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Preface

These lecture notes were written during the Corona-term 2020. There are surely still plenty
of typos, although already many have been found by the participants of this course. I thank
all of the participants for their interest in the topic and their hunt for typos, errors and
inaccuracies! If you notice further issues, please sent me a mail.

Many sources have been used to write these notes, and I often follow the outline of some
sections from other books quite closely. This includes:

e The presentation of the theory of continued fractions roughly follows the presentation
in [I1].

o Everything on Siegel’s Lemma is essentially taken from [5].

o The proof of Dobrowolski’s theorem closely follows the outline from [g].

o the proof of Roth’s Lemma is a mixture from the proofs given in [I] and [5].
o The proof of Roth’s theorem closely follows the outline in [1].

o The proof of the Gelfond-Schneider theorem is essentially taken from [9].

o The mentioned applications of linear forms in logarithms are taken from [3].
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Notations

elzzameN

the integers

the rational numbers

the real numbers

the complex numbers

the positive integers {1,2,3,...}

the non-negative integers {0,1,2,3,...}

a fixed algebraic closure of Q contained in C

the GauB-bracket of « (largest integer smaller or equal to the real number «)
the fractional part of a (o — |&])

the usual absolute value of z € C

the cardinality of the set M

the Mahler measure of & € Q

the completion of the number field K with respect to the absolute value v on K
the local degree (K, : Q]

set of pairwise non equivalent non-trivial absolute values v on the number field
K, normalized such that the restriction of an archimedean v to Q is the usual |.|,
and the restriction of a non-archimedean v to Q is a usual p-adic absolute value
the ring of integers of a number field K

the absolute multiplicative Weil-height of o € Q

the absolute logarithmic Weil-height of o € Q
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Chapter 1

Foundations

1.1 Introduction to Diophantine Approximations

The word Diophantine usually refers to the integers or rationals. Hence, the main goal in
the field of Diophantine Approximation is to approximate real numbers by rational num-
bers. Since Q is dense in R, this is always possible to an arbitray accuracy. However, some
approximations are nicer than others. For instanceE]

314159
m=3,1415926... = (“good approximation with huge denominator”)
100000
355
~ 113 (“better approximation with small denominator”)

So, in some intuitive way, the latter approximation is much nicer.

Formally, for a given a € R, we want to study % € Q, with p € Z, g € N, and ged(p, q) = 1,
such that |« — g\ is small. This is surely the case if |ga — p| is small. Hence, we will frequently
work with this latter quantity.

Definition 1.1.1. For a € R we define the Gaufi-bracket of o as the largest integer ||
smaller or equal to a. The fractional part of o is {a} = a — |a].

Remark 1.1.2. The function |-| : R — Z is also known as the floor function. To be able to
distinguish between the fractional part of a and the set with the only element « (although it
should always be clear from the context), we put the brackets of the fractional part in bold
face.

Note that we always have {a} € [0,1) for all a € R.

Example 1.1.3. It is
o |m]=3and {r} =0,1415926. ..
. [%Jannd{%}:%

o |—e|]=1-2,7182...] = —3and { —e} = —e+3=0,2817...

'the first few digits of 7 can be remembered by: How I want a drink? Alcoholic of course! (just count the
letters of each word)
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Lemma 1.1.4. Let o = § € Q, with a € Z, b € N, and ged(a,b) = 1. Let p,q € Z such that
o # %, then |ga — p| > %.

Proof. This is trivial: We have |ga — pb| = 0 if and only if a = § = %. If this is not the case,

we have | b )
a qa — p
Iqa—p\z‘qb—p‘zb >

|

O]

Notation 1.1.5. Usually, when speaking of a rational number %, we mean that p € Z, g € N,
and ged(p, q) = 1.

Theorem 1.1.6 (Dirichlet). Let @ € R be arbitrary. For each Q € N, there are coprime
p,q € Z, with g € {1,...,Q}, such that

1
g —p| < —. 1.1
| | 0 (1.1)
Proof. The following proof is most beautiful! We cut the interval [0, 1) into @ subintervals of

equal size; i.e.
1 1 2 Q-1

[071) = [Oaé)u[éaé)UU[Tvl)
=1 =:1s =:q

The @+ 1 numbers {0-a}, {1-a}, ..., {Q a} all lie in [0,1). Now, we have ) + 1 numbers
in @ subintervals, and it follows that two of these numbers must lie in the same subinterval.
Say {a-a},{b-a} € I}, for a,b,e {1,...,Q}, k€ {1,...,Q}, and a > b. Then

22>]{a-a}—{b-a}|—\a-a—b-a—La-aJ—i—Lb-aH
=[la=b)-a—(la-a] = [b-a])|.
Hence, (L.1) is fulfilled with g =a—be {1,...,Q} and p=|a- o — [b-a] € Z. O

Corollary 1.1.7. A real number o € R is irrational (i.e. € R\ Q) if and only if there are
sequences (pn)nenN € Z and (qn)nen € N, such that

0 # |gner — pn| —> 0 as n tends to infinity. (1.2)

Proof. If « is irrational, then surely |ga — p| # 0 for all p € Z and ¢ € N. By Theorem
for any n € N, we can find p, € Z and ¢, € N, such that |g,a — p,| < % Hence, (|1.2)) follows.
If on the other hand « is rational, then (1.2) is not satisfied by Lemma [1.1.4] O

‘Slogan: Irrational numbers can be better approximated than rational numbers! ‘

Example 1.1.8. We give two applications:

(a) We have {\/iJ = 1 (since 12 < 2 and 22 > 2). Hence, [v2 — 1‘ < 1. Tt follows that
0 # ‘(\/5— 1)"‘ tends to zero as n tends to infinity. Since (v/2 — 1)" € Z[v/2], for any

n € N, there are p,, ¢, € Z such that (v/2 —1)" = ¢,v/2 — p,. This means that (1.2) is
satisfied, and therefore v/2 is irrational. We all knew this before, but this proof does not
need any knowledge of prime decomposition!

If you like to have it slightly more explicit, one can show that



1.1. INTRODUCTION TO DIOPHANTINE APPROXIMATIONS 3

e po=—1,p1 =1, p2 = -3, and pn+1 = —2pn + pn—1 for all n > 2
e go=0,q1 =1, po =—-2,and gn+1 = —2¢n + gn—1 for all n > 2.

(b) Euler’s constant e equals 352 4. Set ¢, =n! € Nand p, =n!- 3} & € N. Then, it is
> 1
— =nl. - -

i=1

o 1 o

= (n+1)(n+2) (n+i) = ( n+1
1 1

= ——1=-"2%0
- n

By Corollary [[.I.7] it follows that e is irrational.

