If one of these vanishes,
U(P) is simply the slope of the other term, hence is bounded below. If not, then both p(N n P)
and p(P/(N n P)) are bounded below. Being a weighted average of the two, y(P) is bounded
below as well. d
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Lemma 2.37. Let M be a nonzero ¢-module over R. Then there exists a largest ¢-submodule
(w.r.t. inclusion) of M of least slope. It is semistable and saturated.

Proof. By the previous lemma, the slopes of nonzero ¢-submodules of M are bounded below.
Since the denominators of possible slopes of ¢-submodules of M are bounded above by rk(M),
this implies the existence of a least slope s. By minimality, any ¢-submodule of M of slope
s must be semistable. To prove the lemma, it remains to check that the set of ¢-modules of
slope s is stable under taking sums and saturations. Let N be a ¢-submodule of slope s with
saturation N, This is a saturated ¢-submodule of M of the same rank as N so we must have
u(N) = p(N®3) by Corollary 2.35. The reverse inequality holds by minimality of s whence
u(N®3t) = s and N = N% by Corollary 2.35 once more. Next, let Nj, N, be two saturated ¢-
submodules of M of slope s. We wish to show that the slope of N; + N, (which is indeed a
p-module) is also s. We consider the following two short exact sequences of ¢-modules

0 —— NinN, N; (N1 + Ng)/Nz — 0
and
0 N2 N1 + N2 —_— (Nl + Nz)/Nz — 0
This gives
rk(N;) rk((N; + N2)/N2)
Ny + Np) = p(Np) ———— N; + N;)/N.
H(N1 + Na) = p( Z)rk(Nl Ny + p((N1 + N2)/Nz) k(N; + Ny)
I‘k(Nz) I'k(Nl n Nz) I'k(Nl)
= p(Np) ———— Np) - p(Ny n N
H( Z)rk(Nl N,) + </1( 1) = H(N1 n Np) rk(Np) k(Ny + Np)
I'k(Nz) + B I'k(Nl n Nz) rk(Nl)
= SIk(N; + Np) k(Ny) ) tk(N; + Np)
=s.
Hence p(N; + Nz) = s because the reverse inequality holds by minimality of s. O

Remark 2.38. Clearly, M is semistable if and only if the p-submodule in the lemma is M itself.
Lemma 2.39. Let M, N be two semistable ¢-modules with u(M) < p(N). Then Hom(M, N) = 0.

Proof. Assume that f : M — N is nonzero. Then im(f) < N is a nonzero ¢-submodule whence
p(im(f)) = p(N) by semistability of N. If f were injective, we would get the contradiction

H(N) > (M) = p(im(f)) = p(N).

Thus, ker(f) ¢ M is a nonzero ¢-submodule which forces p(ker(f)) = p(M) because M is also
semistable. Consider the short exact sequence of ¢-modules

0 — ker(f) — M —— im(f) —— 0

This leads to the contradiction

k(k k(
p0) =tk G+ iy )
rk(ker(f rk(im(f))
= H(M)W + #(N)W
> p(M).
We conclude that any morphism of ¢-modules from M to N must vanish. O
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Remark 2.40. One can generalize this result quite a bit as in [16, Proposition 1.4.18] by introduc-
ing slope polygons. We will not need this explicitly, but a similar argument will be used later.

Corollary 2.41. Let M be a p-module over R. Then for any integer a = 1, M is semistable if and
only if[a].M is semistable.

Proof. Assume that [a].M is semistable and let M’ ¢ M be a nonzero ¢-submodule. By exact-
ness of the a-pushforward, [a].M’ c [a].M is a ¢*-submodule. It follows from Lemma 2.30 and
the semistability of [a].M that au(M’) = p([a].M”) = u([a].M) = au(M) so M is also semistable.
Conversely, if [a].M is not semistable, then its largest p*-submodule of least slope is a ¢*-
submodule M; of lower rank. Write u(M;) = s. Note that ¢y (M;) € M is a ¢*-submodule of M
which has the same slope as M;. By the uniqueness in Lemma 2.37, ¢y must therefore preserve
Mj, i.e. M is even a ¢p-submodule of M. But if we consider M; as a ¢-module, then its slope is
s/a < p([a].M)/a = p(M). Hence M is not semistable either. O

Proposition 2.42. Every nonzero ¢p-module M over R admits a unique filtration 0 = My c M; c
... € Mj = M by saturated @-submodules such that M;/M;_, is semistable for1 < i < I, and

p(My) < p(Mz/My) < -+ < p(M/M_y).

It is called the Harder-Narasimhan filtration (HN filtration, for short) of M. One calls the quantities
u(M;/M;_1) the HN slopes of M.

Proof. The proposition is really a formal consequence of Lemma 2.37. Namely, start by letting
M; be the ¢-submodule constructed there. If M; = M, we are done. Otherwise, let M; be the
preimage in M of the largest ¢-submodule of least slope of M/M,. It suffices to check that
M, /M is semistable with p(M;) < p(M,/My) as the desired filtration can then be constructed by
repeating the process, proving existence. Note that this process must terminate after finitely
many steps since the ranks of the ¢-submodules must increase strictly every time. By con-
struction, M,/M; is isomorphic to the largest ¢-submodule of least slope of M/M; and hence is
semistable. We have a short exact sequence of ¢-modules

0 M, M, My/My —— 0

Note that we cannot have p(M;) < u(M;) as M is strictly contained in M, and the former is the
largest ¢p-submodule of least slope of M. So p(M,) > p(M;) and we get the desired inequality

rk(My) rk(M,)

H(Ma/My) = IJ(MZ)m _'U(Ml)m i

H(M;).
Next, we show uniqueness. Assume we are given two HN filtrations of M,
0=MycMyc..cMj=M and 0=MjcMc..cM, =M.

We may assume p(M;) < p(Mj). By Lemma 2.39, the morphism M; — M — M/M,, _; must be
the zero map. Hence M; < M, _,. By the same argument, M; — M;,_, — M;,_,/M;, _, is also
the zero map and inductively we deduce M; c M. In particular, p(M;) = p(M]) because M;
is semistable. By a symmetric argument, we then get M; = M{ and hence p(M;) = p(M{). We
repeat the whole argument for M,/M; and M;/M] to see that M, = M;. It follows by induction
that [ = m and M; = M/ for all i. This finishes the proof. O

Lemma 2.43. IfM is semistable of slope s and N < M is a saturated @-submodule of slope s, then
M/N is also semistable of slope s.
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Proof. Note that N is necessarily semistable and that y(M/N) = s by the remark after Lemma
2.30. If we can show that the slope of the largest ¢-submodule of least slope of M/N is at least
s, then it must be M/N and we are done. Denote the preimage in M of that submodule by M’.
Then M’ is a ¢g-submodule of M containing N and in particular is nonzero. We have

rk(M’) rk(N)

k(M//N) “pN) =5

H(M’/N) = p(M”) rk(M’/N)

using that y(N) = sand p(M”) = s by semistability of M. Now M’/N is isomorphic to the largest
¢-submodule of least slope of M/N, finishing the proof. O

2.4 Etale and pure ¢p-modules

Having introduced the auxiliary notion of a semistable ¢-module, we now turn to the properties
of p-modules we are really interested in, namely étale and pure ¢-modules. These can be
expressed in terms of representing matrices.

Definition 2.44. A p-module M over R or RP is called étale if it can be obtained by base extension
from a @-module over R™. That is, there should exist a finite free R™-submodule N ¢ M whose
base extension to R or R® is M and such that ¢y induces an isomorphism ¢'N — N. We call N
an étale lattice of M. It need not be unique.

Remark 2.45. » Since N is a p-module over R™, the representing matrix of pn w.r.t. any
R™_basis is invertible over R™. It follows that M admits an R-basis such that the represent-
ing matrix of g is invertible over R™. In particular, M has degree and slope 0. Conversely,
any @-module of rank 1 and slope 0 is étale since it must contain a @-invariant generator
and hence must be isomorphic to R or RP.

e The dual of an étale p-module M is again étale, because we can take as an étale lattice for
MY the R™-dual of an étale lattice of M.

e If M is étale, then so is A'M for 0 < i < rk(M).

Definition 2.46. An isogeny p-module over R™ is a finite free R™-module M, equipped with an
injection "M — M whose cokernel is annihilated by some power of a uniformizer of R™. Since
any uniformizer is a unit in R, such an object becomes a p-module after tensoring with R or R®.

Proposition 2.47. Let M be an isogeny ¢-module over R™. Then the natural maps H'(M ® gin:
R®) — H'(M ®gum R) for i = 0 (under weak Hypothesis 2.22) or i = 0,1 (under strong Hypothesis
2.22) are bijective.

Proof. Choosing a basis, we can write M = (R™)", M ® gt R® = (R°)", M @i R = R™ and ¢y =
Agp. Assume that the weak form of Hypothesis 2.22 holds. We need to show that the inclusion
HO((R*)") < H°(R")is bijective. The injectivity is clear. If v € H(R"), then v = @u(v) = Ap(V),
ie. v+ (RP)" lies in the kernel of (R/RP)" — (R/R®)",v > v — Ap(v). But then we must have
v € (RP)" by the injectivity in Hypothesis 2.22. This proves the surjectivity.

Now assume that the strong form of Hypothesis 2.22 holds. We need to show that the
natural map H'((R®)") — H'(R") is bijective. If the class of v € (R?)" in H(R") is zero, then
v = w - Ap(w) for some w € R". Since the class of v in (R/R®)" is trivial and (R/RP)* — (R/RP)"
is injective, we must in fact have w € (R°)". Hence the class of v in H!((RP)") is zero, proving
injectivity. To prove surjectivity, let v € R". Since (R/R®)" — (R/R")" is surjective, we find
v/ € R" such that v + (R°)" = v/ — Ag(v’) + (R®)". Since (R/RP)" — (R/RP)" is injective, this
forces w = v - v/ + Ap(v’) € (R°)". Hence the class of w in H'((R)") is a preimage of the class
of v. This finishes the proof. d
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Proposition 2.48. The base change functor from étale gp-modules over R® to étale ¢-modules over
R is an equivalence of categories.

Proof. Given an étale p-module M over R, choose an étale lattice My of M. The ¢-module
My ®gine R® over R is visibly étale and base changes to M. This proves essential surjectivity.
To check full faithfulness, we need to see that if M;, M, are two étale ¢p-modules over RP,
then
HOmRb)(p(Ml,Mz) = HOmR,(p(M ®Rb R,N ®Rb R)

We use Lemma 2.13 to rewrite these sets in terms of H° and thus need to show that the natural
map

HO(Mi/ ®Rb Mz) E— HO(MY ®Rb M2 ®Rb R)
is a bijection. This is true by the same argument as in the proof of Proposition 2.47. O

Remark 2.49. * As a consequence of the proposition, many of the results to follow are true
both for R and R°. To simplify statements slightly, we write S whenever we mean either one
of R or R®. For example, we may say that the category of étale p-modules over S is a full
subcategory of the category of all p-modules over S.

* Note that we only used the weak form of Hypothesis 2.22 to prove full faithfulness.

Proposition 2.50. Let 0 — M; — M — M, — 0 be a short exact sequence of p-modules over
R. If any two of them are étale (except possibly My, M, under weak Hypothesis 2.22), then so is the
third.

Proof. Suppose that M and M, are étale. By Proposition 2.48, the ¢-modules M, M, and the
morphism M — M, are obtained by base change from g-modules M", M} over R and a mor-
phism M — M}, respectively. Choose an étale lattice MY of MP. The kernel of the map
MY — M is a finitely generated ¢-stable R"*-submodule of M (NB: it is saturated; now use
Lemma 1.21), hence is a ¢-module over R™ by Lemma 2.51 below. This gives an étale lattice
for M;. If M and M, are étale then we consider the short exact sequence obtained by dualizing
the one of the proposition. Since M and M, are étale, the case already treated shows that M
is étale. Thus, M, = (MJ)" is also étale.

Finally, suppose that M; and M, are étale and that the strong form of Hypothesis 2.22 holds.
By Proposition 2.48, M;, M, are obtained by base change from étale p-modules MP, MP over R.
Additionally, the extension of M, by M is obtained from an extension of MY by MP by Lemma
2.13 and Proposition 2.47 (with i = 1). So we have a short exact sequence of ¢p-modules over R

0 MP MP MP 0

which base changes to the one of the proposition. The morphisms MP> — M" and M — MP
are given by multiplication with a matrix with entries in R?. Multiplying by a sufficiently large
power of a uniformizer, we can achieve that all entries are in R™. We then get an étale lattice
for MP by lifting one of MY (i.e. taking preimages of a basis) and adding one of MP and invoking
Lemma 2.51 again. O

Lemma 2.51. Let M be an étale p-module over R°. Then any finitely generated ¢y -stable R™-
submodule of M is a p-module over R™.
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Proof. Let M, be an étale lattice of M and let N be a finitely generated g-stable R™-submodule
of M. Write generators of N as linear combinations (with coefficients in R?) of a basis of M.
Multiplying by some power of a uniformizer, we may assume that all coefficients lie in R™ so
that N ¢ M,. Then N is a finitely generated R™-submodule of the finite free R™-module M,
hence is finite free itself because R is Bézout. Now note that ¢ makes R a torsion-free R"™-
module. Since torsion-free modules over Bézout domains are flat, we deduce that ¢’"N — ¢*M,
is injective whence 9N — N (note that N is ¢ys-stable) is also injective. Thus, ¢'N — N is
an injection of R™-modules of the same rank so its cokernel is torsion. Since R™™ is a DVR, it
follows that it is annihilated by some power of a uniformizer. To summarize, we at least know
that N is an isogeny ¢-module over R™,

It remains to see that the determinant of ¢x has valuation 0. After possibly replacing M, N
by "KM M, AN N (NB: AN M is also étale), we may reduce to the case that rk(N) = 1. Let
e, ..., e, be an R™-basis of My, let A be the corresponding representing matrix and let v be a
generator of N. Write v = 2;1:1 ¢jej so that gp(v) = Y1, Yie1 o(c)Ajjer = Y, diei. On the
other hand, gy (v) = rv = 3.1, rc;e; for some r € R since N is gy-stable. The equality

n n
Z reie; = om(v) = Z die;
i=1 i=1

yields r = ¢;/d; for any i. In particular, w(c;) = w(d;) for any i bacause w(r) = 0. Let w(cg) =
min;.;<,{w(c;)}. For any i, we have

wld) = (% ¢(G)Ay) = min{w(p(e) + w(4y)} > min {w(e)} = wice).

Altogether, w(c) = w(di) = w(c) and hence w(r) = w(cg) — w(dy) = 0. O
We now introduce the more general notion of pure ¢-modules.

Definition 2.52. Let M be a ¢-module over S of slope s = c¢/d where c,d are coprime integers
with d > 0. M is called pure (or isoclinic; or isocline) of slope s if for some p?-module N of rank 1
and degree —c over S, the ¢%-module ([d].M) ®s N is étale.

We make some immediate observations.

Remark 2.53.  If we can find one N as in the definition, then any other will work as well.
This follows from the fact that modules of rank 1 and slope 0 are étale.

e Any @-module of rank 1 is pure since d = 1 and we can take N = M".
* As for étale p-modules, the dual of a pure p-module of slope s is pure of slope —s.

e A p-module is pure of slope 0 if and only if it is étale since we must havec =0 andd = 1 in
this case. More precisely, if M is pure of slope 0 then M ®g N is étale for some N which is
itself étale by Remark 2.45. Therefore, also M ~ (M ®g N) @5 NV is étale.

We look at the most basic example of a pure ¢-module of slope c/d.

Example 2.54. Let 7 be a uniformizer of R™. For coprime integers c, d € Z with d > 0, we define
the p-module M .4 = M. 4 = [d].R(c) to be the free module of rank d over R with basisey, ..., e4
and ¢-action given by

oM., (€1) = €2,..., oum, ,(€a-1) = €4, pur, ,(€a) = 7ey.
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It is easily seen that (pf&cd acts on the basis ey, ..., e, by a diagonal matrix where each entry is the
image of ¢ under some power of ¢. It follows that the representing matrix ofﬁ‘c(pﬁ,fcd is invertible

over R™ whence M. 4 is pure of slope c/d. A p-module isomorphic to M. 4 is called a standard
pure g-module.

Lemma 2.55. Let M be a ¢p-module over S, and let a = 1 be an integer. Then M is pure of slope s
if and only if [a].M is pure of slope as.

