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§1. THE HECKE ALGEBRA .

H finite
group

→ representation oh H modules overE["
neptun by

REMARK : Can deline Hecke algebra etc
- also her kecke algebra

arg
lunimodukr) loeatty prdinik group G. but we muinlg

(we about GLZIF ) .

Fix a Haar measureµ„
In " CNG )→ £

f- G. flzildu /a) .

✗

DEF. : fn.fi C:(G) - { f- G > G lady anstaut}Compact support

→ ( f. * f-2) (g)
÷ | f. (a) fzla-g)dfelal
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oh G
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group

→ fflhldy.lk) - 7¥ ftl
H

→ HIHI
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ft >[ fast
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hat

Det : K ≤ G Compact open
→ ↳ (g) -{Mk )

"

igck
◦

ig -4K

→
ex c- HCG )

PROPOSITION : 11) ex is an idempotent , i.e.eu/-ek--ek

⇔ fc-HCGI.thnex-xf-ft-flkgl-flgltkc-K.lyEG
(3) ey,

* H(G) * er, is a subalgebra of HCG )
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.
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NOTE :
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.

: A Heft ) HIGI - module M is Called SMOOTH
,
if
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.
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. er, * m

-
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m
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PROPOSITION : Hiv ) c- Rep /G)

• the operation ( f. v )- a-(f)u gives
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• HIN
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'
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. .
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a
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G
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G
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PROPOSITION : M smooth ✗(G) - module

J ! G-han . *
: G > Auto (M) , such that

(*
,
M ) c- Rep /G) und a- (f) m = f- * m Kfc HKI.me/4.

Moreau
,

M
'

E HUI-Mod
,
with assoc .

G-
rop. HM

')
,

then any
HUI - hum

.

M > M
'

is a G-hom . #→* !

prod 4 :X/G) ☒ M ✗ M surjedive (since Mi
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f ; mi c-Roll)
,
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i> |

and Mice ,<
*M Hi
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RMI : In particular Rey> (G)
~
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II. VIEREPIG ) , Flex ) : V → V " Kernel -- HK)
"
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PROPOSITION :(1) (*NIE Rep (Gl irreduüble

then V
"
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NIEREPLG) 1-1
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-

COROLLARY://T.tl/-cRep(G) ,

V -1-0



Thu ii. V) is irreduäbh ⇔ KK≤G compact - open ,

VK is either zero or

Simple as HIGH-mod.

SOME MORE IDEMPOTENTS :

K ≤ G Compact open . g
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• Hiv ) c- Rep (G )

,
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wer
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§2. MATRIX COEFFICIENTS
.

DEF
.
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VEV
,
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"

"
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g
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A

( TG )
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,
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"

we Called
"
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<
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n

N⇔ : Ü ☒ V 7 > ( (E) surjecliue 6×6 - hm .

lau- year
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„
=
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→ supply ) is invariant under translation by Z .

DEF
.

: ↳ VKREPIGI irred .

a- is f- CUSPIDAL
if
very f-

CH) is compactly
oupported modulo Z

.

EXAMPLE :
a- =L is net y

- aespidal ( and not )
cuspidal

since the Support of
very non -zoo

coefficient is G
.

I - Ghz ( Fl )

PROPOSITION : ' 1 '
* g- cuspidal
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' 2 ' Hiv ) irred
.

admissibk
. Suppen 3-¥!

"

compact}
snpported modulo Z ⇒ g-cuspidal .

prod : (1) swppose a- not admissibh

→ dein V
"
-
- es her some K≤G compact open

dimv" is countubk-dimvk-chmhom.lv! E)
is uncountable

✓ ≤ VK - IT : Ü " > ( (a- ) inject.ve
I since guigchli ' Year
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→ im /E) =/ f- c- ( H ) / flzgtil-wx.cz ) fly )
+ supp. on a tinte Uot ZKGK}



dim ( ITIÜK ) ) countush but Tung . ↓
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+ aehm
.
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.
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"

,
Ü " 1in

.
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"Jacobson
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"
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⇒
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THEOREM : II. V ) irred . Smooth In particular , a- is adm .

⇐ is cuspidal ⇔ # i. f- cuspidal .

good⇔ ) Carton da
.

⇒ T:{ ( . ) In :o) droh

reps .
oh ZKIG /K

. ,K=GLZIO)
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,
LEÜ

,
-3m ≥ ◦ ist . year
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"

) -- o them
.