The next corollary to Theorem [I.1.6]is the first major result of Diophantine Approximation,
that we come across.

Corollary 1.1.9. Let a € R be irrational. There are infinitely many rational numbers g,
with ged(p,q) =1, g > 1, such that

1
’a—p‘ <. (1.3)
q q
Proof. Actually, the proof is almost immediately clear from Theorem [ But as the result
is that important, we will give the proof in full detail.
Assume that for some irrational « there are only finitely many — say precisely n — rational

numbers ’;—1, ce 5—” satisfying (|1.3). Since a ¢ Q, we have 0 # ‘a — %‘ for alli € {1,...,n}.
pi

Take any Q € N satisfying 2 g < mije(r  n} ‘a — By
p,q € Z, with ¢ € {1,...,Q}, such that

By Theorem [1.1.6 there are coprime

1 1 ;
Oaé’<)z—p‘—-]q04—p|<<‘O¢—pZ
ql 4 9Q i

In particular, % # % for all i € {1,...,n}. Moreover, as q € {1,...,Q}, we have

Vie{l,...,n}.

‘ ’ 1 | < 1 < 1
a—=|=—|ga—pl < — < .

q qQ ~ ¢*
So, there are at least n+1 rational numbers satisfying ([1.3]), which contradicts our assumption.
Hence, there must be infinitely many rational numbers satisfying (1.3). This proves the
corollary. 0

Remark 1.1.10. The exponent 2 in ([1.3]) will keep us busy for some time . A natural question
is, whether the statement of Corollary [[.1.9] remains true if 2 is replaced by 3, or 4, or 5, ...
Note that increasing the exponent makes the approximations better!

Notation 1.1.11. Throughout the lectures, we will fix an algebraic closure of Q in C and
denote it by Q. An element in o € Q is called algebraic or an algebraic number. This means,
that there are integers ag, ..., aq, with ag # 0, such that aga® + ag_1a® 1 + ...+ ag = 0.



=

CHAPTER 1. FOUNDATIONS

A different way to formulate this, is that there is a polynomial f(z) € Z[x] \ {0}, with
f(a) = 0. In fact, there is a unique (up to multiplication by —1) irreducible polynomial
f(x) € Z[z] satisfying f(a) = 0. Such a polynomial is called minimal polynomial of o. If
f(z) = agr?+ag_129 1 +.. .+ag is the minimal polynomial of o, then k = ged(ay, . . ., ap) = 1,
since otherwise f(z) = k- (%a? + ...+ %) would not be irreducible.

An equivalent definition for an algebraic number is, that o € C is algebraic if and only if
[Q() : Q] is finite. In this case, [Q(«) : Q] equals the degree of the minimal polynomial of «,
and is called the degree of a.

You have learned all of this in your Algebra class, to which we refer for further details!

Theorem 1.1.12 (Liouville). Let o« € Q be of degree d > 2 (i.e. an algebraic irrational
number). Then there is a constant c(a)) > 0 such that for all rational numbers %, g €N, we

_p| s ¢
have ‘oz q‘ > T

Proof. We will present an analytic proof here. Later we will present an algebraic proof as
well.

Let f(z) = age® +aq_129~ ' 4+ ... 4+ ap be the minimal polynomial of a. Since d > 2, there is
a non-constant polynomial g(z) € C[z] such that f(x) = (r — «) - g(z). Since any irreducible
polynomial over Z|x] is separable (does not have multiple roots), we know that g(a) # 0.
Also, since f(z) is irreducible, it has no roots in Q, and hence g(%) # 0. Moreover, as a
polynomial, g(z) is a continuous self-map on C. Let € > 0 be smaller than the distance of «
to any other root of f(z). Then, g(3) # 0 for all § € C, with |« — 3| < e. So in particular
0 # 6 = sup|o_g|<c |9(8)|. Since g(z) is continuous on C, we also know that § # oo. Hence,
c(a) := min{e, 61} € R.

Assume there are p € Z, ¢ € N, such that ’a - %‘ < C((;l‘). Then

otce = vepe]<
— [s®)]=|a=L|-[od)| <23 s <

Multiplying both sides of the latter inequality by ¢ yields

P
1> qd-f()‘
q
= |¢*- (ad(g)d + ad—l(g)dil +...4ag|= ’adpd +agap* g+ ..+ aoq”| € No.
It follows that \qd - f (%)\ = 0, which contradicts f(£) # 0. -

Remark 1.1.13. Theorem tells us, that algebraic numbers cannot have “arbitrarily
good” approximations. So maybe we can use this to prove the transcendence of certain
complex numbers. Recall that an a € C is called transcendental over Q if it is not algebraic.
Cantor provided a remarkable argument for the existence of transcendental numbers: The
set of complex numbers is uncountable by Cantor’s diagonal argument. On the other hand
Q consists of roots of polynomials in Z[z]. We have

oo
Zlz] = U{a0+a1x+...—|—adacd|d6N,ao,...,anGZ, and d + |ag| + ...+ |aq| = N}.
N=0
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As a countable union of finite sets, Z[z] is countable. But similarly,

Q= U A{aeClfla)=0}
f(z)€Z[z]

is a countable union of finite sets, and also countable. This means that the number of algebraic
numbers in C is countable, and the number of transcendental elements in C is uncountable.
So the probability that an randomly chosen « € C is transcendental is 1. However, the task
of proving that a complex number is transcendental is extremely hard, and in most cases even
impossible with the known methods.

Corollary 1.1.14. Let « be a real number. If for all d € N there are sequences (pp)nen in Z
and (qn)nen in N, such that

0 # g lgne — pn| — 0 , as n — oo, (1.4)
then o is transcendental.

Proof. We will show that if « is algebraic (i.e. not transcendental), then for some d € N there
are no such sequences satisfying (1.4). This is obvious for o € Q (see Lemma [1.1.4). Hence,
we assume that « is algebraic of degree d+1 > 2. Then by Theorem [1.1.12] there is a positive

constant ¢(a), such that ’a - %‘ > qﬁﬁﬂ for all p € Z, ¢ € N. This means precisely

qd'|qa—p\>c(a) VpeZ, geN.

In particular, there are no sequences (p,)nen in Z and (gp)nen in N, satisfying (|1.4). This is
what we needed to prove. ]

Slogan: Transcendental numbers can be better approximated than algebraic numbers! ‘

Example 1.1.15. The number a = 0,100000...01 can be approximated by % to a very
—_———

n-times
high accuracy (depending on n). To construct a number a such that for any n € N there is

a rational number % that satisfies ‘a — %’ < qin, we may increase the numbers of zeros in the
decimal digits between non-zero entries:

a=0,10...010...... 010......... 010.........

