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1 Introduction

In Lecture Notes on Condensed Mathematics [7], Dustin Clausen and Peter Scholze
raise the question "How to do algebra when rings/groups/modules carry a topology”.
The goal of this work is to give a detailed overview of many concepts needed to answer
this question. A key concept is that of an abelian category which generalizes the cat-
egory of modules over a ring. Many concepts, like exact sequences, kernels, cokernels,
and derived functors are naturally formulated in the language of abelian categories. In
turn, abelian categories have their place in many mathematical areas. In fact, abelian
categories have well-behaved exactness properties which implies that morphisms have
desirable properties. For example, the property of being an isomorphism in an abelian
category can be measured by the kernel and the cokernel of a morphism. We will see
that topological structures often do not mix well with algebra and thereby motivate
a new approach to tackle this problem. For example, topological abelian groups do
not form an abelian category, as we will recall by having a closer look at one of the
motivating examples in [7] (cf. Example 2.17). As stated in [7], another downside of
mixing algebra and topology is the fact that “for a topological group G, a short ex-
act sequence of continuous G-modules does not in general give long exact sequences of
continuous group cohomology groups. More abstractly, the theory of derived categories
does not miz well with topological structures”. In their work [7] Dustin Clausen and
Peter Scholze aim to present "a unified approach to the problem of doing algebra when
rings/modules/groups/... carry a topology, and resolve those and other foundational
problems”.

Roughly speaking, condensed mathematics redefines topological abelian groups as con-
densed abelian groups, by embedding them in an abelian category. More precisely, a
condensed abelian group is a functor from the opposite category of profinite sets to the
category of abelian groups that satisfies a certain sheaf condition. Consequently, every
Hausdorff topological abelian group can be viewed as a condensed abelian group by
associating the functor that assigns to each profinite set the abelian group of contin-
uous maps from the profinite set to the topological abelian group. As it turns out,
the category of condensed abelian groups forms a particularly nice abelian category
that allows us to study topological abelian groups within the framework of an abelian
category and all the machinery that comes with it. More generally, one can define
condensed sets/rings/modules/..., redefining topological spaces/rings/modules/... .

Not surprisingly, we start this work in Section 2 by recalling some general facts about
abelian categories before we have a detailed look at projective objects and (projective-)
generators in abelian categories that we generalize to families of (projective-)generators.
This generalization will play a crucial role when we end this work in Section 8 by
showing that condensed abelian groups form a nice abelian category. In particular,
this allows us to give a different proof than in [7] of the fact that the category of -
condensed abelian groups is generated by projective objects (cf. Remark 8.28). Here,
K is a strong limit cardinal used to cut off the category of profinite sets to avoid set
theoretic issues such as the associated functor category not being locally small. In
between, in Section 3 we introduce the concept of a site and the associated category of
sheaves, a so-called topos, as a generalization of sheaves on a topological space. This
lays the basis for introducing x-condensed sets in Section 4, which are in some sense the



building blocks for condensed sets in Section 7 where we get rid of the cut off cardinal
k. In contrast to many other related works we solve arising set theoretic issues in a
very concrete manner by showing that the involved categories (e.g. k-small profinite
sets) are actually equivalent to small categories. For example, this ensures that the
involved categories of sheaves are locally small. Moreover, this ensures that we can
take a certain limit in the proof of the very important result (cf. Theorem 5.18) that
the category of k-condensed sets/groups/modules/... is equivalent to the category of
sheaves of sets/groups/modules/... on the site of k-small extremally disconnected sets.
We give a detailed proof of this result. In fact, a complete proof did not seem to exist
in the literature, except for a few erroneous arguments, e.g. in Version 1 of [2], [25]
and [23]. This equivalence is used in Section 8 to prove many of the good properties of
the category of k-condensed abelian groups. A crucial tool are Stone-Cech compacti-
fications of discrete spaces. While we are mainly interested in the abstract properties
of these spaces we will make the construction very explicit in Section 5. This allows
us to construct a counterexample to one of the erroneous arguments mentioned above
(cf. Example 5.30). In Section 6 we will show that certain topological spaces that come
up in practice embed fully faithfully into x-condensed sets. This implies that passing
to the condensed setting comes at no loss. Lastly, we point out that the authors of [2]
have included an argument from one of our proofs of Theorem 5.18 into Version 2 of
their preprint.
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2 Abelian categories as motivation

2.1 Basics on Abelian categories

In this section we want to briefly introduce abelian categories. In doing so, we lay the
groundwork for k-condensed abelian groups introduced in section 8. The presented
material is mostly based on the book Categories and Sheaves by Masaki Kashiwara
and Pierre Shapira [17].

Definition 2.1. A pre-additive category is a category C such that for any two objects
X and Y of C, Hom(X,Y) is endowed with a structure of an abelian group and the
composition map o is bilinear.

Example 2.2. The category of abelian groups is pre-additive for the pointwise addition
of group homomorphisms.

Proposition 2.3. Let C be a pre-additive category and let X be an object of C. The
following statements are equivalent:

(i) X s an initial object, i.e. for any object Z in C there is exactly one morphism
X = 7.

(ii) X is a terminal object, i.e. for any object Z in C there is exactly one morphism
Z — X.

(iii) idx = 0x : X — X where Ox is the zero element of the abelian group Hom(X, X).
(iv) The abelian group Hom(X, X) is the zero group.

In particular, any initial object (or any terminal object) in C is a zero object, i.e. an
object that is both initial and terminal.

Proof. 1If X is initial, there is exactly one morphism X — X and thus, Hom(X, X) = 0.
This shows that (i) implies (iv). The implication (iv) = (iii) is clear. Let us now show
that (iii) implies (ii). Let f: Z — X be any morphism and note that

Oxof=(0x+0x)of
=0xof+0xof

and hence, Ox o f = 0 where 0 is the zero element of the abelian group Hom(Z, X).
Then

f=idxof
=0xof
=0

and thus, X is terminal. For the last implication notice that a terminal object in C is
an initial object in the pre-additive category C°° and hence is terminal in C°® by the
implication (i) = (ii). But a terminal object in C°P is an initial object in C. O



Example 2.4. In the category of rings with unit whose morphisms are ring homomor-
phisms that preserve the unit, the integers Z are an initial object that is not terminal.
Indeed, for example there is no morphism Z/27 — Z. Of course, the terminal object
in this category is the zero ring. In particular, by Proposition 2.3, the category is not
a pre-additive category.

Definition 2.5. A category C is called additive if its pre-additive and admits finite
products.

One can show that in an additive category any finite product is also a finite coproduct
(cf. Corollary 8.2.4 in [17]). In particular, if C is additive so is C°°. Moreover, the
empty product is a zero object which we typically denote by 0.

Example 2.6. If R is a ring, the category Mod(R) of left R-modules and the full
subcategory Modg, (R) of finitely generated left R-modules are additive categories.

From now on until stated otherwise, C will always denote an additive category.

Definition 2.7. A sequence in C is a family (Xj, f;)icz where X; is an object of C and
fi + Xi; — Xi41 1s a morphism in C.

Example 2.8. If M is a left R-module and if N C M is a submodule, then there is a
finite sequence in Mod(R) given by

0—N<—M— M/N—DO0.

Before we can discuss what it means for such a sequence to be eract we need to
introduce some familiar concepts in terms of category theory.

Definition 2.9. Let f : X — Y be a morphism in C.

(i) The kernel of f, if it exists, is the fiber product of X xy 0 of X 5V + 0. It
is denoted by ker(f). Equivalently, ker(f) is the equalizer of the parallel arrows
£,0: X =Y.

(ii) The cokernel of f, if it exists, is the kernel of f in C°P. It is denoted by coker(f).
Equivalently, coker(f) is the coequalizer of the parallel arrows f,0: X = Y.

Hence, a kernel of f is a pair (K, h), where K is an object of C and h : K — X is
a morphism in C such that foh = 0 and which satisfies the following universal property:

If (K’,1) is another pair such that f oA’ = 0, then there exists a unique morphism
u : K’ — K such that the following diagram commutes:

K/
Fu lhxx
K f
K > X > Y

As a direct consequence of this universal property, one can directly check that the
morphism A is a monomorphism.




Moreover the cokernel of f is a pair (C, k) where C' is an object of C and k : Y — C'is
a morphism in C such that ko f = 0 and which satisfies the following universal property:

If (C', k') is another pair such that &' o f = 0, then there exists a unique morphism
u : C'— " such that the following diagram commutes:

X f sy >_C
O/

Likewise, as a direct consequence of this universal property, one can directly check that
the morphism k is an epimorphism.

Example 2.10. Let R be a ring with unit and let Mod(R) be the category of left R-
modules. The kernel of a morphism f: M — N in Mod(R) is the left R-submodule
f71(0) = M and the cokernel of f is the left R-quotient module N — N/ f(M) of N.
In particular, any morphism in Mod(R) has a kernel, this is in general not true for
the full subcategory Modg, (R) of finitely generated left R-modules. Indeed, if R is a
non-noetherian ring there is an ideal I/ C R that is not finitely generated. Then the
natural morphism R — R/I has no kernel in Modg,(R) as I is not finitely generated.
The reason is that the inclusion Modg,(R) € Mod(R) preserves kernels if they exist,
ie. if f: M — N is a morphism in Modg,(R) with kernel (K, h), then f has a
kernel in Mod(R) and they are isomorphic. To see this, assume we have a morphism
h': K' — M in Mod(R) such that foh’ = 0. Then K’ is the union of its finitely
generated submodules, let 1y : U < K’ be one of those. In particular, we get a
morphism h' o vy : U — M in Modg,(R) such that foh' oy = 0 and we see that
h oty = howu for some unique u : U — K. If 1y : U' — K’ is another inclusion, the
morphisms u : U — K and ' : U — K agree on U N U’. In particular, we can glue
them to a unique morphism v : K’ — K such that b’ = h o v. Hence, the kernel of f
is preserved.

If kernels and cokernels exist, they are useful to measure key properties of a morphism.

Lemma 2.11. Let f : X — Y be a morphism in C and assume that f has a kernel
h:ker(f) — X and a cokernel k : Y — coker(f). Then the following statements are
true:

(i) ker(f) = 0 if and only if f is a monomorphism.

(i) h:ker(f) — X is an isomorphism if and only if f = 0.
(iii) coker(f) = 0 if and only if f is an epimorphism.
v)

(i

Proof. Let us start with (i). Suppose ker(f) = 0, then h = 0. Let ¢1,92 : Z — X be
morphisms in C such that fog; = f o gs. Then we have that fo (g3 — g2) = 0. By the
universal property of the kernel of f there exists a unique morphism v : Z — ker(f)
such that

k:Y — coker(f) is an isomorphism if and only if f = 0.

g1—9g2=hou=00u=0.



Hence, g; = go. For the converse assume that f is a monomorphism. Let g : Z — ker(f)
be any morphism. Then

fohog=0=foO.

Since f is a monomorphism, this implies that hog = 0. On the other hand, 0 = ho0 and
since h is a monomorphism as well, this implies that g = 0. Thus, ker(f) is terminal,
by Proposition 2.3 also initial and hence the zero object. As for (ii), if A : ker(f) — X
is an isomorphism, it follows that

f=fohoh ' =00h™"=0.

Conversely, if f =0, then f = f oidx = 0 and by the universal property of the kernel
h : ker(f) — X there is a unique morphism u : X — ker(f) such that hou = idy.
Clearly, howuoh = h = h o idye (). Since h is a monomorphism, this implies that
u o h = idye(p). Hence, h: ker(f) — X is an isomorphism. The statements (iii) and
(iv) follow by duality from (i) and (ii). O

Definition 2.12. Let f : X — Y be a morphism in C admitting a kernel and a cokernel.

(i) The image of f, if it exists, is the kernel of k : Y — coker(f). It is denoted by
im f).

(ii) The coimage of f, if it exists, is the image of f in C°P. It is denoted by coim(f).
Equivalently, the coimage is the cokernel of h : ker(f) — X.

Hence, an image of f is a pair (I, m), where [ is an object of C and m : [ — Y is
a morphism in C such that kom = 0 and which satisfies the following universal property:

If (I’;m') is another pair such that k o m’ = 0, then there exists a unique morphism
w: I" — I such that the following diagram commutes:

]/
[Km oy

> coker(f)

As a direct consequence of this universal property there exists a unique morphism
e : X — I such that f = m oe. Moreover, the morphism m is a monomorphism.

Furthermore, the coimage of f is a pair (C,n) where C'is an object of C and n : X — C'
is a morphism in C such that n o h = 0 and which satisfies the following universal

property:

ker(f) ——s X —2 » C

o

As a direct consequence of this universal property, there exists a unique morphism
f:C — Y such that f = f on. Moreover, the morphism n is an epimorphism.



Example 2.13. Let R be a ring. In the category Mod(R) of left R-modules the image
of a morphism f : M — N is the left R-submodule f(M) < N and the coimage of f
is the left R-quotient module M — M/ f~1(0).

Suppose C is an additive category that admits all kernels and cokernels and suppose
f X — Y is a morphism in C. Consider the following commutative diagram:

ker(f) X sy —+ coker(f)

l Jle T
n m
o

coim(f) > im(f)

Here, the dotted arrows are obtained as follows. We have k o f = 0 and hence, by the
universal property of the image, we get a unique morphism e : X — im(f) such that
f =moe. Then we have that

mo0=0=foh=moeoh,

such that 0 = e o h since m is a monomorphism. By the universal property of coim( f)
there exists a unique morphism « : coim(f) — im(f) such that e = v on.

Moreover, the morphism w is the unique morphism such that the square is commutative.
This follows from the fact that n is an epimorphism and that m is a monomorphism.
In particular, if w is an epimorphism (or even an isomorphism), the morphism e is an
epimorphism.

Definition 2.14. An additive category C is abelian if it satisfies the following conditions:
(i) Any morphism admits a kernel and a cokernel.

(ii) Any morphism f in C is strict, i.e. the natural morphism coim(f) — im(f) is an
isomorphism.

Abelian categories have many desirable properties. For example, as a direct conse-
quence of the definition, in an abelian category one has fiber products and fibered
coproducts. Indeed, let f : X — Z and g : Y — Z be morphisms in C. Since C
is additive, the product X x Y with the natural projections 7x : X x Y — X and
Ty : X XY — Y exists in C. We obtain two morphisms:

Xxy ™ x4z
XxYyXyvy4z

Since C is abelian, the kernel h : ker(f omxy — gomy) — X X Y exists. We define the
object

X xzY :=ker(forxy —gomy),

the fiber product projections are given by f :=mx oh and g := my o h. Let us check
that they have the desired universal property. By construction, i equalizes f omx and
gomy whence fof=gog.



Now consider a commutative diagram:

AN, v
p lg
x 14z

By the universal property of X x Y we obtain a commutative diagram:

T

AN

X +— Xxy — Y
X Yy

Then
(forxy —gomy)ot=fonmxyot—gomyot
=fop—gogq
=0,

and by the universal property of h: X xzY =ker(fonxy —gomy) = X XY we obtain
a unique morphism u : 7' — X Xz Y such that ¢t = howu. In particular, u is the unique
morphism such that the desired diagram commutes:

q

Xx, vV 25y

il |
X%Z

One can construct the fibered coproduct in the analogous way with the coproduct and
the cokernel of a suitable morphism.

Remark 2.15. Abelian categories have the following permanence properties:

(1) If {C;}icr is a small family of abelian categories, i.e. [ is any set, then the product
category [[,.;C; is abelian. (Co-)kernels are constructed component wise.

(ii) Let I be a small category. If C is abelian, the category C! of functors from I to
C is abelian. For example, if F,G : I — C are two functors and n : ' — G is
a morphism of functors, define the functor N by N(X) := ker(F(X) — G(X)).
Then N is a kernel of 1. The smallness assumption on [ is needed to ensure
that Hom(F, G) is a set. Indeed, a morphism 7 : F — G of functors is a family
(n(X))xer € [[xe; Hom(F(X), G(X)) satisfying certain conditions.

(iii) If C is abelian, so is C° with kernels becoming cokernels and vice versa.

Example 2.16. If R is a ring, then the additive category Mod(R) of left R-modules is
an abelian category. For this note that all kernels and cokernels exist and if f : M — N
is a morphism in Mod(R), then the canonical morphism

com(f) = M/f74(0) = F(M) = ()
is given by x +ker(f) — f(z) and is an isomorphism by the first isomorphism theorem
for left R-modules. The category Modg,(R) is abelian if and only if R is noetherian.

9



Example 2.17. Let us now give an example of an additive category admitting all kernels
and cokernels but the canonical morphism coim(f) — im(f) is not an isomorphism in
general. For this consider the additive category of topological abelian groups. Here
the kernel of a morphism f: A — B is f~!(0) — A with the subspace topology of A.
The image of f is f(A) < B with the subspace topology of B. The cokernel of f is
B/ f(A) with the quotient topology of B and the coimage of f is given by A/ ker(f)
with the quotient topology of A. The canonical morphism

coim(f) = A/ ker(f) = f(A) = im(f)

is given by x+ker(f) — f(z) and is continuous with respect to the given topologies and
by the first isomorphism theorem for groups it is bijective. However, the inverse is in
general not continuous. Indeed, let R be the real numbers with the usual topology and
let Rgise be the real numbers with the discrete topology. Consider f = idg : Rgjsc — R.
By the above, both the kernel and the cokernel are zero. Moreover, we have that
im(f) = R and coim(f) = Rgise. In particular, the natural morphism coim(f) — im(f)
is continuous and bijective but the inverse is not continuous, i.e. coim(f) — im(f) is
not an isomorphism in the category of topological abelian groups. The same holds for
f even though both kernel and cokernel are zero.

As promised, in an abelian category the property of being an isomorphism can be
measured by the kernel and cokernel. Recall that a morphism in an additive category
is a monomorphism if and only if the kernel is zero and an epimorphism if and only if
the cokernel is zero (cf. Lemma 2.11).

Proposition 2.18. A morphism in an abelian category C is an isomorphism if and only
if it is both an epimorphism and a monomorphism.

Proof. Any isomorphism is always a monomorphism as well as an epimorphism. Sup-
pose then that we have a morphism f: X — Y that is both a monomorphism and an
epimorphism. Consider the commutative diagram:

f

ker(f) X

> Y

coim(f) —— im(f)

b coker(f)

As C is abelian, the morphism wu is an isomorphism and hence, it is enough to show
that m and n are isomorphisms. Recall that the image m : im(f) — Y is the kernel
of the cokernel k : Y — coker(f). By Lemma 2.11, m is an isomorphism if and only if
k =0. Since ko f =0 =00 f and because f is an epimorphism, k£ = 0. Similarly, we
have that n is an isomorphism. Thus, f is an isomorphism. ]

Let us now discuss what it means for a sequence X’ Iy X % with go f =01in an
abelian category to be exact. Consider the following diagram:




The composition X’ — im(f) — X — X" vanishes. Since the morphism X’ — Im(f)
is an epimorphism, the morphism Im(f) — X % X” vanishes. Hence, there is a
natural morphism im(f) — ker(g).

Definition 2.19. Let C be an abelian category and consider a sequence X' o x & xr
with g o f = 0. The sequence is called ezact if the natural morphism im(f) — ker(g)
is an isomorphism. More generally, a sequence (X, f;)iez with fi1q o fi = 0 is called
exact if any sequence X,,_1 — X,, — X1 extracted from it is exact.

Definition 2.20. A functor F' : C — C’ between abelian categories is called additive if
the induced map Hom(X,Y) — Hom(F(X), F(Y)) is additive for any X,Y € C. An
additive functor F': C — C' is called left exact if for all short exact sequences

0= XL x4 X" 50
the sequence

F(5)

0— F(X') F(x) 29 poxmy

is exact in C" and we say that F' is right exact if for all short exact sequences
0-X L X% x50
the sequence

) £(f)

F(X FX) 29 poxmy o

is exact in C’. Finally, we say that F' is exact if F is both left and right exact.

11



2.2 Projective objects and (projective-)generators

In this section we recall the notions of projective objects and generators in an abelian
category C. The first part of this section on projective objects and (projective-)generators
is based on the lecture notes Homological algebra by Sophie Morel [21]. The general-
ization to collections of (projective-)generators is still inspired by the techniques used
in the first part.

Lemma 2.21. Let C be an abelian category. For every X € C the following functors are
both left exact:

Home (X, —) : C — {abelian groups}
Y — Home(X,Y)
(f:Y =Y foi= (g9 fog): Home(X,Y) — Home(X,Y)

and

Home(—, X) : C°? — {abelian groups}
Y s Hom(Y, X)
(f: Y =Y)— f":=(g—go f): Home(Y, X) = Home (Y, X).

Proof. By duality it is enough to show that the functor Home (X, —) is left exact. Let
0ALBLC—0
be a short exact sequence. We need to show that the sequence
0 — Home (X, A) L5 Home (X, B) £ Home (X, C)
is exact. Let a € ker(f,). Then we see that

foa=f(a)=0=fo0.

Since f is a monomorphism, we conclude that a = 0 and hence, ker(f,) = 0. Now let
a € im(f,), then there exists § € Hom(X, A) such that

a:f*(ﬁ) = fop.
Hence, we have that
ge(@) =goa=gofoff=0

and thus, a € ker(g.). Let 5 € ker(g.). Then we have that

0=g.(8) =gopB.
Since f is a monomorphism, f is its own image. Since the canonical map im(f) —
ker(g) is an isomorphism, we get that 3 factors through f. Thus, £ € im(f,). ]

Definition 2.22. Let C be an abelian category. An object P € C is called projective if
the left exact functor Home (P, —) is exact. We say that C has enough projectives if for
every object X € C there exists an epimorphism P — X with P projective.

12



Remark 2.23. The dual notion of projective is injective. Thus, an object I € C is
injective if the left exact functor Home(—, I) is exact. An object is projective (resp.
injective) in C if and only if it is injective (resp. projective) in C°P. Hence, all statements
about projective objects in C in this section have a dual version about injective objects
in CP.

Proposition 2.24. Let C be an abelian category and let P € C. Then P is projective if
and only if for any X,Y € C, for any epimorphism f : X — Y and any morphism
u: P —Y, there exists v : P — X such that u = f ow.

Proof. Assume that P is projective. Let f : X — Y be an epimorphism and let
u : P — Y be any morphism. Furthermore, let h : ker(f) — X be the kernel of f.
Consider the short exact sequence

0= ker(f) 5 X Ly —o.

By applying the exact functor Home (P, —) we obtain the short exact sequence

0 — Home (P, ker(f)) 2 Home (P, X) L5 Home(P,Y) — 0.

Since f, is surjective, it follows that there exists some v : P — X such that u = f o v.
For the converse, assume that we are given a short exact sequence

0-ALBYS oo

We need to show that the sequence
0 — Home (P, A) £ Home (P, B) £ Home(P,C) — 0

is exact. We already know that Home (P, —) is always left exact, so the surjectivity
of g, is missing. Since ¢ is an epimorphism, the assumption on P ensures that g, is
surjective. Hence, P is projective. O

Remark 2.25. In an abelian category the coproduct is usually denoted by & and one
speaks of the direct sum. We will refer to direct sums indexed by a set as small direct
sums.

Here is an element free proof of what is sometimes called the splitting lemma.

Proposition 2.26. Let C be an abelian category and let

05ALBSC 0
be a short exact sequence in C. The following statements are equivalent:
(i) There exists h : C — B such that g o h = idc.
(ii) There exists k: B — A such that ko f = ida.

(iii) There ezists ¢ = (k,g) : B — A® C and there exists = (f,h) : A& C — B
that are mutually inverse.

13



Proof. 1t is clear that (iii) implies (i) and (ii). The statement (ii) implies (iii) is the
statement that (i) implies (iii) in the opposite category. Hence it is enough to show
that (i) implies (ii) and (iii). By the universal property of the direct sum A & C' and
its injections ¢4 and ¢c we have a unique morphism ¢ := (f,h) : A® C — B such
that Yops = f and pope = h. Let a : ker(g) — B be the kernel of g. By assumption
we have that

g=gohog
and hence
o(idg —hog)=0.