Proof. We first treat the case that s = 0. Here we have to prove that M is étale if and only if [a]. M
is. Assume that M is étale. Since [a]. is exact and commutes with tensor products, we can obtain
an étale lattice for [a].M by applying [a]. to one of M. It follows that [a].M is étale. Conversely,
if [a].M is étale, then for any i = 0 we have an isomorphism ((¢%)*!)'[a].M — ((¢%))")[a].M
by applying (¢%)" to the isomorphism (¢“)[a]l.M — [a].M repeatedly. By Proposition 2.48,
these isomorphisms all descend to R, In other words, we may work over RP. Let N be an étale
lattice of [a].M and let N’ be the R™-span of N, gy (N), .., p$;}(N). By assumption, ¢¢, acts
on N by a matrix with coefficients in R™. It follows that N” is ¢y-stable and it is also visibly
finitely generated hence finite free over R™. Thus, N’ is an étale lattice for M.

In the general case, we write s = ¢/d in lowest terms and set b = gcd(a, d). Then, again in
lowest terms, as = (ac/b)/(d/b). Let N be a ¢?-module of rank 1 and degree —c. Then [a/b].N
has rank 1 and degree —ac/b. The following are equivalent:

« M is pure of slope s

o ([d].M) ®s N is étale

R

+ [a/b].(([d].M) ®s N) = ([ad/b].M) ®s ([a/b].N) = ([d/b].([a].M)) ®s ([a/b].N) is étale

+ [a].M is pure of slope as

The first and last two are equivalent by definition and the second and third are equivalent by
the slope 0 case treated before. This yields the claim. O

Remark 2.56. By the lemma, it is equivalent to impose the condition in the definition of a
pure p-module for any pair of integers c,d € Z with s = ¢/d and d > 0.

* As for étale p-modules, we see that if M is pure of slope s, then A'M is pure of slope is for
any 0 < i < rk(M).

Corollary 2.57. If M, N are pure g-modules of slopes s, s, over S, then M ®s N is pure of slope
1+ Sp.

Proof. First of all, the slope of M ®s N is s; + s, by Lemma 2.30. Since [a]. commutes with
tensor products over S, we may reduce to the case sy, s, € Z by choosing a = rk(M) rk(N) and
invoking the lemma above. We may then twist by ¢-modules of degrees -s; and -s, to reduce
to the case that s; = s = 0, i.e. it suffices to show that if M and N are étale then so is M ®5 N.
Since ¢-modules over R™™ admit tensor products, we may take as an étale lattice for M ©5 N
the tensor product over R™™ of an étale lattice of M and of N. O

Theorem 2.58. For any rational number s, the base change functor from pure p-modules of slope
s over R to pure p-modules of slope s over R is an equivalence of categories.

Proof. If M, N are pure of slope s, then M" ®p N is pure of slope 0 by the above corollary, hence
is étale. Therefore the proof of Theorem 2.48 works unchanged. d
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Theorem 2.59. Let 0 — M; — M — M, — 0 be a short exact sequence of ¢p-modules over R.
If any two of them are pure of slope s (except possibly My, M, in the case of weak Hypothesis 2.22),
then so is the third.

Proof. [a]. and twisting are both exact functors so we may reduce to the case s = 0. The
theorem then follows from Proposition 2.50. O

Lemma 2.60. Let M be a pure p-module over R with y(M) > 0. Then H*(M) = 0.

Proof. Note that for any a > 1, we have H(M) < H°([a].M) because if gy (m) = m then
certainly ¢f,(m) = m. We may thus replace M by [a].M for a = rk(M) to reduce to the case
where (M) € Z.,. By Theorem 2.58, there exists a pure ¢-module M, over R’ with M =
My ® R. We have H(M,) = H°(M) by Proposition 2.47.

Since M is pure, M ®s N has a representing matrix in R™ for some N of rank 1 and slope
—-u(M) < 0. Let fi, ..., f, be a corresponding basis of M ®s N, denote by e a generator of N and
by e" the generator of NV dual to e. Then all entries of the representing matrix A of gy w.r.t.
the basis e; = f; ® €' of M ®5 N ®5 NV = M have valuation at least p(M) (because ¢ acts on the
generator e’ of N¥ by an element of valuation y(M)). Now if v = Y"1, cie; € H°(M) is nonzero,
then writing out v = ¢y(v) in terms of the e; gives ¢; = Y7L, Ajj¢(c;) for all i. Applying w
yields, for any i,

w(c;) = W(Zn:lAiﬂP(Cj)) > m].in{W(Aij) +w(g)} > mjin{W(Cj)}
=

which is absurd. Hence H°(M) = H°(M,) = 0. O
Corollary 2.61. Let M, N be pure p-modules over R with u(M) < py(N). Then Hom(M, N) = 0.

Proof. Since Hom(M, N) = H°(M" ®x N) with M ®x N pure of slope u(N) — u(M) > 0 this
follows directly from the lemma. O

Theorem 2.62. Let M be a pure p-module of slope s over R. We have:
1. M is semistable.

2. If N is a ¢-submodule of M with u(N) = s, then N is saturated and both N and M/N are
pure of slope s.

Proof. (1.) Let N be any nonzero ¢-submodule of M. We wish to show that y(N) = s. Since
AIM is pure of slope is for any 0 < i < rk(M), we may replace M and N by A¥X™ M and A*VIN,
respectively, and thus assume that N is a ¢-submodule of rank 1. We then apply [rk(M)]. and
invoke Lemma 2.55 to reduce to the case that s = (M) € Z. Finally, we twist by NV and invoke
Lemma 2.33 to reduce to the case that N is isomorphic to R as a ¢-module. Since 1 € R is
¢@-invariant, we then have 0 # H°(N) ¢ H°(M). To avoid contradicting Lemma 2.60, we must
have s < 0 = y(N), as required. Hence M is semistable.

(2.) That N is saturated was shown in the course of the proof of Lemma 2.37. As usual, we
reduce to the case that s = 0 by applying [a]. and twisting. In this case, M is étale and N has
slope 0 and we need to show that N and M/N are both étale also. Let M, be an étale lattice of
M. The kernel of My — M — M/N is a ¢y-stable R™-submodule of M. It is saturated and
therefore finite free, hence is a ¢-module over R™ by Lemma 2.51. In particular, the image P,
of My — M/N is a p-module over R™ Let P be the R-span of Py. Then P, is an étale lattice for
P whence the latter is an étale ¢-submodule of M/N. Note that P has full rank by construction.
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Now p(N) = p(M) = 0 by assumption so that y(M/N) = 0 by Lemma 2.30. Since P is étale it
has slope 0 as well and we must have M/N = P by Corollary 2.35. Hence M/N is étale as then
must be N by Proposition 2.50. d

Corollary 2.63. If M, N are p-modules over R, then M @ N is pure of slope s if and only if M and
N are both pure of slope s.

Proof. 1t is worth noting that here we equip M @ N with the ¢-linear map ¢y @ pn. If M and N
are both pure of slope s, then so is M® N. This is because both [a]. and tensor product commute
with direct sums. In particular, we don’t need to use Theorem 2.59 which would require the
strong form of Hypothesis 2.22. Conversely, if M @ N is pure of slope s, then it is semistable by
Theorem 2.62 (1.) so M and N each have slope at least s. Since p(M @ N) is a weighted average
of pu(M) and pu(N) by Lemma 2.30, this is only possible if p(M) = u(N) = s. Hence M and N are
both pure of slope s by Theorem 2.62 (2.). O

We conclude this section with an analogue of Lemma 2.55 for [a]".

Corollary 2.64. Let N be a ¢*-module over R. Then N is pure of slope s if and only if [a]'N is
pure of slope s/a.

Proof. By Lemma 2.55, [a]'N is pure of slope s/a if and only if [a].[a]'N is pure of slope s. By
Lemma 2.20, we have
a-1 X
a]’N = @P(¢')'N.
=0

If N is pure of slope s, then clearly so is (¢')'N for i = 0,...,a - 1. Thus, [a].[a]'N is a direct
sum of ¢g-modules which are pure of slope s and hence is pure of slope s itself by the previous
corollary. Conversely, if [a].[a]*N is pure of slope s, then the above decomposition shows that
N is a direct summand of a pure ¢*-module of slope s and is therefore itself pure of slope s,
again by the previous corollary. O

3 The slope filtration theorem

We state the slope filtration theorem here as a forward reference and outline how the proof
will be done in the following sections.

Theorem 3.1 (Slope filtration theorem). Every semistable ¢-module over the Robba ring is pure.
In particular, any @-module M over R admits a unique filtration 0 = My c M; c ... < M; = M by
saturated @-submodules whose successive quotients are all pure of strictly increasing slopes.

Proof. The proof is divided into two steps. In the first step, we construct a ¢-ring R and a
p-equivariant embedding i/ : R — R. We then prove that semistable p-modules over R are
pure (cf. Theorem 4.29). In the second step, we establish the following two facts using faithfully
flat descent:

« If M is a semistable ¢-module over R, then M ® R is also semistable (cf. Theorem 5.19);
cIfMeRis pure, then so is M (cf. Theorem 5.21).

Everything else follows from the existence of the HN filtration. O]
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Remark 3.2. By the slope filtration theorem, the tensor product of semistable ¢-modules over
R is semistable again. Indeed, the tensor product of pure ¢-modules is pure (cf. Corollary 2.57)
and hence semistable (cf. Theorem 2.62). This implies that the HN filtration is ®-multiplicative
(cf. [1, §2.3] which in turn implies that the HN filtration of the tensor product of two ¢-modules
is given by the product filtration (op. cit. [Theorem 2.3.3]). Note that the analogous statement for
vector bundles on smooth varieties in characteristic zero is also true and is nontrivial as well (see
the introduction of [16, §1.7]).

Remark 3.3. The uniqueness of the HN filtration implies that it inherits any additional group
action that M may carry. For example, the ¢-submodules appearing in the HN filtration of a
(¢,T)-module are all (¢,T)-submodules (see Section 6).

Remark 3.4. The slope filtration theorem does not assert that the HN filtration splits. Of course,
we shouldn’t expect such a strong statement to begin with. However, a slope filtration gives a
replacement for a direct sum decomposition which is good enough for many purposes because of
the formal properties of slopes.

4 Classification over an extended Robba ring

The aim of this section is to construct the ring R appearing in the proof of Theorem 3.1 and
prove that semistable ¢g-modules over it are pure. We may think of R as a very rough analogue
of an "algebraic closure" of R. Our first task will be to explain what this should mean.

4.1 Difference-closed fields

We give a brief overview of difference-closed fields. This is an analogue of algebraic closure
for ¢-fields in the sense that we can solve polynomial ¢-equations. It will however be more
convenient to work with a different characterization (cf. [17, Lemma 14.3.3]).

Definition 4.1. A ¢-field F is called weakly difference-closed if every ¢p-module over F is trivial.
We say that F is strongly difference closed if it is weakly difference closed and inversive.

Remark 4.2. Note that being weakly difference-closed includes the property that short exact se-
quences of p-modules over F always split.

For the rest of this section, we make the following hypothesis. A field satisfying these
conditions will be constructed in the next section.

Hypothesis 4.3. Throughout this section, assume that ¢ is a relative Frobenius lift on R such
that @k is an automorphism of K. Also assume that x = kg is weakly difference-closed. This
implies that any extension of p-modules over k splits so that H' vanishes for any ¢-module over
K (cf. Lemma 2.13).

Remark 4.4.  Keep in mind that g is also isometric so that it reduces to an automorphism
of k. In other words, k is automatically strongly difference-closed.

e Using Lemma 2.21, we see that the hypothesis still holds if we replace ¢ by ¢ for some
integer a = 1.

Lemma 4.5. In Hypothesis 4.3, it is equivalent to ask that all étale p-modules over K be triv-
ial. This implies that any extension of étale p-modules over K splits since such extensions are
themselves étale by Proposition 2.50. In particular, H' vanishes for any étale p-module over K.
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Proof. If p-modules over k are trivial, then one can adjust the proof of [19, Satz 8.20] slightly
to show that étale p-modules over K are trivial. For the basis property one uses Nakayama’s
lemma and instead of the residue field being algebraically closed one uses that ¢, —1 is surjective
(cf. the proof of Corollary 4.10 for the surjectivity). Conversely, if étale p-modules over K are
trivial, then we can just lift a given ¢-module over « to a ¢-module over og. This gives rise
to an étale p-module over K which must admit a ¢-invariant basis by assumption. Hence the
@-module over x we started with is trivial. O

4.2 The extended Robba ring

We now construct the ring R using Hahn series. By a well-ordered set we mean a set equipped
with a total order such that any non-empty subset contains a least element. This is equivalent
to the requirement that any strictly decreasing sequence of elements of the set terminates after
finitely many steps.

Definition 4.6. Let R be any ring. The ring of Hahn series over R (with value group Q), denoted
R(uR), is the set of formal series 20 a;u' in some variable u over R with well-ordered support,
thatis, {i € Q : a; # 0} is well-ordered. R(u2)) becomes a ring by defining addition coefficientwise
and multiplication by the convolution product

(X xu) - (X yu) = (Y xy)ut.

i€Q JjeQ keQ i+j=k
This is well-defined because
* the set of k € Q admitting at least one representation as i + j where x;y; # 0 is well-ordered;
e for each k € Q, the number of representations of k as i + j where x;y; # 0 is finite.
The ring R(u®)) is a field if R is. See [17, Example 1.5.8].

Remark 4.7. If Y a;u’ € R(uQ) is nonzero, then its support is non-empty and hence contains
a least element. That is, R(u2)) comes equipped with a u-adic valuation v sending 2.0 a;u' to the
smallest i € Q with a; # 0. Note that R(u?)) is complete w.r.t. the u-adic valuation (the argument
is the same as for the ring of Laurent series). If R is a field, then the subring R(u2") of R(u®) of
series with support in [0, +00) is a local ring with maximal ideal generated by u and residue field
R.

Lemma 4.8. Let ¢ be an automorphism of R(u2)) of the form 2ico aiu’ — 2o or(a;)u? where
@R is some automorphism of R. Then the map 1 — ¢ is bijective on the set of series with constant
term zero.

Proof. Note first that if x € R(u2)) has constant term zero, then so does x - ¢(x). If x is nonzero,
then v(x) = j for some j € Q \ {0}. We have v(p(x)) = gj = qu(x) whence v(x) # v(p(x)). It
follows from the strict triangle inequality that v(x - ¢(x)) = min{quv(x), v(x)} # 0. In other
words, no series with constant term zero is mapped to zero so 1 - ¢ is injective.

Given x = Y xiu' € R(u?Q)), set

00 X . 00 _i1 .
Vo= %(xi)ulq/, y-=20 _4’R} (xiqf*l))ul
j=01i>0 i<0 j=0
Note that the sum over j is finite for each i in the definition of y_ since there are no infinite
decreasing sequences in the support of x. Hence both sums give well-defined elements of
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R(u2). Note also that applying ¢ to either series just causes the sum over j to start from j = 1
instead of j = 0. Set y = y, + y_. This series has constant term zero by construction. Using the
observation made before, we calculate

y=0() =y = o(y:) + y- = o(y-)
-0 .
== Z%) Pp(x)u'd - Z%) —gp(x;)u’
1> i<
=X - Xp.

This proves surjectivity. O

Remark 4.9. Obviously, the assertion of the lemma holds also for ¢ — 1, but note that it also holds
for1 - co for any c € R*. Indeed, we only need to replace pr by cor everywhere.

Corollary 4.10. For any c € k*, the map 1 - co on k(u®) is surjective.

Proof. Since g-modules over « are trivial by Hypothesis 4.3, there is a € k* which is invariant
under ¢! ¢,. This amounts to ¢,(a) = ca. We can therefore always write

(1~ cp)(x) = a”'(ax - ¢(ax))

so it suffices to prove the corollary in the case that ¢ = 1. Now the surjectivity of 1 - ¢ on
the series with constant term zero follows from Lemma 4.8. It remains to show that we can
also find a preimage of the constant term, i.e. that 1 - ¢, is surjective on . This follows again
from Hypothesis 4.3 since Ext(k, k) is trivial and can be identified with the cokernel of 1 - ¢,
by Lemma 2.13. O

Remark 4.11. The corollary implies that any extension of trivial p-modules over x(u®)) splits
since it implies that H* vanishes for any trivial p-module over k(u®)). In other words, any exten-
sion of trivial p-modules over k(u2) is trivial.

We are now ready to define the extended Robba ring R. We use the definition given in
[17, Definition 16.5.6] instead of the one in [16, Definition 2.2.4] since the former includes an
important erratum.