Let’s do this with a concrete example. We set

=1
L:= E —.
k!

= 10

The sum surely converges, so L is indeed a real number. For any n € N we define p, =
P, 10" and ¢, = 10™ so that

B n 1 B ZZ:l 10n!—k’! P
Sn = Z 10K — a

k=1 107 dn
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For d € N arbitrary, we have

oo 1 n -
0# q,‘f . ‘an —pn’ = 1()n!d 10n! Z o o Z 10n! k!
k=1 k=1
h=ntl k=(n-+1)!
1 n—oo
— 0.

- 9.10"M(n+1-d) _1q

It follows from Corollary[I.1.14] that L is transcendental. The number L is called the Liouville-
constant. It was the first example of a transcendental number. Actually, this example was
also the first proof of the existence of transcendental numbers, as its construction precedes
Cantors set theoretic argument.

Remark 1.1.16. We want to compare Theorem (which gives an lower bound for
approximations of algebraic numbers) and Corollary (which gives an upper bound for
approximations of any real number). Therefore, let « be a real algebraic number of degree
d > 2. As usual, all rational numbers % are of the form p € Z, ¢ € N, and ged(p, ¢) = 1. Then

Cc

2

for all rationals {/\

)
Q
|
ESH k]
Qw‘,_.

for infinitely many rationals {/\

Which of the two bounds is closer to the truth? It follows that if « is an irrational quadratic
number (i.e. the degree d of «v is two), then we can neither increase the exponent in Dirichlet’s
result, nor shrink the exponent in Liouville’s result. Since, the exponent in Dirichlet’s result
is independent on «, we cannot improve this result, by replacing the exponent 2 by 3. This
answers the question in Remark[I.1.10] After Liouville, many mathematicians tried to improve
his result.

1844: o — 2| > % (Liouville)
1908: |a — 2| > qu‘;gia V & >0 (Thue)

1921: o — 2| > 52(3)3 (Siegel)

1947: o — 2| > g(% (Dyson)

Finally, in 1955 Klaus Friedrich Roth proved the following Theorem. This Theorem is best
possible, since it is false for ¢ = 0 (if d > 3), by Dirichlet’s Corollary For his proof,
Roth was awarded the Fields medal in 1958.
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Theorem 1.1.17 (Roth’s Theorem). For any ¢ > 0 and any o € Q \ Q, there exists a

constant c(a, ) > 0, such that for all rational numbers %, q € N, we have ‘oz - %‘ > %.

The goals for this course are:

o Prove how to find the “best” approximations for a given o € R (and explain what this
actually means).

e We can also approximate real numbers by elements from a fixed number field. We will
formulate and prove generalizations of all results from this introduction in this setting.

o We could replace the usual absolute value |.| by a p-adic absolute value. We will study
this setting as well.

e Finally, we aim to formulate and prove Roth’s theorem for arbitrary absolute values
and arbitrary number fields.

Exercises

Exercise 1.1. Let n,@Q € N be arbitrary. Prove that for every choice of n real numbers
a1,...,0p € R there exist p1,...,p, € Z and g € {1,...,Q"} such that

1 .
|q04i—pi|<é Vie{l,...,n}.

Exercise 1.2. Improve Theorem in the following way: Prove that for every a € R and
every () € N, there exist p € Z and ¢ € {1,...,Q} such that |ga — p| < ﬁ
Hint: Follow the original proof, with ) + 1 subintervals.

Exercise 1.3. Prove the claim in Example (a). This is, prove that for
e po=-—-1,p1=1,p2 =-3, and pp+1 = —2pp + pp—1 for all n > 2, and
e qo=0,qg1=1,ps=-2, and gp+1 = —2¢n + qn—1 for all n > 2

we have (v2 — 1)" = ¢,v/2 — p, for all n € Ny.

Exercise 1.4. Give examples of at least five transcendental numbers, not including the
Liouville-constant. Choose your examples such that you could prove of at least two of your
examples that they are indeed transcendental.

Exercise 1.5. Prove that at least one of the numbers m + e and 7 - e is transcendental.
Hint: You have to use some basic statements from an algebra course.

Exercise 1.6. Prove that the following real number is transcendental:
oo
1

k=1

Hint: You may (and should) assume the validity of Roth’s theorem.
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1.2 Finite Continued Fractions

Definition 1.2.1. Let zg,z1,...,2, € R, with z1,..., 2, > 0. Then we set

1
(X0, @1, ..., Tn) = T + :
T+
1 . 1
x
2 . 1
' 1
Tp—1+ —
Tn
If ap € Z and ay,...,a, € N, then (ao, ..., ay) is called a finite continued fraction.
So for instance
1 1 3 10
(1,2,3) =1+ ——=1+==1+_=—.
- s T
3
Note that (zg,z1,...,x,) is always a real number, since x1, ..., z, > 0 and hence all denom-
inators are (as sums of positive real numbers) positive.
Lemma 1.2.2. For all xg,...,x, € R, with x1,...,x, > 0, we have
(i) (205, Tn) =z0 + ﬁ = (20, (T1,...,Zn))-
(ii) (xo+ z,x1,...,2n) =+ (X0,...,Tpn) for all x € R.
(l”) <I’0,$1, tet 7'%.”) = <3707$1’ vy Ip—2,Tn—1 + i>
(iv) (xg,...,xn) > xo with equality, if and only if n = 0.
Proof. All these statements follow immediately from the definition. O

It is clear that any finite continued fraction represents a rational number. The converse is
also true:

Proposition 1.2.3. For every a € Q, there are ay € Z and aq,...,a, € N such that o =
(ag,...,an>.

Proof. The proof is constructive! Write a = %, with p € Z, ¢ € N, and ged(p, q) = 1. We run
the Euclidean algorithm and get

P = apq + 70; aO:EJGZ’ ro€{0,...,q—1}

q=airo+r1; ap €N, 1 €{0,...,79— 1}
ro = a9 + T9; ay €N, ro €40,...,7 — 1}

Tne3 = Gn-1Tn-2+Tn-1;  an-1 €N, 7,1 =1 (since ged(p,q) = 1)

Tn—2 = GnpTn—1; ap = Tp—2 €N
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The remainders become smaller and smaller, so in particular rg,...,r,—1 > 1. We claim that
a= % = (ap, . .., an) and prove this by induction on n.