By the universal property of a : ker(g) — B there is a unique morphism &’ : B — ker(g)
such that

idg —hog=aok'

Let m : im(f) — B be the image of f. Since f is a monomorphism and hence its own
image, we have that f = mowu where u : A — im(f) is an isomorphism. By assumption
the natural morphism n : im(f) — ker(g) is an isomorphism. By construction we have
a commutative diagram:

im(f) —— ker(g)

Set k:=uton'ok’. Then we have that

> C

fok=foulon ok
—agonouou ton tok
=aok

=1idg — hog.
This implies that

fokoh=(idg—hog)oh
=h—hogoh
= 0.

Hence, k o h = 0 because f is a monomorphism. Moreover, we have

fokof=(idg—hog)of
=f—hogof
=/,
because go f = 0. Again, because f is a monomorphism, this implies that ko f = id 4,

which is (ii). The universal property of A x C' and the canonical projections w4 and
7o induce a unique morphism ¢ := (k,g) : B — A x C such that 74 0 ¢ = k and

14



e o @ = g. Consider the morphism ¢ : B — A @ C' defined as the composition of ¢
and ¢4 07ma + ¢c 0 e, i.e. p =¢a0k+ ¢cog. Then we have

Yop=1o(paok+ocog)

—Yodaoktdodeog
— fok+hog
=idg —hog+hog
:idBa
and
popopy=pof
= (pack+ocog)of
=¢aokof+ocogof
= Q4.
Likewise, ¢ 0 1) o ¢ = ¢¢ and hence ¢ 0 Y = id aqc- OJ

Definition 2.27. Let C be an abelian category and let

0-ALBS S0

be a short exact sequence. We say that the sequence splits if it satisfies one of the
equivalent conditions from Proposition 2.26.

Example 2.28. Let C be an abelian category. An object C of C is projective if and only
if any short exact sequence 0 — A LBsoso splits. Indeed, assume first that C

is projective. Let 0 — A L B% = 0be any short exact sequence. By Proposition
2.24 the identity ide factors through some h : €' — B. Hence, the sequence splits.

Conversely, let X % Y and C Iy v and suppose that ¢ is an epimorphism. Consider
the fiber product C xy X with its projections p; and ps. The projection C' xy X 2 C'
is an epimorphism (cf. Lemma 12.5.13 in [22]) and hence the short exact sequence

0— ker(py) = Cxy X 25 C =0

splits, i.e. there is h : C — C Xy X such that p; o h = ide. Set f := ps o h. Then

gof=goproh=fopoh=f
and this implies by Proposition 2.24 that C' is projective.

Lemma 2.29. Let C be an abelian category admitting small direct sums and let (X;)ier
be a family of objects in C. Then @, ; X; is projective if and only if all the X; are.

Proof. The functor Home (@D, ; X, —) is isomorphic to the functor [, , Home (X5, —).

el “Niy
In the category of abelian groups a product of sequences is exact if and only if each of
the sequences is exact. This shows the claim. O]

Let R be a commutative ring with 1. We have everything at hand to classify the
projective objects in the category of left R-modules.
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Example 2.30. The projective objects in the category of left R-modules are exactly
direct summands of free R-modules and finitely generated projective R-modules are
direct summands of finitely generated free R-modules. In particular, the category of
left R-modules has enough projectives. To see all this, note first that R is projective.
Indeed, let M be a left R-module, the natural bijections

Hompg(R, M) — M,u > u(l)

give rise to a natural isomorphism of the hom-functor Homg(R, —) and the identity
functor of the category of left R-modules. Hence, Hompg(R, —) is exact and thus R
projective. By Lemma 2.29, every free R-module is projective. By the same lemma
every direct summand of a free R-module is projective. Now let P be a projective
R-module. Then the R-linear map

I @ R— Pe,—p
peP
is surjective. By Example 2.28 the short exact sequence
0—>ker(f)—>@Ri>P—>0
peEP
splits. Hence, Proposition 2.26 implies that P is direct summand of the free R-module

@pe p R. Of course, if P is finitely generated, we can take a finite direct sum.

Definition 2.31. Let C and D be categories. A functor F': C — D is called conservative
if it reflects isomorphisms, i.e. if for any morphism f in C, F'(f) being an isomorphism
in D implies that f is an isomorphism.

Example 2.32. The forgetful functor from the category of groups to the category of sets
is conservative. Not any forgetful functor is conservative, indeed, the forgetful functor
from the category of topological spaces to the category of sets is not conservative. The
reason is that not every continuous bijection is a homeomorphism.

Definition 2.33. Let C be a locally small category. We say that an object X of C is a
generator if the functor Hom(X, —) : C — {sets} is conservative and we say that X is
a projective generator if it is a generator and a projective object.

Example 2.34. (i) A singleton is a generator in the category of sets.

(ii) Z is a projective generator in the category of abelian groups.

Our next goal is to classify projective generators in an abelian category that admits all
direct sums indexed by sets.

Proposition 2.35. Let C be an abelian category that admits all small direct sums and
let Q) be a generator. The following statements are true:

(i) The functor Hom(Q, —) : C — {abelian groups} is faithful.
(ii) If X € C, then X = 0 if and only if Hom(Q, X) = 0.
(i) If f: X — Y is a morphism of C and f, : Hom(Q, X) — Hom(Q,Y) is surjective,

then f is an epimorphism.
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(iv) For any object X in C consider the morphism @Hom@yx) Q — X whose com-
position with the injection corresponding to f € Hom(Q,X) is f. Then this
morphism is an epimorphism.

Proof. Let f : X — Y be a morphism such that f. = 0. Let h : ker(f) — X be the
kernel of f. Consider the exact sequence

0= ker(f) 5 X L v,

Applying the left exact functor Hom(Q, —) to the sequence yields an exact sequence

0 — Hom(Q, ker(f)) 2 Hom(Q, X) & Hom(Q,Y).

This implies that h, is a kernel of f,. Because f, = 0, this means that h, is an isomor-
phism. Thus, A is an isomorphism as Hom(Q), —) is conservative. Hence, we have that
f = 0 which implies that Hom(Q, —) is faithful. This shows (i).

If we have that Hom(Q, X) = 0, then the zero morphism X — X induces an isomor-
phism Hom(Q, X) — Hom(Q, X). Since Hom(Q), —) is conservative, this means that
the zero morphism X — X is an isomorphism and thus, X = 0. Hence, (ii) is true.
Let f: X — Y be a morphism such that f, : Hom(Q, X) — Hom(Q,Y) is surjective
and let k : Y — coker(f) be the cokernel of f. By assumption, if ¢ € Hom(Q,Y"), there
exists h € Hom(Q, X) such that g = f.(h) = f o h. But then

kog=kofoh=0

and thus, k., = 0. Since Hom(Q, —) is faithful by part (i), this means that k& = 0.
Hence, f is an epimorphism. This shows (iii).

Let X be an object in C and let ¢ : EBHom(ny) () — X be the morphism of (iv). If
f @ — X is a morphism, then the commutative diagram

@Hom Q —> X

WCE /

gives rise to the commutative diagram

HHomQX Hom(Q, Q) LN Hom(@Q, X)

(qsf)*T /

Hom(Q, Q)

and we see that

[ = Llidg) = g.((¢5)«(idq)).

Hence, g is an epimorphism by (iii) and thus, (iv) is true which finishes the proof. [
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Proposition 2.36. Let C be an abelian category that admits all small direct sums and
let Q) be an object of C. The following statements are equivalent:

(i) @ is a generator.
(ii) The functor Hom(Q, —) : C — {abelian groups} is faithful.
(iii) For any object X of C there exists a set I and an epimorphism @, Q — X.

Proof. We have seen (i) = (ii) = (iii) in Proposition 2.35. Let us now prove that (ii)
implies (i). Suppose that Hom(Q, —) is faithful and let f : X — Y be a morphism
in C such that f. is an isomorphism. Let h : ker(f) — X and k : Y — coker(f)
be the kernel and the cokernel of f. Then f o h = 0 implies that f, o h, = 0 and
hence h, = 0. Because Hom(Q, —) is faithful, this means that h = 0. Similarly k£ = 0
and thus, ker(f) = 0 and coker(f) = 0. This means that f is an isomorphism, i.e.
Hom(@Q, —) is conservative. It remains to show that (iii) implies (ii). Let f: X — Y
be a morphism in C and suppose that f, = 0. By assumption there exists some set
I and an epimorphism u : @;Q — X. We can write u = (u;);e; with morphisms
u; : @ — X. Since f, = 0, any of the compositions f o w; is zero. This implies that
fou = 0. By assumption u is an epimorphism and hence, f = 0. Thus, the functor
Hom(Q, —) is faithful. O

Corollary 2.37. Let C be an abelian category that admits all small direct sums and let
P be an object of C. The following statements are equivalent:

(i) P is a projective generator.
(ii) The functor Hom(Q, —) : C — {abelian groups} is exact and faithful.

(iii) P is projective and for every nonzero object X of C there exists a nonzero mor-
phism P — X.

Moreover, if C has a projective generator, then it has enough projective objects.

Proof. Let us start with (i) implies (ii). For this suppose that P is a projective gener-
ator. As P is projective, the functor Hom(P, —) is exact by definition, it is faithful by
Proposition 2.36 because P is a generator.

Assume now that Hom(P, —) is exact and faithful. Then P is projective by definition
and by Proposition 2.36 it is a generator. If X is any nonzero object in C, then idx # 0.
Because Hom(P, —) is faithful, this means that (idx). # 0. Hence, thereis g : P — X
that is not the zero morphism. This shows that (ii) implies (i) and that (ii) implies (iii).
Finally, we show that (iii) implies (ii). If P is projective, then the functor Hom(P, —) is
exact by definition. Let f: X — Y be a morphism and suppose that f # 0. We want
to show that f, # 0. Let m : im(f) — Y be the image of f. There is an epimorphism
e : X — im(f) such that f = moe. Since f # 0, we have that m # 0 and hence
im(f) # 0. By assumption there exists a nonzero morphism u : P — im(f). As P is
projective, by Proposition 2.24 there exists v : P — X such that u = e owv. Then

fov=moeow

=mou
# 0

because the image m is a monomorphism and u # 0. So f, # 0 and thus, the functor

Hom(P, —) is faithful. The final statement follows from Proposition 2.36. O

18



By the above, if @) is a generator, then the functor Hom(Q, —) is faithful. This means
precisely that for any two distinct morphisms f,g : X — Y there always exists a
morphism h : Q — X such that foh # go h. Conversely, if () is an object with
that property, then the functor Hom(Q, —) is faithful. We generalize the notion of a
generator to more than one object. Those generators will play an important role later
on in this work for the category of (k-)condensed abelian groups, many of the good
properties of this category come from the existence of compact projective generators.
Our goal is thus to give a nice characterization of projective generators.

Definition 2.38. Let C be a category. A family of generators of C is a set Q of objects
in C such that whenever we have two distinct morphisms f,g : X — Y in C, there
exists an object () in the set Q and a morphism h : () — X such that foh # goh. In
this case we also say that Q generates the category C.

Remark 2.39. If the set Q has just one object @), then () is a generator in the usual
sense.

Lemma 2.40. Let C be an abelian category, Q be a family of generators and f: X =Y
a morphism in C. Suppose that f, : Hom(Q, X) — Hom(Q,Y) is surjective for all
Q € Q, then [ is an epimorphism.

Proof. Suppose that f, is surjective for all Q € Q and let k : Y — coker(f) be the
cokernel of f. As in the proof of Proposition 2.35 (iii) we have that k. = 0 for all € Q.
But then for all @) € Q and all morphisms A : () — Y we have that ko h =00 h and
hence, k = 0 because Q is a family of generators. Thus, f is an epimorphism. n

Proposition 2.41. Let C be an abelian category that admits all small direct sums and
let Q be a set of objects in C. The following statements are equivalent:

(i) Q is a family of generators.

(ii) For any object X in C consider the morphism Dgeq @Hom(QX) Q — X whose
composition with the injection corresponding to f € Hom(Q, X) is f. Then this
morphism is an epimorphism.

(iii) For any object X of C there exists a set I, objects Q; € Q for every i € I and an
epimorphism @, Qi — X.

Proof. Suppose that (i) is true and let g : Peo @Hom@x) @@ — X be the morphism
from (ii). As in the proof of Proposition 2.35 (iv) one sees that g, is surjective for all
@ € Q. By the previous lemma this means that ¢ is an epimorphism. This shows
(ii). The implication (ii) = (iii) is clear. Let us now assume (iii) holds and assume
that we are given two distinct morphisms f,g : X — Y. By assumption there exists
a set I, objects ); € Q for every i € I and an epimorphism & : @, ., Q; — X. Write
h = (h;)ie; with morphisms h; : @Q; — X. Because h is an epimorphism, we necessarily
have that f o h; # g o h; for some i € I. This shows (i). O

Corollary 2.42. Let C be an abelian category that admits all small direct sums and let Q
be a family of generators of C. Suppose that all () € Q are projective. Then C admits
a projective generator, given by P := @QEQ Q.
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Proof. P is projective by Lemma 2.29 and P is a generator by Proposition 2.41 (ii)
and Proposition 2.36 (iii). O

Corollary 2.43. Let C be an abelian category that admits all small direct sums and let
Q be a set of objects in C. The following statements are equivalent:

(i) Q is a set of generators consisting of projective objects.

(ii) All elements of Q are projective and for every nonzero object X of C there exists
@ € Q and a nonzero morphism ) — X.

Proof. Suppose (i) is true. Clearly all Q) € Q are projective. Let X be a nonzero object
of C. By Proposition 2.41 (iii) there exists a set I, objects Q); € Q for every i € I and
an epimorphism h : @,.; Q; — X. Because X is nonzero, so is the epimorphism h.
Write h = (h;)ier with morphisms h; : Q; — X, then we necessarily have that one of
the h; : @Q; — X is nonzero. This shows (ii). Let us now assume that (ii) is true. Of
course, all the @) € Q are projective and hence we need to show that they generate.
Let g1,92 : X — Y be two distinct morphisms in C. Set f :=g; — g2 : X — Y. Clearly
f is not the zero morphism. Let m : im(f) — Y be the image of f. There is an
epimorphism e : X — im(f) such that f = moe. Since f # 0, we have that m # 0
and hence im(f) # 0. By assumption there exists a nonzero morphism u :  — im(f)
for some ) € Q. As (@ is projective, by Proposition 2.24 there exists v : () — X such
that u = e owv. Then

fov=moeow

=mou
#0

because the image m is a monomorphism and u # 0. In particular this means that

g1 ov # go ov and hence Q is a set of projective generators. n

2.3 Grothendieck abelian categories and Grothendieck’s axioms

Among all abelian categories, perhaps not surprisingly, some of them have better prop-
erties than others; Alexander Grothendieck listed some important properties. So-called
Grothendieck abelian categories will play an important role in the sequel. They satisfy
certain axioms of Grothendieck’s list and have a generator. We will briefly introduce
them now.

Definition 2.44. A filtered category is a non-empty category J such that:

(i) For every two objects j and j’ in J there exists an object & in J and two morphisms
j—kandj — k.

(ii) For every two parallel arrows u,v : i — j in J there exists an object k in J and
a morphism w : j — k such that wou =wow.

A cofiltered category is a non-empty category J such that the opposite category is
filtered.

The following two axioms make an additive category C abelian.
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(AB1) Any morphism in C admits a kernel and a cokernel.

(AB2) For every morphism f in C the natural morphism coim(f) — im(f) is an isomor-
phism.

Here are the axioms that an abelian category C may satisfy, a * indicates that this is
the dual version.

(AB3) All small direct sums exist.

(AB4) (AB3) is satisfied and direct sums are exact.

(AB5) (AB3) is satisfied and colimits indexed by small filtered categories are exact.
(ABG)

ABG) (AB3) is satisfied and for any index set J and small filtered categories I;,j € J,
with functors ¢ — M; from I; to C, the natural map

lg ] M, — [] tim 01,
is an isomorphism.
All small products exist.
(AB3*) is satisfied and products are exact.

(AB3*) is satisfied and limits indexed by small filtered categories are exact.

(AB3*) is satisfied and for any index set J and small cofiltered categories [, j € J,
with functors ¢ — M, from I; to C, the natural map

l@ @Mij_)@l'&nMij

(i;€1)jes jeJ jeJ i€l

is an isomorphism.

Definition 2.45. A Grothendieck abelian category is an abelian category C that satisfies
(AB5) and has a generator, to wit:

(i) Colimits indexed by small categories exist in C (AB3).

(ii) If J is a small filtered category, the functor limy. - Func(J,C) — C,M — lim | M
is exact (AB5).

(iii) C has a generator.

Remark 2.46. Oftentimes one restricts to abelian categories that are U/-small for some
universe U in order to avoid set theoretic issues. For us this is of no concern. This ap-
proach is carried out in [21]. To mention at least one result that relies on Grothendieck
abelian categories, we want to mention the Freyd-Mitchell embedding theorem (cf. The-
orem II1.3.1 in [21]). The embedding theorem says that one can embed any U-small
abelian category into a certain module category. Furthermore, because Grothendieck
abelian categories are locally presentable (cf. Corollary 5.2 in [18]), there is a nice
version of the adjoint functor theorem, e.g. a functor has a right adjoint if and only
if it commutes with all colimits. Indeed, by Theorem 1.58 in [1] locally presentable
categories are co-wellpowered. This means we can apply the special adjoint functor
theorem (cf. Chapter V.8 in [19]).
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3 Sites and topoi

In this section we briefly want to introduces sites and categories of sheaves on a site
as a generalization of sheaves on a topological space. For this, let us first recall the
definition of a sheaf on the topological space X. For this we denote the category of
open subsets of X by Op(X), the morphisms are inclusions, i.e. there is a unique
morphism U — V if and only if U C V.

Definition 3.1. A presheaf of sets/rings/groups/... on X is a functor
F : Op(X)°® — {sets/rings/groups/...}.

A sheaf of sets on X is a presheaf F such that for any U € Op(X) and any cover
U = |, U; with U; € Op(X), the natural map F(U) — [[, F(U;) is the equalizer of
the natural maps [[; F(U;) = [, ; F(U: N U;).

If F is a presheaf of rings/groups/..., then F is a presheaf F’ of sets in a natural way
(by forgetting the extra structure). We say that F is a sheaf of rings/groups/... if F’
is a sheaf of sets.

If we replace Op(X) by any category C, most of the previous definition still makes
sense. However, we need a replacement for coverings. The following definitions are
taken from [22] sections 7.6 and 7.7. In particular, the category C is assumed to be
small.

Definition 3.2. Let C be a category. A family of morphisms with fixed target in C is
given by an object U € C, a set I and for each i € I a morphism U; — U of C with
target U. We use the notation {U; — U} to indicate this.

A site is given by a category C and a set Cov(C) of families of morphisms with fixed
target {U; — U }ier called coverings of C, satisfying the following axioms

(i) If V. — U is an isomorphism, then {V — U} € Cov(C).

(i) If {U; LN Ulier € Cov(C) and for each i € T we have {Vi; 2% U;},es, € Cov(C),
then {V;] M U}iel,jeJi S COV(C)

(iii) If {U; = U}ier € Cov(C) and V' — U is a morphism of C, then U; xy V' exists
for all i € I and {U; xy V — V}ier € Cov(C).

By abuse of notation, we usually write C to indicate this site.

Remark 3.3. In many of the examples to follow Cov(C) is a proper class and thereby
not a set. There are several ways around this, some of them are discussed in section
7.6 in [22]. Moreover, many authors do not exclude large categories (i.e. categories
that are not necessarily small) from the notion of a site. For example, this is the case
in Sketches of an Elephant: A Topos Theory Compendium by Peter T. Johnstone [16].
The subsequent definitions still make sense and we can ignore this issue. We will still
use the term site even if Cov(C) is a proper class or the category C is large. However, in
all cases of interest to us, we will be able to replace C by an equivalent small category
which is small (cf. Proposition 4.3). The benefit of this approach is that we can use
results from the Stacks Project without having to worry about problems that may arise
because the category is large or because the coverings form a proper class.
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Definition 3.4. Let I be a set. A family of maps of sets {S; — S}ics is called
jointly surjective if the natural map [[..; S; — S is surjective. A family is called
finite if the index set [ is finite.

iel

Here is an important example of a site as mentioned above. The category is neither
small nor do the coverings form a set.

Example 3.5. The category of profinite sets forms a site with finite jointly surjective
families of maps as covers. Conditions (i) and (ii) are clear. Let us now verify (iii).
First note that if S — S and S” — S are continuous maps between profinite sets, then
S" xg 5" is a profinite set. Indeed, products of profinite sets are profinite and so are
closed subspaces. Finally, S’ x¢S” is closed as it is the preimage of the closed diagonal
(S is Hausdorff) in S x S under the product map S’ x S” — S x S. If {S; — S}icris a
finite family of jointly surjective maps and if S — S is arbitrary, then we need to check
that the family {.S; xg S" = S"}ics is finite jointly surjective. Set S” :=[[,.; Si. The
natural map [],.,; S; xg 5" = S’ can be identified with the projection 5" xg S" — 5,
the latter is surjective as the base change of the surjection [],.;S; — S. Note that
almost the same arguments work for the category of compact Hausdorff spaces with
finite jointly surjective families of maps as covers.

We are now able to define the more abstract notion of a (pre-)sheaf.
Definition 3.6. Let C be a site. A presheaf of sets/rings/groups/... on C is a functor
F : C? — {sets/rings/groups/...}.

A sheaf of sets on C is a presheaf of sets F such that for any covering {U; — U}ies €
Cov(C), the natural map F(U) — [[, F(U;) is the equalizer of the natural maps
[ F(Ui) = 11, F(Ui xu Uj). A sheaf of rings/groups/... is defined as above.

For completeness, we would like to mention that one can define (pre-)sheaves that take
values in more abstract categories. Let C be a site and let A be a locally small category.
A presheaf F on C with values in A is as usual a functor F : C°» — A. For a fixed object
X € A we get a presheaf of sets Fx defined by the rule Fx(U) := Hom4(X, F(U)).

Definition 3.7. Let C be a site, let A be a locally small category and let F be a presheaf
on C with values in A. We say that F is a sheaf on C with values in A if for all X € A
the presheaf of sets Fx is a sheaf of sets.

In all of the above cases, (pre-)sheaves form a category. A morphism of presheaves
is a natural transformation of functors and a morphism of sheaves is a morphism of
the underlying presheaves. Hence, the category of sheaves is a full subcategory of the
category of presheaves. The category of sheaves on a site C is called a topos.

As a general fact (cf. Section 7.10 in [22]), we note that the inclusion functor from the
category of sheaves into the category of presheaves admits a left adjoint, namely the
sheafification functor.
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Let us recall some basic facts about morphisms of sheaves (cf. Section 7.11 in [22]).

Definition 3.8. Let C be a site, and let ¢ : F — G be a morphism of sheaves of sets.

(i) We say that ¢ is injective if for every object U of C the map p(U) : F(U) — G(U)
is injective.

(ii) We say that ¢ is surjective if for every U of C and every section s € G(U) there

exists a covering {U; £ U}icr such that for all i € I the restriction G(g;)(s) is in
the image of p(U;) : F(U;) — G(U;).

Remark 3.9. The injective (resp. surjective) morphisms defined above are exactly the
monomorphisms (resp. epimorphisms) of the category of sheaves of sets on C. A
morphism of sheaves is an isomorphism if and only if it is both injective and surjective
(cf. Lemma 7.11.2 in [22]).

24



4 k-Condensed sets

In this section we are going to introduce x-condensed sets and discuss some basic prop-
erties of the category of k-condensed sets. The exposition closely follows the lecture
notes Condensed Mathematics of Clausen and Scholze in [7]. A key feature of this sec-
tion is Proposition 4.3 where we show that the category of k-small profinite sets is in
fact essentially small. This allows us to explicitly avoid set theoretic issues throughout
this work - a feature seemingly not shared by related works.

The following definition is only preliminary and will be made precise in 4.2.