Definition 4.12. If r > 0 is a real number, we denote by R' the set of formal series Yo @it
with coefficients in K, satisfying the following conditions:

1. For all s € (0, r], we have lim;_, ,.o|a;je™ = 0
2. Foralls € (0,r] and all ¢ > 0, the set of i € Q such that |a;|e™" = c is well-ordered.

The union R = | J,.,R" is called the extended Robba ring (over K). Addition on R is defined
coefficientwise and multiplication by the usual formula. One sees that this is well-defined by
combining the arguments for R and the ring of Hahn series with coefficients in K. We denote by
RY and R™ the subrings of series with bounded and integral coefficients, respectively. On R”, we
define the r-norm | - |, by the usual formula

= sup{laile™™}.
. i€Q

Y au

)

This definition makes sense by (2.).
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R can also be constructed as follows. Let K (42)) be the field of Hahn series with coefficients
in K. On the subring of series with bounded coefficients, we can define for any r > 0 the r-
norm |- |, by the above formula. We can then take the completion with respect to |-|,. The
union over r > 0 of these completions gives the ring R (see the discussion after [17, Definition
16.5.6)).

Lemma 4.13. Iff € R, then f € R™ if and only if there exists j € Q and r > 0 such that W is
bounded by 1 under |- |, for all s € (0, r]. More generally, f € R if and only if there exists some
r > 0 such that f is uniformly bounded under |- | for all s € (0, r].

Proof. One only has to adjust the proof of Lemma 1.12 slightly. Instead of noting that con-
vergence implies that |a;le™™ > 1 only for finitely many i, one uses that the set of such i is
well-ordered and hence contains a minimal element (if it is nonempty). Everything else can be
copied. O

Lemma 4.14. Iff € R" and v’ < r, then f is uniformly bounded under |- |, for all s € [r’, r].

Proof. This is the analog of Remark 1.11. One needs to make the same adjustments as in the
previous lemma. O

Lemma 4.15. R is a Bézout domain. Its units are the nonzero elements of the discretely valued
field RP. The corresponding valuation subring is R™™. It is henselian with residue field x(u2).

Proof. See the discussion after [17, Definition 16.5.6]. The discrete valuation w on R is given
by the same formula as on RP. O

Just like R™, the discrete valuation ring R™ is not 7-adically complete. We denote the
m-adic completions of R? and R™ by £ and £™, respectively.

Definition 4.16. We equip R with the endomorphism

o(Y, ai) = 3 ox(a)ut.
i€Q i€Q
It is an automorphism because @y is bijective by Hypothesis 4.3. Moreover, it restricts to an auto-

morphism of R® and R™ since gx is an isometry.

Remark 4.17. The fact that ¢ : R — R is an automorphism makes the study of p-modules
over R much easier than that of p-modules over R. We also see directly that the discrete valuation

w on R is g-invariant and that |¢(f)|,/q = |f|, for any r > 0 and any f € R’

If we want any chance of deducing results for R from results for R, we need a p-equivariant
embedding R — R. This is the content of the following lemma.

Lemma 4.18. There exists a g-equivariant embedding iy : R — R. Moreover, for ry > 0 as in
Remark 1.18, it preserves r-norms for all r € (0, rp).

Proof. If ¢(t) = t4, then we can set /() = u and we are done. In general, we must work a
bit harder. We inductively construct morphisms ¢; : R — R for [ = 1, each of the form
V(T iez ait’) = Y ez aiu] for some u; € R™ such that the following conditions are satisfied:

1. |y, = |t|, for r € (0, ry).

2. Yi(p(x)) = p(Yi(x)) mod 7! R for all x € R™. It suffices to check this for x = ¢.
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If in addition the i; are compatible with the transition maps, that is, u;,; = u; mod mlRint
for any [ > 1, then we get an induced map ¢ : EM™ — £ between the projective limits
which is ¢-equivariant by (2.). Condition (1.) implies that { preserves r-norms for r € (0, ry)
(compare with the proof of Lemma 1.18) so i/ maps R™™ into R™. By localizing, we obtain
a morphism RP — RP preserving r-norms which then extendsto ¢ : R — R with all the
desired properties by continuity. Hence it remains to construct the ;.

Start with u; = u. Then condition (1.) is satisfied for all r > 0. Since ¢(t) = t¢ mod TR™,
we have

Ya(e(0) = ¥a(t9) = u? = p(u) = (Ya(r)) mod AR™.

Given ¥, u;, we need to construct u;,; with the desired properties. Our first goal is to construct
A € R with

o(r' D) - g’ Mu = (Ya((1)) - p(up)/u. (4.2.1)
Note that u; = ¢;(¢) so the right side of this equation, which we will denote by A’, is an element
of 'R by induction hypothesis. Write A’ = ¥ €0 a;u'. We first assume that g # 0 in . In this
case, q € 0y and we can adjust the construction in the proof of Lemma 4.8 as follows. Define
the twisted powers ¢}, n € Z, of g by the two-way recurrence

{o} _ 1,

q q{rH-l} _ (PK(q{n})q_l

The definition is made so that (g k)" = ¢'™ ¢ for any n € Z. If we now set y' = y, + y_
where

(o]

o {’}<p§<(a =% g Mo Nag)u,

then it is easily checked that ¢(y") - qy’ = ). aitt’ and that y’ defines an element of R™,
In fact, it is an element of 7/R™™ since a; € 7'og and ¢! ¢k is isometric. Hence it remalns to
construct a preimage of ay under ¢x - q. By Hypothesis 4.3, the étale p-module (K, g 1o :
K — K) is trivial. It follows that the map q ' i is surjective on o, i.e. there is y, such that
9 "ok(%0) - Yo = ¢ 'ap. Let y = ¥ + y. Then y € 7/R™ and A = 7~ 'yu satisfies (4.2.1).

Next, we construct A in the case that ¢ = 0 in kg, that is, ¢ € mok. In this case we cannot
quite make the same construction as above because q‘1 ¢ og. We can however make a similar
construction coefficientwise. Define the twisted powers ¢i"! of g as before. However, this time
we only need them for n > 0. Note that vg(g!™) = vg(g") = nug(qg) so that ¢i™ € n"ok. If
we set b; = ), ql }qz)]}j(aiqj) for i € Q, then the series converges m-adically for any i by the
previous observation and because ¢! is an isometry. In fact, b; € rlox for all i since this is
true for all the a;. Write 7'A/u = ZiEQ bju'. Then A € 'R and one checks directly that this
solves equation (4.2.1). This finishes the construction of A.

For any r € (0, rp), we have

-r

|‘P(ul)|r/q = |wl, = 1], = e’ and [Yi(e(2) |r/q loo( t)|r/q |t = e
On the right we use that ; preserves r-norms as noted in the beginning. It follows from
the triangle inequality that A’ has r/g-norm at most 1, using that |u],,
A = 2o biu', then |bjje™ < 1 for any i = 0 since A € R™. By (4.2.1) and the triangle
inequlity, we have

= e". If we write

| Al = (' A g = 1A + g’ Alul,yg < max{|A |y, [qr'Alyg} < max{1, [w' Aul,).

If we had |nlA/u|,/q > 1, then supieQ{|b,~|e’”/q} would have to be achieved for some i < 0 since
|b;| < 1. However, for i < 0, we have e™"' > ¢7"/4 which would lead to the contradiction

|7 A, < |7 A, < |7 AV,

r/q
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It follows that 7'A/u, < 1 or, equivalently, |7'A|, < e. Now set uj,; = u; + 7'A. Then

1], < max{|ul,, |7'A|,} is at most e™". On the other hand, we add in each step of the iteration
an element of 7R™ 50 the coefficient of u in u; always remains a unit in ogx. Hence |uy,4|, =
|u|, = e7". Combined with the previous observation this means u;,; satisfies (1.). For (2.), note
that

P(Y11(2) = plurt) = p(w) + p(r'A)

= Yi(p(t)) + gr'Aut™
= Yr1(p(t) mod £'TR™,

In the second line, we multiply both sides of (4.2.1) by u? = ¢(u) and reorder. The third line
requires a bit more work. Write ¢( t) ZIEZ ¢;t' with ¢; € mog forall i # g and ¢4 € 1+ mg.
Since uy.; = u; + 7'A, we see that clul+1 = c,ul mod 7R for i # q. For i = g, we have

q
q _ a9\ k; _Iavg-k _ q I -1 I+1 7 int
CqUj,q = Cq kZO (k) w (r' A" = cqul + g’ Au?™t mod xR,

noting that ¢; = 1 mod 7. This proves property (2.) and finishes the construction of the
morphisms . Since u,; = u mod 7!R™ they are compatible with the transition maps,

finishing the proof. 0

Remark 4.19. Note that by construction  maps R® and R™ into R® and R™, respectively. In
particular, if M is a pure p-module of some slope over R, then M ® R is a pure p-module over R
of the same slope since the representing matrix of the p-action does not change.

Lemma 4.20. The elements of R which are fixed by ¢ all belong to K.

Proof. Assume that x = )0 aiu' € R is fixed by ¢ and that a; # 0 for some i # 0. Then x is
fixed by ¢" for any n € Z and it follows that a;;» = gg(a;) for all n € Z. But this would consti-
tute a strictly decreasing sequence of elements of the support of x which does not terminate,
contradicting Definition 4.12. O

We have already seen that R satifies all assertions of Hypothesis 2.22, except possibly the
last one. Just like the other assertions, this is more or less a formality.

Proposition 4.21. Let A be an n x n matrix with entries in R™. Then the map v — v - Ap(v)
induces a bijection on (R/RP)".

Proof. Making some small adjustments and using Lemma 4.14 and 4.13 instead of Remark 1.11
and Lemma 1.12, the proof of Proposition 1.20 can be copied. O
4.3 The main result

We prove that semistable ¢-modules over R are pure. To do this, we need some auxiliary
results which we state here and prove in the following subsections.

Proposition 4.22. Let M, N be pure ¢-modules over R obtained by base change from K, with
u(M) > p(N). Then Hom(M, N) # 0.

Proof. The assumptions ensure that M"Y ® N is a pure ¢g-module obtained by base change from
K, with negative slope. Reformulating the proposition using H°, it is therefore equivalent to
show that if M is a pure ¢-module over R of slope (M) < 0 which is obtained by base change
from K, then H'(M) # 0. Write M = M, ®k R for some pure ¢-module M, over K. Write
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w(M) = p(My) = c¢/d with ¢, d € Z and d > 0. Since M is pure, there exists a K-basis such that
the representing matrix A of ¢y, has entries in 7”0 and 7°A is invertible over ox. This allows
us to view M as a space of column vectors with entries in R and g-action given by the matrix
A. Let A" n € Z, denote as usual the twisted powers of A. Choose any nonzero element
w € M, and any i > 0. The sum

v=Y oh(u'w)= Y u'T A" gk (w)
nez nez

converges in M because clearly no negative powers of u appear and
[T AT g (w)|

L < e AN w] < e 1T lw] — 0, n — oo,

for any r > 0. Hence v is a nonzero element of M which satisfies gp(v) = 3 ,.cz 03 (u'w) = v,
that is, ve€ H'(M). 0

Definition 4.23. Fix a uniformizer & € K. Let R(n) be the (pure) p-module - of rank 1 and degree
n € Z over R obtained by equipping R with the g-semilinear map n"¢ : R — R. We will use
R(n) for twisting and write M(n) = M ® R(n).

Proposition 4.24. Let M be a nonzero ¢p-module over R. Then H (M(~n)) # 0 and H{(M(-n)) =
0 forn > 0.

Remark 4.25. Note that H'(M(-n)) = Hom(R(n), M). In other words, the proposition ensures
the existence of a nonzero morphism of ¢-modules R(n) — M which is necessarily injective.

Proposition 4.26. For any s € Q, the base change functor induces an equivalence of categories
between the categories of pure ¢p-modules of slope s over K and over R.

Remark 4.27. The case that s = 0 implies that étale p-modules over R are trivial.

Proposition 4.28. Let N’ be a pure ¢"-module over R of rank 1 and degree 1, let P a pure
@p-module over R of rank 1 and degree -1, and assume that

0 — [n]'N’ M j2 0

is a short exact sequence of p-modules. Then H*(M) # 0.
These assemble to give the slope filtration theorem for R.
Theorem 4.29. Any semistable p-module over R is pure.

Proof. We proceed by induction on the rank. Since any ¢-module of rank 1 is pure by Remark
2.53, we are left with the induction step. Now assume that for n > 1 and any a = 1 every
semistable ¢ of rank at most n is pure. Let M be a semistable ¢*-module of rank n+1 and slope
¢/d over R. We need to show that M is pure. By Lemma 2.55, this is the case if and only if [d].M
is pure. Now [d].M is semistable by Corollary 2.41 so that we may replace M by [d].M and
assume that y(M) € Z. Since twisting preserves and reflects both purity and semistability (cf.
Corollary 2.57 and Lemma 2.33), we may then reduce to the case that y(M) = 0. To summarize,
we are now given a semistable ¢%-module M of rank n + 1 and slope 0 and we need to show
that M is étale. We assume hereafter that M is a ¢-module to simplify notation. Note again
that Hypothesis 4.3 is not disturbed if we replace ¢ by a power. Before proceeding, we prove
the following claim. It will be crucial in the argument.
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Claim. Suppose that Theorem 4.29 holds for all p-modules of rank at most n. If M is a pure ¢-
module over R and N is an arbitrary ¢-module over R with p(N) < p(M) and tk(N) < n, then
Hom(M, N) # 0. In particular, if M has rank 1, there is an injection of M into N.

Proof of Claim. We may assume without loss of generality that N is semistable by replacing it
with the first step of its HN filtration, if necessary. In this case, N is pure since Theorem 4.29
holds for ¢-modules of rank at most n. By Proposition 4.26, both M and N are obtained by base
change from K. If y(M) > p(N), then the claim follows from Proposition 4.22. If u(M) = u(N),
then MY ® N is an étale ¢-module over R, hence is trivial. It follows that 0 # H/(M" & N) =
Hom(M, N). Finally, if M has rank 1, then any nonzero R-linear map M — N is automatically
injective because N is torsion-free. O

Write M’ = [n].M. Then M’ is a semistable ¢"-module of rank n + 1 and slope 0 (Corollary
2.41). By the remark after Proposition 4.24, there exists ¢ = 0 such that M’ admits a pure
¢"-submodule N’ of rank 1 and slope c¢. Choose ¢ minimal with this property. Note that the
saturation of N” in M’ is also of rank 1 and slope ¢ so that we may assume N’ to be saturated.
We show that in fact ¢ = 0, i.e. that N’ is étale.

Suppose that ¢ = 2. We have u(M’/N’) = —¢/n < 0 < ¢ -2 = p(R(c - 2)). By the claim above,
M’/N’ has a ¢"-submodule which is isomorphic to R(c-2) (the ¢"-module of rank 1 and slope
¢ - 2 defined as above with ¢ replaced by ¢"). Denote the preimage in M’ of that submodule
by Q’. By tensoring with R(1 - ¢), we obtain from the short exact sequence

0 N’ o’ R(c-2) —— 0
the short exact sequence
0 —— N'(1-¢) — Q'(1-¢) — R(-1) —— 0

Applying Proposition 4.28 in the case n = 1, we see that H’(Q’(1 - ¢)) # 0. But then 0 #
H°(Q’(1-¢)) € H(M’(1-c)) so M’ would admit a pure ¢"-submodule of rank 1 and slope c¢-1,
contradicting the minimality of c.

Next, suppose that ¢ = 1 and write N = [n]"N’. By Corollary 2.64, N is pure of slope
¢/n = 1/n. The adjunction between [n]" and [n]. converts the inclusion N’ < M’ into a
nonzero map f : N — M. Since N is semistable (Theorem 2.62 (1.)), we have u(im(f)) < 1/n.
Note that the denominator of p(im(f)) is at most n because rk(N) = n. Hence we must either
have p(im(f)) =< 0 or p(im(f)) = 1/n. In the first case, H°(im(f)) = Hom(R, im(f)) # 0 by the
claim. In particular, 0 # H°(M) ¢ H°(M’). In the second case, im(f) has rank n so that f must
be injective. This leads to a short exact sequence

f

0 N M P 0

By Theorem 2.59, P is pure of rank rk(M) — rk(N) = 1 and slope -1 (cf. Lemma 2.30). Applying
Proposition 4.28, we again deduce that 0 # H°(M) ¢ H°(M’). This means that in either case we
have H°(M’) # 0 so that M” admits a pure ¢"-submodule of rank 1 and slope 0, contradicting
the minimality of c.