If n = 0, then p = apq which implies a = g = ap = (ag). This provides the induction base.

Now we assume that the statement is correct whenever the Euclidean algorithm takes n — 1

steps, which is the case for g and . Hence, our induction hypothesis implies % ={(ay,...,an).
Therefore,
r 1 1
B:a0+—0:a0+7:a0+7(ao,...,an).
q q o <a1, ceey an>
For the first equality, just divide the equation p = agq + rg by ¢. ]

Example 1.2.4. We calculate two finite continued fractions.

h 352

173 (do you recognize this?). The Euclidean algorithm gives

(a) First we work wit

355 =3-113416
113=7-16+1
16=16-1+0

Hence, 222 = (3,7,16).

(b) Recall the Fibonacci sequence fo = 0, fi = 1, and fuy1 = fn + fno1 for all n € N.
Obviously, this sequence is strictly increasing for n > 2. For any n > 2 the Euclidean
algorithm of two consecutive Fibonacci numbers reads

fn+1 =1 fn + fn—l
fn =1- fn—l + fn—Q

Ja=1-f3+ f2
f3=2-fo+0

Therefore,

fns1 1

7} :<1""’1’2>:<1""’1’1+I> =41, 1).
" (n—2)-times (n—2)-times n-times

We see, that the representation of a rational number by a finite continued fraction is not

unique. But the next lemma tells us, that the situation is still quite comfortable.

Lemma 1.2.5. For every a« € Q there are precisely two representations of o as a finite
continued fraction. For o € Z these are (o) and (o — 1,1). For a € Q \ Z these are of the
form (ag,...,an), ap > 2, and {(ag,...,an — 1,1).

Proof. As usual we write a = g, q > 1, ged(p, q) = 1, and perform an induction on ¢. In the
induction base we have ¢ = 1, which is precisely the case when o € Z. We have a = (ay)

if and only if @ = ag. So assume a = (ag,...,a,), with n > 1. Then a = ap + TR
1
and (ay,...,a,) > a3 > 1. But Ty = @ —ao is an integer. Hence (ay,...,a,) = 1.

Again by Lemma this is precisely the case when n = 1 and a7 = 1. It follows that
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o = (ag,1) = ao + 1, and therefore ag = o — 1. This gives that o = (o — 1,1) is the only
representation of « as a finite continued fraction with more than one entry.

Our induction hypothesis is, that for fixed ¢ > 1 the statement of the lemma is true for all
rational numbers Z—:, with ¢’ € {1,...,q—1}.

For the induction step, we take a rational number a = % = (ag,...,an) (with ¢ from the
induction hypothesis). Since ¢ > 1, we know that « is not an integer, and hence n > 1. As
in the proof of the induction base, we have

1
o = 2 = ao +
q (a1,...,an)
—_———
€(0,1)
But this just means that ag = EJ and ﬁ = {%}. In particular, there is just one

possible value for ag, which is the same as aqg is uniquely determined.

Moreover,
1 p ! q
1§a1<(a1,...,a>::(a0) = .
" {0ar, . an) \g p— qag
Hence, (a1,...,a,) = 1, for some u € {1,...,¢—1}. Now we can apply our induction hypoth-
esis, and we can conclude that there precisely two finite continued fraction representations of
4, namely (a1, ...,an), with a, > 2, and (ay, ..., a, —1,1). Since we already know that ag is
uniquely determined, the lemma is proved. O

Remark 1.2.6. Givenag € Zand ay, ..., a, € N, we can calculate p, ¢ € Z with (ag, ..., an) =
g by successively calculating

1 q
(ag,...,an) = <a0,...,an,1—|—a—> = <a0,...,an,2+ﬁ> =...
NE—L —_—
:P//q' :p///q,,

This is, we can calculate p and ¢ by going from right to left, which can become quite painful
for large n. In the following proposition we will introduce an important recursive formula,
which allows us to calculate p and g from left to right.

Proposition 1.2.7. Let ag € Z and a1,az,... be an infinite sequence of natural numbers.

We define
p—2=0,p1=1 and pr=agpr-1+pr—2 VEkEN

qg—2=1,q1=0, and qx=arq-1+qg-2 VkeNyp

Then we have (ag, ..., an,T) = % for all integers n > —1 and all real numbers x > 0.
1 1 - — — — I1+0 — CCpn"!‘pn—l
Proof. Induction again: For n = —1 we have (ag, ..., an,x) = (z) = 201 = Zeta for all

x € R, which provides the induction base.
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Now we assume that the equation holds for all real z > 0 for a fixed n > —1. Then we get

for any real z > 0

<a07 s ,an+1,x> = <a07’ s Oy Q1 + 5>

m (ant1 + %)pn +Pn-1 _ w(ans1pn + Pr1) +Pn

(ant1 + %)Qn + Gn—1 z(an419n + Gn-1) + Gn
Def TPn+1 + Pn
B Tqn+1 + Gn '
This proves the proposition. ]

Corollary 1.2.8. In the notation from Proposition we have (ag,...,a,) = Z—: for all
n € Np.

Proof. By Proposition [1.2.3] it follows

ApPn—1 + Pn—2 DPn
{ag,...,ap) = ——— "% =",
AnQn—1 + qn—2 dn

O]

Example 1.2.9. The integers p,, and ¢, are defined recursively, and hence from left to right.
Which rational number is represented by (2,1,2,1,1,4)? We just need to calculate p5 and g¢s.
This is most convenient using the following table

k| ax | px | @

-2 | - 0 1

-1 - 1 0

0 2 2 1

1 1 3 1

2 21813

3 1 |11 4

4 1119 7

) 4 | 87| 32
It follows (2,1,2,1,1,4) = 8 (and (2,1,2,1,1) = ¥, and (2,1,2,1) = 1, ).
Remark 1.2.10. The idea is, that Z—g, Z—i, Z—;, ... approximate Z'—Z = (ag,...,a,) with an

increasing accuracy (check this for the values in Example(1.2.9)). Since we want to approximate
real numbers and not only rational numbers we have to generalize our continued fractions

before we can prove the vague statement above.

Exercises

Exercise 1.7. (a) Write 12 as a continued fraction.
(b) Let n > 2 be an integer. Write the continued fraction (1,n — 1,1,3,n) as a rational
number %, with integers p, ¢ depending on n.