Definition 4.1. The pro-étale site *p0¢; Of @ point is the category of profinite sets .S,
with finite jointly surjective families of maps as covers. A condensed set is a sheaf of sets
on the site *pe. Similarly, a condensed ring/group/... is a sheaf of rings/groups/...
on the site *p0¢. Given a condensed set T, the underlying set of T is the set T'(x).
Generally, if C is any category, the category Cond(C) of condensed objects of C is the
category of C-valued sheaves on the site o4

Definition 4.1 presents set-theoretic problems. The main problem is that the category
of profinite sets is large, for example, it is not a good idea to consider functors on
all of it because the category of presheaves is not locally small. Indeed, by a result
of P. Freyd and R. Street in [12] a category is essentially small if and only if both
the category and the category of presheaves is locally small. We fix this issue with
a smallness condition. We choose an uncountable strong limit cardinal k. That is, k
has the property that whenever ) is a cardinal such that A < &, then also 2* < k.
We say that a topological space S is k-small whenever |S| < k and we denote by
%, prost the site of k-small profinite sets. x-small profinite sets have many permanence
properties, in particular they are closed under finite fiber products and coproducts
which we will frequently make use of. Indeed, we have already argued that fiber
products of profinite sets are again profinite. If S; — S and S, — S are continuous
maps of xk-small profinite sets, their fiber product is a xk-small profinite set as well since
we have |S] Xg Sa| < |S1 X Sa| < kK ® k = k. Tt is straightforward to check that finite
coproducts of k-small profinite sets are profinite again and they are k-small because
the cardinal bounds work out as well since |S; [[Se| < k @ k = k. The notation for
cardinal arithmetic is taken from section 3.6 in [22].

Definition 4.2. A r-condensed set is a sheaf of sets on the site *, proe. Stmilarly, a
r-condensed ring/group/... is a sheaf of rings/groups/... on the site . proet. Given
a k-condensed set T, the underlying set of T is the set T(x). Generally, if C is any
category, the category Cond,(C) of k-condensed objects of C is the category of C-valued
sheaves on the site *,_pro¢t-

The category of k-small profinite sets is itself not small but has a small skeleton, i.e. a
full subcategory whose inclusion into x-small profinite sets is essentially surjective and
such that any two isomorphic objects are already equal.

Proposition 4.3. The category of k-small profinite sets has a small skeleton.

Proof. Fix a set X of cardinality x. Let A be a cardinal such that A\ < k and let .S be
a profinite set of cardinality A\. We can embed S into X via an injection 15 : S — X.
We endow X with the topology for which the open sets are X and those of tg(S). This
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makes tg an open immersion and we call the resulting topological space Xg. Any two
non-homeomorphic x-small profinite sets S and S’ give rise to distinct topologies on X,
in fact, Xg & Xg if and only if S = S’. Assume first that Xg = Xg . It is then enough
to show that t5(S) = 1s/(5’) and hence, we may assume that S,5" C X. Suppose
that f : Xg — Xg is a homeomorphism. Denote by 7¢ and 7¢ the topologies of S
respectively S’ (i.e. the topologies of Xg and Xg without the open X). We claim that
f restricts to a homeomorphism S — S’. Clearly S € 75. Since f is a homeomorphism,
we have that f(S) € 7¢ because otherwise we would have f(S) = X, which is not
possible since |S| < |X|. Hence, f(S) C S’. By symmetry of the argument, we have
that f~1(S") C S and hence S’ C f(S). Altogether, they are equal and thus, S = 5.
Let us now assume we have a homeomorphism f : S — S’. We may again assume
that 5, 5" C X because tg(S) = 1s/(5"). Since |S| = |5'] < |X| = & and because k is
infinite, we have that | X\S| = | X\S’|. Let g : X\S — X\ be any bijection. Define
h:X — X as follows, if z € S, set h(z) := f(z), if x € X\S, set h(z) := g(z). The
map £ is then bijective by construction. We have h~'(X) = X open and if U € 7y,
there is some V' € 75 such that f(V) = U. This implies that h~!(U) = V is open. So
h is continuous. h is also open, because if U € 7¢ we have that h(U) = f(U) € 7g.
Clearly h(X) = X is open. Hence, h : Xg — Xg is a homeomorphism. Since there are
at most 22" different topologies on X, we are done because we can choose one k-small
profinite set S from each isomorphism class and we end up with a small skeleton. [

Of course, the skeleton C of the category of k-small profinite sets forms a site with
covers given by finite jointly surjective families of maps. In particular, the category
of presheaves (e.g. of sets) on the skeleton is locally small. Indeed, if T" and 7" are
presheaves of sets, then a morphism 7 : T — T” is just a family

(ns)sec € [ [ Hom(T(5),T'(S))

Sec

satisfying certain properties. Hence, the category of presheaves on C with values in D
is locally small as long as D is locally small. The next lemma shows in particular that
k-condensed sets are locally small as well.

Lemma 4.4. The categories of sheaves of sets/rings/groups... on the sites %, proer and
C are equivalent by restrictions.

Proof. Note first that it is enough to treat the case of sets. Let us fix an isomorphism
fs: S — S’ for any k-small profinite set, i.e. S’ is the unique xk-small profinite set in the
skeleton C such that S = S’. We start by establishing that restriction is fully faithful.
Let T and T" be k-condensed sets and assume that n,e : 7' — T’ are morphisms of
r-condensed sets such that their restriction to C agrees. Let S be a k-small set and
fs S — S be the fixed isomorphism. By naturality, we have two commutative
diagrams, one for n, one for e:

T(S") —— T'(5")
T(fs)l l "(fs)
T(S) —— T'(S)

Since n(S’) and €(S’) agree, the commutativity of the diagrams implies that 7(S) and
€(S) agree as well. Now assume that we are given a natural transformation 7 of the
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restrictions of 7' and T”. Let S be a s-small profinite set. We define

(S) =T'(fs) on(S) o T(fs)™

By definition, n(S) = 7(S) if S was already in the skeleton. Let S; and Sy be k-small
profinite sets with their fixed isomorphisms fg, : S — S} and fg, : Sy — 5 and let
g :S1 — Sy be a continuous map. We want to show that 77(g) o 7(S2) = 7(51) o T'(g).
By naturality of n for objects of the skeleton we have a commutative diagram:

T(Sy) = T'(Sy)
T(fSQOgOfS ) lTl fSQOgOfS
T(Sy) S T(S))
The commutativity of the diagram implies that 7"(g) o 7(S3) = 7(S1) o T'(g)-

Let us now show that restriction is essentially surjective. Let T be a sheaf on C.
Let S be a k-small profinite set, fg : S — S’ be the fixed isomorphism and define
T'(S) :==T(5"). We claim that this defines a functor. Indeed, let S; and Sy be k-small
profinite sets with their fixed isomorphisms fg, : S — S} and fg, : S — S5 and let
g : 51 — S5 be a continuous map. We define 7"(g) := T(fs, o g o f5.') and see that T”

is a functor. Let us now check that 7" is actually a sheaf. For this let {.S; EINS }ier be
a cover. We want to show that the diagram

'(S) — HT’(Si) = H T'(S; x5 5;)
el i,j€I

is an equalizer diagram. In fact, by definition of 7", the diagram agrees with the

fsogiofg?
equalizer diagram corresponding to the cover {8/ ——5 §'}ic; in the skeleton.

Here, fs, : S; — ] denote the usual isomorphisms. This shows that 7" is a sheaf.
It remains to see that the restriction of 7" is isomorphic to T. Let S’ be a k-small
profinite set in the skeleton and fg : S’ — S’ be the isomorphism. We define

n(S) :=T(fs) : T'(S") = T(5"),

n(S’) is then clearly bijective. We show that 7 is a natural transformation. Let S} and
S5 be k-small profinite sets in the skeleton with their isomorphisms fg, : S; — S} and
let g : ST — 5% be a continuous map. We then have that

T(g) on(S3) =T(g) o T(fs,)
(fs;09)

(fsy Ogofsf o fsr)
(

(

fsp) o T(fsy 090 fg)
fs)oT'(g).

Il
’ﬂ'ﬂ’ﬂ'ﬂ

]

Remark 4.5. The same kind of arguments work for all sites that we will encounter. For
us this means that we will not ever mention Lemma 4.4 or Proposition 4.3 again, i.e.
for example we will still speak of the site *, ppost-
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Proposition 4.6. A presheaf T of sets/rings/groups/... on *. proe is a sheaf of sets/
Tings/qroups/... on %, proet if and only if T satisfies the following three conditions:

(i) T(0) = {*}

(ii) For any two k-small profinite sets Si,Ss, the natural map
T(S) [ S2) = T(S1) x T(S2)
18 a bijection.

(iii) For any surjection S" — S of k-small profinite sets with the fiber product S’ xS’
and its two projections p1,ps to S’, the map

T(S) = {xeT(S):T(p1)(x) =T(p2)(x) € T(S x55)}
1S a bijection.

Proof. Let us first note that it is enough to treat the case of sets. Assume T is a
sheaf. Then it is straightforward to see that T'(0) = {*}. Now let S; and Sy be two
r-small profinite sets. Set S := S;[[ 5 and consider the finite jointly surjective cover
{S; = Sticpr2y. As T is a sheaf, T'(S) < T'(S1) x T'(S2) is the equalizer of

T(Sy) x T(Sy) = T(S1) x {*} x {x} x T'(S2) =T(S1) x T(S2)

Both arrows are the identity and therefore, T'(.S) — T'(S1) x T'(S2) is a bijection.

If S — S is a surjection of k-small profinite sets, consider the cover given by S" — S.
That the map T'(S) — {x € T'(S") : T(p1)(z) = T(p2)(x) € T(S" xg S")} is bijective is
just the statement that 7'(S) — T'(S’) is the equalizer of T'(S") = T'(S” xg S'), which
is true since T is a sheaf by assumption.

The converse is slightly more involved. Let {f; : S; — S}ics be a finite jointly surjective
family. Consider the following diagram:

T(S) — [ie; T(S:) —/—— Hi,je[ T(S; x5 55)

id]\ T(n’)

T(S) — T(ILie; $) —= T(Iies Si x5 jer S5)

The lower row is an equalizer diagram, where we have applied (iii) to the surjection
[Lic; Si = S. The second vertical map comes from (ii) and is a bijection which makes
the left square commutative. We want to show that the upper row is also an equalizer
diagram. For this it is enough to construct a third vertical bijection such that the right
squares are commutative. Let us briefly go through the construction. The universal
property of the fiber product J[,., S; x5 [] jer Sj induces maps

Sk XSSZ%HS%' XSHSj7

il jel

which in turn induce maps

T(H Sz Xg HSJ) — T(Sk Xg Sl)

iel jel

28



Finally, by the universal property of the product [[; ;c; T'(S; xs S;), we obtain the
desired map

T’(]_[S’Z XSHSj) — H T(SZ Xg S])

icl jel i,5€l

One can now easily verify that the right squares commute with the constructed map.
All that is left to check is the bijectivity. For this notice that we have a natural bijection

HSZ XSSj%HSi XSHSj’

ijel icl jeI

that induces a bijection

T’(]_[SZ XSHS]) —>T(H Sz XSSj).

iel jel ijel
In particular, the following diagram commutes:
T(Hiel Si Xg Hje[ Sj) — T(Hi,je] Si x5 55)

l (i)

Hi,je[ T(S; x5 5;)

The claim follows as the arrow (ii) is bijective by assumption and thus 7T is a sheaf as
desired. O

Remark 4.7. Essentially the same arguments show that the analogous statement is true
if we replace the site *, .06 by the site of k-small compact Hausdorft spaces.

Definition 4.8. Let X, Y be topological spaces. A surjective map f : X — Y is called
a quotient map if A CY is closed in Y if and only if f~'(A) C X is closed in X.

Lemma 4.9. Any continuous surjection S" — S where S is compact and S is Hausdorff,
is a quotient map. If this is the case, any composite S" — S — T is continuous if and
only if S — T 1s.

Proof. Let f : S — S be such a continuous surjection. Consider the equivalence
relation ~ on S’ that is given by S’ x 5 S” where the fiber product is taken with respect
to f. Since f is continuous, so is the induced bijection f : S/~ — S where S'/~ is
endowed with the quotient topology. Let 7 : S” — S’/~ denote the natural projection.
If A C S/~ is closed, so is 7 1(A) C S by definition. Closed subsets of compact
spaces are compact itself. Hence, f(A) = f(7~'(A)) C S is compact by continuity of
f. As S is a Hausdorff space, f (A) is closed. Thus, f is a homeomorphism which shows
that f is a quotient map. n

There is a natural way of passing from topological structures to condensed structures
that captures the idea of condensed sets. Indeed, let us quickly explain the intuition.
The obvious difference is that we look at functors instead of topological spaces. A
topological space T is determined by the datum of its underlying topology whereas the
datum of a k-condensed set T is specified by the datum of the sets 7'(S) for x-small
profinite sets S. The sets T'(S) should be thought of as continuous maps from S to
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T. The functoriality of T' then says that composition of continuous maps S — T and
X — S gives rise to a continuous map X — 7. Condition ii) in Proposition 4.6 says
that giving a continuous map S; [[ Se — T is the same as giving two continuous maps
S1 — T and Sy — T. Condition iii) in Proposition 4.6 precisely says that given a
continuous surjection f : S" — S, a continuous map S — T is the same as a continuous
map S” — T that is constant on the fibers of f (.S is the quotient of S by the equivalence
relation S’ xg S’). The following example makes this precise:

Example 4.10. Let T" be any topological space. There is an associated x-condensed set
T'. For this we define the functor 1" as follows:

T : {k-small profinite sets}°® — (Set)
S—T(S):=C(5,T)
(f:8 = S) s f*: (S, T) = C(S,T), o o f

Let us check the conditions from Proposition 4.6. First notice that T(()) = {x}. To
verify part ii) of the proposition let S; and Sy be two k-small profinite sets and denote
by ¢; the natural inclusions S; < S; [[ S2. The inclusions induce a natural map

T(Si [] S2) = T(S1) x T(Sa), e = (o 1y, 00 1y),

which is bijective by the universal property of the topological disjoint union S; J] 5.
Let us now verify part iii). For this let f : S’ — S be a surjection of k-small profinite
sets. We need to check that the map

TS) = {BeL(s): Bopr=PBop € L(S xs )} arraof,

is bijective. This follows immediately from Lemma 4.9 and the universal property of
S and f. Indeed, if 8 € T(S") such that 5o p; = [ o po, then [ factors uniquely as
B = B o f. Hence, an inverse is given by [ B

Of course, if T' is a topological ring/group/..., then T is a condensed ring/group/... .

The example shows that the fully faithful Yoneda embedding from the category of k-
small profinite sets to the category of presheaves {profinite sets}°® — (Set) actually
gives rise to a fully faithful functor from the category of x-small profinite sets to s-
condensed sets.

Corollary 4.11. k-small profinite sets embed fully faithfully into k-condensed sets. The
embedding is given by the Yoneda embedding T — (S +— T(S) = C(S,T)).

Let us list some basic properties of the category of k-condensed sets.
Proposition 4.12. Let {T;};c; be k-condensed sets indexed by a set I. Then the product
[Lic; Ti exists and is given by the assignment S — [[;c; T5(S).

Proof. Assume we are given a set [ and for all ¢ € I a k-condensed set T;. We define
the presheaf [[,.,T; == (S — [[;c; Ti(S)). Given f : 8" — S the induced map
(ILe; T)(f) - (ILies T)(S") = (ILie; T3)(S) is defined componentwise. We check the
conditions from Proposition 4.6. It is clear that we have ([[,.; T3)(0) = {*} because
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all T; satisfy T;(0)) = {*}. Condition (ii) holds since all the T; satisfy (ii) and thus

I IS5 =[] I 5)

_H (S1) X Ti(S,))
= (H T;(S1)) % (H T;(S2))
= (HTZ)(Sl) X (HTz)(SQ)

To verify condition (iii) let f : S — S be a surjection. As ([[,.; Ti)(f) is defined
componentwise and because all the 7; satisfy condition (iii) it is clear that ([ [,c; 73)(f)
gives us the desired bijection. It remains to check that [[,.; 7; has the required universal
property. Let S be a x-small profinite set. The projections 7;(S) : [,c; T5(S) — T;(95)
define natural transformations 7; : [[,.;7; — T;. Indeed, they are clearly natural as
T;(f) omi(S) = m;(S") o (IL;e; T3)(f) for any map f:S" — S. Let T be a r-condensed
set and assume that we are given morphisms of k-condensed sets g; : T" — T;. If
S is a k-small profinite set, the maps g¢;(S) : T(S) — T;(S) induce a unique map
g(S) : T(S) = [l,e; T5(S) such that m;(S) o g(S) = g;(5). Hence, for all j € I and
for any f : S" — S we have that 7;(S") o ([,c; T:)(f) 0 9(S) = m;(S") 0 g(S") o T(f).
But then ([[,.; 7i)(f) o g(S) = f(S") o T'(f) which means that g is a morphism of
r-condensed sets. The uniqueness follows from the uniqueness of the g(.5).

0

Proposition 4.13. The category of k-condensed sets has fiber products. More precisely,
giwven two morphisms of k-condensed setsn : Ty — T and € : Ty — T, the fiber product
Ty xp Ty is given by the assignment S +— T1(S) Xr(s) Ta(.S).

Proof. Let us first show that the assignment Ty xp Ty := (S — T1(S) Xr(s) T2(5))
defines a sheaf. If S is a k-small profinite set, we denote by p;(S) and py(S) the
projections of the fiber product T3 (S) x7g) T2(S) of n(S) and €(S). Given f: 5" — S
we obtain the following commutative diagram:

To(f)op2(5)

T1(S) xr(s) To(S)
S B T)()

} /
Tl(S/) XT(S’) TQ(S/) M TQ(S/)

pl(S’)l le(s’)
Ty (

§) —"— 1(S)

T1(f)op1(5)

The uniqueness of the dotted arrows implies that T7; x T5 is a presheaf. Let us now
check the conditions from 4.6. The first condition is satisfied as (71 xr T3)(0) = {x*}.
Let us now check condition (ii). We have that

(T1 XT T2 51 Hsz Tl(Sl) X TI(SQ)) XT(S1)xT(Ss) (Tz(Sl) X Tz(SQ))-
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We claim that the latter is in bijection with (77 x7 T3)(S1) x (T} X7 T5)(S2). Set
X = T1<S1) X T1<SQ), Y = TQ(Sl) X TQ(SQ) and Z = T(Sl) X T(SQ) and consider the

following commutative diagram.

(p2(S51),p2(S2))

(Tl X Tg)(Sl) X (TI X7 TQ)(SQ)

iy o
XxzY — Y

a1 l(6(51)76(52))
X (n(S1),n(S2 )Z

One checks directly that u is the desired bijection. Now let us assume that we are given
a surjection f :S” — S. We have to check condition (iii). The map

(p1(S1),p1(S2))

(Tl X TQ)(f) : Tl(S) XT(S) TQ(S) — T1<S/) XT(S’) TQ(S’)

is clearly injective as Ti(f) and Ty(f) are because T and T, satisfy condition (iii).
Denote the two projections S’ xg 8" — S’ by ¢; and ¢z. We want to check that the
image is given by the set

{SL' c (Tl X TQ)(S,) : (Tl X7 Tg)((]l)(ﬂf) = (Tl XT TQ)(QQ)([E) € (Tl X TQ)(S, Xg S/)}

Let x = ([L’l,l’g) S (Tl XTTQ)(S,) such that (Tl XTTQ)(ql)(IE) = (Tl XTTQ)(QQ)(ZE). This
means that

(Th(q1) (1), To(q1)(w2)) = (T1(g2) (1), Ta(ga)(22)).

Hence, again by condition (iii) for 7} there are y; € T;(S) such that T;(f)(y;) = «;.
We know that 7(S")(z1) = €(S")(z2) and we want to show that n(S)(y1) = €(5)(y2)
because then (y1,y2) € T1(5) x1(s) T2(S) is a preimage for (21, x2) under (77 X7 13)(f).
As T also satisfies condition (iii) we know that T'(f) is injective. We have that

(T(f) e n(9))(y1) = (n(S") o Ty(f)) (1)

which implies that 1n(.S)(y1) = €(5)(y2). All that is left to do is to verify that Ty x1 Ts
has the required universal property. The projections p; : 11 X7 T5 — Tj are defined
in the obvious way and are clearly natural by construction of (7} xr T3)(f) for a map
f: 8 — S. Assume we are given morphisms of k-condensed sets p : X — T} and
q: X — Ty such that nop =e€o0q. If S is a k-small profinite set, then it is clear that
we have a commutative diagram:
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This defines the desired morphism w : X — T} X7 T5. Indeed, the uniqueness is clear,
we just need to argue that w is natural. Given f : S’ — S we need to show that
u(S") o X(f) = (11 xp To)(f) ou(S). Consider the following commutative diagram:

Ta(f)oq(S)

TL(S') xresn To(S") 2255 To(S)
T1(f)op(S) pl(S’)l lﬁ(s')
! !
L(S) —— 5y T9)
As both u(S") o X(f) and (T} x7 T3)(f) o u(S) make the diagram commutative, they
must be equal. This finishes the proof. n

Example 4.14. Let 77 — T and T5 — T be continuous maps. If S is a k-small profinite
set then we have that

(Tl X7 TQ)(S) = O(S, T1 XT Tg)
= C(S, Tl) XC(S,T) C(S, TQ)
1(8) x1s) T2(5),

naturally in S. Hence Ty X¢p Ty = T\ x¢ T5 as x-condensed sets. Moreover, if S’ ENFS
is a surjection of k-small profinite sets, then S is the quotient of S" by the equivalence
relation S’ xg .S’. In other words

P1
_m f
S xg S - S —= S
is a coequalizer diagram. Condition (iii) in Proposition 4.6 enforces that the same is
true on the level of k-condensed sets, i.e.

P *
Sxss =38 Lo s
2
is a coequalizer diagram. Indeed, let T" be a k-condensed set and ¢ : S — T be a
morphism of k-condensed sets such that g o pj = g o p5. Condition (iii) in Proposition
4.6 precisely says that there is a unique morphism wu : S — 7T such that g = uo f* (e.g.
T(S) = Hom(S,T)). In particular, f* is an epimorphism.
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Let {T;}ier be r-condensed sets indexed by a set I. Consider the assignment

(Hﬂ)pre = (S = HE(S))

el i€l

Let f: S — S and denote by ¢7(S") the natural inclusions T;(S") — [l;c; Ti(S").
The compositions

T;(f) N DS ,
T;(S) == T;(") —= [[ T(5")

el

give rise to a natural map

(T T)ore(H) : (JT Tore(S) = (T T)pwe(S).

iel iel iel

This defines a presheaf (] [;.; 7;)pre of sets, which is not a sheaf in general. Indeed, for
two k-condensed sets T and 75 we have that

(T3 [T Z2)pre (@) = T (@) [ T2(0) = {3 [ T4} # (=}
Sheafification helps.

Proposition 4.15. Let {T;};cr be k-condensed sets indexed by a set I. Then the coprod-
uct [],c; Ti in the category of k-condensed sets exists and is given by the sheafification

of (Hie[ T)pre = (S HiGI Ti(S)).

Proof. Assume we are given a set I and for all ¢+ € I a k-condensed set T;. We
have already defined the presheaf (][, ; 7})pre- Let S be a s-small profinite set. The
canonical injections ¢7°(S) : T;(S) — ([;e; Ti)pre(S) give rise to natural transforma-
tions ¢ : Tj — (II;e; Ti)pre @s the naturality is already built into the definition of
(LLic; Ti)pre(f) for f = S" = S. Let [[;c; T be the sheafification of (J];c; T3)pre and
let ¢ : (I1,c; T3)pre — [lic; T3 be the canonical natural transformation. These natural
transformations give rise to natural transformations ¢; defined as the composition

7, o ([T T [T

i€l i€l

Let us now verify the universal property of the coproduct. Assume that we are given
morphisms of x-condensed sets 7; : T; — T'. If S is a x-small profinite set, the maps
n;(S) : T;(S) = T(S) give rise to unique maps n*(S) : [[,c; T5(S) — T'(S) such that
nP*e(S) o @F(S) = n;(S). These maps define a unique natural transformation

" (] Tore = T

el

such that 7P o ¢F" = 7;. Indeed, the uniqueness is clear and the naturality is true
because we have for all j € I the equality

T(f) on*(S) 0 ¢5"(S) = (") o ([ ] To)pre(£) 0 85(S),

il
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and hence T'(f) o nP*(S) = n**(S") o (IL;c; Ti)pre(f). By the universal property of
sheafification there is a unique morphism of x-condensed sets n : [[,.;T; — T such
that nP*®* = n o .. We conclude that
1m0 ¢; :ﬁOLO¢?rezﬁpreo¢§re = 1j-
m

Example 4.16. Let {S;};c; be a finite family of k-small profinite sets. Condition (ii) in
Proposition 4.6 implies that there is a natural isomorphism

H&gHSi.

el il

Indeed, if S := J,.;Si, then by the Yoneda Lemma and because of the previous
proposition we have natural isomorphisms for any x-condensed set T
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5 Stone-Cech compactifications and extremally disconnected
sets

In this section we are going to introduce extremally disconnected sets. We will only
be interested in those that are also compact Hausdorff spaces. As we will see, they
are closely related to certain Stone-Cech compactifications and have very useful proper-
ties. The functorial procedure of producing extremally disconnected compact Hausdorff
spaces will be frequently used throughout the rest of this work. Most notably, given
a compact Hausdorff space S we can always find an extremally disconnected compact
Hausdorff space S” and a continuous surjection 7g : S — S. For example, this implies
that a morphism of k-condensed sets is already determined by its components on k-
small extremally disconnected compact Hausdorff spaces.