1-
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UN -- o ⇒ ✓EVIN ) and JN
,
≤ N c. yu
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i Mini

Nz
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÷
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"
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but Im ≥ ◦ ist . tanzt
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,
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"
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,
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-

"
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"
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t
-"
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"
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,
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'
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'

.

if GEG . J-m.o.s.t.ZKgk-ZKEK-UZKkittg.tl
'

ij

⇒ Suppf ≤ WZK
' /sypf.gr/-t)K'.fij--weK .

Gute - für
.-

a- flhiahj
')Compact mod Z

Launen
⇒

y
- uespided

⇔ ) Hiv ) irred
. g.cuspided

⇒ admissibk

⇒ in irrend . and admissible

Kn - 1- +gilt. /VI. n ≥ /
take ve V

.
ns.t.si. .

VEV
""

,

E- ( I ! )

b- Ü" → grill, # Iglu> compautlyswpp .

Mod 2-

=) Ll
.
# (za) v > =

year (
t
" ) ⇒ Fa >> ◦



dim Ü" =P ⇒ fc
, such that

year It
"

) -- o KLEÜ ""
,
a :c

.

⇒
# (em )# (t

" )v = o

for jet , wnk N
,
- =/ ! ¥ ) .ly! -- (pl ; ; )

F. = Kennt → Kn --MINI

Ki
"
= t

- "

Knt" = Nn
-ATNNNIA

◦ = # (en ) # (t
"

/ ✓ = a- Ita) # (enia.lv
=
a- (E)[ a- (a) Iterierten ) ✓

Nn-a/Na

⑦ c. a- (E) / a- lauda ⇒
v is liked

by Ki" 's kn
Nn
-a

⇒ ve VIN )

⇒ Y is euspidal .
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§] .
TNTERTWININ Cn

.

II :-. { "
red Smooth} /≈K ≤ G umpaet open . reps of K

DEFINITION " • F- 1,2 . Hi ≤ G Compact opuyic-tli.ge G
.

y
INTERTWINES gr

with
gz

if :

Hamas .nl/iyzl--oiwhoeyi:nnyigag-y.ki--g-'nng.

• K ≤ G cuupaet op . (a-NK-Replkl.ge Ü

I CONTAINS

y µ OCCURS IN T it

Horny
, lg.it ) -1-0 .

PROPOSITION : (IN ) irreduübk smooth
rep .

of G
, cantainyj.fi .

Then JGEG which intotw.ms withge .

F
prod ✗ = ⊕ VS T antun, gy,

=) Vito ii --1,2

GEE g↓ vk.co
,
# ined.

⇒ ≠ /g-
'N" -- V"

span
V

V92
→ JGEG ,

sit . ezoiilg
" ) indexes a non-too

they V1- V12



µ
Tclj' )

, µ
ez

, > ✓
%

V1

v" Eve:
Gta\ nä ,

⇒ Hann

.sn/giy.I--ioIDEA-:kookatisotypicalcanpomtsaudthdagEG
such that the map

V-5 ✓→ v12

indexes a non -zoo nup
Ü"LI ☐

CLAIM :

g
intolwius

gr
with
µ
⇔ g-

'

intotwinesyzwithg.
1-

giigz are sanisinple as veps .
oh Kirk,

⇒ hinkommen
.

(gi.gr/--dmtlomn.g.mlgzy!l--Hmlyii.g.)414,5
'

IDEE
:

•

g:
INTERTWINE in G it YEE , intotwiniygnwithgz
→ reflexive + symmetrie but It transitiv

.

• (Ky ) INTERTWINES
g

it it ihtutwines
g

with itself
.

PROPOSITION : K≤ G compact openig-G.GE/l.TFAFl1l-JfEeg-xHlGl*e@isuehthatfIKgn--o
' 2) g intotwinesy .

↳ glat.LY#trgbi ')



prod [
"

( KJK )9k¥
via (h.kz/f:a-flhiakz )

Smooth

H - { 1k , g-
'

kgk-K.lt/kc-kngkj ' }
→ C

"

( Kgk ) > £7
" "

tthom
.

f- flgl
jkglflgl-flk-tgj.bg/--flg1 .

Frob
. reeipwüty

→ (
"(Hgk)

⑦
' Ind

"

1m
"

⑦ i. animarum
{∅" "

! f.
"

|s.to/Ihhn.j'hgHinvese:omrfyECTKgkhfylknyhi):=Ylki'

.kz )

(1) ⇔ Jf c- egkkklaegis.t.fkya.to
⇔ g.

* CTKGK) -4+-0
-

≤

eg
* Ind !