Exercise 1.8. Let ap € Z and aj,as... € N. Moreover, let pp and ¢ be defined as in
Proposition Prove that for every n € Ny we have

n—1
and  (0,an,an_1,...,a1) = ——.
dn—1 qn

<a'n7 Ap—1y -y a/1> -
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1.3 Infinite Continued Fractions

Notation 1.3.1. In this section we will extensively use the notations from Proposition [1.2.7]
which we recall here:

e ag € 7Z, and aq, as, ... is an infinite sequence of natural numbers.
e p9=0,p_1 =1, and pr = agpr_1 + pr—o for all k € Ny.
e q2=1,q9_1 =0, and ¢ = axqr—1 + qr—2 for all k € Np.
Lemma 1.3.2. We use Notation[L.31. Then we have
(1) PnGn-1 — Gupn—1 = (=1)"7L for all integers n > —1.

(i) 1=q0 < q1 < q2<q3<..., which means that (qn)nen is strictly increasing.

) Pntl  pn . (=D)7
(i) dn+1 Gn Gn+idn for alln € No.

(iv) B2 <22 < BU <. which means that (22)nen, is strictly increasing.
PL < P3 S P - P2n+1 o ot :
(v) B> >8> . which means that (q2n+1)’”€N0 is strictly decreasing.

Proof. None of these statements requires any deep thoughts.

(i) Forn = —1wehavep_1qg_2—q_1p_2 =1-1—-0-0 = (=1)~'~1, which gives the induction
base. Now assume that the equation is correct for fixed but arbitrary n > —1. Then

Pnt1qn — Gn+1Pn = (n1Pn + Pn—1)qn — (An+1n + Gn-1)pn
= Pn—1Gn = Gn-1Pn = (—1) - (Pndn-1 — uPn-1)
£ (1) ()= (i,
This proves the first statement of the lemma.

(ii) This follows from

~— =~
=0 =1 =1 =0 >¢ >1 > >1

l=apg1+qo=q=<a-q +tqg1=qg<aq+ qg =@<a3gp+ ¢ =qg<...
~ =~ —~— =~ —~— =~

We will not not give the formal induction, since the statement should be clear enough
NOW.

(iii) For any n € Ny we have

Pntl _ Pn _ Pnt1dn — Gne1Pn () (=1)"

dn+1 dn Gn+14n dn+19n ‘

(iv) Let n € N be arbitrary. Then we have

Pon _ P2n-2 _ (Z?2n - Pzn—1) n (Pzn—1 B an—2>
q2n q2n—2 q2n q2n—1 q2n—1 q2n—2
@i ()71 (D

qongdon—1 gon—192n—2

1 1 (#7)

>

0.

B 42n—192n—2 q2n92n—1

This proves part (iv) and part (v) follows from exactly the same argument.
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O

Proposition 1.3.3. Let a9 € Z and ay,as,... € N be an infinite sequence. Then the limit
lim,, o (ag, . .., an) exists and is irrational.

Proof. As always we will use the notation from Then (ag,...,a,) = Z—: for all n € Ny
by Corollary [1.2.8] Hence, we have to prove that hmn_>OO %n exists and is irrational.
We already know from Lemma that the sequence (23—”)”61\;0 is strictly increasing, and

P2n+1

the sequence ( JneN, is strictly decreasing. Moreover, we have for all n € N

q2n+1
_ 1 _ 1
Pon M32AP2n—1 <p2n1§]£ and p2n+1@+ >@Z@~
Q2n Q2n-1  92n92n-1 q2n—1 qn d2n+1 Q2n  92n+142n d2n q0
So, the sequence (an)HGNo is strictly increasing and bounded from above by Zl Hence
E =1lim, . pz" exists, and the same argument yields that N = lim,, s 2’ j:j: exists.
We are left to prove N = E. But this follows again from Lemma [I.3:2] since
Pami1 P L onoeoy
q2n+1 q2n q2n+192n
This proves the existence of lim,, o 5—: = lim, o0 (ag, - . ., an). Since the sequence with even
indices is strictly increasing, and the sequence with odd indices is strictly decreasing, we have
DAL o i Po S P28y g e N, (1.5)

q2k+1 n—oo gn q2k

In particular,

1

lim £n Pk o \Phel Pk |LE2 Y k€ Ny, (1.6)

nooodn Gk Qk+1 Gk dk+19k
which implies

1
qr lim pn—pk‘ <~ =y
n—roo ¢ dk+1

By Corollary |1. it follows that lim,, oo Z—n must be irrational (it can be approximated too
good, to be a ratlonal number). O
Definition 1.3.4. For ap € Z and an infinite sequence ay,aq,... € N, we set (ag,a1,...) =
lim,, o0 (ag, . - ., a,) and call this an infinite continued fraction.

As we have seen above, for any sequence (ag, a1, ...) exists and is a real irrational number.

Example 1.3.5. We already have calculated an explicit example in

541
(11,1, = Tim (1, 1) = Tim 2740 _Vh+l
n—00 H/—/ n—00 fn 2
n times
Here, fy, f1, fo,... are the Fibonacci numbers. The last equation is a standard property of

Fibonacci numbers. The value

V5+1
2

is called the golden ratio.

We already know that every rational number can be represented (in precisely two ways) as
a finite continued fraction. We had two representatives, since we could manipulate the last
entry of the finite continued fraction. In an infinite continued fraction, there is no last entry,
which is essentially the argument for the uniqueness in the following proposition.
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Proposition 1.3.6. For all o € R\Q, there are unique integers ag, a1, . . ., with a1, as, ... > 1,
such that o = (ag,ay,...).

Proof. As in the rational case, the proof is constructive. Actually, a kind of Euclidean algo-
rithm for non-integers is hidden in this proof. Define

1 1

{an—1}  ap-1— |on—1]

ap=ca, and a,

Since a = ay is irrational, we have {ap} = ap — |ao] € (0,1), and o > 1 is again irrational.
Inductively, it follows that o, > 1 is irrational for all n € N. In particular, every «, is
well-defined. Note, that a,, = [ | +{an} = |on] + ﬁ for all n € Ny. Using this equation,
we have
1 1
a=ag=(lag] + 071> =% (lawo] , 1) = (lao] s [ea ]| + 072> =" (lao], [en], a2)

=...=(lao], |loa], o], ..., |lan],ans1) VneN. (1.7)

Now you should have an idea how the infinite continued fraction for a looks like. We set
|| = ay, for all n € Ny. Since oy, > 1 for all n € N, we know that a,, € N for all n € N.