Recall that the Stone-Cech compactification (cf. Section 5.25 in [22]) of a topological
space X is a continuous map ix : X — SX from X to a compact Hausdorff space X
which satisfies the following universal property. If K is a compact Hausdorff space and
f X — K acontinuous map, then there exists a unique continuous map gf : X — K
such that the following diagram is commutative:

X X, BX

N

As a direct consequence of this universal property, the Stone-Cech compactification
is functorial and left-adjoint to the inclusion functor from compact Hausdorff spaces
into all topological spaces. In particular, the Stone-Cech compactification commutes
with all colimits. By construction, the image of ix is dense in fX. Moreover, iy is a
homeomorphism onto an open subspace if and only if X is a locally compact Hausdorft
space (cf. Lemma 5.25.2 in [22]).

5.1 Extremally disconnected sets

Definition 5.1. A topological space X is called extremally disconnected if the closure U
of every open set U is open.

Lemma 5.2. Let X be extremally disconnected. If U and V' are open and disjoint
subsets of X, then U and V' are also disjoint. If X is also Hausdorff, then X s totally
disconnected.

Proof. Since U and V are disjoint, U C X\V and hence U C X\V. This means that
the opens U and V are also disjoint. The same argument shows that U and V are
disjoint.

Now assume X is also Hausdorff. Let x € X and let C' be the unique connected
component that contains z. Let y € X\{z}. We claim that y ¢ C' which would imply
that C' = {x}. Since X is Hausdorff, we can find disjoint open neighborhoods U and
V of o and y, respectively. By the first part of the lemma we know that y ¢ U, hence
y is not an element of U N C. As U is open by assumption, U N C' is both open and
closed in C' and contains x. Hence, U N C' = C and thus, C' = {z} as claimed. O
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For compact Hausdorff spaces Gleason gave a different description of extremally dis-
connected spaces (cf. Theorem 2.5 in [14]). They are exactly the projective objects in
the category of compact Hausdorff spaces.

Proposition 5.3 (Gleason). A compact Hausdorff space S is extremally disconnected if
and only if any surjection S" — S from a compact Hausdorff space splits, i.e. there is
a continuous map S — S’ such that the composition S — S" — S is the identity. O

Remark 5.4. It is easy to check that the condition in Proposition 5.3 is equivalent to

the usual notion of projectivity. Indeed, suppose that S is projective and let S’ Iy Sbe
any surjection from a compact Hausdorff space. By projectivity, f factors through the

identity tdg, i.e. there is some S 2§ such that foh=idg. Conversely, let S' % T

and S 25 T and suppose that g is surjective. Consider the fiber product S xS’ with
its pI‘OJeCtIOIlS p1 and py. The projection S x7 S 2% S is surjective and hence admits

a section S 2% S X7 S such that p; o h = idg. Then f := ps o h satisfies f = g o f.

Remark 5.5. For (compact) Hausdorff spaces, the condition of being extremally dis-
connected is stronger than the notion of being totally disconnected. Indeed, by the
previous lemma, extremally disconnected Hausdorff spaces are automatically profinite,
but the converse is not true. Let X := N U {oo}, we claim that X is a profinite set,
hence totally disconnected, but not extremally disconnected. Recall that the topology
on X is given by arbitrary subsets of N and additionally sets of the form (N\F') U{oo},
where F' is a finite subset of N. If X = [ ; Uj is the union of open subsets, then there
has to be one U; of the form (N\F)U{oco}. Since the complement of Uj is finite, finitely
many of the remaining U; and U; must cover X already. Let z,y € X be distinct points.
If both x and y lie in N, the opens {z} and {y} separate  and y. Say x = oo then {y}
and (N\{y}) U {oo} separate  and y. Let z € N and let C' be the unique connected
component containing z. As {z} is both open and closed it follows that C' = {z}.
Finally, if C' is the unique connected component containing oo, then by the previous
argument necessarily C' = {oo}. In particular, all connected components are one-point
sets. Altogether, this shows that X is a profinite set. Let us now argue that X is not
extremally disconnected, indeed, consider the open subset 2N. As 2N is not closed in
X, but 2N U {oo} is closed in X, it follows that 2N = 2N U {oo}. The e complement of
2N are thus the odd numbers, but those are not closed in X. Hence, 2N is not open.

From now on whenever we say extremally disconnected set we mean a compact Haus-
dorff space that is additionally extremally disconnected.

Proposition 5.6. Every compact Hausdorff space S admits a surjection from the ex-
tremally disconnected set S" := BSgisc where Sy is the discrete space with underlying
set S. Moreover, if S is k-small compact Hausdorff space, then S’ is a k-small ex-
tremally disconnected set.

Proof. Assume S is a compact Hausdorff space. If we consider S as the discrete space
Sdise, we can apply the Stone-Cech compactification to Sy and we obtain a compact
Hausdorff space BSgisc together with a continuous map g, : Sgisc = SSaisc. Notice

that the identity Sgisc —> S is continuous and hence, by the universal property of
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1S4 Odisc — BSdise, induces a surjection 3Sgsc — S. Let us now show that 5Sqisc
is extremally disconnected. For this we verify the condition in Proposition 5.3. If
S’ — [Sgisc is any surjection, we may lift the map Sgisc — BSaisec continuously to S’
such that the diagram

S/

Sdisc — /BSdisc

is commutative. By the universal property of the Stone-Cech compactification, we
obtain a unique continuous map [3Sgic — S’ such that 5Sgee — S’ — BS4gisc 1s the
identity on the dense subset Sgisc and hence on all of 5S5g;s.. For the final statement let
S be a k-small compact Hausdorff space, i.e. |S| < k. By construction of S" := 5Sgsc,
we have that |S/| < 22°' (¢f. Lemma 5.25.1 in [22]). As k is an uncountable strong
limit cardinal, by definition |S’| < k. O

Here are some results that show how useful extremally disconnected sets and their for-
mal properties are. In some sense they behave like stalks do for sheaves on a topological
space.

Proposition 5.7. Let f : T — T' be a morphism of k-condensed sets then:

(i) f 1s injective if and only if for all k-small extremally disconnected sets S the map
of sets f(S):T(S) — T'(S) is injective.

(ii) f is surjective if and only if for all k-small extremally disconnected sets S the
map of sets f(S) :T(S) — T'(S) is surjective.

(ii) f is an isomorphism if and only if for all k-small extremally disconnected sets S
the map of sets f(S): T(S) — T'(S) is bijective.

Proof. For (i) it is enough to show that if the map of sets f(S’) : T(S") — T'(5’) is
injective for all k-small extremally disconnected sets S’, then this assertion is also true
for all k-small profinite sets. Let S be a k-small profinite set. Let g : S" — S be the
surjection from the extremally disconnected set S’ = [3Sg.. Consider the following
commutative diagram:

7(s) L5 17(9)
T(ws)l lT/(ﬂ's)
7(s) L5 (s

The maps T'(mg) and T"(wg) are injective by condition (iii) in Proposition 4.6. The
map f(S’) is injective by assumption. By commutativity of the diagram, this implies
that f(S) is injective. Let us now show statement (ii). We assume first that the maps
f(S") : T(S") — T'(S’) are surjective for k-small extremally disconnected sets S’. Let
S be a k-small profinite set and let s € T7"(S). Consider the surjection 7g : 8" — §
from the extremally disconnected set S = 5Sgis.. Now the map f(S") : T'(S") — T'(S")
is surjective and hence has T'(mg)(s) in its image. This shows that f is surjective in
the sense of Definition 3.8. Let us now assume that f is surjective and let S be a
r-small extremally disconnected set. We need to show that f(S) : T'(S) — T'(95) is

38



surjective. Let s € T'(.9), because f is surjective there is a finite jointly surjective cover
{S; &5 S}ics such that T'(g;)(s) is in the image of f(S;) : T(S;) — T'(S;) for all i € I,
i.e. there are x; € T'(S;) such that we have

F(S) (i) =T'(g:)(s).

icr Si 2y S is surjective and
satisfies g o g5, = g; where ¢g, : S; = [[,; Si denote the natural inclusions. Since S

is extremally disconnected, there exists S LN [1;c; Si such that g o h = idg and hence
idrsy = T'(h) o T(g). Since T is a sheaf and [ is finite, we have a natural bijection

T([]5) = [17(S).y = (T(és)(v))ier.

i€l el

Because {S; £ S}ics is a cover, the induced map [],

By the surjectivity there is # € T(][,-; Si) such that (2;)ie; = (T'(¢s,)(2))icr- Likewise,
we have a natural bijection

T'(I15) = 1170,y = (T'(6s) ))icr-

el el

In particular, we have that

(T"(¢s,))ier(T"(9)(s)) = (T"(¢s.)(T"(9)(5)) )ier
= (T'(g © ¢s,)(5))ict
= (T/(gi)(3)>i61-

We claim that f(S)(T'(h)(xz)) = s. Indeed, consider the following commutative dia-
gram:

7(s) —2 5 1(9)

T(h)T TT'(h)

FUies Si)-,
T(Hz’el Si) — T ((Hiel Si)
(T(qssi))ieIT T( (b5, ier
(S
[Lic; T(S) S [Le, T'(Si)

By the commutativity we have that

FS)(T(h)(x)) = (f(S) o T(h) o (T(6s,))icr)(wi)ier)
= (T"(h) o (T"(¢s.))ics © (F(S))ier)(z:)ier)
= (T'(h) o (T"(6s5.))ie) ((f(Si)(x:))ier)
= (T"(h) o (T"(és.));er) ((T"(9:)(5))ier)
= (T'(h) o T'(9))(s)
=T"(go h)(s)

I
NN
—~~
.
U
n
SN~—
—~
»
N~—

This finishes the proof because (iii) is clear. O
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Here is another result in the same direction. Two morphisms of k-condensed sets are
already equal if they agree on k-small extremally disconnected sets.

Proposition 5.8. Let n,e : T — T" be two morphisms of k-condensed sets such that they
agree on all k-small extremally disconnected sets. Then n = €. Moreover, if we restrict
T and T' to k-small extremally disconnected sets and if 11 is a natural transformation
of those restrictions, then there is a necessarily unique morphism of k-condensed sets
n:T — T such that 1(S) = n(S) for all k-small extremally disconnected sets S.

Proof. Let mg : S — S be the surjection from Proposition 5.6 with S’ x-small ex-
tremally disconnected. By naturality, we have two commutative diagrams:

7(S) ﬂ; T'(S)

S
T(Ws)l lT'(Tfs)
n(S’)

T(s") —31'(5)
e(S")
Using Proposition 4.6 we may replace the bottom rows by the two arrows

{z eT(S"):T(p1)(x) =T(p2)(z) € T(S" x5 5"}
{z eT'"(S") : T (p1)(x) =T (p2)(x) € T'(S" xg 5)},

as the commutative squares show that the components n(S’) and €(S") map the set

{z €eT(S"): T(p1)(x) =T(p2)(x)} to the set {x € T"(S") : T'(p1)(x) = T'(p2)(x)}. By
assumption 7(S") = €(S’) which implies n(S) = €(S) since the vertical arrows in the
new commutative squares are bijections.

Next, assume we are given a natural transformation 7 of the restrictions of 7" and T".
We need to define n(S) : T'(S) — T'(S). Consider the diagram:

T(5) 7'(5)

T(ﬂ'S)l lTl(ﬂ'S)

1(8) —"— T'(S)

T(p1 ll p2) "(p1) llT (p2)

T(S xg )78 SXSS)T' S x5 )

As before, the commutative squares at the bottom show us that 7(.S”) maps the set
{z € T(S) : T(p1)(z) = T(p2)(x)} to the set {& € T'(S") : T'(p1)(x) = T (p2)(x)}.

This allows us to define n(S) as the composition
T(S) —— {z € T(') : T(py)(x) = T(p2)(2)}

|

{z e T'(S") : T'(p) () = T'(po)(2)} —— T'(S).
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It is then clear that n and 7 agree on x-small extremally disconnected sets because if
S is a k-small extremally disconnected set, then the upper part of the above diagram
can be completed to a commutative square using 7(S). Now let X and Y be k-small
profinite sets and let f : Y — X be any continuous map. We need to show that the
following diagram is commutative:

n(X) T/(X)

T(f) lT’(f)
T(v) 22 7(y)
For this let mx : X’ — X and 7y : Y’ — Y as before be the surjections from the
k-small extremally disconnected sets X' := X g, and Y’ := SYy;... Consider the map
fdisc . Ydisc — Xdism given by f The map fdisc induces a map f, = ﬁfdisc Y’ — X'

such that f oy,  =ix,. © fasc. We then have that mx o f' = f o my because this is
true on the dense subspace Ygis.. Consider the following diagram:

{x € T(X'): T(p)(@) = T(pa) ()} 255 o € TI(XY) : T'(pr) () = T'(p) ()}

e T
T(X) 1) s T'(X)
() ()| 7w (f)
T(Y) 1) s T'(Y)
Ty | =] )

{x e T(Y"): T(p1)(x) = T(po)(@)} 2 {2 € T/(Y) : T'(p) () = T'(p2) ()}

The upper and lower square commute by definition of 1(X) respectively n(Y). The
outer parts of the diagram commute because 7x o f = f o my. Using that X’ and Y’

are k-small extremally disconnected sets and hence T"(f) o n(X') = n(Y’) o T(f) this
implies that the square in question commutes. O

5.2 Different sites for the definition of condensed sets

In this subsection we will show that the categories of sheaves on the sites *,_prost, K-small
compact Hausdorff spaces and k-small extremally disconnected sets are equivalent by
restriction. The covers in either of the sites are given by finite jointly surjective families
of maps. Working in either of those has advantages and disadvantages. For example,
compact Hausdorff spaces and profinite sets are stable under fiber products while ex-
tremally disconnected sets are not. On the other hand, the latter has a particularly
simple description of sheaves (cf. Corollary 5.19). This description will prove to be
very useful when it comes to k-condensed abelian groups. As fiber products of ex-
tremally disconnected spaces need not be extremally disconnected, both the definition
of a site and the definition of a sheaf cannot be formulated in the usual way. Here is
an alternative (cf. C2 in [16]).
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Definition 5.9. Let C be a category. A family of morphisms with fixed target in C is
given by an object U € C, a set I and for each ¢ € I a morphism U; — U of C with
target U. We use the notation {U; — U} to indicate this. A site is given by a
category C and a set Cov(C) of families of morphisms with fixed target {U; — U }ier

called coverings of C, satisfying the axiom that whenever {U; EN }ier is a covering

h .
and g : V — U is any morphism, then there exists a covering {V; — V },c; such that
cach composite g o h; factors through some f;. By abuse of notation, we usually write
C to indicate this site.

Remark 5.10. If C is a site in the sense of Definition 3.2, then axiom (iii) of Definition
3.2 already implies that C is a site in the sense of the previous definition. We refer the
reader to the interesting discussion in C2 in [16] as to why the definition of a site here
has only one axiom in contrast to Definition 3.2.

Definition 5.11. Let C be a site in the sense of the previous definition. A presheaf of
sets/groups/rings/... on C is a functor

T : C® — {sets/groups/rings/...}.

Given a covering {U; EIN U}ier, a compatible family of sections is a tuple

(74)ier € H T(U;),

el

such that for all j,k € I and all morphisms g : V. — U; and h : V — U, with
fjog = froh we have that T'(¢g)(x;) = T'(h)(x)). A sheaf of sets on C is a presheaf of

sets T on C such that for every covering family {U; EINy }ier and for every compatible
family of sections (;)ie; € [[;c; T(U;) there is a unique element 2 € T'(U) such that
T(fi)(x) = x; for all ¢ € I. A presheaf T of groups/rings/... on C is a sheaf of
groups/rings/... on C if the underlying presheaf of sets is a sheaf of sets.

Example 5.12. With the above definition, x-small extremally disconnected sets with
covers given by finite jointly surjective families {.S; EINgS }ier of maps form a site. Let
us see why. If {S; EINGS }ier is a cover and if g : X — S is any continuous map of x-small

h .
extremally disconnected sets, we need to find a cover {X; = X },c, such that each goh;
factors through some f;. Consider the fiber product X xg S; of g and f; taken in the
category of compact Hausdorff spaces with its projections p; ; and p; ». We have already
discussed that {X xg.S; LN '€ }ier is a finite jointly surjective family in the category
of compact Hausdorff spaces. Next, let mxx s, : (X xg95;)" = X Xg.S; be the canonical

surjection from the k-small extremally disconnected space (X xg.5;) 1= 5(X X 55;)disc-
We have also discussed that the family {(X xg S;)’ GRRSEEL X }ier is finite jointly
surjective. By construction, g o p;1 0 Txxgs, = fi ©Pi2 © Txxgs,- Of course, this holds
even without composition with the map mx.4s, and hence, this defines indeed a site.

We would like to have an analog of Proposition 4.6. The obvious problem is that (iii)
in the proposition can not be formulated because it contains a fiber product. On the
other hand, if T is a presheaf on the site of x-small extremally disconnected sets, there
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is an analog that is actually automatically satisfied. The following lemma is inspired
by a Mathoverflow post by Adam Topaz (cf. [24]).

Lemma 5.13. Suppose T is a presheaf on the site of k-small extremally disconnected
sets. Let f:Y — X be a surjection of k-small extremally disconnected sets and let
g:Z =Y xXxY be any surjection from a k-small extremally disconnected set Z onto
Y xx Y. The following diagram is an equalizer diagram:

T(f) T'(p1og)
T(X) —% T(Y) —= T(2).

T (p20g)

Proof. Clearly T(f) equalizes the two arrows in the diagram. As f : Y — X is
surjective, there is a section h : X — Y such that f o h = idy. By the universal
property of Y X x Y we obtain a commutative diagram:

Y — X

Since Y is projective and g : Z — Y X x Y surjective, the obtained mapu : Y — Y xxY
factors through some t : Y — Z:

3
g lg

Y —“ 5V xyY

By construction, pjogot = idy and pyogot = ho f. Assume we are givene : M — T(Y)
such that T'(py o g)oe =T(pa o g)oe. As idpyy=T(t) o T (p og) we have that

e=T(t)oT(prog)o
(pQOgot)oe
(
(

hof)o
f)oT(h )06-

Hence, e factors uniquely through 7'(f). Indeed, if e = T'(f) o v, then
T(h)yoe=T(h)oT(f)ov=nw.

I
e B B

—~

O

This observation makes it very simple to check whether a presheaf on the site of xk-small
extremally disconnected sets is a sheaf.

Proposition 5.14. A presheaf T' of sets/rings/groups/... on the site of all k-small ex-
tremally disconnected sets is a sheaf of sets/rings/groups/... if and only if T(0) = {*}
and for all k-small extremally disconnected sets Sy, Ss, the natural map

TS [ S2) = T(S1) x T(S2)

1S a bijection.
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Proof. Let us first note that it is enough to treat the case of sets. Clearly, x-small
extremally disconnected spaces are closed under finite coproducts. Any sheaf T" satisfies
the two given conditions. Let us now show the converse. Assume we are given a cover

{S =+ Stier. The cover gives us a natural surjection f : [[,.; S; — 5. Consider the
following commutative diagram:
7(f) Tlprom )
T(S) —= T(ILic;r Si) e T(((ILier Si) xs (e S1)))
pooT
H RGN I

T(8) 2 Ty T(S) —— Tigperns T((Si x5 5)))
(T(@"7)) a5
Here, q,Ef’j ) = p,(j’j ) o Ts;xss; Where p,(:’j ) denotes the projection from S; xg S; onto Sj.
More concretely, the maps are given by (T(qfl’j)))(i,j)((;Ek)kej) = (T(ql(z’”)(xi))(i,j) and
likewise, (T(qﬁi’j)))(m)((xk)kej) = (T(qi(i’j))( %;))ij)- The upper row is an equalizer,
obtained from Lemma 5.13 applied to f : [],.; S; — S and the natural surjection from
the Stone-Cech compactification of the underlying discrete set

(T 50 xs (AT 50 = (T 50 >s (LT 50-
iel jer iel jeI
All vertical arrows are bijections by assumption and because

(TT80) xs QT 50) = (TT S: xs 85 = [T (S x5 5,

el Jel i,j€l 1,5€l

where the latter equality is due to the fact that the Stone-Cech compactification com-
mutes with colimits. Hence, the bottom row is an equalizer diagram. Now, given a
family of compatible sections (xy)re; we have that

(T(qgi’j)))(i,j)((xk)kef) = (T(qs’j))(%))(i,j)

= (T(@\") iy (z0)ker),

because f; 0 ¢ = fi 0 p™ o mggs, = fi 0P 0 Megs, = S50 ¢ and thus, by

compatibility of the sections, T(q")(z;) = T(q (Z’j))(xj). As the bottom row is an

equalizer, there is a unique z € T'(S) such that ( (fi)(®))ier = (%i)icr. This means
that 7' is a sheaf. O

Lemma 5.15. Let S; and Sy be k-small profinite sets with their respective natural sur-
jections mg, : S; — S; from the Stone—Cech compactifications S7 and S5. Then we have
that

(S TT55) xsi1rs. (S]] S = (1 xs, 89) J] (S5 x5 95)-

Proof. By the universal property of (S7]]S5) xs 115, (S11]S5) we obtain two com-
mutative diagrams:
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(STLT93) xsise (ST1185) —— ST1T S5

rll l(ﬂ—sl »7752)

SISy — ) g 1S,

The universal property of (S] xg, S7) [[1(S5 xs, S5) induces a continuous map

wi= (ur, uz) (S xs, S7) [] (S5 x5, S5) = (1 ] S5) xsu1rse (S]] S5)

such that u o ¢g/x g 57 = u;. One checks directly that w is a bijection which implies the
claim since continuous bijections between compact Hausdorff spaces are isomorphisms.

]

Lemma 5.16. Suppose T is a presheaf on the site %, proer Such that for all surjections
g : Y — X where Y is a k-small extremally disconnected set and X 1is a k-small
profinite set we have that the following diagram is an equalizer diagram.:

T(r1)
T(X) 22 T(V) —2 T(Y xx V)
T(TQ)

where r; Y Xx Y — Y denote the two projections. Then the same assertion is true
for any surjection of k-small profinite sets.

Proof. Let f:Y — X be any surjection of k-small profinite sets and let 7y : Y — Y
be the natural surjection from the x-small profinite set Y”’. We then have a surjection
Y ™y L X and amap my X7y 1 Y/ Xx Y’ = Y xxY. Moreover, let Y/ x Y’ 25 Y’
denote the two projections. Then we have a commutative diagram such that the lower
row is an equalizer:

() GO
TX) —=T() ; T(Y xxY)
T(TQ)
T(my) T(my xmy)
| el o, rew
T(X)——TY") o ); T(Y' xxY')
82

The claim follows because T'(my) is injective as an equalizer (apply the assumption to
= my) and because the diagram commutes. O]

Lemma 5.17. The restriction functor from k-condensed sets to the category of sheaves
on the site of k-small extremally disconnected sets with covers given by finite jointly
surjective families is fully faithful.