We conclude that ¢ = 0, that is, M" admits an étale ¢"-submodule N’ of rank 1. The quotient
M’/N’ is semistable of slope 0 (Lemma 2.43), hence étale by induction hypothesis. But then M’
must be étale as well by Theorem 2.59. We conclude by invoking Lemma 2.55 once more. []
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With some additional work one can deduce the existence of a decomposition of Dieudonné-
Manin type for ¢-modules over R. We will not need this explicitly and refer to [17, Corollary
16.5.8] for a proof.

Corollary 4.30. Every p-module over R can be split (non-uniquely) into a direct sum of standard
pure p-modules of various slopes (see [17, Definition 14.6.1] or Example 2.54). O
4.4 Construction of fixed vectors

We prove Proposition 4.24: If M is a nonzero ¢-module over R, then H(M(-n)) # 0 and
HY(M(-n)) = 0 for n >» 0.

Proof of Proposition 4.24. As usual, we view M as a space of column vectors with ¢ given by
multiplication with an invertible matrix A over R times the componentwise action of ¢. In
particular, ¢,/ is given by multiplication with ¢™'(A™") times the componentwise action of ¢~
We may choose r > 0 so that A and A~ both have entries in R". For d € Q.¢ and n = 1 to be
specified later, we define the following.

« Define the splitting function f7, f; as follows: Given x = } ;0 xul € R, set

fiG) =T xu and f()= X xu = x - fi(x).

i~d i<d
We extend the definition to vectors as usual. Once d is fixed, we write w* for f(w).
o Letg : M — M be the map
g(w) = 1" Ap(w*) + o {(x" A w).
We inspect |¢(f; (x))|, and |¢~'(f; (x))|, for x as above:

lo(f5 (), = sup{|xile "} < eI sup{|xile ™} = e "UT|x],;

i=d i€Q
_ _ —ri _ -1 —ri _ -1_
|7 (f7 ()], = sup{|xe”"9} < eTMT Y Sug{|xi|e M= e D,
i< i€

Of course, this generalizes to vectors so if we are given d, n, we have
lg(w)l, < max{|x| Al |x]"|p (AT, e N D} fw,

by the triangle inequality. If we can choose d, n such that the quantities in the maximum
are both strictly less than 1, then g is contractive towards zero. One checks directly that this
happens if

Je <n(— log|r|) + log|A|, gqn(-loglr]) - qloglAllqr) _
rig-1) r(qg-1)

The interval is nonempty if we take n sufficiently large because n(-log|z|) < gn(-log|z|) and
all other quantities appearing are constant. In particular, once we have one n > 0 for which
the interval is nonempty, then any m = n will work as well. Fix such an n and fix d € Q. in
the interval and define the map g as above.

We first show that H!(M(-n)) = 0, that is, the cokernel of 77 "Ag is trivial. Given w with
entries in R’, define the sequence {w;}.0 by wo = w and wy,; = g(w;) for [ = 0. The series

(wj - ¢ (" A7 w))) (4.4.1)

Mg

V =

Iy
S)
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converges under |- |, since w; and ¢”'(7"A 'w]) both converge to 0 under |- |, by choice of
n,d. We have |v|, < [w§ - ¢ (7"A"'wy)|, < [w|, and

v -1 "Ap(v) = g(w - o Y (n"A W) - mT Ap(w]) + W)
= i(wl - g(wy)) = i(wl “Wp) =Wo=W
1=0 =0

so that v is a potential preimage of w. A priori, we only know that the sum defining v converges
under |- [,, but the equation v = 77" Ag(v) + w implies that it also converges under |- |, since
1" Ap(v),w € R"4. Inductively, we see that the series defining v converges under |- |p/qm for
any m = 0 (cf. the proof of Proposition 1.20) so v has entries in R’. Hence H'(M(-n)) = 0.

We modify the construction slightly to show that H(M(-n)) # 0, that is, the kernel of
7 "Ap - 1 is nontrivial. Let w = (u¢,0,...,0) and construct v as in (4.4.1). Then define the
sequence {w/} ;.o by wj = w, wi = ¢! (7"A 'w{) and w},, = g(w}) for [ = 1. Since w = w*,
this means we just swap w* and w~ in the definition of g in the first step. Define the series

V= - (n"ATw) + ZZ((W?Y — ¢ (" AT (W])))):
-1
One checks that we have v/ — 77" Ap(v’) = w as before. However, |v|, = |w;| = |u¢|, whereas
V|, = [~ 1 (x" A wy)|, < [wo|, = |u?|,. Hence v — v’ is a nonzero element of H*(M(-n)). [

4.5 Twisted polynomials and their Newton polygons

We adapt the tool of Newton polygons to the setting of twisted polynomials. Some additional
care is needed to treat the case of polynomials over K and over x(u2) simultaneously. We
follow [16, §2.4], but some details are inspired by [15, §6].

Notation. Throughout this subsection, fix a real number s = 1, and let (F, vp) be a field equipped
with an automorphism ¢ = ¢p and a valuation vp for which it is complete and which satisfies
vr(@r(x)) = svp(x) forall x € F.

Definition 4.31. Leti € Z. If s =1, we set [i] = i. If s > 1, we set [i] = ssi_’ll. One checks that in
either case [0] = 0, [1] = 1 and [i + j] = [i] + s'[j] for all i,j € Z. Let P(T) = ¥, ;cz & T' € F{T*}.

Define the homogeneous Newton polygon Newtp of P as the lower convex hull of the set

{(=[il, vr(a@)) | i € Z}.

In other words, Newtp is the convex polygon which is largest in terms of value such that all points
(-], vr(a;)) lie on or above it. We refer to the slopes of this polygon as the homogeneous (Newton)
slopes of P and to the points where the slope changes as the breakpoints of Newtp. Clearly, Newtp
is finite only on a segment of finite length and when we talk about the Newton polygon of P, we
are really only interested in this part.

As in the usual theory of Newton polygons, the following definition will be crucial.

Definition 4.32. Forr € R and P(T) = Y. ;cy aiT' € F{T*}, set
vr(P) = min{op(a;) + r[i]}
i€Z

That is, v,(P) is the value at zero of the supporting line of slope r of Newtp. Note that v, satisfies
the strict triangle inequality, but it is not quite a valuation as it is only submultiplicative in general
(see below).
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Remark 4.33. The data of the Newton polygon of P is now equivalent to giving v.(P) for all
r € R. This is because the graph of a convex continuous function is determined by the positions of
its supporting lines of all slopes (see [17, Remark 2.1.7]). Intuitively, the breakpoints of Newtp are
exactly the points where several supporting lines of Newtp intersect.

Remark 4.34. Clearly, multiplying P by a nonzero element a € F just shifts the Newton polygon
vertically by vr(a). For m € Z, we have

o (T"P) = min{ vr(f'(ap) + rli + m]}
= min{s"vr(@) + r{m] + s"r(il}
= smmin{vp(@) + rlil} + r{m]
= s"0,(P) + r{ml.

So multiplying by a power of T results in a horizontal shift which moreover preserves slopes, but
the segments of a given slope may get longer or shorter (if s # 1).

The point of introducing Newton polygons is to find factorizations. This is what we will
do now. We start by analyzing the behavior of slopes in products of a special kind.

Lemma 4.35. For P(T) € F{T} and Q(T) € F{T"} such that v,(Q) = 0, we have v,(PQ) =
v (P) + vr(Q).

Proof. Write P(T) = Y, a;T" and Q(T) = ¥, b;T'. By definition of multiplication in F{T*},
we have

(POXT) =Y Y ap'(b)T* = Y o T .

keZ i+j=k keZ

Hence for any k € Z,
vr(er) = min{or(aig'(h))} = min{or(@) + s'or(by).
Choose i, ji attaining the minimum on the right. Note that for any i, j,

op(aip'(by) + rli + j1 = vp(as) + r[i] + s'(vr(by) + rlj])- (4.5.1)

Choose k with v,(PQ) = vp(cg) + r[k]. Then the above inequalities give

op(cr) + rlk] = vp(ay) + rlix] + s™(op(by) + rlik]) = 0r(P) + 0:(Q),
using that s = 1, i = 0 and v,(Q) = 0. This finishes the proof. O

Proposition 4.36. Let ry € R. Suppose that P(T) € F{T} and Q(T) € F{T '} are such that P has
constant coefficient 1 and all slopes < ry, and Q has constant coefficient 1 and all slopes = ry. Then
the set of slopes of PQ is obtained by taking the union (with multiplicities) of the sets of slopes of
P and Q.

Proof. P has all slopes = ry and constant coefficient 1. In particular, v,(P) < 0 for all r and
vr(P) = 0 whenever r > ry because in this range the lowest possible supporting line of slope r
through a vertex of Newtp must have right endpoint (0, 0). We have a similar relation for Q so
altogether,

r=rp = v,(P)=0,v,(0) <0

r<rn = vu(P)=<0,v,(Q)=0.
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The claim of the proposition can only be true if the slopes of PQ arise by taking first the slopes
of P and then the ones of Q because the slopes have to increase from left to right by convexity.
Since Newtpg is determined by the data of v,(PQ) for all r € R, it suffices to show that

v(P) r<n

v (PQ) = 0 r=rn

vu(Q) r>rn.
We use the notation from the proof of Lemma 4.35. If r < ry, take the smallest i with vp(a;) +
r[i] = v,(P). Note that v,(Q) = 0 in this range, so v,(PQ) = v,(P) + v,(Q) = v,(P) by Lemma
4.35. On the other hand, (4.5.1) equals v,(P) for j = 0 but is strictly bigger for any other pair k, [

with sum i. Hence v,(PQ) = v,(P) and we must have equality. This proves the cases r < ry and
r = 1p. The case r = ry is similar by choosing instead the smallest j with vp(b;)+r[j] = v.(Q). [

Remark 4.37. Conceptually, this means that to obtain the Newton polygon of PQ, one patches
together the Newton polygon of P and that of Q at the common vertex (0, 0).

We now prove a factorization result and examine afterwards when it can be applied.

Proposition 4.38. Let r € R and suppose that R € F{T*} satisfies v,(R-1) > 0. Then there exist
c € Fand P(T) € F{T}, Q € F{T '} such that vp(c - 1) > 0, P has constant term 1 and all slopes
< r, Q has constant term 1 and all slopes > r, and cPQ = R.

Proof. We inductively construct ¢; € F, P(T) € F{T} and Qi(T) € F{T"} for i = 0 with the
following properties:

1. min{op(c; - 1), v(P; - 1), v(Qi - 1)} = v(R - 1);

2. P; has constant term 1 and all slopes < r, and Q; has constant term 1 and all slopes > r;

3. U(R-¢PQ;) = (i+ D)ov(R-1).
Start by setting ¢y = Py = Qp = 1. These clearly satisfy all conditions. Given ¢;, P; and Q;, write
R - ¢iPiQi = } ez 1;T’. For convenience, write R* = 3, o ;T/ and R = 3, , ;T/. Now set

Civ1=Ci+r, Pui=Pi+R, Qu1=0Qi+R.
Clearly, P;;1 and Q;;1 have constant term 1. Condition (3.) ensures that v,(R"), v,(R7), vr(ro) =
U (Yjez i T') = ((i + 1) (R - 1). Hence, using (1.),
Up(Piy1 — 1) = 0(P; = 1+ R") = min{v,(P; - 1), v(R")} = v,(R- 1)

and similarly for ¢;;; and Q;,1. Next, we show that P;,; has all slopes < r. Note that the
condition on the slopes of P; is equivalent to saying that vs(P; - 1) > 0 for all s = r. We have,

fors=r,
Us(Pir1 — 1) = min{og(P; - 1), US(R+)}

= min{vy(P; - 1), v-(R")}
> min{0, v,(R-1)} =0
using in the second line that only positive powers of T appear in R*. Hence P;,; has all slopes

< r. Analogously, one shows that Q;,; has all slopes > r. To check that condition (3.) is satisfied
for cji1, Pis1, Qis1, Write

R- Ci+1Pi+1Qi+l = r()(l - PiQi) + (1 - CiPi)R7 +R+ - CiR+Qi + Ci+1R+R7

=A =B =C =D
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(NB: R - ¢;P;Q; = rp + R* + R7). Note that 1 - P;Q; = (1 - P;) + Py(Q; - 1) whence v,(1 - P;Q;) =
vr(R - 1) = 0 using the triangle inequality and Lemma 4.35. It follows from Lemma 4.35 and
the induction hypothesis that

0r(A) = vr(ro(1 = PiQy)) = vr(ro) + 0(1 = PiQy) = (i + 1o (R = 1) + v(R - 1) = (i + 2)v(R - 1).

Similarly, one shows that v,(B), v,(C) = (i +2)v,(R-1) (NB: C = (1 - ¢;)R; - ¢;R; (Q; — 1)). Since
vr(civ1) = 0, we also have

(D) = v(R{R;) = 2(i + 1)v,(R - 1),

using Lemma 4.35 and v,(R}), v-(R7) = (i + 1)v,(R - 1) by induction hypothesis. Altogether, we
have

Ur(R = ¢i41 P41 Qir1) =2 minf{(i + 2)v,(R-1),2(i + )v(R- 1)} = (i + 2)v,(R - 1),

as desired. This finishes the inductive construction of ¢;, P;, Q;. Condition (3.) implies that the
coeflicients of R - ¢;P;Q; tend to zero as i — oco. Hence c¢;, P;, Q; converge to limits ¢, P, Q with
the desired properties. Here we use that the induction procedure never introduces monomials
in T which don’t already appear in R. Therefore, the limits really are polynomials (and not
formal power series) in T, T™!. O

Remark 4.39. The proof given above is inspired by that of [15, Lemma 6.3.2] which is a bit easier
to follow than that of [16, Proposition 2.4.5].

Lemma 4.40. Write R(T) = Y., a;T". The condition v,(R - 1) > 0 is equivalent to the following
two conditions:

1. vp(ag - 1) > 0. In particular, ay € of;

2. The supporting line of slope r touches the Newton polygon of R only in (0, 0) and nowhere
else. In particular, r is not a slope of Newtg.

Proof. If v,(R - 1) > 0, then vp(a;) + r[i] > 0 for all i # 0 and vp(ay — 1) > 0. This implies that
vr(ag) = 0 whence v,(R) = 0. Hence (0, 0) lies on the Newton polygon of R and it is the only
point in which the supporting line of slope r touches Newtg. Conversely, conditions (1.) and
(2.) imply that vp(ap) = 0 and that vp(a;) + r[i] > 0 for all i # 0 since otherwise there would be
at least two points of Newty on the supporting line of slope r. Hence v,(R - 1) > 0. O

Remark 4.41. If R satisfies condition (2.), then we can apply the proposition to aj'R, i.e. the first
condition can essentially be neglected.

If R has at least two slopes r; < r,, then we can get into a situation where we can apply
the proposition as follows. Let (-[k], ax) be a breakpoint of Newtp, i.e. a point where the slope
changes. We may and do assume that it changes from r; to r;. In particular, for any r € (1, 1),

v (R) = min{op(a;) + r[i]} = vp(ar) + rlk]

and k is the only index realizing this minimum. In other words, the supporting line of slope r
touches Newty only in (-[k], vr(ax)) and nowhere else for any r in this range. If we can shift
this point to (0, 0) without changing the Newton polygon too much, then we can apply the
proposition. This is done by multiplying with a;! and then with T% from the left (the order
is important if s > 1!) using Remark 4.34. It follows that we get a factorization whenever we
have at least two slopes. This implies the following corollary.

Corollary 4.42. IfR(T) € F{T*} is irreducible, then it has only one slope. d
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4.6 Classification of pure p-modules

We show that k(u®) is strongly difference-closed. From this we can then deduce that the
categories of pure g-modules over x(u%) and over R of a given slope s are equivalent.

Notation. With the notation of the previous subsection, we let F = k(u9), s = g, vr the u-adic
valuation and gp an automorphism of the form 3o aul — 2o @(a;)ul’ for some automor-
phism ¢, of k.

Lemma 4.43. Let P(T) € F{T} be a polynomial over F with all Newton slopes equal to 0. Then
there exists x € oy such that P(¢r)(x) = 0.