With p,, and ¢, as usual (see [L.3.1]), we get

Ont1Gn + Gn—1 > [Qnt1] @n + Gn—1 = An1Gn + Gn—1 = qn+1 ¥V 1 € No. (1.8)
It follows:
Pn | (L7) DPn |20 | On+1Pn +Pn-1  Pn
o — — - <a07a17"'aan7an+1>_7 - - —
dn n Qnt1Gn + Gn—1 dn
_ ‘ (an+1pn + pnfl)Qn - (anJrl(_In + anl)pn _ ‘ Pn—19n — qn—1Pn
(On+1Gn + Gn-1)an (4100 + Gn-1)Gn
1 (KS) 1
== < . (1.9)
(an—HQn + Qn—l)Qn dn+19n
Since Qn+11Qn tends to zero as n tends to infinity, we finally achieve
a= lim 2 = lim (ag,...,an) = (ag,ai,...).
n—oo g, n—oo' o [

So in particular every real irrational a can be written as an infinite continued fraction. It
remains to prove the uniqueness of the a,’s. Therefore, let a = (bg, b1, ...) for some integers
bo,b1,.... Then @ = bg + ﬁ, and <b11,..‘> € (0,1). It follows, by = |a| = ag. Moreover,
a1 = (by,...), and as before we see that b = [a1] = a1. It follows inductively that b,, = a,, for
all n € Ny. Hence, there is just one representation of o as an infinite continued fraction. [

Remark 1.3.7. The values ag,aq,... from the proof above will be used throughout this
chapter. Note that the construction ensures, that oy = (ag, ax+1, ag+2,...) (see (1.7)). This
is in harmony with the fundamental properties [I.2.2] since we have

(ag,a1,...,ap—1,01) = o = (ao, . .., ag—1, (Qk, Qg41, - - -))-

Example 1.3.8. As mentioned in the proof, we now have a perfectly explicit method to
construct the entries of an infinite continued fraction.
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(a) Let us write v/2 as an infinite continued fraction. We set ag = /2, and ag = {ﬂJ =1
Then a; = ﬁ and

1 V2+1
‘”:M—J:Lﬁ—mmn - vz -e

_ 1 _ 1 _ .
Next, we have ay = ool = Vi — @1 and hence as = a1 = 2.
. i s 1 1 . : _ _ :
Since a1 = a, it is also ag = ed = ara; = 2 (and in particular ag = ag = a;). This
is, we are in a loop and have a,, = a1y = 2 for all n € N. Hence

V2=1(1,2,2,2,2,2,...).

(b) Without proof we mention that the infinite continued fraction for e looks like
(2,1,2,1,1,4,1,1,6,1,1,8,1,1,10,1,1,12,1,1,14,1,...)
For a proof of this we refer to Sections 2.10 and 2.11 of [2].

(c) Of course "most* continued fractions do not follow such a nice pattern. We will calculate
the first few entries of the continued fraction for .

ap = |m] =3

1

pu— :7

“ _7T—3J

1 T™—3
a2 = 1 J:\‘ J:15

_m—’? —77T+22
1 J {—777+22J .

a3: 71'—3 = =

Hence, 7 = (3,7,15,1,...).

Definition 1.3.9. In the usual notation, for any n € Ny we call Z—: 28 {ag, . ..,ay) the n-th
convergent of the infinite continued fraction (ag, ay,...).

Remark 1.3.10. We know that p,g,—1 — ¢nprn—1 = 1. Hence, by Bézout’s lemma, we have
ged(pn, qn) = 1 for all n € Ny. We have seen in Proposition that

. pnl|
Jim (ao,al,...>—q—n =0.

Hence, the rational numbers 2—" are indeed approximations of a = (ag, a1, ...) with increasing
n
accuracy.

Example 1.3.11. The first convergents of v/2 = (1,2,2,2,2,...) are
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ko lan | o | ax | B
2] -To0o]1]-
~1{ -1 ]o0 |-
0| 1] 1] 1]1
112|323
2 | 2| 7|5 | &
32|17 |12 }i;
4 | 2] 41|29 | &
512199 |70 %%
6 | 2239169 | 22

One application of this, was the size of an A4 paper. In order that a A4 paper looks like a
small A3 paper, such that the width of the A3 paper is the height of the A4 paper, the side
length of an A4 paper should have the ratio v/2. But of course, one would like to be able to
measure everything in full millimetres. Hence, the side-ratio should be approximately v/2. In
fact it is % = %, the fifth convergent.

The same argument yields, that the side-ratio of any A paper should be approximately v/2.
In addition, the area of an AO paper should be approximately 1m?. Try to figure out the
actual side-ratio of an A0 paper!

Next we will show, that the convergents of « are actually the best possible approximations of
a. Therefore, the following theorem is sometimes called the law of best approrimation.

Theorem 1.3.12. Let a € R\ Q be arbitrary, and let o = {(ag, a1, az2,...) and p,, ¢, be as in
Notation .31 Then

(i) |gne — pn| > |gn+10 — pnya| for all n € Ny.
(i) For firted n € N let p € Z, q € N, with ¢ < ¢, and (p,q) # (Pn,qn). Then |qa — p| >
‘Qn—la _pn—l‘-

Remark 1.3.13. Note, that Theorem [1.3.12|implies that |a — §| > |a— 2’—:|, whenever ¢ < g,

and g #+ Z—:. This means that z—: is the best approximation for o among all rational numbers
with positive denominator < g,,.

Proof of Theorem [1.5.12 The first statement is quite easy to prove. The proof of the second
statement goes back to Lagrange.

(i) Let n € Ny be arbitrary. We use the notation from the proof of Proposition [1.3.6, This
is ap = a, and o = m for all k € N. As seen in the proof of Proposition [1.3.6, we

have
1<apie and  api1 = Gne1 + < apy1+ 1. (1.10)
Qn42
This implies
(T9) 1 ({T.10) 1
\Qn+104 —pn+1\ ! _— <
Op42Qqn+1 + dn dn+1 + Gn
_ 1 _ 1
Unt1Gn + Gn-1+ qn  (Gns1 + 1)@n + qn-1
(L.10) 1 ([T-9)
oI — P}

On4+14n + gn—1
which proves part (i) of the theorem.



1.3. INFINITE CONTINUED FRACTIONS 17

(ii) Let p, g, and n be as in the statement. We again apply the fundamental property
Pn Pn-1
I Qn-1)’
In particular, this determinant is invertible in Z, and hence the matrix is in GLy(Z).
So, there are k, ¢ € Z such that

n  Pn-1 k _ [P
(o 2) ()= 6) o

We distinguish between several cases. Note that ¢ € N, and hence k and ¢ cannot both
be equal to zero.

