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Contents: The Brauer group classifies the finite dimensional central simple algebras over a
field up to equivalence. In many examples, its computation constitutes a non-trivial problem
with important applications to number theory and algebraic geometry. The seminar covers the
algebraic theory of central simple algebras, the cohomological description of the Brauer group,
the Brauer group of local and global fields, Brauer-Severi varieties, and Brauer groups of schemes.

Prerequisites: For 1. and 2. it is sufficient to have a solid background in algebra. For 3. and 4.
some prior knowledge of number theory is helpful. Parts 5. and 6. require some prior knowledge
of algebraic geometry.

1. Central simple algebras [26.10. + 02.11.]: [6], §§1–6; [7], Chapters II and III.1; [9], Chap-
ters 12–13; central simple algebras over fields; Wedderburn’s structure theorem; tensor products
of central simple algebras; the Brauer group of a field; dimension, index and degree; the theorem
of Skolem-Noether; splitting fields and maximal commutative subfields; relative Brauer groups;
examples: the Brauer group of algebraically closed fields, of finite fields, and of the real numbers

2. Cohomological description of the Brauer group [09.11. + 16.11.]: [2], §§3–4; [6], §§7–
10; [7], III.2–6; [9], Chapter 14–15; cohomology groups for G-modules; H0 and H1 for non-
abelian G-groups; the long exact cohomology sequence; the partial exact sequence [2], Propo-
sition 4.4.1, in the non-commutative setting; inflation, restriction and corestriction; state [2],
Lemma 4.3.3, and indicate how everything generalizes to continuous cohomology; the isomor-
phism Br(L|K) ∼= H2(Gal(L|K), L×) and passage to the direct limit (cf. [6], §8.3–4; [7], Theo-
rem 3.14; [9], Theorem 14.2 and Theorem 14.6); the Brauer group is torsion; the exponent divides
the index; the isomorphism Br(L|K) ∼= L×/NL|K(K×) in the cyclic case (cf. [6], Satz 10.6; [7],
Corollary 3.34; [9], Proposition 15.1.b); true/false/open statements on cyclic algebras (cf. [6],
§10.10; [9], §15.7)

3. The Brauer group of a local field [23.11. + 30.11.]: [6], §§11–13; [4], §§7–8; [9], Chapter
17; discrete valuations on fields and central simple algebras; completions; extensions of valuations
and the fundamental equation ef = n; unramified extensions; local fields; norm groups of unram-

ified extensions; existence of unramified splitting fields; the invariant map Br(K)
∼=−→ Q/Z for a

local field K; the exponent is equal to the index

4. The Brauer group of a global field [07.12. + 14.12.]: [4], §§12–14; [9], Chapter 18; valu-
ations on number fields and their extensions; the product formula; the ring of adèles and the idèle
group; state the Hasse norm principle without proof (cf. [4], Corollary 13.24; [9], Theorem 18.4);
the Brauer-Hasse-Noether theorem; the invariant map for global fields; construct the sequence



1→ Br(K)→
⊕

v Br(Kv)→ Q/Z→ 1 and prove as much as possible of its exactness; use the
Grundwald-Wang theorem, Artin’s global reciprocity law and the Tchebotarev density theorem
without proof

5. Brauer-Severi varieties [11.01. + 18.01.]: [1], §§1.1 and 6.1; [2], §§1 and 5; [3], §8.13;
[5]; [10]; quaternion algebras and conics; Br(L|K) and H1(Gal(L|K),PGLn(L)) (cf. [2], §2.4;
[5], Theorem 3.6; [10], Satz 2.3.13); reminder on Pn

K as a scheme; forms of projective space;
Brauer-Severi varieties; Châtelet’s theorem (cf. [2], Theorem 5.1.3; [10], Satz 2.4.6); the rela-
tion between isomorphism classes of Brauer-Severi varieties and H1(Gal(L|K),PGLn(L)) (cf.
[2], Theorem 5.2.1; [10], Korollar 2.2.3); state Amitsur’s theorem and prove as much of it as you
can (cf. [2], §5.4); the Brauer-Severi variety of a central simple algebra as a functor (cf. [3], §8.13)

6. Brauer groups of schemes [25.01. + 01.02.]: [1], §§2.1–2 and §3; [8], Chapter IV; Azu-
maya algebras over local rings; the Brauer group of a local ring; the generalized Skolem-Noether
theorem; Brauer groups of (strictly) henselian local rings; maximal étale subalgebras; Azumaya
algebras over schemes; the Brauer-Azumaya group of a scheme; the Skolem-Noether theorem
over schemes; outline the definition and basic properties of the étale cohomology of schemes;
the Brauer-Grothendieck group H2

ét(X,Gm) of a scheme X; the injection of the Brauer-Azumaya
group into the Brauer-Grothendieck group (cf. [1], Theorem 3.3.1; [8], Theorem IV.2.5); tor-
sion properties of the Brauer-Azumaya group (cf. [8], Proposition IV.2.7); comparison results for
spectra of local henselian rings (cf. [8], Corollary IV.2.12); Gabber’s comparison theorem (cf. [1],
Theorem 3.3.2)
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[7] A. Knapp: Advanced Algebra, Cornerstones, Birkhäuser, 2007.
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