Proof. Write P(T) = a,T" + a,-1T""! + - + aq. Since all Newton slopes of P are zero, we have
vr(aj) = vr(ag) = vp(ay) for all j. Dividing by a, we can thus assume that P has all coefficients
in of, constant coefficient 1 and leading coefficient in 0. This ensures that M = op{T}/op{T}P
is free of rank n over or. We equip it with multiplication by T from the left which defines a
¢-semilinear map ¢y : M — M. Its representing matrix has determinant +a, = +1 € o} so
that M is a ¢-module over op. Its reduction M = M/mgM is then a p-module over k = op/mp
and so must be trivial by Hypothesis 4.3. In particular, there is a nonzero v € M which is fixed
by scalar multiplication with T. Denote the reduction of P modulo mg by Q. Then

QT) - v =Q(p)V) = @np"(v) + - + @19(v) + dyv
=apV+ -+ aqv+ Qv

= Qe)1)-v

where () denotes the reduction modulo mp. However, multiplication with Q(T) is the reduction
of multiplication with P(T) which is zero on M. It follows that Q(¢)(1) - v = 0 which implies
that Q(¢)(1) = 0 in k since v # 0. Hence P(¢)(1) € my. Now note that for any x € mp,

vp((P - 1)(@)(x)) = vp(an@™(x) + - + a;¢(x))
> min{vp(a,) + ¢"vp(x), ..., vr(a;) + qur(x)}

> vp(x)

using in the last line that g > 1, vp(x) = 1 and vp(a;) = 0 for all j. In other words, (P - 1)(¢) is
norm decreasing on mp whence P(¢) = 1 + (P - 1)(¢) is bijective on my with inverse

¥ (D) P - 1)(p)*

k=0
by the geometric series. This means that we can find y € mg with P(¢)(y) = P(¢)(1). It follows
that x = 1 - y € o satisfies P(¢)(x) = 0, as desired. O

Lemma 4.44. Let P(T) € F{T} be a monic polynomial of degree n over F with all Newton slopes
equal to zero. Then there exist ay, ..., a, € oy such that P(T) = Hj'-lzl(T - aj).

Proof. By the previous lemma, there is x € oy such that P(¢)(x) = 0. Let a = ¢(x)/x. By the
Euclidean algorithm (cf. [18, §1.2]), P can be divided by Q(T) = (T - a) from the right, that is,
there are P/, R € F{T} such that P = P’ Q+R with R of degree zero. Since P(¢)(x) = Q(¢)(x) = 0,
we deduce that R = 0. By inspection of the equality P = P’Q, we see that P’ € op{T} is
monic with all Newton slopes equal to zero because the constant and leading coefficient have
valuation zero. The lemma now follows by induction. O
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Lemma 4.45. Every irreducible ¢-module over F is trivial.

Proof. Let M be an irreducible ¢p-module over F. Write M = F{T*}/F{T*}P for some monic
irreducible polynomial P(T) = T"+a, 1 T" '+ +ay € F{T}. By Corollary 4.42, P has only one
slope. Since the value group of F is Q, we can find b € F* with vp(b) = —(q-1)/(q"-1)vr(ao). The
polynomial Q(T) = b™! - 9" 1(b7')P(bT) is monic and irreducible because P is irreducible. It
follows that Q(T) also has only one Newton slope and by construction its constant and leading
coeflicient have valuation 0. Hence the only slope of Q must be 0. Since R(T) +— R(bT) is an
automorphism of F{T*} it follows that we can replace P by Q and assume that the only slope
of P was 0 to begin with. In this case P can be factored into linear polynomials by Lemma 4.44.
Since P is irreducible, this forces P(T) = T - a for some a € o0;. Now the equation ¢(x) = ax has
a solution x € oy by Lemma 4.43 so we conclude that M = F{T*}/F{T*}(T - a) is isomorphic
to F as a ¢p-module via Q + F{T*}P +— Q(¢)(x). O

Proposition 4.46. Every p-module over F is trivial, that is, x(u%)) is strongly difference-closed.

Proof. Any ¢-module over F can be written as a successive extension of irreducible ones using
a composition series. Now irreducible ¢-modules over F are trivial by the lemma above so
that it suffices to show that any extension between trivial p-modules over x(u2) splits. This
follows was already remarked after Corollary 4.10. O

To solve inhomogeneous ¢-equations over F, we introduce the following variation of the
homogeneous Newton polygon.

Definition4.47. Let P(T) = Y.,z a;T' € F{T*} be nonzero and z € F. Define the inhomogeneous
Newton polygon of the pair (P, z) as the lower convex hull of the set

{(=q', vr(@)) | i € Z} u {(0, vr(2))}.
The slopes of this convex polygon will be called the inhomogeneous (Newton) slopes of P.

Remark 4.48. Any slope of the inhomogeneous Newton polygon not involving the point (0, vp(z))
is just a multiple of a slope of the homogeneous Newton polygon. More precisely, any such slope
is q — 1 times a slope of the homogeneous Newton polygon. This is easily seen by comparing the
distances between —[i] and -[j] and between —q' and —¢’ for i,j € Z.

Proposition 4.49. Let P € F{T*} nonzero and z € F. If r € R occurs as a slope of the inhomo-
geneous Newton polygon of (P, z), then there exists x € F with vp(x) = r such that P(pr)(x) = z.

Proof. The proof is done by induction on the number of homogeneous slopes, ultimately re-
ducing the claim to Corollary 4.10 and its proof.

Since P is nonzero, the homogeneous Newton polygon of P consists of at least one vertex.
If it is only one vertex, then P(T) = aT™ for some m € Z and some nonzero a € F. The only
inhomogeneous slope is then the slope of the line connecting (-¢™, vp(a)) and (0, vp(z)) which
is ¢"™(vp(z) - vp(a)). Let x = @z™(a 'z) € F. Then x satisfies P(¢F)(x) = ap™(x) = z and has
u-adic valuation vp(x) = g™ (-vr(a) + vr(2)), as desired.

Next, we treat the case that P has exactly one homogeneous slope. By the same calculation
as above, we see that multiplying with some power of T doesn’t affect the problem so we may
assume that P(T) = Y./, a;T' € F{T} with nonzero constant term. After multiplying by a;, if
necessary, we may then assume that ay = 1. Choose b € F with vp(b) = -vr(an)/(¢™ - 1) and
consider Q(T) = b'P(T)b = 3.7 a;ib 1 pk(b)T' € F{T}. Since P has only one homogeneous
slope, the same is true for Q. Moreover, the constant coefficient of Q is still 1 and its leading
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coeflicient has u-adic valuation zero by choice of b. Hence the only homogeneous slope of
Q is zero. Assume we were able to find x’ € F with Q(¢r)(x’) = b 'z. Let x = bx’, then
P(pr)(bx’) = bQ(¢r)(x") = z. Now note that x has exactly the right u-adic valuation since
any inhomogeneous slopes of (P, z) is vr(b) plus an inhomogeneous slope of (Q, b™'z). Hence,
after replacing P by Q if necessary, we may assume that the only homogeneous slope of P is
zero. Then P can be factored into linear polynomials by Lemma 4.44. Assume that P = P, P,
where P(T) = T - a; with a; € of. If we can solve P;(¢r)(y) = z and Py(¢r)(x) = y, then
P(pr)(x) = Pi(pr)(P2(@r)(x)) = Pi(@r)(y) = z (NB: of course, one needs to check that x has
the desired u-adic valuation, but we will see a similar argument later so we omit it here). By
induction on the number of factors, we may thus reduce to the case that P(T) = T - a for some
a € oy. In this situation, the inhomogeneous Newton polygon of (P, z) has either one or two
slopes. If vp(z) = 0, then it consists of a segment of slope 0 from (-g, 0) to (-1, 0), followed
by a segment of slope vp(z) from (-1,0) to (0, vp(z)). If vp(z) < 0, then it consists only of a
segment of slope vr(z)/q from (-g,0) to (0, vr(z)). By Lemma 4.43, there is xy € oy such that
@r(xp) = axy. Assume we could find x; € F with vp(x;) = r and @r(x;) - x; = (axy)'z. Then
X = xox; satisfies vp(x) = vp(x;) = r and

or(x0x1) - axoxi = axo@r(x1) - axox; = axo(axy) 'z = z.

Since (T - 1, (axp) 'z) and (T - a, z) have the same inhomogeneous Newton polygon, we may
therefore assume that a = 1. By Corollary 4.10, the map ¢r — 1 is surjective on F so we can find
x € F with P(¢p)(x) = gp(x) - x = z. If vp(z) < 0, then vp(z) = vp(@p(x) — x) = qur(x). Hence
vp(x) = vp(z)/q. If vp(z) = 0, then the construction in the proof of Corollary 4.10 actually
shows that vp(x) = vr(pr(x) - x) = vp(z). If vp(z) > 0, then r = 0 is also an inhomogeneous
slope of P. In this case, choose x” € F with vp(x’) = vp(z) > 0 and @p(x’) — x” = z. The element
x =1+ x" € F has u-adic valuation 0 and satisfies ¢p(x) - x = pp(x’) - x" = z.

We are left with the induction step. That is, we assume that the proposition holds for any
Laurent polynomial with at most n = 1 homogeneous slopes. Assume that P(T) = Y., a;T" €
F{T*} has n + 1 homogeneous slopes r; < r; < - < ry.1. Let (-[m], vr(an,)) be the breakpoint
between the segment of slope r, and the segment of slope r,.;. As seen at the end of the
previous subsection, v,(T"™a;,!P - 1) > 0 for any r € (ry, ry+1)- It follows from Proposition 4.38
that there exists ¢ € F with vp(c - 1) > 0, P’ € F{T} with all slopes < r, and Q € F{T™} with
all slopes > r such that T""a,!P = cP’Q. We may rewrite this as P = a,, T™cP’Q. By the case
treated in the beginning, we can ignore the factor a,,T™c and hence assume that P = P’Q. By
Proposition 4.36, the homogeneous slopes of P” are ry, ..., r, and Q has only one homogeneous
slope, namely r,.1. If r € R is an inhomogeneous slope of (P, z), then there are two possible
cases to consider. Note that (0, 0) is a breakpoint of the homogeneous Newton polygon of P so
(-1, 0) is potentially a point of the inhomogeneous Newton polygon of (P, z).

Case 1: If r < (g - 1)ry, then r is also a slope of the inhomogeneous Newton polygon of
(P’, z) because it must either be (q—1)r; for some 1 < i < n or the slope from (-1, 0) to (0, vr(z)).
By the induction hypothesis, we can find x” € F with vp(x’) = r and P’(¢r)(x’) = z. Since
r < (q - 1)rp41, the inhomogeneous Newton polygon of (Q, x”) consists of a single line of slope
r from (-1, 0) to (0, vp(x”)). Hence we may find x € F with Q(¢F)(x) = x’. It follows that

P(¢r)(x) = P'(@p)(Qer)(x)) = P'(¢r)(x') = z.

Casg 2: If r > (g - 1)1y, then (-1, 0) lies on the inhomogeneous Newton polygon of (P, z)
because r could only possibly be the slope on the segment from (-1, 0) to (0, vr(z)). Hence
the inhomogeneous Newton polygon of (P, z) certainly has a segment of slope vr(z). By the
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induction hypothesis, there is x* € F with vp(x’) = vp(z) and P(¢p)(x’) = z. Note that the
inhomogeneous Newton polygon of (Q, x") is the same as that of (Q, z) so that both must have
a segment of slope r. Hence we can find x € F with vp(x) = r and Q(¢r)(x) = z. Then
P(pr)(x) = z as before. O

Remark 4.50. Note that there is seemingly a contradiction here. For example, if vp(z) = 0 and
@ is the identity on k, then the equation ¢p(x) — x = z cannot be solved since the left side of
the equation has constant term 0 whereas the right side does not. This can not occur under the
assumption of Hypothesis 4.3 because k equipped with the identity is not a strongly difference-
closed ¢-field (cf. [17, Remark 14.3.2]).

Proposition 4.51. Let A be an n x n matrix with entries in R™. Ifv € £" satisfies Av = ¢(v),
then v € (RP)".

Proof. We note that as in Lemma 1.9, £ is the ring of series Y| icg aiu’ with coefficients in ox
such that for any ¢ > 0, the set of i € Q with |a;| = c is well-ordered and lim;_,_« vk (a;) = 0.

Rescaling by a factor of u as in the proof of Proposition 4.21, we may assume that the
entries of A are bounded by 1 under |-|,. Moreover, we may assume that v has entries in ™
by replacing v, A by n"v, Ap(x")/x", if necessary. To show that v in fact has entries in Rint,
we only need to see that v has entries in R*® for some s > 0 because then v has entries in
R n ENt = RN Write v = Y1 Dico Ciju'ej and Av = ¥ j = 1" Yo dyju'e; where ey, ..., e,
denote the standard basis vectors. We first prove the following.

Claim. |c;u'|, < 1 for all i,j, that is, |v|, < 1.

Proof of Claim. Assume that |v|, > 1. Then also |¢"}(Av)|, = |v|, > 1. Since v = ¢ 1(Av)
has coefficients in ok, any pair (i,j) with [¢p7'(d;u’)|, > 1 satisfies i < 0 and this quantity
becomes bigger as i decreases. By well-ordering, the supremum |¢~1(Av)|, is attained, i.e. we
may choose i,j with |¢~!(d;u’)|, = |¢"'(Av)|, > 1. Since i < 0, this gives the contradiction
v], = |¢_1(AV)|r = |(p_1(dijui)|r = |cijui/q|r < |Cijui|r S\ O

To prove that v has entries in R, we need to show that |cijle”™ — 0as i — —oo as the same
will then be true for any s € (0, r]. From the equation Av = ¢(v), we deduce that

Vg = [0, = [AV], < [v],

because |A|, = 1. It therefore follows from the claim that |c,-jui|rq < 1 for all i,j. By induction,
we get |Cijui|rqn < 1for any n = 0 and all i,j. But this is only possible if |c;le””" — 0 since
|ui|rqn = ¢4 — oo as i — —oo for any given n = 0. This finishes the proof. O]

Remark 4.52. For invertible matrices A over R™, we can also deduce from an equation of the
form A@(v) = v that v has entries in R® by applying the proposition to the equation p(v) = A™'v.
This implies that the base change functor from étale g-modules over R to étale p-modules over

E is fully faithful (cf. the proof of Proposition 2.48).

Corollary 4.53. Let ¢ be any relative Frobenius lift on R, and let A be an n x n matrix over R™™.
Ifv € E" satisfies Av = ¢(v), then v € (RP)".

Proof. Follows immediately from the proposition since all inclusions are well-behaved. O
Remark 4.54. As above, this implies that the base change functor from étale p-modules over R?

to étale p-modules over & is fully faithful.
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We can now prove Proposition 4.26: The categories of pure ¢-modules over K and over R
of a given slope s € Q are equivalent.

Proof of Proposition 4.26. We check full faithfulness first. Recall that by Lemma 2.55, a ¢-module
M over R or K is pure of slope s if and only if [a].M is. So by twisting and using the fact that
[a]. commutes with tensor products, we may reduce to the case that s = 0. As in the proof of
Proposition 2.48, we can then formulate the claim in terms of H 0 so we must show the follow-
ing: Given an étale p-module M, over K, we have H(M,) = H*(M, ®x 7~€) But Mj is trivial by
Hypothesis 4.3 so that My ®x R is also trivial. Hence what we need to show is that a vector
with entries in R whose entries are fixed by ¢ must actually have entries in K. This follows
from Lemma 4.20.

To prove essential surjectivity, we again reduce to the case that s = 0. Since étale p-modules
over K are trivial by Hypothesis 4.3, we need to show that étale p-modules over R are trivial.
Let M be an étale p-module over R. It is obtained by base change from an étale ¢-module over
Rb (Proposition 2.48). We denote this ¢-module by M again. The base extension M=¢E ®50 M
of M to € is an étale p-module over £. Choose some basis of M such that gy acts on M by
an invertible matrix A over R™. Note that the residue field of € is x(u2) which is strongly
difference-closed by Proposition 4.46. Now & is mg-adically complete so by the same argument
as in the proof of Lemma 4.5, we can find a basis invariant under ¢;;. This basis consists of
vectors v with entries in € satisfying Ap(v) = v. By Proposition 4.51, applied to the equation
Alv = @(v), these vectors must have entries in R" and hence correspond to elements of M. It
follows that M is trivial, as desired. O

4.7 The local calculation

We make the explicit calculation proving Proposition 4.28. To do this, we first translate the
proposition into certain ¢-equations.

Definition 4.55. Denote by R the set of elements of R whose support has a least element. This
forms a subring of R which carries a u-adic valuation v. By an argument as for the ring of formal
Laurent series over a field, we see that R" is u-adically complete.