PrnQn-1—qnPn—1 = £1. The left hand side is the determinant of the matrix

1. case: {=0,k#0

Then kp, = p and kg, = q. But since ¢ < g, it follows k = 1, which implies (p,q) =
(Pn,y qn). This contradicts our assumption, and hence this case is not possible.

2. case: k=0,£+#0

Then ¢p,_1 = p and £q,—1 = q. This implies the claim, since

‘qa _p‘ = ’f‘ : ’%L—la _pn—l‘ > IQn—la _pn—l‘-

3. case: kl #0

We already know that Z—: > « if n is odd and Z—: < « if n is even. Since ¢, and ¢,_1 are
both positive (and precisely one of n and n — 1 is even), it follows that g,a — p, and
gn—1@ — pp—1 have opposite signs (one is positive, the other is negative). Moreover, by

we have kg, + 0q,—1 = q, and |kg,| + [¢gn—1] kio Gn > q. Therefore, k and ¢ must
be of opposite sign, too. Multiplying the pairs (k,¢) and (¢, — pp, gn—1 — pp—1) of
opposite signs, yields that & - (¢, — py,) and £ - (¢gp—1c¢ — pp—1) have the same sign. (If
you doubt this conclusion: check all four possible combinations!).

Since these two terms have the same sign, we get
|k - (ano = pu)l + 1€+ (gn-10 = pp—1)| = [k - (gna = pn) + £ (gn—10 = pn—1)| = |ga = pl.
The values |k - (gna — pn)| and £ - (gn—1¢ — pr—1)| are both positive, and hence

040
lga —p| > |0 (gn—10t — Pn—1)| > |gn-100 — pp—1l,

which proves statement (ii).
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Corollary 1.3.14. With a = {(ag, a1, ...) and py, q, as usual, we have

liminf ¢2- ‘a — p' = liminfqi Na =Pl

Proof. Let us first note some simple facts, which will be used later. By Dirichlet ﬁ@we have
a J—

lim inf (

)EZXN q- ‘04 — %’ < 1. Moreover, for any fixed ¢ € N it is lim inf,ez ¢*- %‘ = 00.

p.q

Hence, in any sequence of rational numbers % such that ¢?- ‘a — %’ converges, the denominators

q tend to infinity.

Pn
P,q) qn

equality, let (p,q) € Z x N be arbitrary. By our introductory remarks, it is enough to prove

Obviously, we have lim inf . In order to prove

2 o 9
€ZxN4d "04— g‘ < llmlﬂfn%ooqm‘a—

that there is some convergent Z—” such that ¢2 - ’a - %‘ > q2 - ‘a - f’qi :

There is an n € N such that ¢,—1 < ¢ < ¢,,. For this n, we have

p| L2312 Pn-1
Q"a_ > Qn—l"a’_
q dn—1
— g a_P‘ 2q'qn_1-‘a—pnl > ‘a_pnl
q n—1 Qn—1
== liminfqi-‘a—pn < liminf q2-‘o¢—p ,
n—00 qn (P.q)EZXN q
proving the claim. O
Remark 1.3.15. For o = {(ag, ay,...,) = lim, Z’—Z, we have ¢1 < ¢2 < q3 < ..., and from
(1.6) we know
1 1
’a—pn< = 5@ VneEN
qn qndn+1 qn - qT

Since the convergents z—: are the best approximations of «, it follows that a can be approxi-
mated particularly well, if the g,’s increase very fast, and particularly bad if the ¢,,’s increase
very slow. We have ¢u+1 = an+1qn + gn—1, hence the a,’s control how fast the g,’s increase.
In particular, the golden ratio (1,1,1,...) 1+T\/5 should be the worst approximable irra-
tional number. We will make this precise in a moment. First, we improve the constant 1 in

Dirichlet’s approximation result (Corollary |[1.1.9)).

Lemma 1.3.16. Let a and S be positive real numbers with a > (. In the usual notation, we
have
(ag,...,an,a) > (ag,...,an, ) <= n is odd.

Proof. This is a simple calculation:

(ag,...,an,a) > (ag,...,an, )
20 OPntPnot1 BPn + Pn—1

agn +qn-1 ~ Ban+ a1
= (Ban+ @n-1)(apn + Pn-1) > (aqn + n—1)(BPn + Pn-1)
— (ann—l - ann—l)a > (p'nQn—l - ann—l)ﬁ

B Cprlas (-1)ms

This proves the claim, since o > g by hypothesis. O
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Theorem 1.3.17. Let « € R\ Q be arbitrary. There are infinitely many rational numbers
%, g > 1, such that

p‘ 1

a—=|< . (1.12)
‘ al ~ V5¢?

Proof. We again use a = (ag, a1, ...,ay,ay11) for every n € Ny, where oy = 0 and oy =

7{%171} for all k € N. Recall from Proposition that ap = o] < oy, for all k € No.

Since the convergents of « are the best approximations of «, we can restrict our attention to
these rational numbers. We have

1 1

DPn
a——| = = VneN.
‘ dn (OZnJrlCJn + anl)Qn q% . O‘"+1q;n+qn—1
Hence, in order to prove the theorem, we have to show that
e _ _
Ont1n+ Gn-1 _ Qg1 + =1 S /5 for infinitely many n € N. (1.13)
qn n

There are some smart arguments for this, but we will prove this straight-forward, chasing
through several natural cases.

1. case: a, > 3 for infinitely many n € N

Then for any n € N such that a,+; > 3 (there are infinitely many of those), we have

1

Gn—
Qpi1 +
n

23+q271>3>\f5.

This proves (|1.13)).

2. case: a, > 3 only for finitely many n € N, but a,, > 2 for infinitely many n € N

For any n € N such that a,+1 = 2 and a, < 2 (there are infinitely many of those), we have

an + Z:L’j <2+ 1 =3 and hence
gn—1 gn—1 1 1
Qpy1 + >app1+—————— =2+ ———F—5 >2+ - > V5.
'rl+ dn s AnQn—1 + qn—2 an + % 3

This proves ([1.13]).