Proof. This follows immediately from Proposition 5.8. m

Let us now come to the main result of this section. We are going to establish the equiv-
alence between the category of sheaves on the site of k-small extremally disconnected
sets and the category of k-condensed sets. Let us give a quick argument why this should
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be true. Indeed, a k-condensed set 7' is already determined by its values on k-small ex-
tremally disconnected sets. For this let S be a k-small profinite set. As before there is a
surjection mg : S — S from the k-small extremally disconnected set S" := Sgjsc. Sim-
ilarly, the k-small profinite set S’ x ¢ S” also admits a surjection mg/y g5 : S” — 5" x g5’
from the r-small extremally disconnected set S” := (5" xg 5") := (S’ X5 5 )gisc- By
Proposition 4.6 we obtain the two equalizer diagrams:

T(rs) o D) , .
T(S) ———— T(5") { T(S" xg 5"

T(p2)
! /T(ﬂS’XSS/) " —>T(Q1) " 1"
T(S XSS)—>T(S)WT(S XS’XsS'S)
q2

As a consequence, the following diagram is also an equalizer diagram:

T(ploﬂ-S/xSS/)
T(S') — T(5")

T(pQOﬂ'S/ ><SS/)

T(ms)

7(S)

Hence, T'(S) can be expressed in terms of values of T" on k-small extremally discon-
nected sets.

Theorem 5.18. Consider the site of all k-small extremally disconnected sets, with covers
given by finite families of jointly surjective maps. Its category of sheaves is equivalent
to k-condensed sets via restriction from k-small profinite sets. Moreover, if T1 and T,
are k-condensed sets such that their restrictions to k-small extremally disconnected sets
are isomorphic, then T7 = T,.

Proof. Let us fix some notation. As usual, the Stone-Cech compactification of the
underlying discrete set of a k-small profinite set S will be denoted by S’ and the
natural surjection S’ — S by mg. Likewise, the Stone-Cech compactification of the
underlying discrete set of S’ xS’ will be denoted by S”. Moreover, recall from the
proof of Proposition 5.8 that a map f : ¥ — X of k-small profinite sets induces a
map [’ : Y’ — X’ of k-small extremally disconnected sets such that 7x o f' = f o my.
By Lemma 5.17 we already know that the restriction functor is fully faithful. The last
statement of the theorem is true because of the same Lemma and because of Proposition
5.7. Hence, we have to show that the restriction functor is essentially surjective. For
this let T be a sheaf on the site of k-small extremally disconnected sets and let S be a
r-small profinite set. We define the value of 7" on S by setting

T'(S) = lim T'(5).
S—S
The index category has as objects all maps v : S — S where S is a r-small extremally
disconnected set. For such an object, we will often write (S, S S ) or just (S,1). A
morphism (S, S, N S) = (S, 5, LN S) is given by a continuous map 3 : Sy — S
such that 1y = 1y 0 B. Tt follows from Lemma 4.3 that the index category is essentially
small and that the limit 7"(S) exists as a limit of sets. The natural projection map

T'(S) — T(S) corresponding to the index (S,v) will be denoted by P&y Let S 15
be a continuous map of k-small profinite sets. By the universal property of limits we
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obtain a unique map 7"(f) : T7'(S) — T'(S’) that is characterized by the fact that it
is the projection onto all components that factor through f. We conclude that T is
a presheaf as claimed. In fact, as a limit of sets, 7"(S) has an explicit description.

Namely, now a morphism (5‘1,%) — (52,¢2) is a continuous map « : S; — Sy such
that ¢y = 19 o a and T'(S) can be described as

T'(S) = {(5(5,w))(§,¢) € H T(S) | Vo : (§17¢1) - (527¢2) © S T T(Oé)(s(éz,wz))}.
(5.9)

For more details on this construction see section 7.19 in [22]. Let us now check that
T is a k-condensed set. We want to verify the conditions in Proposition 4.6. Clearly
T'(0) = {x} because the index category consists of just one object ((,id).

Let f:Y — X be a surjection of k-small profinite sets. We want to check that the
following diagram is an equalizer diagram:

() G
7(x) 29N 1y T'(Y xx Y)
T'(r2)

By Lemma 5.16 we may assume that Y is extremally disconnected. By functoriality,
T'(f) equalizes the two arrows. Moreover, by definition of T"(f) it is clear that T"(f)
is injective because any map S — X with S k-small extremally disconnected factors
through the surjection f since S is projective. As an auxiliary next step we claim that
the following diagram is an equalizer diagram:

() UGN
T(X') —= T(Y") 3 T((Y xxY)')
(%)

Indeed, as f : Y — X is surjective, the underlying map of discrete sets has a section
h : Xgise = Yaise. Consequently, we obtain a map A’ : X’ — Y’ such that f'oh’ = idx:.
Consider the following commutative diagram:

T2
Ydisc XXdisc Ydisc E— Ydisc

g J

f
de‘sc — Xdisc

hof

Hence, we obtain a map v’ : Y" — (Y xx Y)" and the following diagram commutes:

idyr
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The fact that we have f’ o h' = idx, implies that T'(f’) is injective, moreover it is clear
that T'(r)) o T(f) = T(rhy) o T(f'). Suppose now that we are given y € T'(Y”) such that

T(r1)(y) = T(ry)(y). Then:
(T(f) o T(W)(y) = T(h" o f')(y)
=T(ry ou')(y)

This proves that the auxiliary diagram is an equalizer diagram. Because Y is extremally
disconnected, the index category corresponding to 77(Y') has an initial object, namely

Y)Y v, Y'). Consequently, we have that the projection map peyq,) : T'(Y) = T(Y)
is an isomorphism. The inverse ¢ : T'(Y) — T'(Y") is characterized by the fact that

T()=p oq

(8.55v)
as maps T(Y) — T(S). Thus, any element g € T(Y) is of the form

9=14q(s) = (TW)(3)) (5.
for a unique element s € T(Y). By construction the following diagram commutes:

, T'(r1)
(X)) s Yy T3 T'(Y xx Y)

T'(r2)
p(X/JX)l T(WY)OP(Y,idy)l lp((yxxy)’ﬂfoxy)

T(ry)
T(X') — T(V) =3 T((Y xx YY)
T(r3)

Suppose now that we are given g € T"(Y') such that 7"(r1)(g) = T"(r2)(g). Because
the lower row is an equalizer and because of commutativity, there is a unique element
x € T(X') such that

T(f)(x) = T(my) © prviay)(9)-

If we set s := p(v,ay)(g), we have that T'(f')(z) = T(my)(s) and ¢(s) = g. Thus,
by the above discussion we may write g = (I'(¢)(s)) g, We define h € T'(X) by

setting h(g §5x) = T(¢)(s) for some factorization ¢ = f o). Such a factorization
always exists because f is surjective and S projective. Let us assume for a moment
that h € T'(X). Then we have that

T'(f)(h) = (h(S,fo¢))(§,¢) = (T(w)(5>)(§,¢) =49

Let us now show that h is actually an element of 7"(X). Assume that we are given

a morphism (S, 1) LA (S, ¢2) such that p; = ¢y 0 3. By projectivity of S; we have
factorizations ¢; = f o 1;. By definition of 7"(X) we need to show that:

T(4n)(s) = T(B) o T(¢h)(s)-

Note that we have foy; = foisopB. Consequently, we obtain a commutative diagram:
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ls

Y — X

By projectivity of S, we obtain a map v : S; — (Y xx Y)" such that u = my«,y ov.
Recall that we have

/
7TyOT’j :T‘jO’YTYXXy.

Hence,
T(1)(s) = T(riou)(s) =T(riomyx vy ov)(s)
=T(my oriov)(s) =T(ry ov) o T(my)(s)
=T(ryov) o T(f)(x) (Oﬁovl‘

ryov)oT(my)(s) =T (wy oryov)(s)

T2 0 Ty xyy 0 V)(s) = T(ra o u)(s)

P20 B)(s) =T(B) o T(¢2)(s).

Altogether, the diagram in question is an equalizer. Let X and Y be k-small profinite
sets. We claim that T"(X [[Y) = T'(X) x T'(Y). For this let S be a k-small profinite

set and 7g : 8" — S be the natural surjection. By the discussion so far, we already
know that the following diagram is an equalizer:

I
'ﬂ'ﬂﬂ'ﬂ’ﬂ%

(

(

( )(x) = )(@)
(f"oryouv)(x) =T(ryov) o T(f)(x)
( -

(

(

T (7

T'(p1)
7'(S) 255 (s == T(S" x5 S)

T(p2)

Let m: S” — S" xg S be the natural surjection from the k-small extremally discon-
nected set S” = (S’ xg S’). It is then clear that the following diagram is an equalizer
because the map T"(S" xg S") — T'(S") is injective as shown earlier:
/ TI(WS) / / T/(p—107'('>) / 17
T'(S) —= T'(5") —X T'(9").
T'(p20m)

In fact, because T'(Y') = T'(Y') for any x-small extremally disconnected set, this means
that, with the induced arrows, we have a natural identification

T'(S) = eq(T(S") = T(S")).

Using Lemma 5.15 and that Stone-Cech compactification commutes with colimits we

know that:
xJTv)

(X JTY) xxuy XYY
(X XXX)H(Y’XYY))
XV <y Y'Y

= (X
X H Yy
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Thus:

T'(X[]Y) =ear(xX [[Y)) = T(X ]]Y)")
=eq(T(X'[[Y) = T(X"TTY")
= eq(T(X') x T(Y") =2 T(X") x T((Y"))
eq(T( ) = T(X") x eq(T(Y') = T(Y"))
T'(X) x T'(Y').

Let us now show that the restriction of 7" to k-small extremally disconnected sets is
naturally isomorphic to 7T'. In fact, we have discussed everything necessary already. If S
is a n-small extremally disconnected set, we already know that p(g.qs) : 77(S) = T'(S)
is bijective. Moreover, by definition we have that T'(f) o p(s,ias) = P(sr.iae) © T'(f) for
any map f: 5 — S. O

Corollary 5.19. The category of k-condensed sets/rings/qroups/... is equivalent to the
category of functors

T : {k-small extremally disconnected sets}°® — {sets/rings/groups/...}

such that T(0) = {x} and for all k-small extremally disconnected sets S1, So, the natural
map T(S1[]S2) = T(S1) x T(Sz) is a bijection.

Proof. This is Theorem 5.18 and Proposition 5.14. Although we have proved The-
orem 5.18 for sheaves of sets the proof goes through mutatis mutandis in the other
cases. For example, one has to check that the defined sheave T” is actually a sheave of
rings/groups/modules/... . O

As promised, there is a similar result for the category of sheaves on the site of compact
Hausdorff spaces and k-condensed sets which we will state but not prove although one
could prove it as in Theorem 5.18. Like in the case of xk-small extremally disconnected
sets, a sheaf T" on the site of all k-small compact Hausdorff spaces is already determined
by its values on k-small profinite sets. Let S be a k-small compact Hausdorff space.
By Proposition 5.6 we can find a surjection 7g : S — S from the x-small extremally
disconnected set S’ := [Sgis.. As established in Lemma 5.2, S is also profinite. By
Remark 4.7 and Proposition 4.6 the value T'(S) is already determined by the values
T(S") and T(S" x5.S") on the k-small profinite sets S" and S’ xg S’ (with its projections
p1 and py). Indeed, the following diagram is an equalizer diagram:

- T(p1)
T(S) —= T(S") 2 T(5 x5 9.

T(p2)

Proposition 5.20. Consider the site of all k-small compact Hausdorff spaces, with covers
given by finite families of jointly surjective maps. Its category of sheaves is equivalent
to k-condensed sets via restriction to k-small profinite sets. O

Remark 5.21. Proposition 5.20 follows formally from Lemma 7.29.1 in section 7.29 in
[22]. Indeed, the inclusion functor from the category of profinite sets into the category
of compact Hausdorff spaces satisfies all of the conditions in the lemma and induces
thereby an equivalence of the topoi in question. Given a k-condensed set T', its exten-
sion is constructed similarly as in the proof of Theorem 5.18. In contrast, the above
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mentioned lemma in [22] cannot be applied to prove Theorem 5.18 because k-small
extremally disconnected sets lack limits and the inclusion functor to s-small profinite
sets is therefore not continuous.

5.3 The Stone-Cech compactification revisited

In the proof of Theorem 5.18 two functors came up. Namely, given a x-condensed set
T, the value on the k-small profinite set S was already determined by the values on the
r-small extremally disconnected sets S’ and S”. More precisely, the following diagram
is an equalizer diagram:

T(ploﬂ-S/xSS/)
T(5') — T(S").

T(szﬂ'S/XSS/)

T(ms)

7(S)

One key ingredient in the proof was the fact that the functor S +— S’ preserves epi-
morphisms. In fact, this is not true for the functor S — S” as opposed to an erroneous
statement in Proposition 2.3 in version 1 of [2]. Although by Lemma 5.15, we can
at least say that the functor preserves finite coproducts. In this section we will have
a closer look at the construction of the Stone-Cech compactification S’ as the set of
ultrafilters on the underlying discrete set Sgisc, as well as the construction of the maps
f' Y — X' for a given map f: Y — X. We will use this description to show that
the functor S +— S” does not preserve epimorphisms in general. The basic facts about
ultrafilters and the Stone-Cech compactification of a discrete space are taken from the
book Algebra in the Stone—Cech compactification by Neil Hindman and Dona Strauss
in [15].

Definition 5.22. Let X be a set. A filter on X is a non-empty set F of subsets of X
such that:

(i) If A,B € F, then ANB € F.
(i) If Ae Fand AC B C X, then B € F.
(i) 0 ¢ F.
A filter F is called an wultrafilter if for all A C X either A € F or X\A € F.

Lemma 5.23. Let X be a set. A filter F on X is an ultrafilter if and only if F is not
properly contained in any other filter.

Proof. This is Theorem 3.6 in [15]. O

Lemma 5.24. Let X be a set and letU be a set of subsets of X with the finite intersection
property, i.e. for any finite non-empty subset V C U we have that NacyA # 0. Then
there exists an ultrafilter F on X such thatU C F.

Proof. This is Theorem 3.8 in [15]. O

Lemma 5.25. Let X be a set and let x € X. Consider ix(x) := {A C X : x € A}.
Then ix(x) is an ultrafilter on X.
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Proof. Clearly ix(x) is a filter on X. Suppose A C X then either z € A or z € X\ A
and hence, either A € ix(x) or X\ A € ix(x). O

One says that ix(x) is the principal ultrafilter associated to z € X. Now let X be a
discrete space and set

pX :={F : F is an ultrafilter on X}
and for A C X we define
A::{fEBX:AGf}.

The assignment x +— iy (z) defines an injective map X — SX. If we equip 5X with the
topology for which {/1 : A C X} forms a basis, then the pair (8X,ix) is a Stone-Cech
compactification of X (cf. Theorem 3.27 in [15]). Of course, we are interested in the
case where X is a compact Hausdorff space. As usual we set X' := 5Xgis. Let us first
have a look at how the natural surjection wx : X’ — X is actually constructed. Recall
that we applied the universal property of X’ to the identity idy : X4s. — X to obtain
the unique map 7x : X’ — X such that 7x oix = idx. Let F be an ultrafilter on
Xaise- The proof of Theorem 3.27 in [15] shows that 7x(F) is the unique point in the
intersection NperB where B denotes the closure of B in the compact Hausdorff space
X. Likewise, given a map f : Y — X of compact Hausdorff spaces X and Y, the map
f':Y" — X’ is the unique map such that f’ oiy =ix o f. Hence, f'(F) is the unique
point in the intersection Nper(ix o f)(B). If f is surjective, f’ has a particularly nice
description. This is our next goal.

Lemma 5.26. If f : Y — X s a surjective map and F s an ultrafilter on Y, then
f(F):={f(B): B € F} is an ultrafilter on X.

Proof. Assume Ay, Ay € f(F). We may write A; = f(B;) for some B; € F. Then
B; C f7H(f(By) = f7H(A))
and hence, f~!(A;) € F. This implies that
AN fHA) = fH (AN Ay € F.

Because f is surjective,

AN Ay = f(f (AL N A)) € f(F).
Now let A € F and A’ C X such that A C A’. Write A = f(B) for some B € F. Then

B C [THf(B)) = (A) € fH(A),

consequently, f71(A") € F. Thus, A’ = f(f~Y(A")) € f(F) by the surjectivity of f.
Since () ¢ F, we also have that () ¢ f(F). This means that f(F) is a filter on X. Let
us now show that it is also an ultrafilter. For this let A C X. Since F is an ultrafilter
on Y, either f71(A) € F or Y\f'(A) € F. Then by the surjectivity of f either

A= f(f(4) € f(F)

or

X\A = f(fHX\A) = FY\f(A)) € f(F).
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Lemma 5.27. Let f : Y — X be a surjection of compact Hausdorff spaces and let G
be an ultrafilter on Xgis.. Then there is an ultrafilter F on Ygs. such that the family
7YG) :={f(B): BeG} is contained in F.

Proof. Because f is surjective, f~1(G) has the finite intersection property. Hence, by
Lemma 5.24 the existence of F is ensured. O]

Proposition 5.28. Let f : Y — X be a surjection of compact Hausdorff spaces and let
F, G be ultrafilters on Yyse and Xgse, respectively. Then the following statements are
true:

(i) f:Y" = X' is given by f'(F) = f(F).

(i) f/(F) =G if and only if f~4(G) C F.

(i) f' is surjective.
Proof. (i) By Lemma 5.26 we may define a map g : Y' — X' by g(F) := f(F). We
claim that ¢ is continuous. For this let A = {G € X' : A € G} be a basic open set

in X'. Set B := f~'(A). Then g ' (A) = B. Indeed, let F € g '(A), then we have
f(F) € A. Hence, A = f(C) for some C € F. Thus

CCfifO) =114 =8

This implies that B € F which means that F € B. Conversely, let F € B. By
definition of B this means that f~!(A) € F. As f is surjective we have

A= f(f7(A)) € f(F)

which implies that f(F) € A and consequently, F € g~1(A). Hence, g is continuous as
claimed. Let us now show that ¢ satisfies g o iy = iy o f which would imply g = f’ by
uniqueness of . We have

goiy(y) = g(iv(y))
= g({A C Yaise 1y € A})
={f(A):y e A}
={B C Xais : f(y) € B}
=ix(f(y))
=ix o f(y).

(ii) Suppose that f~}(G) € F. By Lemma 5.23 and part (i) it is enough to show that
G C f(F). Let B € G, then by the surjectivity of f we have that

B = f(f\(B)) € f(F).

Hence, G = f'(F). Assume now that f'(F) = G. Let B € G. By assumption and part
(i) we may write B = f(A) for some A € F. But then

AC U f(A) =f1(B)

which implies that f~!(B) € F. Thus, we may conclude that f~1(G) C F.
(iii) This follows from Lemma 5.27 and part (ii).
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We are now ready to discuss that the functor S — S” = (5" X g1y 45/)" does not preserve
epimorphisms. Given a map f : Y — X, consider the induced map f': Y’ — X', Let
us quickly see how f”:Y” — X" is constructed. First of all, we have a commutative
diagram

flogqa

Y’ Xy Y’

-
p
X' xx X' —= X'

" Jos

s

X — 5 X

We then define [ := (f' x f') : Y"” — X”. Notice that a map f : Y — X is surjective
if and only if f': Y’ — X’ is surjective. Indeed, we already know that the only if part
is true (cf. Proposition 5.28). On the other hand, if f is surjective, then f is surjective
because of the equality mx o f/ = f o my. Let us first discuss some positive results,
i.e. instances where the map f” is surjective. Suppose f : Y — X is surjective, by the
above, we can focus on f’ x f’. We have the following commutative diagram:

X' xxYV 25 X/
S
) 'E SN '

Let us assume that f’ x my is surjective. We claim that in this case f’ x f’ is surjective
as well. Let (z1,29) € X' xx X’'. By the surjectivity of f’ we may write x5 = f'(y2)
for some y, € Y. Then

Tx(21) = mx(12) = 7x 0 f'(32) = f o Ty (y2)

and consequently, (z1, Ty (y2)) € X' Xx Y. By the surjectivity of f’ x my there is some
y1 € Y’ such that

(x1, 1y (y2)) = (f x 7)) (y1) = (' (v1), 7y (y1))-

Then (y1,y2) € Y’ Xy Y’ such that (f' x f')((y1,y2)) = (21, x2). The following lemma
shows that f’ x my is surjective if f is surjective and open.

Lemma 5.29. If f : Y — X is surjective and open, then f' x wy : Y — X' xx Y is
surjective. Consequently, " :Y" — X" is surjective.

Proof. Since (' xmy)(Y’) is closed in X’ x x Y, it is enough to show that (' x7y)(Y”’) is
densein X' xxY. Let UxxV := (UxV)N(X’'xxY) be a non-empty basic open set in
X'xxY, ie. UC X and V CY are open. Consider the open W := f(V) C X. Since
U xx V is not empty, we have that U’ := U N7y, (W) C X' is non-empty and open.
As ix(Xaisc) is dense in X', there is x € X such that ix(z) € U’. By construction,
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x = mx oix(xr) € W and hence, there is some y € V such that f(y) = z. But then
iy (y) € Y’ such that

(f xmy)(iv(y) = (f oiv(y), 7y 0 iv(y)) = (ix o f(y),y) = (ix(2),y) €U xx V.
This shows the claim. O

Unfortunately this is not always the case, as surjections of compact Hausdorff spaces
are always closed, but they are not necessarily open. The following counterexamples
originated in discussion with Xavier Xarles and Niklas Miiller.

Example 5.30. We start with compact Hausdorff spaces and will later see that these
examples give rise to examples of profinite sets. Let Y := [0,1] C R be the unit
interval and X :=[0,1]/{0 ~ 1}, the quotient of Y where we identify the endpoints of
the interval. We identify X with the unit circle S* under the homeomorphism induced
by the surjection

f:Y — Sy (cos(2my), sin(27y)).

Let us fix some notation. We denote by H™ the open upper half plane and by H~ the
open lower half plane in R? and for 0 < € < 1 we set B, := B.((1,0)) N S! as well as
U.:=B.NH" and V. := B.NH ™. Let G be an ultrafilter on Xy, such that G contains
the sets V. for 0 < ¢ < 1. By Lemma 5.24 such an ultrafilter exists. In particular,
(G,0) € X’ xx Y because by construction we have for all 0 < e < 1 that

{rx(9)} = NpegB C V.,

which already implies that 7x(G) = (1,0) and hence

Suppose now that there is F € Y’ such that (f" x 7y )(F) = (G,0). The equality
{0} = {mv(F)} = NpesB

implies that 0 € B for all B € F. We have that for all 0 < ¢ < 1 the set [0,¢) is
contained in F because otherwise there is some € such that [¢,1] € F which would
imply that 0 € [¢, 1]. By construction we may choose 0 < ¢, ¢ < 1 such that [0,d) € F
and f([0,6)) = U. U {(1,0)}. By Proposition 5.28 we may conclude that f([0,d)) is
contained in f(F) = G. This is of course absurd because then f([0,0))NV. =10 € G.
This establishes that f’ x my is not surjective in general. Here is a picture of the
situation:

(cos(2md), sin(2m6))

U,
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Let us now see why f’ x f’ is not surjective in general. For this choose ultrafilters G,
and Gs on Xy as above such that for all 0 < € < 1 the sets U, and V, are contained
in G; and G, respectively. We then have that

mx(G1) = (1,0) = 7x(G2)
and hence, (G1,Gs) € X' X x X', Suppose that there is (Fi, F2) € Y’ Xy Y’ such that

(f' x [)(F1, F2)) = (G1,G2)-

By Proposition 5.28 we know that f~(G;) C F; and hence, for all 0 < € < 1 we have
that [0,¢) € F; and (1 — €, 1] € F,. This implies that

7TY(-7:1) =0#1= 7TY(-7:2)7

which is clearly a contradiction because this means that (Fi,Fs) ¢ Y’ xy Y'. To
get a counterexample in the profinite setting, we replace [0,1] with the cantor set
C' C [0,1]. Then the exact same arguments work because we can identify C/{0 ~ 1}
with a subspace of [0,1]/{0 ~ 1}. It is well known that C' is a profinite set, we just
have to argue that C/{0 ~ 1} is profinite as well. For this it is enough to show that
C'/{0 ~ 1} is totally disconnected. We will do this by showing that any two distinct
points have disjoint clopen neighborhoods such that their union is C'/{0 ~ 1}. In
a first step we separate {z} and {0,1}. As C is totally disconnected we may write
C=UUV wherez € Uand 0 € V with UNV = 0 as well as C = U' NV’ where
xeU and 1 € V' with U NV’ = (. In particular, U, U’ and V, V' are clopen. Hence,
W = UnNU is clopen and contains z. The complement C\W contains {0,1} and
is also clopen. Let m: C' — (/{0 ~ 1} be the natural surjection, we then have that
C/{0 ~ 1} = (W) U n(C\W). Moreover, both (W) and 7(C\W) are clopen and
they are disjoint, 7(WW') contains {x} and 7(C\W) contains {0, 1}. Let us now separate
{z} and {y} for distinct x,y € C\{0,1}. By the first step we may write C = U, UV,
such that y € U, and {0,1} C V, with U, and V, clopen and disjoint. If z € V,,, we
are done because we can take the image of U, and C\U, under 7. Let us then assume
that x € U,. As z # y we may decompose C = W, U W, such that z € W,, y € W,
and W,, W, are clopen and disjoint. Now W := U, N W, is clopen and contains = but
neither y nor {0,1}. Hence, the images of W and C\W under 7 work.
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6 Compactly generated topological spaces

Let us now look at another very important class of topological spaces, namely compactly
generated topological spaces (cf. Definition 6.1 below). The main goal of this section
is to show that this large class of topological spaces embeds fully faithfully into s-
condensed sets (cf. Proposition 6.5). As usual, the material presented here is taken
from the lecture notes [7] of Clausen and Scholze.