Remark 4.56. Note that an element x = Y, e a;u' € R whose support has a least element j € Q

such that |a;| < |a;| for all i € Q is a unit in RY. This is clear because any such element must lie in
RY, but another way ofseelng this is to reduce to j = 0 and ay = 1 by multiplying with a; Y. In
thls case we can construct x™' by the usual geometric series argument. It follows that any element
which is invertible over R™ must be of this form. The upshot is that (R™)* ¢ R® so we can apply
the valuation w to such elements.

Lemma 4.57. Let P be a p-module over K of rank 1 and degree n > 0, and fix a generator v of P.
We have the following:

1. For any x € R™ with support in [0, +oo), the class of xv in H'(P ®x R) vanishes;

2. Each class in H'(P e R) has a representative of the form Z]’Col u;v, where for each j, either
u; =0, oru; € (R, w(u;) = j, and v(u;) < 0.

Proof. (1.) It is equivalent to show that the class of any element x € R with support in [0, +o)
vanishes in H'(R(n)), that is, x = y - 7"¢(y) for some y € R. Here 7 € K is some uniformizer,
as usual. Define the twisted powers 7{’}, i > 0 by the recurrence

7[{0} =1, ﬂ,{i+1} _ (PK(ﬂ{i})ﬂ'n-
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Write x = Y, xiu' € RY. Since the map 1 - 7"k is surjective on K by Hypothesis 4.3, the
class of x is equivalent to the class of x, = ), x;u’. Since x, has no constant term, the series
y = 2%, mtitpi(x,) converges in R and it is easily seen that it satisfies y - 77¢(y) = x,. Hence
the class of x, in H'(R(n)) vanishes, as claimed.

(2.) As in (1.), we can reformulate the assertion for classes in H!(R(n)). By (1.), we can always
find a representative of the form x = Y,_, x;u’. We only sketch how one can find a represen-
tative of the desired form in a special case. The full calculation can be found in [14, Lemma
4.3.2]. Let [ € Z and assume that w(x;) = [ for all i < 0 with x; # 0. The conditions on elements
of R then imply that the support of x has a least element. As all coefficients of x have the same
valuation this implies that x is a unit in R" by the previous remark. Let m € Z be the unique
integer such that [ + mn € {0,...,n - 1}. Then x and x’ = 7™"¢"(x) represent the same class
in H'(R(n)) and x’ is of the desired form (where we set u, m; = x” and u; = 0 for all other j).
The general case uses a clever iteration of this idea (NB: in places where minima are chosen,
use the well-orderedness condition instead). O

The sequence in Proposition 4.28 is isomorphic to one of the form

0 —— [n]'N’ E, P 0

where E, = P ® [n]'N’ with the ¢-action given by ¢g,(n, p) = (@[~ (n) + aco@p(p), @p(p)) for
some class a € Ext(P, [n]'N’) = H'(P" ® [n]'N’). The snake lemma yields an exact sequence

HYE,) —— H'(P) —— HY([n]'N)

To prove the proposition, it suffices to show that the first map has nonzero image. By exactness,
this is equivalent to showing that § has nonzero kernel. Going through the construction of 6,
we see that in our situation it is given by pairing with the class «, that is,

H°(P) 3 p —— (p) = a(p) + im(gpupnr — 1) € H'([n]'N).

Under the identifications H'(PY ® [n]'N’) = HY([n]'([n].P" ® N’)) = HY([n].P" ® N’) and
HY([n]'N’) = HYN’) (cf. Lemma 2.20 and 2.21) this can also be viewed as the composi-
tion of H(P) — H°([n].P) with the map H°([n].P) — H!(N’) given by pairing with a €
HY([n].P¥ ® N’). If the class of « vanishes, then we are done because H°(P) # 0 by Proposition
4.22 and 4.26. We assume hereafter that @ does not vanish.

Notation. By Proposition 4.26, P and N’ are obtained by base change from a ¢-module Py and
a ¢"-module Nj over K, respectively. These have rank 1 so we may choose generators v.and w
and define A, ;1 € K* by gp(v) = Av and gn-(W) = pw. We view P as R equipped with the ¢-
semilinear map Ap and N’ as R equipped with the ¢"-semilinear map p¢". Set Qy = [n].Py ® N§
and Q = [n].PY @ N’ = Q) ®x R. We write v" for the generator of PV dual to v and let x be
the generator v ® w of Q. Define the twisted powers ™ and p{™ of A and yi by the two-way

recurrences
A0 =g Atm o tmA and (O = 1t 2 en (i,
We then have o' = M\™ o™ and off, = p{™ ™™ for all m € Z.

By Lemma 4.57, we can represent the class « € H'(Q) by a nonzero element of Q of the
form 2;120 ujx where each u; is either zero or a unit in R" with w(y;) = j and v(u;) < 0. The
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map § : H(P) — H'(N’) is then given by pv Yo wipX. Viewing everything in R, the

proof of Proposition 4.28 therefore amounts to finding x, y € R solving the two equations
n
Ap(x) - x =0, Z uix = pe"(y) - y.

(The first equation translates to x € H°(P) and the second translates to 5(x) € H'(N"))
Proposition 4.58. The equations above can be solved over R.

Proof. We follow the proof of [13, Lemma 4.12]. For j € {0,..., n} such that u; # 0, [ € Z and
m € (0, +o0), define

e(j, I, m) = (v(u;) + mq"l)q"”(7+l).

If we fix j, m, then we make the following observations:
« e(j, [, m) approaches 0 from below as [ — +oo;
« ¢e(j,l, m) tends to +o0 as [ — —oo.

In particular, the minimum h(m) = min; ;{e(j, [, m)} is well-defined. The function h : (0, +o0) —
R is clearly continuous. In fact, it is piecewise linear since it is the minimum of linear functions
in m. Moreover, it is strictly increasing because e(j, [, m) is strictly increasing in m. Observe
that e(j, [ + 1, gm) = q "e(j, [, m) whence h(qm) = g "h(m). Since v(u;) < 0, we have h(m) < 0
for m sufficiently small. It follows that h(¢/m) = q"h(m) < 0 for all j € Z so that h only
takes on negative values. Altogether, h is a continuous increasing bijection (0, +00) — (—00, 0).
Another way of interpreting this is as follows. Let H be the lower convex hull of the set of
points
(=g DL gm0 D y(y)) | j = 0,...,nand [ € Z}.

The point corresponding to (j, [) lies on H if and only if there is some r € R such that the value
of the supporting line of slope r of H is ¢ "U*Dv(u ;) + 1q “m=(n)l which is nothing other than
e(j, I, r). In fact, this is the case if and only if e(j, [, 7) = h(r). In other words, if r € R is a slope
of H, then r is a breakpoint of h and vice versa.

Now choose r € (0, +c0) at which h changes its slope, i.e. r is a slope of H. Let T be the
set of all ordered pairs (j, [) such that e(j, [, ) < 0. This is an infinite set because e(j, ,r) < 0
for infinitely many [ = 0. However, for fixed j, the possible values for I such that (j,I) € T
are bounded below because e(j, [, r) tends to +o0 as | — —co. We denote by S the subset of T
consisting of those pairs (j, [) with e(j, I, 7) < ¢""h(r). For fixed j, the possible values for I such
that (j,I) € S are again bounded below, but they are also bounded above because e(j, [, r) <
q "h(r) < 0 only for finitely many [ = 0 since e(j, , r) tends to 0 as I — +oo. That is, S is a finite
set. For any pair (j, I), set s(j, [) = [logqn(h(r)/e(j, L)l

Claim. The following assertions are true:
1. For(j,I) € T, we have s(j,1) = 0
2. For(j,l) € T, we have e(j, I, r)q”s(j’l) € [h(r), g *h(r)).
3. We have (j,1) € S ifand only if (j, 1) € T and s(j, ) = 0

4. For any ¢ > 0, there are only finitely many pairs (j,I) € T with s(j,[) < c.
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Proof of Claim. (1.) For (j,I) € T, we have h(r) < e(j, l, r) < 0 so that h(r)/e(j, I, r) = 1.

(2.) We have e(j, 1, r)g™0" > e(j,1,r) = h(r) by (1.). This gives the lower bound. Moreover,
e(j, 1, r)g™) < e(j, I, r)h(r)/e(j, I, r) = h(r) < g""h(r) since h(r) < 0 and g™" < 1. This gives the
upper bound.

(3.) If (j,]) € S c T, then e(j,I,r) < g "h(r). It follows that h(r)/e(j,l,r) > q" so that s(j,I) =
[logq h(r)/e(j,1,r)] < 1. Since s(j,I) = 0 by (1.), we deduce that s(j,I) = 0. Conversely, if
s(j, I) = 0, then log ., h(r)/e(j, [, r) must be at least 0, but strictly smaller than 1. It follows that
h(r)/e(j,1,r) > q", as desired.

(4.) For fixed j, the possible values for I such that (j, /) € T are bounded below so it suffices
to show that s(j, [) < ¢ only for finitely many [ > 0. Since h(r) is independent of [ and e(j, L, r)
tends to zero from below as [ — +o0, we have s(j, [) = [logqn h(r)/e(j, 1, r)] — +oo for [ — +oo,
This gives the desired result. O

For ¢ € R, let U, be the set of z € R n R™ with v(z) = c. For any c, the set U, is 7-adically
complete because the support of elements in U, is bounded below. That is, we got rid of the
sequences that show that R is not r-adically complete. For z € U,, define the function

Rz)= 3 pl 0l uatple))
(U.DeT

To see that this series converges r-adically, we compute the 7-adic valuation of each summand.
w(/l{’j’“s(]'sl)}(p’n(j*l’s(i’l)(uja{*l}(pfl(z)))
= w(ptI 0Dy 4 w(u)) + w1 w(2)
= (=J = L+ sG. D)wlp) +j + (=Hw(A)
=—j=l+sG,D)+j+1=s(,1)
Here we use multiple times that w is ¢-invariant and the definitions of u;, 4 and p. Hence the
series converges rr-adically by (4.) and because the term in brackets lies in R". In fact, we can

show that it lies in Uj,). To see this, we check that each summand has u-adic valuation at least
h(r). We ignore the twisted powers of y and A since these don’t change the u-adic valuation.

o(p "D (4071 (2))) = g 0D (o(wy) + g7 o(2)
= q"s(j’l) e(j, l, U(Z))
= ¢"0Ve(j, 1, ) = h(r)

where the final estimate holds by (2.). If we reduce R(z) modulo 7z, we get

Rz = 3 pT 00wt (2)
G.hes
_ Z ﬂ{_j_l} (p—n(j+l)(ujll{—l})(p—nj—(n+l)l(z) mod 1.

G.hes
This is because s(j,[) = 0 for all (j,I) € S by (3.) and s(j,I) = 1 for all (j,I) € T\ S by (1.)
and the definition of s(j, [). Note that the values —nj — (n + 1)[ are all distinct because j runs
only through {0, ..., n}. Hence the summands in the bottom line are all distinct monomials in
¢(z). Since S is finite, we may therefore write this sum as Q(¢)(z) for some Laurent polynomial
O(T) € x(ul){T*}. Let w € Upn(r) be arbitrary. By construction, the inhomogeneous Newton
polygon of (Q, w) is the lower convex hull of the set of points

{(~q VL gD o) | (, 1) € S} u {(0, v(w))}.
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We claim that it has a segment of slope r. To see this, consider the line y = rx + h(r). Since
e(j, 1, r) = h(r), the point corresponding to (j, [) either lies on or above this line, depending on
whether e(j, [, r) = h(r) or e(j, I, r) > h(r). Moreover, since v(w) = h(r), the point (0, v(w)) also
lies either on or above this line. Since H has a segment of slope r, there must be at least two
pairs (j, [) which lie on the line. Now by definition any such pair must lie in T. In fact, these
must be precisely the pairs in S by (2.) and (3.). Hence the inhomogeneous Newton polygon of
(Q, w) indeed has a segment of slope r. By Proposition 4.49, there exists z € U, with v(z) = r
and Q(¢)(z) = w, thatis, R(z) = w mod 7. Note that if R(z) = w + 7w’, then the support of w’
must also lie in [A(r), +o0) so W" € Uy(,). By iteration, we conclude that the image of U, under
R is dense in Uy, with respect to the m-adic topology. Since U, is complete, it follows that U,
surjects onto Up(,). Choosing w = 0 € Uy, there is zy with v(zy) = r and R(z) =0 mod 7. In
particular, z; is nonzero modulo 7. We may then choose z; € U, with R(z;) = R(zy)/7 and set
z=2zy—mz. Then z = zy # 0 mod 7 and hence is nonzero, but R(z) =

Claim. The element
Y opl(zv) = ¥ Ao z)v € HO(P)
lez lez
pairs to zero with the class of a, that is, 3,7y 3 jez ujxl{"}qo"(z) € im(ug" - 1).

It can be shown that the series Y., A" ¢7!(2) converges in R using that~qo’l (z) has support
bounded below (NB: v(¢~!(2)) = ¢"'v(2) = ¢”'r) and 7-adic completeness of R™ n RI™, We have

do(Y M o72) = 3 e e (z) = T AT () = 1 Aol (2)),
leZ leZ

leZ. leZ.

This proves that )., M-l l(z)v € HO(P). Now write

zz Aol = Y wdl e+ Y wal e (z)
(,)eT

Jj=01leZ U.heT
and denote the two series on the right by A and B, respectively. Recall that z was chosen such
that v(z) = r. It follows that v(¢~!(2z)) = rq™\. For (j,I) ¢ T, we have e(j,l,r) = 0 which is

equivalent to v(u;) = -rq”!. Hence v(ujqo’l(z)) = 0 for all (j,]) € T so that the class of B is zero
in H'(N’) by Lemma 4.57 (1.). It remains to show that the class of A is also zero. Set

J+l=s(.D)-1 ) ) ) )
a= z 2 ,Ll{k_j_l+s(]’l)}q)n(k_j_lﬂ(]’l))(uiﬂ{_l}qD_l(Z)).
G,h)eT k=0

It can be shown that this series converges as well (cf. the end of the proof of [13, Lemma 4.12]).
Claim. We have a - u¢p™(a) = R(z) -

We are done if we can prove this claim since R(z) = 0 by choice of z and the claim then
implies that the class of A is zero in H'(N’). Note that applying p¢" to a has the same effect
as letting the sum over k, for given (j,I) € T, run from k = 1 to k = j + I - s(j, [) instead. In
particular, for given (j, [) € T, the sum over k in a — p¢"(a) telescopes, leaving the summand
corresponding to k = 0 minus the summand corresponding to k = j + [ - s(j, [), that is,

y{—j—l+s(j,l)}(P—nj—nl+nsU,l)(ujA{—l}(p—l(z)) _ /1{—1} quD_l(Z).

This is exactly the summand corresponding to (j, [) in R(z) — A. O
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5 Faithfully flat descent

In this section, we finish the proof of Theorem 3.1 by constructing the field extension of K
demanded in Hypothesis 4.3 and then descending the result of Theorem 4.29 back down to R.

5.1 Construction of a coeflicient field

We go back and construct the field demanded in Hypothesis 4.3. To simplify some statements,
we make the following definition. It will only be used in this subsection.

Definition 5.1. Suppose that K is inversive. An admissible extension of K is a field extension L
of K, complete for a nonarchimedean absolute value extending the one on K with the same value
group, and equipped with an isometric field automorphism ¢, extending ¢k.

Remark 5.2. If we are given K as in Section 1 which is not inversive, then we can embed it into
its g-perfection. This is the completed direct limit of the direct system K — K — ... where the
transition maps are all pg. It is an inversive @-field which shares all the properties of K we need
(cf- [17, Hypothesis 14.4.1]). In other words, the assumption that K is inversive is not a problem
because we can simply replace K by its @-perfection, if necessary.

For K as in the above definition, we now construct an extension with strongly difference-
closed residue field. We need two preliminary results.

Lemma 5.3. For any z € K*, there exists an admissible extension L of K such that the equation
@r(x) — x = z has a solution x € L.

Proof. For p > 0, consider on the polynomial ring K[x] in the variable x over K the p-norms.
That is, [3},.0 anx"|, = maxn=o{|an|p"} which extends to the rational function field K(x) by
multiplicativity. Choose the normalization p = |z| € |[K*| and complete K(x) with respect to
|-|,- We obtain a complete nonarchimedean valued field L whose absolute value extends the
one on K. Since K(x) is dense in L, it suffices to define the value of ¢; on the variable x. Set
¢r(x) = x + z. Then ¢, is an isometry since |gL(x)|, = |x + 2|, = |x|, by construction. Hence L
is an admissible extension of K and x € L is a solution of the equation. O

Remark 5.4. This means in particular that if we are given an extension of trivial p-modules
over K, then the extension splits if we extend scalars to a suitably large admissible extension of K
(Lemma 2.13).