"
/Krieg ≤ Ind

"

:
"

/
„
↑"

"

⇒

⇔ Horn.mn/g0jiludYl1mH--Homulgoji1u-+o
⇔ the

xp . k-glkiojljkglotkngk.es
"

has a fixed wecker "

gags
"



µ - In
⇔ hmx.gng-ilkgag-il-inmlg.gs

-
'

Hu

⇔

g intohwinesg . ☐1-

THE SPHERICAL HECKE ALGEBRA
|

2- ≤ K ≤ G ampaur mod center . G. W ) c- Ä
gn

✗(Gg
) - { f :C, > End

,
/W) Compact} supi euodz }

flkeghz ) =/ Ihn
/ flgHat

Ö → Jupp f- =U Hgk
"

SPTRERKAL HECKE ALGEBRA
"

finite
/ " INTERTWINING ALGEBRA

"

oh ging

↑
Haar measure an

%
, ∅. .ch c-KH )

assoc . E-af .

f. * folgt - fyiaty.la -1g ) cfüla ) nein 1-

G/z

Note : ] canonical algebraisomorphismg-xklGI-eg-NG.gl Ende /W ) .



LEMMA :

YEG ,

JOHN/Gg ) Steppt -- Kgk ⇔ gintotwimsg .

good fc-Endalwl.ge h

( kgti-ylklfgltilk-HK.gl
⇔ for ktkik

,
we have fglkl-jlkl.fr

⇔ 1- c- Homm.nl/j "

☐

→ ⇒ Homie:" Igg
' )

"

{ fc-HK.gl/Lppfc-Kgk} .

(4
: G- Ende /WI depp4-- Kyll laut

4lkght-ylklf.li)

4ENG.gl ⇔ 41 kgk
'

)

kc-jkgnkk-jkgthenfylk-4ltgkl-4lbigl-glk.tt
=/
slklf )



PROP
.

: There is an ☐omoylism oh E- agrbms
Hlhy )

⑦
' Enola / c- Indy )I ∅ ' ' lfi-so-xfi.gr/oHfk-jiqiH)

C- ) ◦ ∅
' Glz

÷

pool F-ndak-lndfegF-Hnnlg.c-kdi.gl
ich , > Ä :p- c- Indie

w- y:

Siypo: = K and ∅:(k ) -11kW
H/Gg )- Ende /c- Kelly )→ Handy .

c-katy )F-
-
-
-
- - -

-

'

'

-Ä; - c- häng

µ ( KH )
"
-§ : G- Ende /W)

.
#

lgkwt-f.ly/oIlky)lw)--cflkgl--glhlYwlgl--pnoIcgilw )
F- lghllw ) - cfwlg " = %"" lg )
→ IE ☐

THE.OR-EM-i.IT ≤ G -Ghz /F) open Campact mod Z

¥

gib c- Replkl irre
.

Suppose that GEG intotwinesg ⇔ geh .



Then c- Indy is ireelueibk ad aopidal .

Root 1 Jyi CH) ueupaetlg suppoted modulo Z

Endete - lud:/ | ≈ Kenny , c- Kelly )
iü
- ¢0 : wmyii.gr/H

" 's"

u elfe .

im# °

:|
- c- Indie ) --{ f- c- c- hing / svppf ≤ K)

(c- lndiy )
"
-= häng

Ihn -- { f / supp ≤ h)

j ≤
c- in:j

pick ücy an Äj - findig ) "
mr Clair Sepp (year )

C- K

Moe prudy : j-lnddj-lc-hii.gl
.

d-{4ms 1191111)

g- einig
w- Igm / 9!

" 's
" )

so

feonw /g)
= IgM , geh .

It
◦ da

0

= ' Campact shpp . noch
Uhr

.



2 irreduübh

2- ^ c- IndGg acts via wg
: lzfllgt-flgzt-fk.gl=/HfG)

✗

wglziflg ,
→ und:/ ≤O-f-niigfj.utlomnlg.c-lndfyl-thmnlg.lc-lndf.gl)

112

Endete-hängt ≤M → 1-deine

GEG intotwims g
⇔

gthy
)

I

I ftp.HKy/surp.--Kgk
⇒ deine Honey. Klingt

' ) --1--1=-1. - lud:/P
het Y ≤ c-häng G- smbspace
Heim

"
4-- eineiig

1-

◦ ≠ Home ( 4. c- häng / ⇐ Hand Y.kdfyt-tkuuk.gl
✗ senisinyh 1k = , µ -1-0

⇒ y ≥ (c- häng %
genervtes c- häng

one G
⇒ ✗ = c- lud !g



⇒ c- Indy is irreduübb
☐Clain

L

① +②
⇒ c- Indy is

g- aespidal .
⇒ c- INDY is aespidal

☐