Definition 6.1. A topological space X is compactly generated if a map f : X — Y to
another topological space Y is continuous as soon as the composite S — X — Y is
continuous for all compact Hausdorff spaces S mapping continuously to X.

In other words, X is compactly generated if and only if V' C X is closed as soon as the
preimage of V is closed in S for all compact Hausdorft spaces S mapping to X. This
topology is also called final topology with respect to the collection of all maps from
compact Hausdorff spaces mapping continuously to X. Note that this collection is not
a set but a proper class. We can avoid talking about classes here. In particular this
will allow us, by abuse of notation, to define this topology as the quotient topology
for the natural map [[¢ S — X where S runs through compact Hausdorff spaces
mapping to X. The reason is that we can always choose a set Cx of compact Hausdorff
spaces mapping to X such that the induced final topology is the same (thus allowing
us to take the coproduct over a set). The surprisingly simple arguments are taken from
[4] (cf. Result 5.9.1). Let us go over the construction of the set Cx. If A C X is not
closed, there is a compact Hausdorff space S4 and a map ¢t : Sy — X such that the
preimage ¢~ !(A) is not closed in Sa. For each such non-closed A we choose one S4
and one t : S4 — X as above. Let Cx be the set consisting of those t. We claim
that the final topology induced by Cx coincides with the final topology of all compact
Hausdorff spaces mapping to X. Indeed, let A C X be closed for the topology induced
by Cx. The existence of s : S — X such that the preimage s*(A) is not closed in S
would, by construction of the set Cx, imply that there is some ¢ : S4 — X in the set
Cx such that t7*(A) is not closed in S4. But this is in contradiction to the fact that
h~'(A) is closed for all h € Cx. We will use this result without mentioning it again. In
particular, we can achieve that the natural map [[¢ S — X is actually a quotient
map. The benefit of this approach is the fact that we can use the universal property
of the coproduct to make continuity arguments.

There is a straightforward functorial way to produce compactly generated topological
spaces. For this let X be a topological space. On the underlying set of X, we define
the topological space X where the topology is given by the quotient topology for the
natural map ¢ : [[¢, ¢S — X, here S runs through compact Hausdorff spaces that
map continuously to X. In particular, X°® and X have the same class of continuous
maps from compact Hausdorff spaces, i.e. a map S — X is continuous if and only if
S — X is continuous. The canonical inclusions S — [[,_, T will typically be denoted
by ¢g. Let us quickly see why X is compactly generated. Assume Y is a topological
space and assume f : X — Y is a map such that for all compact Hausdorff spaces
S — X the composite S — X — Y is continuous. By the universal property of
[1s_, xee S there is a unique continuous map ¢ : [[4_, yee S — Y such that the following
diagram is commutative for all S
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HT—)XCg T

%T S 2

S > X 7 Y

On the other hand, f o ¢ is another continuous map such that the diagram commutes
and thus, by uniqueness, g = f o ¢. In particular, this implies that f is continuous for
the topology induced by ¢. Hence, X is compactly generated.

Notice that by definition of X the natural identity map X — X is continuous. In-
deed, if U C X is open, then the preimage of U under the natural map ¢ : [[¢_, S = X
is open, i.e. U C X is open. In particular, the topology on X is finer than the
given topology and X is compactly generated if and only if the identity X — X is a
homeomorphism.

Let us now check that if f : X — Y is continuous and if f° : X — Y is given by
f, then f° is continuous. Let g : S — X be a compact Hausdorff space mapping
continuously into X“. We need to check that the composition

5 25, xos £,y
is continuous. This is the case if and only if the composition
§ 05 xes Lo yes Wy
is continuous. The latter is the same as the composition
S Ly xee M, x Ly

and hence continuous as composition of continuous maps.

Proposition 6.2. The constructed functor X — X% is right adjoint to the inclusion
functor from the full subcategory of compactly generated topological spaces to the cate-
gory of all topological spaces.

Proof. Let X be a compactly generated topological space and let Y be an arbitrary
topological space. We claim that the map Hom(X,Y) — Hom(X,Y®), f — f, is
bijective and natural in X and Y. The first statement reduces to the claim that
f + X — Y is continuous if and only if f : X — Y is continuous. For this let
f X — Y be continuous. We need to check that f : X — Y is still continuous.
Since X is compactly generated, we can test the continuity on compact Hausdorff spaces
S — X mapping continuously to X. Hence, we need to show that the composition

S X Ly yes
is continuous. This is the case if and only if the composition
S— X Lyesiy
is continuous. The latter is continuous because it agrees with the composition

S xdy
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Finally, let us assume that f : X — Y is continuous. Then f : X — Y can be

. . id . .
written as composition X Iy yeg v, Y, and thus, f : X — Y is continuous because
id . :
Y 25 Y is continuous. O

Remark 6.3. Let S be a compact Hausdorff space. By Proposition 5.6 we know that
the extremally disconnected set 5S4 surjects onto S and by Lemma 5.2 5Sg;s. is also
profinite. This observation is the key to the fact that a topological space X is already
compactly generated if X — Y is continuous as soon as S — X — Y is continuous for
all profinite sets S. In particular, in the previous discussion, we can replace compact
Hausdorff spaces with profinite sets without altering the class of compactly generated
spaces or the functor X — X°8,

To avoid set theoretic issues we need the following variant (cf. Remark 7.20). We choose
an uncountable strong limit cardinal x as above, and we say that a (not necessarily x-
small) topological space X is k-compactly generated if it is equipped with the quotient
topology from the natural map [[¢ S — X where S runs over compact Hausdorff
spaces with |S| < k. We denote by X +— X" the right adjoint of the inclusion
functor from the full subcategory of k-compactly generated topological spaces into the
category of all topological spaces; the construction is essentially the same as before.
Namely, X*~° has the underlying set of X equipped with the quotient topology of the
natural map [[q S — X where S runs over all compact Hausdorff spaces S with
|S| < k. By the above argument, we can again work with x-small profinite sets instead
of with k-small compact Hausdorff spaces because the profinite set 8S4s. is xk-small.

Example 6.4. If X is a first-countable topological space, for example a metrizable topo-
logical space, then X is compactly generated; in fact, it is even x-compactly generated
for any uncountable strong limit cardinal x. To verify the claim let V' C X be such
that for all k-small compact Hausdorff spaces S mapping to X, the preimage of V' in
S is closed. We need to see that V is closed in X. Let 2 € V arbitrary. Since X is
first-countable,  has a countable open neighborhood basis { B, }jen. Set Uy, := (i, B;
such that for all n € N we have that U,,; C U,. For all n € N choose x,, € VNU,
which is possible since € V. The sequence {x, }nen converges to o and thus defines
a continuous map N U {oco} — X by sending n to x, and oo to z. The preimage of V'
is by assumption closed in N U {co} and contains N, hence also oo (closed sets either
contain oo or are finite). But then x € V| which means that V' is closed.

If T is a k-condensed set, we equip the underlying set 7'(x) with a topology in the
following way. Let S be a k-small profinite set. We want maps coming from elements
of T(S) = Hom(S,T) (Yoneda) to be continuous. Hence we equip T'(*) with the final
topology for the maps S(x) — T'(x) where S(x) = S is endowed with the topology of
S. We obtain a topological space which we denote by T'(%)¢op.

29



The next proposition tells us that k-compactly generated topological spaces embed
fully faithfully into k-condensed sets. By the previous example this already covers a
large class of topological spaces that typically come up in practice and the transition
comes with no loss.

Proposition 6.5. The functor X — X from topological spaces/rings/groups/... to the
category of k-condensed sets/rings/qgroups/... s faithful, and fully faithful when re-
stricted to the full subcategory of all X that are k-compactly generated as a topological
space.

The functor X — X from topological spaces to k-condensed sets admits a left adjoint
T T(%)p sending any rk-condensed set T to the topological space T (*)iop-

The counit X (%), — X of the adjunction agrees with the counit X"~ % — X of the ad-
Junction between k-compactly generated spaces and all topological spaces; in particular,
X (%) g 2 X5

Proof. Let us first see why the functor X + X is faithful. A morphism f: X — Y is
mapped to a natural transformation f : X — Y. Given a k-small profinite set .S, the
morphism f(5) : X(S) — Y(9) is given by composition with f. Now assume we have
f,9: X — Y suchthat f = g: X — Y. In particular, f(x) = g(*) : X(¥) — Y (). But
this means that f = g as we can identify X (*) = Homgen (%, X) with the underlying
set of X.

Next, let us restrict to k-compactly generated topological spaces and show that X — X
is also full. Assume f: X — Y is a natural transformation, then f(x) : X(x) — Y (x)
gives rise to a map ¢ : X — Y as follows. If x € X there is a unique 7, : {x} = X
such that 7, (%) = x. Likewise, f(*)(7:) : {*} = Y corresponds to an element y € Y,
the map g is then given by g(z) := (f(*)(72))(*). Now let S be a k-small profinite set
and 7, : {x} — S corresponding to an element s € S. As f is a natural transformation
we have a commutative diagram:

X(5) — Y(5)
zml Y(7)

Indeed, if a € X(.5), then
(f(S)(@))(s) =

[
==

<
)
w

—~
I~
~
.
w
o S~—
o

==
*

AN N N N N
~~
—

I
Q
—~
Q
—~
V)
~—
P —

Il
—~~
=)

(]

o
~—

This means two things. On the one hand this shows that ¢ is continuous since X is
r-compactly generated and because S — X % Y is continuous for all x-small profinite
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sets S mapping continuously to X as f(S)(a) = goa € Y(S) for all &« € X(S). On
the other hand, this means that f = g by definition of g.

Now let X be a topological space and T be a k-condensed set. We want to show that
there is a bijection Hom (7', X)) — C(T'(*)top, X ) that is natural in X and T
We do this by constructing maps

@ : C(T(*)top, X) — Hom(T, X)
U : Hom(T, X) — C(T(%)s0p, X),

that are inverse to each other. Given a continuous map 7'(*)¢p, — X, we want to give a
morphism 7" — X. For this let S' € %, ;6. By the Yoneda lemma, 7'(S) = Hom(S, T).
Hence any o € T'(S) induces a map a(x) : S(x) — T'(%)ip that is continuous by defini-
tion of the topology on T'(x)tep. In particular, the composite S =2 S(*) — T'(%)top — X
is continuous and hence an element of X(S). This assignment defines a morphism
T — X. Indeed, for any §: 5" — S we have a commutative diagram:

Hom(S,T) —— X(95)

| |

Hom(S",T) —— X(95)

Now suppose we have a morphism f : T"— X and let S be s-small profinite set with a
morphism g : § — T. We would like to know that the induced map T'(x) — X (%) = X
is continuous for the topology introduced on 7'(k)ip,. By naturality, for any s € S we
get a corresponding map 7, : {*} — 5 and thus a commutative diagram:

9(5) f(S

5(5) 7(s) L x(s)

S(vs) T(vs)

(
X(7s)

g 9(*) f(x)
S(#) ——= T(x) — X(%)
As above, this shows that f(S) o g(S) is given by composition with f(x) o g(x). Hence
the continuous map (f(.S) o g(5))(ids) is equal to the composition S(x) — T'(x) — X,
which means that the map 7T'(*)y,p, — X is continuous by definition of the topology on
T (*)top-
Moreover, the constructions involved are inverse to each other. Indeed, given a map
f i T(%)top — X we are given another map (¥ o®@)(f) : T'(x)op — X. By construction,

the latter sends ¢ € T'(*) to the composition {*} % T(%)iop Iy X that corresponds to
the element f(t) € X. Hence, f = (W o ®)(f). Likewise, given a morphism f: 7 — X
we are given another morphism (® o W)(f) : T — X. The map f(x) : T(x) — X(x)
obtained by evaluation at a point induces a map T'(x) — X which we still denote f(x).
Let S be a k-small profinite set and let v, : {*} — S correspond to an element s € S.
We then have a commutative diagram:



As before the diagram shows that f(S) maps an element a € T'(S) to the composition
S(5) 29 7(x) L X which is how (¥ 0 ®)(f)(S) is defined. So (o ¥)(f) = f.

The statement about the counits is immediate because both are given by identities
on the components. In particular, by definition, we have a natural identification
X (*)top — X" because elements of X(S) are exactly the continuous maps S — X

and because the topology on X"~ is already determined by s-small profinite sets.
O

Remark 6.6. We could have formally deduced the first statement from the remaining
proposition. Indeed,

Hom(X,Y) = C(X(%)iop, Y) = C(X" 8 Y) = C(X,Y).

The last arrow is a bijection if X is k-compactly generated.
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7 Condensed sets

In this section we focus on the appendix to the second lecture in [7]. The main goal of
this section is to give a definition of condensed sets which is independent of the cut off
cardinal k.

Definition 7.1. Let x be an infinite cardinal. The cofinality of x is the least cardinal A
such that there exists an index set I of cardinality A, cardinals \; < k such that the \;
sum up to K.

If I is an index set and if S; for ¢ € I are pairwise disjoint sets of cardinality x;, then
> ics ki is defined to be the cardinality of the disjoint union of the S;. Hence, because
any cardinal k is the disjoint union of k singletons, it is clear that A < k. Moreover,
by Theorem 9S in [11] the cofinality A of an infinite cardinal  is always regular, i.e.
the cofinality of A is equal to A.

Definition 7.2. Let )\ be a regular cardinal. A A-filtered category is a category C such
that any diagram [ — C has a cocone when [ has less than A arrows.

Definition 7.3. If M is any set of cardinals, the supremum of M is supycps A := Uyeps M-

Remark 7.4. The supremum is a cardinal itself (cf. Section 3.6 in [22]).

In the proof of the following lemma we need some facts about cardinal arithmetic.
They can be found in [11]. Namely, Theorem 61 and Theorem 6L.

Lemma 7.5. Let k be an uncountable strong limit cardinal and let \ be its cofinality.
Let I be a set and fori € I let S; be a k-small profinite set. Suppose that n := |I| < A,
then [],c; Si is k-small.

Proof. We already know that the claim is true if I is finite. Thus, in the following we
assume that [ is infinite. Let p be the supremum of all |S;|, i.e. if A; := [S;|, then
p = U,e; Ai- It is then clear that ;@ < x because we have that 7 < A so that the \; can
not sum up to x by definition of cofinality. Hence

|H S| < < (27 = 2090 < i
icl

because u ® n = max{pu,n} < k and because « is a strong limit cardinal. O

Let x be an uncountable strong limit cardinal. Let S'~be a profinite set. Consider
the category Ig whose objects are all continuous maps S — S with S being a x-small

profinite set. A morphism (S % S;) — (S £ S,) is given by a continuous map
So i> S1 such that ¢ = ¢ o qo. It is straightforward to check that this category is
always filtered. If we consider extremally disconnected sets, one can do even better.

Lemma 7.6. Let k be an uncountable strong limit cardinal and let S be an extremally
disconnected set. Then the category Ig is A-filtered where X denotes the cofinality of k.

Proof. Let I — Ig be a diagram of continuous maps S % S; with |I| < A (by abuse
of notation). We need to check that the diagram has a cocone. Since the category of
profinite sets is A-filtered, we may form the limit 7" := 1&12_e rop S; in the category of
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profinite sets. Denote by p; the canonical projections T" — S;. By Lemma 7.5 we know
that T" is a k-small profinite set. Hence, S := T" is a k-small extremally disconnected
set and we may consider the canonical surjection 7 : S — 7. The maps ¢; : S — S;
induce a unique continuous map ¢ : S — T such that ¢; = p; o ¢. By projectivity of S
we obtain a continuous map v : S — S such that q = mo. For i € I observe that
piom: S — S; defines a morphism (S % S;) — (S N S). Let (S % 8) = (5 S))
be a morphism given by ¢ : S; — S; that comes from a morphism ¢ — j in /. Then by
definition of the limit p; = ¢ o p; which implies that ¢ o p; o = p; o w. Altogether, all

S % S, factor compatibly over S % S and thus, the diagram has a cocone. O]

Proposition 7.7. Let k' > k be uncountable strong limit cardinals. There is a natural
functor from k-condensed sets to k'-condensed sets, given by sending a k-condensed set
T to the K'-condensed set T,, given by the sheafification of

S lim T(S)
55
where the filtered colimit is taken over all k-small profinite sets S with a map S — S.

The functor T w— T, is fully faithful and commutes with all colimits and all \-small
limits where X is the cofinality of k.

Proof. By Corollary 5.19 we may identify the category of k-condensed sets with functors
{k-small extremally disconnected sets}? — {sets}

sending finite disjoint unions to finite products and likewise, we may do the same for the
category k’-condensed sets. We claim that no sheafification is required in the definition
of T,v. Indeed, define for a x’-small extremally disconnected set S the value on S as
T'(S) = lim . | T(S) (cf. Proposition 4.3). It is straightforward to check that this
defines a presheaf Let us now check the conditions from Proposition 5.14. Because
there is a map ) — () (hence an initial object), we have that 7"() = {*}. Now let S,
and S be k/-small extremally disconnected sets. We want to show that the natural
map

T'(S) [] S2) = T'(S1) x T'(Ss)

is bijective. An element on the right hand side corresponds to elements x; € T'(S;) and
xo € T'(Ss) for k-small extremally disconnected sets S; and Sy with continuous maps

S; w—> S; for i = 1,2. We know that the natural map
T(S) [ S2) = T(S1) x T(S2)

is bijective. Hence, we obtain an element x € T'(S; ][ S2) such that T(¢s,)(x) = z;
for i = 1,2 where ¢g, denotes the natural inclusion S; — Sy [[ S2. We have a natural
map S, H52 — S1]] 52 such that x gives rise to an element of 7" (S1 ]_[5’2) In fact,

T(¢ps,)(z) = x; = T(ids,)(x;) for i = 1,2 implies that the class of = gets mapped
to the class of z; under the natural map 77(S; [[S,) — T7(S;) for i = 1,2. This
shows that the map in question is surjective. Let us now verify that it is also injective.
Suppose that S; and S5 are k-small extremally disconnected sets with continuous maps

S ]_[52 w—]> S; and let z; € T(S;) for j = 1,2. Assume that the classes of z; and z,
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get mapped to the same element in 77(S;) x T"(S5). This implies that the classes of
and xo agree in 7(51) as well as in 7"(S;). Hence, we obtain morphisms

~  Yiodg . =
($1 —= 5) & (5 £ 1)
such that T'(f1)(z1) = T(f2)(x2) and
- Yiodg,

such that T(gy)(x1) = T(g2)(x2). The compositions S; — Y; — Y; ][ Ya give rise to a

continuous map
ST15 - n ]

We obtain morphisms

given by h; := (fi,g:) : Yi[[Ya — S; such that T'(hy)(x1) = T'(h2)(z2). This implies
that z; and z, define the same element in 7" (gl 11 52) Hence, T" is already a sheaf.
Moreover, the functor T+ T, is left adjoint to the forgetful functor from the category
of sheaves of sets on the site of x’-small extremally disconnected sets to the category
of sheaves of sets on the site of k-small extremally disconnected sets (cf. Lemma 7.5.4
in [22]). The unit of the adjunction can be identified with the identity transformation
and is therefore an isomorphism. By Lemma 4.24.4 in [22] this means that the functor
T +— T, is fully faithful. Since left adjoints commute with colimits, we also see that
the functor T' — T, commutes with colimits. Using Lemma 7.6 we conclude that the
functor T +— T, also commutes with A-small limits because A is regular (cf. Satz 5.2

in [13]). 0

Remark 7.8. The last proposition applies to all categories of interest for us such as
condensed rings/groups/modules/... (cf. Remark 2.10 in [7]).

Definition 7.9. Let A, B and C be categories. Suppose T': A — C and ¢ : A — B are
functors. A left Kan extension of T along ¢ consists of a functor L : B — C and a
natural transformation 7 : T' — L o ¢ satisfying the universal property that whenever
X : B — Cis a functor and o : T" — X o is a natural transformation there exists
a unique natural transformation o : L — X such that a(A) = o(¢c(A)) o n(A) for all
objects A of A.

Remark 7.10. In our setting one can describe the left Kan extension in terms of colimits.
This is due to Theorem 3.7.2 in [3]. For example, let & > k be uncountable strong limit
cardinals. If T is a k-condensed set and ¢, the inclusion from the opposite category of
r-small extremally disconnected sets into the opposite category of x’-small extremally
disconnected sets, then 17" defined as in the proof of Proposition 7.7 is the left Kan
extension of 7" along .. The natural transformation n : T — T" o, is given by
the natural choice. In the same way one can define left Kan extensions along the
inclusion from the opposite category of k-small extremally disconnected sets into the
opposite category of extremally disconnected sets. This means that the functor T' — T}/
corresponds to left Kan extension along the inclusion of k-small extremally disconnected
sets into x’-small extremally disconnected sets.
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We are now ready to give the definition of the category of condensed sets/rings/groups/....

Definition 7.11. The category of condensed sets/rings/groups/... is given by the filtered
colimit of the category of k-condensed sets along the filtered poset of all uncountable
strong limit cardinals.

Equivalently, the category of condensed sets/rings/groups/... is the category of functors
T : {extremally disconnected sets}°® — {sets/rings/groups/...}

such that T'(0) = {*} and for all extremally disconnected sets Si, Ss, the natural map
T (S, [[S2) — T(S1) x T(Sz) is a bijection, and such that for some uncountable strong
limit cardinal it is the left Kan extension of its restriction to k-small extremally
disconnected sets (cf. Definition 2.11 in [7]).

Remark 7.12. The category of condensed sets/rings/groups/modules/... is not a topos,
i.e. not the category of sheaves of sets/rings/groups/modules/... on any site but
it shares many of its features (cf. Remark 2.12 in [7]). The category of condensed
sets/rings/groups/modules/... has all colimits and all limits. Limits and filtered col-
imits can even be computed pointwise.

Moreover, the category of condensed sets/rings/groups/modules/... is locally small.
Fore more details see the discussion on page 15 of [7].

Let f: S — X be a morphism in a category C. There is an associated category [
of factorizations of f. An object of I is a pair (h,g) of morphisms A : S — S and
g:S — X in C such that f = go h. A morphism A : (hy,91) — (hs, ¢g2) is a morphism
h: Sy — 57 in C such that the following diagram is commutative:

For more details on this construction see Definition 3.1 in [20].

Lemma 7.13. Let X be a topological space. Assume that there is some uncountable
strong limit cardinal k such that for all extremally disconnected sets S any continu-
ous map S — X factors over a continuous map S — X with S k-small extremally
disconnected. Moreover, suppose that for all extremally disconnected sets S the cate-
gory of factorizations S — S — X with S being r-small is filtered. Then the functor
S — X(S) = C(S,X) is a condensed set, namely, X is the left Kan extension of its
restriction X, to k-small extremally disconnected sets.