Lemma 5.5. Let P(T) = T" + a, 1 T" ' + -+ + ay be a twisted polynomial over ox with |ag| = 1.
Then there exists an admissible extension L of K such that the equation P(¢r)(x) = 0 has a solution
X €0].

Proof. We repeat the previous construction with more variables. Let L be the completion of the
rational function field K(yy, ..., y,-1) under the Gauss norm normalized such that the variables
Y0, ---» Yn-1 all have norm 1. Extend ¢ to an isometric automorphism ¢y, of L by setting ¢r(y;) =
Yipp fori=0,...,n-2and @r(yp-1) = —@n-1Yn-1 — - — aoyo- Then

P(orL(y0)) = (PZ(YO) + an-lfpf_l(yo) + e+ 9 Yo
= =Ap-1Yn-1— " — A0Yo + Ap-1Yn-1 + = + Ao o
=0

S0 x = )y € 0] is a solution of the equation. d
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Proposition 5.6. There exists a complete extension L of K with the same value group, equipped
with an extension of gk to an automorphism ¢, such that any étale p-module over L is trivial. In
other words, ki, is strongly difference-closed.

Proof. 1If we can find for an arbitrary étale ¢p-module M over K an admissible extension L’ such
that My, = L’ ®x M is trivial, then the field L demanded by the proposition exists by a standard
argument using Zorn’s lemma. So let M be an étale ¢-module over K. We can write M as a
successive extension of irreducible ¢-modules using the composition series. The first step, M;,
is an irreducible ¢-submodule of M. Let M, be an étale lattice of M. Then Ny = My n M is
a ¢-module over ok (cf. Lemma 2.51) and is an og-lattice of M;. Therefore, M; is étale. By a
similar argument, we see that all the quotients in the decomposition series are irreducible étale
@-modules. If we can show that these are all trivial, then we can split the filtration by passing
to a suitably large admissible extension (cf. Lemma 5.3 and the remark thereafter).

It remains to show that if M is an irreducible étale p-module over K, then M becomes
trivial over some extension of K. Write M = K{T*}/K{T*}P for some irreducible P(T) =
T"+a, T" 1+ +ay € K{T}. Since M is étale, we have 0 = deg(M) = vi(ao) so P has constant
and leading term of valuation 0. Since P has only one homogeneous slope (Corollary 4.42), we
must have vg(a;) = 0 for all j so P actually has coefficients in 0x. By Lemma 5.5, there exists an
admissible extension L of K over which the equation P(¢r)(x) = 0 has a solution x € o]. This
solution gives rise to a factorization of P(T) over o.{ T} and we can repeat the construction to
obtain an admissible extension, still denoted L, over which P splits into linear factors. This is
nothing but a filtration of Leg M by ¢-modules such that the successive quotients all have rank
1. In fact, these quotients are all étale because every linear factor has coefficients in o;. Note
that any étale p-module of rank 1 is trivial so we have found a filtration of L ®x M by trivial
@p-modules. We now enlarge L using Lemma 5.3 to split this filtration, finishing the proof. [J

5.2 The descent argument

We set up the descent argument and prove the remaining statements to finish the proof of
Theorem 3.1.

Definition 5.7. Let R — S be a faithfully flat morphism of ¢-rings and let M be a ¢-module
over R. Write Ms = M ®g S and let Ns be a ¢-submodule of Ms. We say that Ng descends to R if
there exists a ¢-submodule N of M such that the image of N ®r S in Mg coincides with N.

Proposition 5.8. Let R — S be a faithfully flat morphism of -rings which are integral domains.
Write S’ = Seg S and define iy, ip : S — S’ by ii(s) = s®1 and iy(s) = 1®s. Let M be an R-module
equipped with an isomorphism ¢"M — M and write Ms = M ®r S as in the above definition. A
@-submodule Ns of Ms descends to R if and only if N®; p S’ = N®;, g S’ inside M ®g S’. Moreover,
if this occurs, then N is the unique R-submodule of M with Ns = N ®p S which is finite locally
free and comes equipped with an isomorphism ¢"N — N.

Proof. See [11, Exposé VIII, Corollaire 1.3] for the descent of N5 as a module, op. cit. [Corollaire
1.2] for the action of ¢ and op. cit. [Proposition 1.10] for the finite local freeness. O]

Remark 5.9. Note that if R is Bézout, then the R-submodule N will in fact be a ¢-module over R
because finite locally free modules over a Bézout domain are free.

We introduce another triplet of rings. Let L be the field constructed in Proposition 5.6.
Definition 5.10. Define

Sint =R iLnt ®pint jéiLnt, Sb = k}z BpRb kti, S = kL R jéL
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Remark 5.11. S carries an mg-adic valuation extending the mg-adic valuation w on 7~QE On
simple tensors it satisfies w(x ® y) = w(x) + w(y) (cf. [2, Lemma 7]).

Notation. We write [0,1)q = [0,1) n Q to make the following results look slightly nicer.

Proposition 5.12. There exists a continuous, R-linear map f : Ry — R which sections the
inclusion R — Ry. If ry > 0 is as in Remark 1.18, then we have, for any r € (0,r,) and any
x€R! s

xl, = sup  {lal e f(au ), ). (5.2.1)

0{€[0,1)@,aELx

Proof. The idea is more or less the same as in the proof of Lemma 4.18 in that we define com-
patible maps f, for any n = 1 which induce a map f with the desired properties. Fix a basis B
of x, over ki containing 1 and lift it to a subset B of 0}, containing 1. We also fix a uniformizer
7 of K. Note that for any n = 1, the ring 7~31Lnt/ ﬂ"7~€iLnt is naturally isomorphic to (07/7"0; )(u2).
Indeed, if we truncate elements of RiLnt modulo 7", then we just get Hahn series with the coef-
ficients reduced modulo 7", In particular, we can write x € RI™/z"RiM a5 x = Y ico aiu' with
a; € or/m"or. Since any i € Q can be written uniquely as i = a + n for some n € Z, we may
then write

x=Yaqu= Y (Y agauhu® =Y x,u”.
i€Q a€[0,1)g nezZ a

We use the morphism i/ from Lemma 4.18 to embed R™/z"R"t into 7~€iL“t/JT”7~?,iL“t (i.e. we

identify the variable ¢ with 1/(¢)). In particular, the formula for the r-norms in the proposition

holds at best for r € (0, ry) since this is the only range where we know that i preserves r-norms.

It is easily seen that B is a basis of (0;/7"01)(t) over (ox/n"0k)(t). If we write each x, in this

basis, then we see that x can be written uniquely as

x= Y Y xXgpbu® (5.2.2)
a€[0,1)q beB

where each x,, € R™/7"R™, By construction, this presentation has the following two prop-
erties:

» For each a € [0, 1)¢, we have x, j, # 0 only for finitely many b € B;

« If S; denotes the set of @ € [0,1)q for which there is at least one b € B such that the
t-adic valuation of x,j is less than c (the t-adic valuation of x, j is well-defined because
it is truncated modulo 7"), then S, is well-ordered for all ¢ and empty for ¢ sufficiently
small.

If x is presented as above, we let f,(x) = xp;. This is well-defined and compatible with the
transition maps by uniqueness of the presentation. Moreover, f,(b™'u™%x) = x,; for any a, b
and f,(Ax) = Afy(x) for any A € RM/z"R™, The latter equality uses implicitly that f,(1) =
fu(¥(A)) = A. It follows that the map f : é‘int — EMtinduced by the f, sections the map 1 and is
£ Jinear. By localizing, we obtain an £-linear map &, — & sectioning . If we can show that
it is compatible with the r-norms in the sense of the proposition, then it restricts to an R’-linear
map 7%12 — RP. This map then extends by continuity to an R-linear map f : Ry — R with the
desired properties. By construction, the map f : Eint _, gint gatisfies x = Yo SO U x)bu”
forall x € £™. Asin [14, Lemma 2.2.19], one shows that if x € R™nR" then also f(b™'u %) €
Rt aR" for all a, b. Note that |Y, ,c5 56| = sup,|r| for all r, € o whence Y, f(b™'u%x)b|, =
sup,|f(b™'u %x)|, for all @. Moreover, if @ # f, then the supports of Y, f(b™'u %x)bu® and
Yo f(b'uPx)buf are disjoint. This gives |x|, = sup, ,{e"*|f(b"'u *x)|,} and proves (5.2.1)
(where L* could be replaced by a smaller set). O
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Remark 5.13. * Note that f preserves bounded elements, that is, f maps 7~?,1£ into RP.

e Let x € R'. The formula for |x|, together with Lemma 1.13 implies that x € 7%2 if and only
if the quantity
lal” e |f(au ),

is uniformly bounded for alla € L*, all « € [0,1)g and all s € (0, 7].
Proposition 5.14. The multiplication map y : 7~€kL’ ®rp R — Ri, x ® y — xy, is injective.

Proof. Assume that x # 0 lies in the kernel of p. Write x = Y., y; ® z; with y; € 7%2, zi €ER
and n minimal. By Corollary 1.26, the z; are linearly independent over RP. Since x # 0, we
may assume without loss of generality that y; # 0. Then |y;|, # 0 and as a consequence
of (5.2.1) there must be a € L, a € [0,1)g with f(au ®y;) # 0. But then 0 = |f(u(x))|, =
Y7, f(au *y1)zi|, using that f is R-linear. In particular, 0 = Y. | f(au™“y;)z; which is a non-
trivial dependence relation over RP because f maps 7@2 into RP. This contradicts the linear
independence of the z; so p must be injective. O

We now explain which faithfully flat ring homomorphisms we will be considering and why
they are faithfully flat.

Proposition 5.15. The morphisms RV > R, R — Ry, 712 — R, RP — 7~€kL’ and Rt —
R are all faithfully flat. Moreover,

kli ®Rb kti — 7%% ®pb 7~Q,L = (k% ®Rb R) R kL — kL R kL,
that is, SP — S is injective.

Proof. R® — R is faithfully flat by Proposition 1.23 because R* = (RP)*. The morphism
7%2 — Ry is faithfully flat by the same argument. The inclusion R — R is faithfully flat
because 7~{z = (kk)x and (7~{li)x nR = (RY)* = R* by construction (cf. Lemma 4.57). Since this
inclusion respects bounded and integral elements, the embeddings R® — R? and R™ — Rint
are also faithfully flat. The final remark follows from Proposition 5.14 and the faithful flatness
of 7~€E — R we just proved. O

To calculate on S, we will need the following two-variable analog of the previous remark.
Lemma 5.16. For x € S, we have x € S” if and only if for some r > 0, the quantity
|ab e P(f © f)((au © buP)x)]; (5.2.3)
is uniformly bounded for all s € (0,r], all a,b € L*, and all , B € [0, 1)Q.

Proof. If x € S”, choose a presentation x = Y1, y; ® z; with y;, z; € 7@2. Using (5.2.1), we may
bound |a| le™®"|f(au*y;)|, for all « € (0, 1]g,all a € L* and all s € (0, r] for some r > 0 and we
may do the same for the z;. Since there are only finitely many i, we may choose these bounds,
C and C’, respectively, to work for all i simultaneously. Since f is R-linear, we have

(f ® f)((au™® ® bu'F) Zl yi®z)= ;f(au_ayl')f(bu_ﬁli)-
We can thus bound (5.2.3) by CC” for all @, f € [0,1)¢, all a, b € L™ and all s € (0, r].

Conversely, assume that x € S and that (5.2.3) is bounded. We may also assume that x # 0.
Choose a presentation x = Y., y; ® z; with y;, z; € Ry and n minimal. In particular, the z; are
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linearly independent over R by Corollary 1.26. We proceed by induction on n = 1. Since y; # 0

by minimality of n, we can choose a, a with f(au™*y;) # 0. The case n = 1 follows from (5.2.1)

by inspection of (5.2.3) after first varying f, b for fixed «, a and then varying «, a for fixed g, b.
Now let b = 1 and f = 0 in (5.2.3). Then we see that

la] "™ "|(f ® f)(au™* ® )] = Ialfle”“léf(au’“yi)f(zi)ls

is bounded for all a € [0, 1)Q, all a € L* and all s € (0, r]. Note that the quantity on the right
is exactly what we get if we plug x* = Y., f(au™*y;)z; into (5.2.1). It follows that x* € thL’.
Since x’ # 0, this implies that x’ is a unit in R;. Hence the ideal generated by the f(au *y;) in
R extends to the unit ideal in R;. Now both R and R are Bézout so the ideals generated by
these elements are principal. By the previous observation, the generator in R is a unit, hence
so must be the generator in R by Proposition 1.23. To summarize, the f(au *y;) generate
the unit ideal in R so Lemma 1.25 yields another presentation x = )., y/ ® z/ where z| =
Y flau%y)zi € RY. As noted before, this element is nonzero.

Pick b, f such that f(bu#z) is nonzero (use (5.2.1)). Then f(bu’z]) is a unit in R because
it is an element of R by Remark 5.13. Write ¢; = f(bu"ﬁz{)/f(bu’ﬁz{) for i =2,...,n, and set

! and z{ =

po_ Vit ey ttay, =1 ” z  i=1
yi i>1 zZi —cz; i>1
We then have x = Y1, y/’ ® 2/’ by definition. Since f is R-linear, we have f(buFz!") = 0 for
i=2,..,nsothat y/'f(buPz’) = YL, v/ f(buPz’) € RY (cf. Remark 5.13). Since f(buPz]") €

RP, we deduce that y{” € RP. The induction hypothesis applied to x - y|’ ® 2}’ = 3.1, y!’ ® 2/’
now yields the claim. O

Proposition 5.17. Let A be an n x n matrix with entries in S™. Ifv € S" satisfies v = Ap(v),
then v has entries in SP.

Proof. For each entry v; of v, choose a presentation v; Zj Vij ® zij with y;;, z;; € R.. As in the
proof of Proposition 1.20 (or 4.21), after rescaling by a power of u, we may choose r € (0, ry)
such that each term in a presentation of the entries of A has entries in R} and is bounded
by 1 on the annulus e™” =< |u| < 1. After shrinking r if necessary, we can also assume that
Yij» Zij € 7~€£ for all i,j. Choose ¢ > 0 such that |y, |zij|; < ¢ for all i,j and any s € [r/q, r].
This is possible because we pick s from a closed interval (cf. Lemma 4.14). As usual, we have
0™ (Vilssgm = yijls = c and [@™(zyj)[ggm = |2ls < ¢ for all i, j and any integer m = 0.

Claim. Fix any m = 0. Then for all i, all o, f € [0,1)q, alla,b € L" and all s € [r/qm”, r/qm],
labl e F & f(au ® buPyv), < ¢

If we can prove the claim, then we get the above inequality for all s € (0, r] by varying
m = 0. This implies that v; € S® by Lemma 5.16, proving that v has entries in S®.

We prove the claim by induction on m = 0. For m = 0 the inequality holds by choice of ¢
and Lemma 5.12. Explicitly, for any i, any «, 5, any a, b, and all s € [r/q, r], we have

lab| e | (f @ f)((au ™ ® buP)vi|; = |ab] e S| f(au ) f (bu P ;)]
= |a] e | f(auy))|,|b| e P |f (bu P z))],

= |yi|slzi|s S Cz'
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Here we use in the last line the formula for the s-norm from Proposition 5.12 and the choice of
c. For the induction step, we use that Av = ¢(v). For any s € [r/ g™, qm], all @, f and all a, b,

lab| e 7P| (f © f)((au™ @ buP)wv))|, = |ab| e Po|(f @ f)((au™ ® buP) Y Ajjo(v))]
J

< Jabl e max|(f & f)(au™ & bu)o(v));

|ab| e P max|(f © f)((au “ & buF)vi,
J

< ¢t
Here we use in the second line that the entries of A are bounded by 1 and in the last line the
induction hypothesis. This finishes the induction and proves the claim. O

Remark 5.18. e One can do without the induction and just use that v. = A@(v) implies
v = A@p(A) - ™ (A)p™(v) forany m = 1, but this makes the calculation a bit less apparent.

* The proposition implies that Homg, ,(M,N) — Homg (M &g S,N e S) is bijective.
Indeed, we can argue as in the proof of Proposition 2.48.