Proof. Tt is clear that X (0) = {*} and that X (S ][] S2) = X (S1)x X (S,) for extremally
disconnected sets S; and S;. Denote by ¢, the inclusion from k-small extremally
disconnected sets to extremally disconnected sets. Let S be an extremally disconnected
set. We claim that the natural map

lim X,(S) = X(5)
58
is bijective. The map t sends the class of a continuous map S — X corresponding to

the index S — S to the composition S — S — X. By assumption, any continuous map
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S — X factors over some r-small extremally disconnected set S. Hence, ¢ is surjective.
Let us now check that ¢ is injective. Let S; 2 X and Sy 2 X be continuous maps

corresponding to the indices S LN Sy and S (f—2> Sy, respectively. Assume that their
classes get mapped to the same element in X(5), i.e. g1 0 ¢ = g2 0 P9. By assumption

on the category of factorizations we are given a third factorization S % 8% X and

two continuous maps S EIN S; such that the diagram

Si
1
(SRS RN '
N e
S

is commutative. For i = 1,2 this diagram defines morphisms (S LN S;) — (5' RA S)
given by the f;. In particular, the commutativity implies that

X (f)g) =gi0fi=g=g20fo = X, (f2)(g2)-

Hence, the classes of g; and gy agree and t is injective as claimed. O]

Proposition 7.14. If X is a topological space all of whose points are closed, then there ex-
ists some uncountable strong limit cardinal k of cofinality X such that for all extremally
disconnected sets S any continuous map S — X factors over a continuous map S — X
with S k-small extremally disconnected. Moreover, for all extremally disconnected sets
S the category of factorizations S — S — X with S k-small is \-filtered.

Proof. As a first step we show that if S is an extremally disconnected set with a
continuous map S % X such that there exists a r-small extremally disconnected set S

with a continuous map S 4, S such that the two continuous maps

~ ~ p1 ~
SXSST;S%X

agree, then there is a k-small extremally disconnected set 7" and continuous maps
S5 T and T2 X such that g = ho k. Consider the profinite space £(S). We define

the map b’ : f(S) — X by setting h'(f(s)) = g(s). By assumption this map is well-
defined. Let U C X be open. Since g is continuous, we know that g:l(U ) € S is also
open. Hence, A := S\g~'(U) is closed. This implies that f(A) C f(S) is closed. More-

over, we have that f(A) = f(S)\k'~'(U) and thus h'~'(U) is open, i.e. b’ is continuous.
Set T := f(S) and let 75 : T — f(S) be the natural surjection. By projectivity,

there is a continuous map S % T such that f= TS © k. Let h:=h' o Tpg T — X,
Then hok =h'o Trg ok = h o f = g as required.

Now let # be an uncountable strong limit cardinal with cofinality A > |X|. Let S be

an extremally disconnected set and let S 2 X be a continuous map. We claim that
there exists a xk-small extremally disconnected set T and a continuous map f:S — T
such that the two continuous maps
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~ ~ p1 ~
S xr S ;S 2= X
p2
agree. Let z,y € X be distinct points. Let S be a r-small extremally disconnected set
with a continuous map S — S. Note that by assumption (z,y) € X x X is closed.
Thus, the preimage T}, s of (z,y) under the induced map

SxgS = XxX
is closed in S xg S and hence profinite itself. Let us construct an inverse system of

these profinite sets indexed by Ig (cf. 4.3 and 7.6). We say that (S — S;) < (S — S;)
if and only if there is a morphism (S — S) — (S — ;). If (S LN S;) < (S LR S;)

we need a continuous map fi; : Ty 5, — Tyy,5,- Consider the following commutative
diagram

SSS
g

b

S L5

where the pl are the projections of the fiber product S X g, S. One checks that fi; 1s
just the inclusion T, 5. — T}, 5, and that the fi; satisfy the compatibility conditions
of an inverse system. This allows us to consider the inverse limit

1@. vy = {(tgs)s55 € H Toys  tgs = ts,p forall (S—5) < (S—T)}.
5—5 5—s5

Since the essentially small indexing category is directed, any sequence (5 ¢)g s €
Jme Tm’g must be constant using that the transition maps are inclusions. For some
index § % S write ts,s = (a,b). As x = g(a) and y = g(b) are distinct, so are a and
b. Since S is totally disconnected, we may write S = U, [ Uy where U, and U, are

clopen neighborhoods of a and b, respectively. If S is a k-small extremally disconnected

set with at least two distinct elements, then there is a continuous map S ¥, S with
Y(a) # 1(b). This implies that (a,b) ¢ T, ¢ which is a contradiction, i.e. the inverse
limit must be empty. We claim that one of the Tey,8 e has to be empty. Indeed,
otherwise the inverse limit lﬁn Svg T, ,s would be the intersection of the nonempty
closed subspaces

{(tSHS)SHS € H TI:ZLS : tSHT = tS'*)T’}
S-S

ranging over all (S — T) < (§ — T"). As these closed subsets have the finite in-
tersection property, the limit would be nonempty. Hence, there must be some k-
small extremally disconnected set S, ,) with a continuous map S — S(z,y) such that
Tiy.5,.,, = 0. Note that if X is infinite, we have A > [X| = [X x X| and if X is finite,

so is X x X and thus A > |X x X| because A is infinite. As in the proof of Lemma
7.6, we may form the limit @ S(z,y) Where the limit is taken over all pairs of
S—)S(r v) ’
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distinct x and y. The proof of the same lemma shows that 17" := (1&15%5(,@ S(zy)) and

the continuous map S ¥, T are what we are looking for. Indeed, the two continuous
maps

~ ~ pP1 ~
S xp S - ;S 2o X

agree by construction because Ty y 5 C Trys,,, = 0 for all distinct z,y € X as all

maps S — S(z,y) are a composition SHT S(ay)-

Finally, let us show that the category I of factorizations S — S — X with S being
r-small is \-filtered. Let J — I be a diagram of k-small extremally disconnected sets
S; of compatible factorizations S & S %y X with |J| < A. The diagram J — I gives
rise to a diagram J — Iz and we can proceed as in the proof of Lemma 7.6 to obtain

a cocone S % S — X. One checks directly that the required diagrams commute. [

Corollary 7.15. If X is a topological space all of whose points are closed, then X is a
condensed set. O

Remark 7.16. Proposition 5.7 still holds because all the arguments in the proof go
through in the new setting. This allows us for simplicity to still refer to Proposition
5.7.

Definition 7.17. We say that a condensed set 1" is quasicompact if there exists a profi-
nite set S and an epimorphism S — 7. A morphism X — T of condensed sets is
quasicompact if for all profinite sets S with a morphism S — T the fiber product
S xr X is quasicompact as a condensed set.

Let T be a condensed set. As before, we make the underlying set of T into a topological
space T'(*)iop by declaring maps S = S(x) — T'(*) coming from elements of the set
T(S) = Hom(S,T) to be continuous, i.e. we equip 7T'(x) with the final topology for
the maps S(*) — T'(x) where S(x) = S is endowed with the topology of S. Here S
runs through x-small profinite sets for any s such that T is determined by its values
on k-small profinite sets. Let us briefly discuss why these topologies agree for different
choices of k. Suppose k' > k. Clearly, if a map T'(*)top, — Y is continuous, then it is
continuous as map 7'(*)sops — Y. Here, T'(%)op  and T'(x)iop  denote the topological
spaces corresponding to k' and k, respectively. Suppose now that T'(x)op, — Y is
continuous. We claim that it is continuous as map T'(x)¢op . — Y as well. Let S be a
#'-small profinite set with a morphism « : S — T. We need to show that the induced
composition S = S(x) — T(*)ipw — Y is continuous. As T is determined by its

values on k-small profinite sets, we have that 7'(S) = lim T(S). Consequently, the

morphism « : S — T factors over S for some r-small profinite set S. This implies
that S — T'(%)op factors over S. Hence, the composition S — T'(%)op s — Y is
continuous.

Proposition 7.18. If X is a topological space all of whose points are closed, then X 1is
a condensed set for which all maps from points are quasicompact. Conversely, if T
is a condensed set such that all maps from points are quasicompact, then T (%) is a
compactly generated space all of whose points are closed.
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Proof. By Corollary 7.15 we know that X is a condensed set. Let g : {z} — X and let
S be a profinite set with a morphism f : S — X, we need to show that the fiber product
S xx {x} is quasicompact. By Example 4.14 we know that S xx {z} = 5 xx {z}.
Notice that S x x {z} identifies with the preimage of z under the induced map S — X.
Because singletons are closed in X, the preimage is closed as well. As closed subsets of
profinite sets are profinite, the fiber product S x x {z} is profinite. Hence, S x x {z}
is quasicompact. Suppose now that 7 is a condensed set such that all maps from
points are quasicompact. Note that T'(x)0p is compactly generated by definition of the
topology on T'(*)top. Let S be a profinite set with a morphism S — T'. By definition of
the topology on T'(x)s0p, we need to show that the preimage of @ € T'(x)¢,, under the
induced map S — T'()4p is closed. Since {x} — T is quasicompact, we know that the
fiber product S x{r} is quasicompact. This implies that there is a profinite set S’ and
a surjection S’ — S x7 {z}. By Proposition 5.7 the induced map S" = S Xr(.,,, {2}
is then surjective because {*} is extremally disconnected. Hence, S’ surjects onto the
preimage of {x} in S which implies that the preimage of {z} is compact and hence
closed in S. This means that {z} is closed. O

Corollary 7.19. The functor X +— X that sends a topological space X all of whose
points are closed to the condensed set X admits a left adjoint T — T(x)s, Sending
any condensed set T for which all maps from points are quasicompact to the topological
space T'(*) 1op-

Proof. This follows immediately from Proposition 7.18 and Proposition 6.5. O]

Remark 7.20. X is never a condensed set if not all points of X are closed. Indeed,
suppose X is a topological space such that X is a condensed set. Let Y C X be
a subspace. We claim that Y is a condensed set as well. Let S be an extremally
disconnected set. We know that the natural map

lim X,(S) = X(5)
S-S
is a bijection because X is the left Kan extension of its restriction X, for some un-

countable strong limit cardinal k. We claim that that Y is the left Kan extension of
its restriction Y, . For this, we need to check that the natural map

ling ¥, () & Y/(S)
5—8
is bijective as well. We start with the surjectivity. Let S Iy Y be a continuous map.

Then f gives rise to a continuous map S Ly 4 x by composition with the inclusion
Y = X.

By the surjectivity of ¢t we know that there is an index S 2, S and a continuous map
S 2y X such that go¢ = vo f. Consider the x-small profinite set T := ¢(5’) The con-

tinuous map S % T factors by projectivity of S over the natural surjection wp : T" — T
from the k-small extremally disconnected set T”. Hence, we obtain a continuous map
S %5 T’ such that 77 o ¢ = ¢. We define T" &5 Y as the composition 7" =5 T % Y.
By construction, the class of ¢’ gets mapped to f. The injectivity of ¢’ directly follows
from the injectivity of . Altogether, Y is a condensed set.
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One can show that the Sierpinski space X = {s,n} where {n} is closed but {s} is not
does not give rise to a condensed set. By the above this implies that any topological
space, not all of whose points are closed, also does not give rise to a condensed set either
because it contains a Sierpinski space which would necessarily give rise to a condensed
set (cf. Warning 2.14 in [7]).

Definition 7.21. We say that a condensed set T is quasiseparated if for any two profinite
sets S and S, with morphisms to T, the fiber product S; xr S is quasicompact. A
morphism X — T of condensed sets is quasiseparated if the diagonal map X — X xp X
is quasicompact.

Lemma 7.22. The following statements are true:

(i) A condensed set T is quasiseparated if and only if for all morphisms Ty — T
and Ty — T where Ty and T, are quasicompact the fiber product Ty X7+ Ty is
quasicompact.

(i) IfT is a condensed set that is both quasicompact and quasiseparated, then T (%)
18 a compact Hausdorff space.

(i) If T'— T’ is a morphism of condensed set where both T and T are quasicompact
and quasiseparated, then T X1 T 1s quasicompact and quasiseparated.

Proof. (i) The if part is true because profinite sets give rise to quasicompact condensed
sets. For the only if part let S; and Sy be profinite sets with epimorphisms S, — T}
and S — T5. Because 1" is quasiseparated, we know that there is a profinite set S
and an epimorphism S — S; X7v S;. Thus, it suffices to check that the morphism
S1 Xqv Sy — Ty X T is an epimorphism. By Proposition 5.7 we may check this on
extremally disconnected sets where it follows from the fact that both S; — T and
Sy — T3 are epimorphisms. Hence, T X7+ T is quasicompact.

(ii) First note that we have an epimorphism S — T where S is a profinite set. Because
T is quasiseparated, S X7 S is quasicompact. Thus, there is a profinite set S’ and an
epimorphism S’ — S x1 S. By Proposition 5.7 this means that we have a surjection
S" = S X () S € S xS, This implies that S Xy, S C S x S is closed. Because
S — T is an epimorphism, the diagram

top

SxrS=5—->T
is a coequalizer diagram (cf. the arguments for Lemma 7.11.3 in [22]). Hence, so is
S(#) X7 ()10 S(%) = S(%) = T(*)s0p-

Thus, T'(*)0p is the quotient of S(*) by the closed equivalence relation S(*) X7(x),,
and therefore a compact Hausdorff space.

S(*)

(iii) By part (i) it is enough to show that T' x7+ T' is quasiseparated. Let S and Sy be
profinite sets with morphisms Sy — T"x¢ T and Sy — T X7 T'. We need to show that
S1 X1y, S2 18 quasicompact. Note that we have

S1 Xrxpr 52 = 51 XTxT 52

= (81 X1 52) Xsyx8, (51 X7 52),
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which can be checked pointwise on extremally disconnected sets by Proposition 5.7.
The latter is quasicompact because both fiber products S; x7 S are and because
S1 % Sy is quasiseparated. O]

The arguments in the following lemma are taken from Proposition IV.2.4 in [6].

Lemma 7.23. Let h : T — T" be a morphism of condensed sets where T is quasicompact
and where T" is both quasicompact and quasiseparated. Suppose that the induced map
h(*) : T(%)t0p — T"(%)10p is surjective. Then h:T — T" is an epimorphism.

Proof. AsT" is quasicompact there exists an epimorphism S — 7" where S is a profinite
set. By Lemma 7.22 the fiber product S x T is quasicompact. Hence, there is a
profinite set S and an epimorphism S — S x¢ T. Because S — T” is an epimorphism,
Proposition 5.7 implies that the induced map S(x) — T"(%)¢p is surjective. The
projection S(x) Xqp().., T(*¥)top — S(*) is surjective because T(*)iop — 1"(*)top 18
surjective. Hence, the composition

S(¥) = S(#) X1/ (s)0p T(*)rop = S(*)

top

is surjective. By Example 4.14 we know that S — S is an epimorphism. This implies
that the composition S — S — T is an epimorphism. By construction we have a
commutative diagram:

S

¥

'ﬂ<—*ﬂ

I

Hence, the composition S ST agrees with the composition ST D T7. This
implies that the latter is an epimorphism. But this implies that h is an epimorphism.
n

Corollary 7.24. Let h : T — T’ be a morphism of condensed sets where both T and
T' are quasicompact and quasiseparated. Suppose that h(x) @ T(%)1p — T"(%)1op 1S an
isomorphism. Then h: T — T' is an isomorphism.

Proof. Lemma 7.23 implies that h is an epimorphism. By Proposition 5.7 it is enough
to show that A is also a monomorphism. Since a morphism is a monomorphism if and
only if the diagonal is an isomorphism, we can focus on the diagonal. The diagonal is
always a monomorphism. Hence, it is enough to show that the diagonal T"— T xp T
is an epimorphism. But because h(x) : T'(%)iop — 1"(*)10p i injective, we know that
the diagonal T'(*)iop — T'(*)top X77(x)0p 1 (*)top S an isomorphism. By Lemma 7.22
(iii) and Lemma 7.23 we conclude that the diagonal is an epimorphism and hence an
isomorphism. O

Definition 7.25. We say that a topological space X is weak Hausdorff if for any compact
Hausdorff space S mapping to X, the image is compact Hausdorff (in the subspace

topology).
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The adjunction in Corollary 7.19 lets us translate some of the introduced properties a
condensed set can have.

Theorem 7.26. The following statements are true:

(i) The functor X — X induces an equivalence of categories between compact Haus-
dorff spaces X and condensed sets T that are quasicompact and quasiseparated.

(ii) A compactly generated space X is weak Hausdorff if and only if X is quasisep-
arated. For any quasiseparated condensed set T', the topological space T'(%)iop is
compactly generated weak Hausdorff.

Proof. (i) We start by claiming that the functor X — X maps any compact Hausdorff
space to a quasicompact and quasiseparated condensed set. If X is a compact Haus-
dorff space, let mx : X’ — X be the natural surjection. We claim that the induced
morphism X’ — X is an epimorphism. By Proposition 5.7 we need to show that for
any extremally disconnected set S the map X'(S) — X(S) is surjective. But this
is true because S is extremally disconnected and hence any continuous map S — X
factors over the surjection X’ — X. Hence, X is quasicompact. To see that X is
quasiseparated let S; and Sy be profinite sets with morphisms to X. Because S; X x Sy
is a compact Hausdorff space, we know by the above argument that S; x x Ss is qua-
sicompact. Hence, X is both quasicompact and quasiseparated. Let us now show that
any quasicompact and quasiseparated condensed set 7' is isomorphic to X for some
compact Hausdorff space X. Indeed, by Lemma 7.22 (ii) we know that T'(x)p is a
compact Hausdorff space. By Corollary 7.19 the identity T'(*)top — T'(*)top gives rise
to a morphism 7" — T'(x)¢,, Whose evaluation on * is the identity. Since the identity is

an isomorphism, Lemma 7.24 implies that 7" — T'(%)0p is an isomorphism.

(ii) Suppose that X is weak Hausdorff. Any point x € X is the image of the continuous
map {*} — X,* — z and hence is closed. By Corollary 7.15 we know that X is a
condensed set. Let us now show that X is quasiseparated. For this let S; and S5 be
profinite sets with morphisms S; — X and S; — X. Note that S} xx Sy = 51 Xx 55
(cf. Example 4.14). By (i) it is enough to show that S; X x Sy is a compact Hausdorff
space. Consider the continuous map S; [[ Se — X and denote its image by Y. We then
have S; X x S = 51 Xy Sy and since Y is a compact Hausdorff space by assumption,
so is S7 Xy Sy. This implies that X is quasiseparated. The converse is shown in the
proof of Theorem 2.16 in [7]. O
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8 ~k-Condensed abelian groups

By definition, a k-condensed abelian group is a sheaf of abelian groups on the site
* . proét- By using Corollary 5.19 we identify the category of k-condensed abelian groups
with the category of sheaves of abelian groups on the site of k-small extremally dis-
connected sets. Using the simple description of sheaves in Corollary 5.19, we will see
that r-condensed abelian groups form a particularly nice abelian category (cf. Theo-
rem 8.32). They satisfy the same of Grothendieck’s axioms as the category of abelian
groups and are even a Grothendieck abelian category. However the generator comes
from k-small extremally disconnected sets. In particular, the discrete abelian group Z is
not a generator, in contrast to the category of abelian groups (cf. Example 8.31). The
existence of compact projective generators is the key to many of the good properties
of the category (cf. Remark 8.33). We present two different proofs for their existence.
One is taken from the original lecture notes on condensed mathematics [7], the other
one makes use of the characterization of families of projective generators in Corollary
2.43. This section is mostly based on the lecture notes of Clausen and Scholze in [7].

Our first goal is to show that the category of k-condensed abelian groups is in fact an
abelian category. Although this is true for abelian sheaves on any site (cf. Section 18.3
in [22]), we do this in a very concrete manner to get a good feeling for k-condensed
abelian groups. Here, as indicated, we make use of Corollary 5.19 throughout this sec-
tion, i.e. we use the description of k-condensed abelian groups as sheaves on the site of
k-small extremally disconnected sets. In particular, we often do not need sheafification
which otherwise we would in the profinite setting, that is, arguments are simpler. The
usual instances where this might happen are listed in Section 18.3 in [22]. Nevertheless,
to make things easier, we will still speak of k-condensed abelian groups. Finally, we
note that both approaches give rise to the same abelian category, i.e. the structure of
an abelian category on the category of shaves of abelian groups on the site of k-small
extremally disconnected sets gives rise to the same structure of an abelian category
on the category of k-condensed abelian groups described in Section 18.3 in [22] via
the equivalence in Corollary 5.19. This is true because the pre-additive structure on a
category is necessarily unique (cf. Lemma 8.2.14 in [17]).

Suppose we are given two morphisms of k-condensed abelian groups n,e : M — M.
We define the sum of n and € as one would expect. Namely, if S is a k-small extremally
disconnected set, then (1 + €)(S) = n(S) + €(S) : M(S) — M'(S). This addition
makes Hom (M, M') into an abelian group and the composition law is clearly bilinear.
By Proposition 4.12, the category of x-condensed sets admits products. With the
same arguments we see that the category of k-condensed abelian groups also admits
products. As a consequence, we obtain the following statement.

Corollary 8.1. The category of k-condensed abelian groups is an additive category. O

Not only do we have arbitrary products, we also have arbitrary direct sums. Note that
finite direct sums agree with products and thereby do not need sheafification even in
the profinite setting.

Proposition 8.2. Let {M;}ic; be k-condensed abelian groups indexed by a set I. The
direct sum @,.; M; exists in the sense of a categorical coproduct.
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Proof. Consider the assignment S — (D,.; M;)(S) := D,c; Mi(S) where the latter
denotes the usual direct sum of abelian groups. Given f : 8" — S, we define component
wise a group homomorphism

(@ M;)(f) - @MZ<S) - @Mi(‘gl)'
i€l iel iel
Thus, we obtain a presheaf @,.; M; of abelian groups. Moreover, with this definition
it is clear, that the canonical group homomorphisms ¢;(S) : M;(S) — B,c; Mi(S5)
define a natural transformation ¢; : M; — @,.;, M;. We clearly have @, ., M;(0) = 0.

Since finite direct sums of abelian groups are the same as finite products, we have for
k-small extremally disconnected sets S; and Sy that

P Mi(si [ S2) = P (Mi(S1) & Mi(S2)) = (EP Mi(S1)) © (D Mi(S2)).
iel iel iel iel
Hence, @,.; M; is a k-condensed abelian group. The universal property directly follows

from the corresponding universal property of the components @, , M;(S5). ]

Definition 8.3. Let M be a k-condensed abelian group. A condensed abelian subgroup
of M is a k-condensed abelian group N such that N C M, i.e. for all f:S" — S there
is a commutative diagram:

N(S) —=— M(S)

M% Wm

N(S") —— M(S")

Example 8.4. Let I be a set and let { M, };c; be k-condensed abelian groups. The direct
sum @, ; M; is a condensed abelian subgroup of [[,.; M;. They are equal if I is finite;
there is only a difference between @,.; M; and [],.;, M; if I is infinite and M; # 0 for
infinitely many ¢ € 1.

Definition 8.5. Let n : M — M’ be a morphism of x-condensed abelian groups. We
define the kernel of 1 as the sheaf of abelian groups

S — ker(n)(S) := ker(n(9))
and the image of 1 as the sheaf of abelian groups
S = im(n)(S) := im(n(5)).

Remark 8.6. The kernel of 7 is a condensed abelian subgroup of M and the image of 7 is
condensed abelian subgroup of M’. We will soon see that they are a categorical kernel
and image of 1. That both the kernel and the image are k-condensed abelian groups
follows from the following commutative diagram for x-small extremally disconnected
sets S; and Ss:

M(Sl H SQ) 77(51—HSQ)> MI(Sl H SQ)

S1);n(S2 ! /
M(S1) x M(Sy) T2y gy s M ()
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Definition 8.7. Let M be a x-condensed abelian group and let N be a condensed abelian
subgroup. The condensed quotient group M/N of M and N is the sheaf of abelian
groups (S — M(S)/N(S)).

Remark 8.8. Let us quickly unpack the definition. It is straightforward to check that
M/N satisfies the conditions from Corollary 5.19. We just need to argue that M/N
is a presheaf in the first place. Let S and S’ be x-small extremally disconnected sets
and let f : S — S. (M/N)(f) : M(S)/N(S) — M(S")/N(S’) is the unique group
homomorphism that makes the following diagram commutative:

7(S)

— M(S)/N(S)
M(f) (M/N))
M(S') T M(S)/N(S)
Here, m(S) denotes the usual projection. On the one hand this shows that M/N is a

k-condensed abelian group and on the other hand this shows that we have a natural
projection 7w : M — M/N. By Proposition 5.7, 7 is an epimorphism.

Definition 8.9. Let n : M — M’ be a morphism of k-condensed abelian groups. We
define the cokernel of 7 as the sheaf of abelian groups

S+ coker(n)(S) := coker(n(S)) = M'(S)/im(n(S))
and the coimage of 1 as the sheaf of abelian groups
S — coim(n)(S) := coim(n(S)) = M(S)/ ker(n(9)).

Remark 8.10. As the image of 1 is a condensed abelian subgroup of M’ and the kernel
of 1 is condensed abelian subgroup of M, both quotients are well defined. We will see
below that they are a categorical cokernel and coimage of 7.

Proposition 8.11. Let M be a rk-condensed abelian group and let N be a condensed
abelian subgroup of M. If n: M — M’ is a morphism of k-condensed abelian groups
such that N C ker(n), then there exists a unique morphism 7 : M/N — M’ of k-
condensed abelian groups such that n = 7 o 7. Moreover, we have that im(n) = im(n).

Proof. Tt is clear that for any k-small extremally disconnected set S we have a unique
group homomorphism 77(.S) : M(S)/N(S) — M'(S) such that n(S) = 7(S)on(S). This
defines a morphism 7 of k-condensed abelian groups as required. Indeed, the naturality
of i follows from the naturality of . Moreover, it is clear that n = o 7 and that 7 is
unique. The final statement follows immediately from the corresponding statement for
abelian groups. O]

Proposition 8.12. Let n: M — M’ be a morphism of k-condensed abelian groups. The
following statements are true:

(i) The inclusion of the condensed subgroup ker(n) < M is a categorical kernel of 1.
(ii) The inclusion of the condensed subgroup im(n) < M’ is a categorical image of 7.

(iii) The quotient map M' — M'/im(n) is a categorical cokernel of n.
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(iv) The quotient map M — M/ ker(n) is a categorical coimage of n.

Proof. The statements (iii) and (iv) follow immediately from Proposition 8.11. Let
us now show (i) and (ii). By definition, the image of 1 is the kernel of the cokernel
7w : M — M'/im(n). Hence, it is enough to show (i). Denote by ¢ the inclusion
ker(n) < M. Suppose that h : K — M is a morphism of k-condensed abelian groups
such that noh = 0. This means that im(h) is a condensed abelian subgroup of ker(n).
Clearly, h factors uniquely as h =t o h. [

Corollary 8.13. Let n: M — M’ be a morphism of k-condensed abelian groups.
(a) The following statements are equivalent:

(i) m is a monomorphism.

(i1) For all k-small extremally disconnected sets S the morphism of abelian groups

n(S) : M(S) — M'(S) is injective.
(iii) ker(n) =0.
(b) The following statements are equivalent:
(i) n is an epimorphism.

(ii) For all k-small extremally disconnected sets S the morphism of abelian groups
n(S) : M(S) — M'(S) is surjective.

(iii) im(n) — M’ is an isomorphism.
(c) The following statements are equivalent:
(i) n is an isomorphism.

(ii) For all k-small extremally disconnected sets S the morphism of abelian groups
n(S) : M(S) — M'(S) is bijective.

Proof. We can calculate kernels and cokernels componentwise on x-small extremally
disconnected sets. Hence, the statements follow immediately from Lemma 2.11 and
Proposition 5.7. O

The exact same corollary is true even if we consider k-condensed abelian groups as
sheaves of abelian groups on the site of k-small profinite sets (cf. Proposition 5.7).

Corollary 8.14. Let M be a k-condensed abelian group and let n: M — N be a mor-
phism of k-condensed abelian groups, then 7 : M/ ker(n) — im(n) is an isomorphism
of k-condensed abelian groups.

Proof. This follows immediately from Corollary 8.13. O
Corollary 8.15. The category of k-condensed abelian groups is an abelian category. O

Remark 8.16. A sequence of k-condensed abelian groups
0—->M —>M-—M"—0
is exact if and only if for all k-small extremally disconnected sets the sequence
0— M'(S)— M(S)— M"(S) =0

of abelian groups is exact.
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Example 8.17. We can now come back to the example id : Rge — R. Consider
the induced map id : Rgisc — R of condensed abelian groups (cf. Example 4.10).
Proposition 8.12 allows us to compute the kernel and the cokernel of id. The kernel
is zero and id thereby a monomorphism. For a x-small extremally disconnected set S
the cokernel () is given by

Q(S) = C(S,R)/{locally constant maps S — R}.

The "underlying” abelian group @Q(x) is still zero but in general there are S such that

Q(S) # 0. For example, the map N — [0,1],n — % extends to a continuous map

S := BN — [0,1] C R that takes the constant value zero on SN\N which is not open.
In particular, S — R is not locally constant. While the above formula for Q(S) is a
priori only true for sk-small extremally disconnected sets it is more generally true for
r-small profinite sets (cf. Introduction in [9]). A simple example of such an S is then
given by S := NU{oo}. Q(S) can then be identified with the quotient of all convergent
sequences in R by eventually constant sequences in R.

In the category of k-condensed abelian groups taking direct sums and products is exact.
In general it is only true that taking direct sums is right exact and taking products is
left exact. However, in our case the exactness follows directly from the corresponding
statement in the category of abelian groups.

Proposition 8.18. Let I be a set and let {M; L M!}icr be a family of monomorphisms
(epimorphisms) of k-condensed abelian groups. Then the induced morphism

@Mi (mi)ier @M;’
iel iel
is a monomorphism (epimorphism). In particular, taking direct sums is exact.

Proof. For any k-small extremally disconnected set S, the morphism in question is
given by the group homomorphism

P wis) 2 P a(s).

iel el
The statement now follows from the corresponding statement in the category of abelian
groups and from Corollary 8.13. n

Proposition 8.19. Let I be a set and let {M; 2> M!}ic; be a family of (monomorphisms)
eptmorphisms of k-condensed abelian groups. Then the induced morphism

HMi (ni)ier HM;>
i€l iel
is a monomorphism (epimorphism). In particular, taking products is exact.

Proof. For any k-small extremally disconnected set S, the morphism in question is
given by the group homomorphism

iel iel
The statement now follows from the corresponding statement in the category of abelian
groups and from Corollary 8.13. O
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Lemma 8.20. The forgetful functor from k-condensed abelian groups to k-condensed
sets admits a left adjoint T — Z[T] which is given as the sheafification of the functor
Z[T)pre that sends a k-small extremally disconnected set S to the free abelian group
Z[T(S)] on the set T'(S).

Proof. Recall that sheafification is left adjoint to the inclusion functor from the category
of sheaves of sets (abelian groups) to the category of presheaves of sets (abelian groups)
on the site of k-small extremally disconnected sets (cf. Proposition 2.26 in [16]). As
the composition of left adjoint functors yields a left adjoint again it is enough to show
that the inclusion functor from the category of presheaves of abelian groups to the
category of presheaves of sets has a left adjoint. Namely, this is the functor sending a
presheaf of sets T to the presheaf of abelian groups Z[T|,. sending a r-small extremally
disconnected set S to the free abelian group Z[T'(S)]. As Z[T]. is the composition
of the functor 7" and the functor Z[—| that sends a set M to the free abelian group
Z[M] it is clear that Z[T |, is indeed a presheaf. Since the functor Z[—] is left adjoint
to the forgetful functor from the category of abelian groups to the category of sets,
the claim follows. Indeed, if T is a presheaf of sets and if 7" is a presheaf of abelian
groups, the natural bijections Hom(Z[T'(S)],7"(S)) = Hom(T'(S),T"(S)) give rise to a
bijection Hom(Z[T|pre, T") = Hom(7,T”) that is natural in 7" and 7" O

Remark 8.21. Note that sheafification is really required in the above lemma. Let S,
and S5 be r-small extremally disconnected sets and let 1" be a k-condensed set. Then
we have that Z[T'(S1 ][] S2)] = Z[T'(S1) x T(S2)] = Z[T(S1)] ®z Z[T(S3)] which is in
general not isomorphic to Z[T'(S1)] x Z[T'(S2)].

Proposition 8.22. The category of k-condensed abelian groups admits all limits and all
colimits indexed by small categories.

Proof. The key observation is that all limits and colimits exist in the category of
presheaves on the site of all k-small extremally disconnected sets and are calculated
pointwise on extremally disconnected sets in the category of abelian groups (cf. Section
7.4 in [22]). That is, for any small category I and any functor i — M; to k-condensed
abelian groups, we have:

(ling M;)(S) = limg M;(S).

Using this and noting that in the category of abelian groups limits and colimits com-
mute with finite products, we can calculate

@MW&H@:@M@H&>

Z =@M@MM@D
z@WMMM@M@»
(g M) % (M) 50,
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and similarly
(timg M) (S [ ] S2) = (lim M;)(S1) x (lim M;)(S5).
Moreover, by the above, it is clear that
and
(1im M;) (0) = 0.

Hence, all limits and all colimits exist in the category of x-condensed abelian groups
and are calculated pointwise. O

Remark 8.23. The last proposition is true more generally in abelian categories that
admit all products and all coproducts. See for example Lemma 4.14.11 and Lemma
4.14.12 in [22].

Corollary 8.24. Let S be a k-small extremally disconnected set. The evaluation functor
M +— M(S) from k-condensed abelian groups to abelian groups commutes with all limits
and all colimits. O

Corollary 8.25. The following statements are true:

(1) For any index set J and filtered categories 1;,5 € J, with functors i — M; from
I to k-condensed abelian groups, the natural map

fimy HMZ'J' - H lim M;;
(ij€lj)jer jEJ jeJ el
s an 1somorphism.
(ii) Filtered colimits are exact.

Proof. Both statements are true in the category of abelian groups. By Proposition 8.22
and Corollary 8.13 we can reduce both claims to abelian groups. O]

Recall the notion of compactness.

Definition 8.26. Let C be an abelian category that admits filtered colimits. An object
X of C is called compact if the functor Y +— Hom(X,Y') from C to the category of sets
preserves filtered colimits.

Proposition 8.27. The category of k-condensed abelian groups is generated by compact
projective objects.

Proof. We claim that for a k-small extremally disconnected set S the k-condensed
abelian group Z[S] is compact and projective. Moreover, together they generate the
category of k-small condensed abelian groups. Let us first show that Z[S] is compact
and projective. Indeed, if M is a k-condensed abelian group, then

Hom(Z[S], M) = Hom(3, M) = M(5),
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by Lemma 8.20 and by the Yoneda Lemma. Corollary 8.24 says that the evaluation
functor commutes with all limits and all colimits. Hence, so does the hom-functor
M +— Hom(Z[S], M). In particular, the hom-functor is exact and commutes with
filtered colimits. This means that Z[S] is projective and compact. Let us now show
that the Z[S] generate the category of k-condensed abelian groups. By Proposition 2.41
it is enough to show that any x-condensed abelian group M admits a surjection from
a direct sum €, ; Z[S;] for some set I. Given M consider the set X of all condensed
abelian subgroups M’ C M such that there exists a surjection @, ,Z[S;] — M'.
Note that X is really a set because a condensed abelian subgroup corresponds to an
element of the set [[4P(M(S)) satisfying certain conditions where P denotes the
power set and where the product runs over the small skeleton of the category of k-
small extremally disconnected sets (cf. Proposition 4.3). The set X is non-empty
and partially ordered by inclusion. Assume that we are given a chain (M;);e; in X.
Consider the assignment S — M'(S) = J;c; M;(5). We claim that M’ is a sheaf
of abelian groups. Indeed, as the A, are a chain, M’'(S) is an abelian group. If
M, C M;, we are given a natural transformation via inclusion. This means that for
f 8" — S the restriction of M;(f) to Mg(S) is equal to M(f). Hence, we can
define M'(f) : M'(S) — M'(S’) in the obvious way. It is clear that M'() = {0}.
Moreover, because the M; are a chain, we have that M’'(S; [[S2) = M'(S1) x M'(S5).
By Corollary 5.19 we see that M’ is a k-condensed abelian group. By construction M’
is an upper bound for the chain (M;);e;. As we have a surjection onto all the M;, we
have one onto M’. Thus, M’ € X. By Zorn’s lemma there is a maximal condensed
abelian subgroup M’ admitting a surjection @, ; Z[S;] — M'. We claim that M’ = M.
Assume this is not the case. Then there is some r-small extremally disconnected set
S such that 0 # (M/M')(S) = Hom(Z[S], M/M'). Hence, we can pick some non-zero
g : Z[S] — M/M’ and by the projectivity of Z[S] we obtain a commutative diagram:

T l
can

Z]S) —2 MM’

As g is non-zero the image of h is not contained in M’. The surjection €, ; Z[S;] — M’
and h induce a map (D,.; Z[S:]) @ Z[S] — M such that the image strictly contains
M'. This is clearly in contradiction to the maximality of M’ and thus, M = M’. Hence,
the Z[S] generate the category of k-condensed abelian groups. O]

Remark 8.28. Here is an alternative proof for the statement that the Z[S] generate the
category of k-condensed abelian groups. If M is a k-condensed abelian group, then

Hom(Z[S], M) = Hom(S, M) = M(S),

by Lemma 8.20 and by the Yoneda Lemma. In particular, if M is a nonzero x-condensed
abelian group, there is some s-small extremally disconnected set S such that M (S) # 0
and hence, Hom(Z[S], M) # 0. By Corollary 2.43 this already means that the Z[S]
generate the category of k-condensed abelian groups.

The last proposition allows a reformulation of Corollary 8.13.
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Corollary 8.29. Let n: M — M’ be a morphism of k-condensed abelian groups.
(a) The following statements are equivalent:

(i) n is a monomorphism.

(ii) For all k-small extremally disconnected sets S the induced group homomorphism
n. : Hom(Z[S], M) — Hom(Z[S], M") is injective.

(b) The following statements are equivalent:
(i) m is an epimorphism.

(ii) For all k-small extremally disconnected sets S the induced group homomorphism
N« : Hom(Z|[S], M) — Hom(Z[S], M") is surjective.

(¢) The following statements are equivalent:
(i) n is an isomorphism.

(ii) For all k-small extremally disconnected sets S the induced group homomorphism
n. : Hom(Z[S], M) — Hom(Z[S], M') is bijective.

Proof. Let S be a k-small extremally disconnected set. By the Yoneda Lemma and
Lemma 8.20 we have that M (S) = Hom(Z[S], M). Using Corollary 8.13, the statement
follows now immediately. m

Corollary 8.30. The category of k-condensed abelian groups admits a projective gener-
ator, given by @y Z[S], where S ranges over a set of representatives of the isomor-
phism classes of all k-small extremally disconnected sets. In particular, the category
of k-condensed abelian groups has enough projectives and is a Grothendieck abelian
category.

Proof. Recall that the category of x-small extremally disconnected sets is essentially
small (cf. Proposition 4.3). By Proposition 8.27 the Z[S] form a family of genera-
tors that are all projective. With this information all but the last assertion follow
immediately from Corollary 2.42 and Corollary 2.37. The last assertion follows from
Proposition 8.22 and Corollary 8.25. O

Example 8.31. We claim that Z = Z[*] and that this is a compact, projective object
which does not generate the category of k-condensed abelian groups. Indeed, the
underlying presheaf Z[x|. of the sheaf Z[x] is the constant presheaf with value Z.
Hence, Z[*]pe embeds into Z by sending n € Z[*|p(S) to the constant function with
value n in Z(S) = C(S,7Z). The naturality is clear. If we call this injection 7P, using
the universal property of sheafification, we obtain an injection n : Z[x] — Z and a
commutative diagram (cf. Lemma 7.10.14 in [22]):

pre

Z[f] pre —\: Z

Ll A

Z[%]
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We need to check that n is surjective. By Corollary 8.13 we need to show that the
group homomorphism 7n(S) : Z[x|(S) — Z(S) is surjective for all k-small extremally
disconnected sets S. For this let f € Z(S) = C(S,Z). f then induces a covering of
S as follows. Since S is compact, the image f(S) C Z is compact and hence finite
because Z is discrete. The covering is then given by S; := f~({i}) for ¢ € f(S). Note
that S = [],c £(S) S;. Consider the following commutative diagram where ¢; denotes
the inclusion of S; into S:

(1(S:));
Hief(S)Z[f](Si) 71_) Hief(S) Z(Sz)
@0 | )

2[x)(S) — 5 7(S)

By definition of S; we have that Z(¢;)(f) is the constant function with value i. More-
over, since the vertical arrows in the diagram are bijections, it is enough to find a
preimage for Z(¢;)(f) under n(S;). By the discussion so far, this is not a problem,
because 1(.S;)(¢(S;) (7)) = nP™(S;)(i) = Z(¢:)(f). Hence, Z = Z[*]. By the last propo-
sition this shows that Z is compact and projective. Suppose now that Z is a generator.
Proposition 2.37 (iii) tells us that for all k-condensed abelian groups 7', Hom(Z, T") # 0.
Let @ be the nonzero cokernel of id : Raise — R with Q(*) = 0 (cf. Example 8.17).
Using Lemma 8.20 and the Yoneda Lemma we see that

Hom(Z, Q) = Hom(Z[#], Q)
= Hom(x, Q)
= Q(x)
= O,

which is clearly a contradiction. Hence, Z is not a generator.

If we collect the statements we have proven, we obtain the main result of this section.

Theorem 8.32. The category of k-condensed abelian groups is an abelian category which
satisfies Grothendieck’s azioms (AB3), (AB4), (AB5), (AB6), (AB3*) and (AB4*), to
wit: all limits (AB3%) and colimits (AB3) exist, arbitrary products (AB4*), arbitrary
direct sums (ABJ) and filtered colimits (AB5) are exact, and (ABG) for any index set
J and filtered categories 1;,j € J, with functors i — M, from I; to k-condensed abelian
groups, the natural map

hﬂ HMZ‘J'%H@M%

(i;€lj)jes jeJ jeJi€l;

15 an isomorphism. Moreover, the category of k-condensed abelian groups is generated
by compact projective objects.

Remark 8.33. Throughout this section we have exploited the description of xk-condensed
abelian groups as certain functors on the site of xk-small extremally disconnected sets.
The importance of the compact projective generators is hidden in this approach. As
Corollary 8.29 still holds for k-condensed abelian groups on the site *, 06, statements
like Proposition 8.18 can be proved using the corollary. Indeed, for example suppose
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that we are given a family {M; 2 M!};c; of monomorphisms of x-condensed abelian
groups. The induced morphism

Py - P M

i€l i€l

is a monomorphism if and only if for all k-small extremally disconnected sets S the
induced group homomorphism

Hom(Z[S], @ M) — Hom(Z[S], ) M)

el i€l

is an isomorphism in the category of abelian groups. By the compactness of Z[S], this
reduces to the claim that for all ¢ € I the group homomorphism

Hom(Z[S], M;) — Hom(Z[S], M)

is injective, but this is true by the projectivity of Z[S].

Thus far we have seen that the category of k-condensed abelian groups is an abelian
category that is generated by compact projective objects; it even has a single genera-
tor. Here are some further categorical properties of the category of xk-condensed abelian
groups.

Let M and N be r-condensed abelian groups viewed (as before) as sheaves on the site
of k-small extremally disconnected sets. We want to define a tensor product M ® N.
For this let M ® N be the sheafification of the presheaf of abelian groups (M & N)pe
given by S +— M(S)®z N(S). Given a r-small extremally disconnected set S we have a
canonical bilinear map M (S)x N(S) — M(S)®zN(S). These maps induce a canonical
(component wise) bilinear map M x N — (M ® N)pe. Let ¢ be the composition

Mx N = (M®&N)ye— M N.

The next proposition shows that « : M x N — M ® N satisfies the usual universal
property one would expect of a tensor product.

Proposition 8.34. Let M and N be k-condensed abelian groups. Then M x N = M ®N
satisfies the universal property of a tensor product, i.e. if P is a k-condensed abelian
group and if h : M X N — P is a componentwise bilinear map, then there exists a
unique morphism of k-condensed abelian groups h: M @ N — P such that h = ho ..

Proof. Assume we are given a componentwise bilinear map h : M x N — P. Then
h induces a unique map h : (M ® N)pe — P. By the universal property of the

sheafification we obtain a unique morphism of x-condensed abelian groups M ® N L p.
It is straightforward to check that h is the desired morphism. O]

One can describe the tensor product M ® N of k-condensed abelian groups M and
N more explicitly. If M is a k-condensed abelian group, there is a natural action
Z[*]pre X M — M which gives rise to a natural action Z x M — M by sheafification

(cf. Section 18.11 in [22]). For example, if G is a topological abelian group, then for
a r-small extremally disconnected set S the action Z(S) x G(S) — G(S) is given by
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pointwise multiplication. The action Zx M — M gives M (S) the structure of an Z(.5)-
module. Hence, we can define the presheaf of abelian groups (S — M (.S) ®zs) N(S)).
This is actually already a sheaf, which follows from the isomorphisms

M (S [ S2) @usi 1180 NS S2)
= (M(S51) x M(S2)) ®z(s1)xz(s) (N(S1) X N(S2))
= (M(S1) ®z(sy) N(S1)) x (M(S2) ®z(s,) N(S2))-

It is now completely formal that M x N — (S +— M(S) ®zs) N(S)) has the universal
property of a tensor product of M and N. With this at hand, it is straightforward to
check that Z ® M = M for any k-condensed abelian group M.

Remark 8.35. As a direct consequence of the universal property, the tensor product
makes the category of k-condensed abelian groups a symmetric monoidal category
with respect to the tensor product, where the unit object is given by Z. Moreover, the
functor T' — Z|[T] from the category of r-condensed sets to the category of k-condensed
abelian groups is symmetric monoidal with respect to the tensor product, i.e. it takes
products to the tensor product:

Z|Ty x Ty| = Z[T1| ® Z|T3).

This follows directly from the corresponding statement for the underlying presheaves
(cf. Section 18.26 in [22]). Moreover, we claim that Z[T] is flat for any x-condensed
set T" in the sense that tensoring with Z[T] is an exact functor. To see this note that
tensoring with the presheaf S +— Z[T'(S)] is exact as exactness is tested componentwise
and because Z[T(S)] is free and hence flat for any x-small extremally disconnected set
S. Thus, we see that Z[T] is flat because sheafification is exact (cf. Section 18.3 in
[22]).

Recall that in the category of abelian groups we have the tensor-hom adjunction. More
precisely, for a fixed abelian group G, the functor H — H ®z G is left adjoint to the
functor H — Hom(G, H). Let M be a fixed k-condensed abelian group. As left adjoint
functors commute with colimits and because colimits are calculated componentwise in
the category of presheaves, the functor N — (N ® M), commutes with colimits.
Finally, sheafification commutes with colimits because sheafification is a left adjoint
functor and hence, the functor N — N ® M commutes with colimits. By the adjoint
functor theorem (cf. Remark 2.46) the functor N — N ® M has a right-adjoint functor
N — Hom(M, N), usually called internal hom. We obtain:

Proposition 8.36. The category of k-condensed abelian groups admits an internal hom
object Hom(M, N) for any k-condensed abelian groups M and N. Moreover, if S is a
k-small extremally disconnected set S, we have Hom(M, N)(S) = Hom(Z[S] ® M, N).

Proof. We have done most of the work already. By the adjunction formula we have:
Hom(P,Hom(M, N)) = Hom(P ® M, N).
If we let P = Z[S], we obtain

Hom(Z[S] ® M, N) = Hom(Z] ] om(M, N))
= Hom(S, M, N))
= Hom(M, N ( ),
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where we have used the adjunction from Lemma 8.20 and the Yoneda Lemma. O

Remark 8.37. All relevant statements in this section such as Theorem 8.32 are still
true if we pass to the category of condensed abelian groups that is independent of s
as introduced in the last section. However, the category of condensed abelian groups
is no longer a Grothendieck category because the objects Z[S], where S is extremally
disconnected, no longer form a set (cf. Corollary 8.30).

Our initial motivation was to embed the category of topological abelian groups into
an abelian category. Theorem 7.26 and Corollary 7.19 imply that compactly gener-
ated weak Hausdorff topological abelian groups embed fully faithfully into the abelian
category of condensed abelian groups. By now, the theory of condensed mathematics
was already applied successfully. For example in [8] Scholze and Clausen have proved
finiteness of coherent cohomology, Serre duality, GAGA in the algebraic case and the
(Grothendieck—)Hirzebruch—Riemann—Roch theorem. Notably, these *proofs are proofs
by “formal nonsense” and in particular analysis-free’. More recently, in [10] Scholze
and Clausen presented an approach to unify different geometric theories in the form of
analytic stacks, the starting point of the theory are so called light condensed sets. In
[5], Juan Camargo presents the theory in written form.
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