Now we can finally finish the proof of the slope filtration theorem.
Theorem 5.19. Let M be a semistable p-module over R. Then M; = M og 7~€L is semistable.

Proof. Assume that M is not semistable and let 0 = My < -+ ¢ My ; = M be its HN filtration.
We wish to show that M ; descends to R along the faithfully flat inclusion R — R ;. To do
so, we prove that My ; ®;, S ¢ My ®; Sforj=11-1,...,1by descending induction. The case
j = lis clear because M;; = M. Now assume that M;; ®;, S < M;; ®; S for some j > 1. We
then have a homomorphism of ¢-modules over S,

ML,l ®i2 S — ML,j ®i1 S — (ML,j/ML,j—l) ®i1 S (524)

By definition of the HN filtration, both M;; and M ;/M -, are semistable and hence pure
(cf. Theorem 4.29). Moreover, we have (M) < p(Mpj/Mpj-1). By Theorem 2.58, M;; and
My, j/My j-1 descend to 7%}3 Write M, = M'L’)1 ®b 7~€L and My ;/Mp ;-1 = (ML,j/ML,j_l)b ®jb 7~3L.
Now Proposition 5.17 implies that also the homomorphism M;; ®;, S — (M ;j/Mpj-1) ®; S
descends (i.e. arises via base change along (-) ® ¢, S). Therefore, it suffices to show that the
homomorphism MEI ®p St — (ML,j/ML,j_l)b ®b S" is trivial. Since (Mf’l)" ®ib (Mg, j/Mg, J_l)b is
pure of positive slope and SP carries an mg-adic valuation extending that of 7~€E (cf. Remark
5.11), one can argue as in Lemma 2.60 and Corollary 2.61. It follows that My ;®;, S < M j-1®; S,
completing the induction. In particular, My; ®;, S ¢ M ®; S and we have equality by a
symmetric argument. Thus, M ; descends to a ¢-submodule M; of M (cf. Proposition 5.8). But
then p(M;) = p(Mg1) < p(Mr) = p(M) so M is not semistable either. O

Remark 5.20. Although we do not need it, the p-submodule M; of M obtained by descending
M1 to R is the first step of the HN filtration of M. See also the proof of [14, Theorem 6.4.1].

Theorem 5.21. Let M be a p-module over R. If My = M o Ry is pure, then so is M.

Proof. We have pu(M) = p(Mp). Applying [rk(M)]. and invoking Lemma 2.55, we may assume
that y(M) € Z. By twisting, we can then assure that 0 = p(M) = p(Mp). In other words, it
suffices to show that if M is étale then so is M. By Proposition 4.26, M} is obtained by base
change from an étale ¢p-module over L which must be trivial by choice of L (cf. Proposition
5.6). Hence we can find a basis vy, ..., v, of M} on which ¢ acts by the n x n identity matrix E,,.
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Claim. M descends to RP.

Proof of Claim. It seems that we cannot quite use Proposition 5.8, but we can argue as follows.
Let N’ be the kg—submodule of Mj generated by vy, ..., v, that is, N’ is the ¢-module over 7%2
obtained by descending M to f%% as in Proposition 2.48. We have bases vy ®; 1,...,v, ®; 1 and
vi®;, 1,...,v, ®, 1of M ®; Sand M ®;, S (using the notation of Proposition 5.8). Let U be
the change-of-basis matrix (with entries in S) from the basis v; ®; 1,...,v, ®; 1 to the basis
vi®;, 1,...,v, ®;, 1, that is,

n
Vj ®i1 1= Zl Uij(V,‘ ®i2 1)
i=

for all j = 1,..., n. This may be rewritten as E, ®; 1 = U™!(E, ®;, 1)¢(U) which implies that
U = ¢(U). By Proposition 5.17 applied to each column of U separately, U must have entries in
SP. Now note that My = M" &g R is also étale so that the same argument with M replaced by
M" and vy, ..., v, replaced by the dual basis shows that U~ also has entries in SP.

By the above calculation, the images of N’ under the two maps M; — M ®; S,j=1,2,
generate the same SP-submodule. We obtain an induced descent datum on N’ with respect
to the faithfully flat morphism R — 7~€E. Thus, by [20, Proposition 35.3.9], N’ = N &z 7~€E
where N is the difference kernel of the two maps. By the canonical descent of M ez 7~€L, the
RP-module N is an RP-submodule of M. By construction, we now have

M ep 7},]‘ =M = N’ ®7~€}Z kL = (N ®Rb k?) ®7~€1i kL = (N ®pb R) R kL.
Since R — R is faithfully flat, we deduce that N ®pb R — M is an isomorphism. O

Let N be the ¢-module obtained by descending M to R. We now have access to Lemma
2.51 to construct an étale lattice of N (hence of M) as follows. Choose any RP-basis e, ..., e,
of N and let P be the R™-span of the images of the basis elements under powers of ¢,;. Write
ei, ..., e, in terms of the v; (with coefficients in RP). Since ¢ acts by the identity matrix on the
basis vy, ..., v,, we see that P is contained in the R™-submodule of N generated by the basis
e1,...,e,. It follows that P is a gy-stable R™™-lattice in M. Hence P @i RI™ is a ¢y, -stable
7~{iL“t—submodule of the étale ¢-module M; and so is a ¢p-module over 7~?,iL“t by Lemma 2.51. Now
the inclusion R™ — R is faithfully flat so that P must itself be a ¢-module over R™ (if
0" (P ®pim R™) — P ®pim R™ is an isomorphism, then so must be ¢"P — P). Hence P is an
étale lattice for M. O

6 Trianguline representations

The original goal of this section was to define trianguline representations and talk about the
p-adic local Langlands correspondence for GL2(Q,). However, to do this in some detail one has
to introduce a lot of terminology and theory having very little to do with the slope filtration
theorem. It therefore seems more reasonable to instead focus on the impact of the theorem
on p-adic Hodge theory and especially the works of Berger on (¢, T)-modules. This is what
we will do in the first subsection. What was originally meant to be a section on trianguline
representations has been condensed into a very brief second subsection culminating in the
statement of the p-adic local Langlands correspondence for GL,(Q,).

Notation. Fix a prime number p . Throughout this section, K denotes a finite extension of Q, and
vy denotes the p-adic valuation. We write R = Ry for the Robba ring with coefficients in K and
denote by ¢ the Frobenius lift t — (1 + 1) - 1. R is endowed with an action of the groupT = Z

via ([y1f)(t) = f(1 + )" - 1) fory €T.
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Remark 6.1. In some references the assumption p # 2 is made, but it seems that all statements
also hold for p = 2. It should therefore be of no harm to include this case.

6.1 (¢,T)-modules and p-adic representations

One of the original goals of p-adic Hodge theory is to distinguish those p-adic Galois repre-
sentations which arise as étale cohomology of varieties over K. For this purpose, Fontaine
introduced the rings of periods Beyis, Bst and Bgg, to define and study semistable, crystalline
and de Rham representations. We will explain this briefly and outline the progress made in this
theory using the slope filtration theorem.

Definition 6.2. A (¢,T)-module over R is a ¢-module M over R, endowed with a semilinear
continuous action of the group I' which is compatible with ¢y We say that M is étale (resp. pure
of slope s € Q) if the underlying ¢-module is étale (resp. pure of slope s).

An important example is the following. It is similar to the twists R(n) we considered earlier.

Example 6.3. Let § : Q, — K™ be a character (i.e a continuous group homomorphism). We
define R(9), called the twist of R by 8, to be the p-module of rank 1 with generator e satisfying
p(es) = 8(p)es. It becomes a (¢,T')-module via [a](es) = é(a)es for a € T. By definition, the slope
of R(J) is p(R(5)) = vp(S(p)). It follows that R(6) is étale if and only if 5(p) € op. One may
similarly define the twist of any (¢,T')-module by §.

Notation. We write u(6) = p(R(5)) = vp(6(p)).
We now describe what we mean by a p-adic Galois representation.

Definition 6.4. A p-adic representation of Gal(@P|K ) is a finite dimensional Q,-vector space V,
equipped with a continuous Q-linear action of Gal(Q,|K) where V' is given the topology induced
from Q, and Gal(Q,|K) carries the profinite topology. Equivalently, a p-adic representation is a
finite dimensional Qp-vector space V' together with a group homomorphism p : Gal(Q,|K) —
GLg,(V) where GLg, (V) denotes the group of Q,-linear automorphisms of V.

Fontaine constructed the rings of periods Byis, Bst and Bgg to sort through p-adic repre-
sentations. All three rings are Q,-algebras equipped with an action of Gal(@p@p) and each
have certain additonal structures. A very good overview and some historical background of
this is given in [3]. One now defines crystalline, semistable and de Rham representations. We
follow [5, §3.1]. Let Ky = W(kk)[1/p] be the maximal unramified subextension of K|Q,.

Definition 6.5. If V is a p-adic representation ofGal(@P|K) and » € {cris, st,dR}, set D.(V) =
(B. ®g, V)Gal(Ql"K) where (- )Gal(QP‘K) denotes the elements invariant under the group action. Then
Deyis(V) (resp. Dst(V), resp. Dgr(V)) is a vector space over Ky (resp. Ky, resp. K) of dimension at
most dimg (V). We say that V is crystalline (resp. semistable; resp. de Rham) if we have equality
of dimensions for = = cris (resp. = = st; resp. = = dR).

Remark 6.6. e We say that a p-adic representation of Gal(@pﬂ( ) is potentially semistable

if its restriction to Gal(@p|L) is semistable for some finite extension L of K. Potentially
semistable representations are always de Rham.

« If X is a proper smooth variety over K, then the étale cohomology groups H:(Xg, Q,) are
p-adic representations. One can shown that these are de Rham (cf. [3, §IV.5]).
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e Our definition of a semistable ¢p-module and the above definition of a semistable p-adic
representation are not directly related!

T

rig -

which is endowed with an endomorphism ¢ and a commuting action of Gal(Q,|Q,). The in-

Berger later constructed another ring of periods, denoted B”. = (roughly comparable to R),

clusion of R into ]~B:ig is ¢-equivariant and compatible with the action of I' in an explicit way
(cf. the discussion after [5, Definition 2.3]).

Definition 6.7. If M is a (¢,I')-module over R, then we let V(M) = (]B;Lig ®r M)?=!. Here (-)?!
denotes the elements invariant under the @-action. This is a (finite or infinite-dimensional) Q-
vector space, endowed with an action ofGaI(@P|K) (loc. cit.).

One has the following theorem which is a variant of results of Fontaine and Cherbonnier-
Colmez (see [17, §24.2]) complemented by the slope filtration theorem.

Theorem 6.8 (Berger). If M is an étale (¢,I')-module over R, then V(M) = (]~B]:Lig or M)?"isa
p-adic representation of of Gal(@p|K ). The resulting functor induces an equivalence of categories

between the categories of étale (¢,I')-modules over R and the category of p-adic representations
ofGal(@p|K). We denote the inverse functor by V. +— D(V).

Proof. See [17, Theorem 24.2.8] or [5, Theorem 1.3]. O

The essential influence of the slope filtration theorem to p-adic Hodge theory is that it
allows one to study p-adic representations via their associated (¢,I')-modules (note that the
functor D also has an explicit description). Berger has advanced this theory tremendously by
extending the definitions of crystalline and semistable representations to (¢, I')-modules and
proving that these definitions are compatible with those of Fontaine (cf. [5, Theorem 3.1]).
One obtains as a corollary an affirmative answer to a former conjecture of Fontaine, the p-adic
monodromy conjecture.

Corollary 6.9. Every de Rham representation is potentially semistable.

Proof. See [17, Corollary 24.4.5]. O

6.2 2-dimensional trianguline representations

We have already seen that the slope filtration theorem has lead to many advancements in the
theory of (¢, I')-modules. We will now look at what one can do with (¢, I')-modules. Essentially
all results in this section are due to Colmez. We follow Berger’s survey [5] and explain how one
can construct a parameter space for all (irreducible) 2-dimensional trianguline representations
and conclude with a few words on the the p-adic local Langlands correspondence for GL2(Q,).

Definition 6.10. A p-adic representation V ofGal(@P|K) is called trianguline if D(V) is a suc-
cessive extension of (¢, T')-modules of rank 1 over R.

This means that there should exist a basis of D(V) such that the representing matrices of
@p(v) and of the elements of I are all upper triangular. One can classify all (¢, I')-modules of
rank 1 over R and the possible extensions between them explicitly as follows.

Theorem 6.11. We denote by x the character Q, — K™ induced by the inclusion Q,, < K, and
by|-|, the character which sends z € Qj, to p o),
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1. If M is a(@,T)-module of rank 1 over R, then there exists a unique character § : Q; — K~
such that M = R(9).

2. If 61,6, = Q, — K™ are two characters, then Ext(R(8;), R(61)) is a 1-dimensional K -vector
space, unless 5,5, is either of the form x™' for some integer i = 0 or of the form |x|pxi for
some integer i = 1. In the latter case, Ext(R(d2), R(d1)) is 2-dimensional.

Proof. The theorem is stated as a forward reference in [7, Théoréme 0.2]. The proofs can be
found in op. cit. [Proposition 3.1] and [Théoréme 2.9]. O

Remark 6.12. Part (2.) of the theorem implies that there is either only one nonsplit extension
of R(81) by R(8,) or the set of such extensions is parametrized by the projective line P1(K). The
parameter of such an extension is called the L-invariant.

In particular, if V is a 2-dimensional trianguline representation, then there exists a short
exact sequence of (¢, I')-modules

0 —— R(&) —— D(V) —— R(&) —— 0

That is, D(V) is determined by two characters 61,6, : Q; — K™ and an L-invariant. Since
D(V) comes from the p-adic representation V, we also know that D(V) is étale (cf. Theorem
6.8). It follows from Lemma 2.30 that u(6;) + u(8;) = 0. Moreover, u(d;) = 0 by Theorem 2.62.
Given s = (41, &, L), we write D(s) for the étale (¢, I')-module associated to s in this way.

Remark 6.13. If u(6;) = 0, then u(d;) = 0. In this case R(1) and R(8;) are both étale so that
the extension above corresponds to an extension of p-adic representations, that is, V is then itself
an extension of two representations.

Colmez proceeds to construct a parameter space for all 2-dimensional trianguline repre-
sentations and determines, using the invariant u(5) of a character § : Q, — E” and another
invariant w(9) (the weight of §), when they are semistable, crystalline or non-geometric and
when they are irreducible (cf. the introduction of [7]). Now one of the reasons one might
be interested in trianguline representations is their appearance in the p-adic local Langlands
correspondence for GL3(Q,). This is a correspondence between certain 2-dimensional p-adic
representations of Gal(@p@p) and certain (not necessarily finite dimensional) representations
of GL,(Q,). The first examples of such a correspondence were given by Breuil for special rep-
resentations of Gal(@p|Qp) (see [4, §2.3]). To reproduce these examples in a functorial way,
Colmez realized that the correct condition on the associated (¢, I')-modules was to be an ex-
tension of two (¢, I')-modules of rank 1 which lead him to study trianguline representations.
To conclude, we present the aforementioned correspondence.

Theorem 6.14. There is a functor I1 — V(I), called the Montreal functor, from Rep(GL2(Q,))
to RepK(Gal(@p|Qp)) which induces a bijection between the isomorphism classes of

1. absolutely irreducible non-ordinaryII € BanédLr?(Qp)(K);

2. 2-dimensional absolutely irreducible continuous K -linear representations of Gal(@p@p).

The rough strategy of the proof is the following (where the terminology and notation is
explained in [10, §1]). Given an irreducible trianguline representation one can attach to it in
a functorial way a so-called p-adic unitary Banach space representation of GL;(Q,) ([8, §V.1]).
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One then attaches as in [9, §6] to any 2-dimensional p-adic representation of Gal(@p@p) arep-
resentation of GL3(Q,) coinciding with the previous construction for trianguline representa-
tions. Since there are "enough"” trianguline representations, it remains to show that the functor
is suitably well-behaved and has the desired properties for trianguline representations (cf. [5,
Theorem 4.1] and the discussion thereafter).

Remark 6.15. The general idea is that certain n-dimensional representations of Gal(@p@p)
should correspond to certain representations of GL,(Qp). Moreover, this correspondence should
satisfy a list of nice properties to make it canonical/unique. For the p-adic local Langlands cor-
respondence such a list does not yet seem to exist. That the correspondence of the theorem above
satisfies a number of desirable properties is the content of [10].
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