3. case: a, > 2 only for finitely many n € N

In this case, there is a k € Ny such that
a = (ap,a,...,a5,1,1,1,1,1,...).
This is, k is at least the largest index, such that a > 2. In particular,

37

1+ 5
oy, = <1,1,...>Lf

Vn > k.
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We use the statement of Exercise to conclude

GiN-1  1++5 L

Op+N+1 t = 0,1,1,...,1,ag,a5-1,...,a1) ¥ N eN. (1.14)
qk+N 2 —
N-times
The rational number (ay, ..., a;) is either greater or smaller than the golden ratio (1,1,...) =

1+T‘/5. Hence, by Lemma [1.3.16} either for all odd N or for all even N, we have

0,1,1,..., 1, ag,ap—1,-..,a1) = (0,1,1,....1,(ag, ag—1,-..,a1))
—— ——
N-times N-times
><0,1,1,...,1,(1,1,...>> = <0,1,1,1,...>
—_———
N-times

1 2
(LL1,...) 145

Combining ((1.14) and (1.15)) yields that either for every odd N or for every even N (so in
particular for infinitely many integers N) we have

(1.15)

-1 @@ 1++V5
O N+1 T D N1 7[ + <071717'"717ak7ak717---aa1>
Qk+N 2 —
N-times
(.15 1+ /5 2 1+v5 —-14+v5
@ivE, 2 _14V5 1V g
2 V541 2 2
This proves ([1.13]) also in this last case, which concludes the proof of the theorem. O

Remark 1.3.18. The proof of Theorem tells us, that if there are only finitely many
rational numbers g such that ‘a - %‘ < %qz, then « is of the form
3

1+5
2

) € Q(V5).

(agy...,ak,1,1,1...) = (agp,...,ax,

With some more care one can prove that one may replace % by /8 in this statement.
Moreover, the constant /5 in Theorem [1.3.17]is best possible: For a = (1,1,...) Equation
(1.14)) implies that

_ 1 5 1
gn—2 . + \f I _ \/5
qn—1 2 <1, .. >

In particular, for any € > 0 there are only finitely many rational numbers g, with ’oz - %‘ <
1

Oy +

(V5+e)g?”
Definition 1.3.19. A real number a € R is called badly approximable if
liminf ¢2- ’oz — p‘ > 0.
(p,q)€ZxN q
ged(p,q)=1

Remark 1.3.20. By Liouville’s Theorem [1.1.12] for all o« € Q of degree < 2, there is a

constant ¢ > 0 such that ‘a — g’ > qde%, whenever % # . This shows that every o € Q of

degree < 2 is badly approximable. The condition ged(p, ) = 1 is necessary, solely to exclude
that o = % for infinitely many admissible pairs (p, q).
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Proposition 1.3.21. Let o = {(ag, a1, ...) be an irrational number. Then « is badly approz-
imable if and only if there is a constant C' such that a, < C for all n € Ny.

Proof. We skip the proof. O

Exercises
+1
Exercise 1.9. Let Z—: be the n-th convergent of V2. Prove that ‘ﬂ - l‘n = ‘qnﬁ —pn‘.

Exercise 1.10. Write v/7 as an infinite continued fraction.

Exercise 1.11. We study the irrational number o = (ag, a1, ag, ...), with a, = 2" for all
n € Np. As usual f}ﬁ is the n-th convergent of a. The aim is to prove that « is transcendental.

(a) Prove that for all n € Ny we have % > qn-

Hint: Check that the statement is correct for n € {0, 1,2} and then proceed by induction.
Note that ¢, < (an + 1)gn—1-

(b) Prove that for all n € N we have ¢~} < gn.
Hint: This is again an induction, and the inequality ¢, < (a, + 1)g,—1 is still valid.

(c) Prove that « is transcendental.
Hint: The convergents should be very good approximations...
Hint: You may use (a) and (b) , whether you solved them or not.
Exercise 1.12. Let a € R be arbitrary and % € Q, with ¢ € N.
a) Let £ € Q be another rational number with € Nand £ 2 Prove that = <
Q Q q qQ
_P _ P
o=+ |- 5]
(b) Prove that whenever ’a — %‘ < ﬁ holds true, then % is a convergent of «.

Exercise 1.13. Prove Proposition |1.3.21

1.4 Periodic Continued Fractions and Pell’s Equation

We already came across periodic infinite continued fractions, for instance (1,1,1,...). A more
convenient way to write this, is (as for periodical decimal expansions) (1).

Example 1.4.1. Which real number « is represented by (1,2) = (1,2,1,2,1,2,1,...)?7 Luck-
ily, the most naive thing one could do is the best! We have

1 1
a=1+ =1t =14
2+ @

1+




22 CHAPTER 1. FOUNDATIONS

Multiplying both sides with (2« + 1) and shifting everything to one side, yields

20% — 20— 1 =0.

Now we solve this quadratic equation and achieve that « is one of the elements 112\/3‘ But

which of them? Since o = (1,...), we know that 1 < o < 2. This implies o = 1'2—\/3

Lemma 1.4.2. Let
o = <a07a’17"‘7arvblab27"')b$7blab2)°"abS7b17"'7b87bla'°'>
= <a0,...,ar,bl,...,bs>
be a periodic infinite continued fraction. Then « is an algebraic number of degree 2.

Proof. The same argument as in Example proves that § = (by,...,bs) is an algebraic
number of degree 2. This is actually all we need to know, since

T ... ap, B B L E L )

@B+ a1

Note, that the values p,, ¢, are integers. ]

« aj, ..

The converse of this lemma is also true:

Theorem 1.4.3. Let o be an algebraic number of degree 2. Then the continued fraction
expansion of « is periodic.

Proof. By assumption « is a root of a quadratic polynomial with integral coefficients. This
is, there are a,b,c € Z, with
ac® +ba+c=0. (1.16)

Since « is irrational, there is a unique infinite continued fraction (ag, aq,...) representing c.
This is, as you all know by now, constructed by a,, = |ay,], where oy = o and v, = ﬁ
for all n € N. How can we read of the periodicity of the continued fraction from the «,,’s?

Assume that there are k,¢ € N with k # ¢, such that ai = ay, say £ = k + r for some r € N.

Then we have

Qor = Qg = Q;
1 1
Qoprt1 = = = Qi1
T {ory {and -

1 1
Oft2r—1 = = = Qfpqr—1
{ak+2r—2} {ak—l—r—Q}
1 1
Qp42r = = Of4r = Q.

{oror1}t  {Chsr}

Now we are in a loop, and it follows
Ap+r = Lan+rJ = LanJ =a, Vn2=>k,

which means that the continued fraction is periodic.
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We are left to prove that two of the «,,’s are equal. The only direct relation between o and
o, that we know is o = 2r=10ntPn2 (ge0 Proposition . Hence, by (1.16)) it is

qn—10n+qn—2
0. <pn—104n +pn—2)2 +b- (pn—lan + pn—Q) Le=0.
Qn—10n + qn—2 Qn—10n + qn—2

Removing denominators yields,
Anai + Bpa, +Cp =0,
with

An = ap?z—l + bpnflf_Infl + CQ?L—l € ZL
Bpn = 2apn—1gn—2 + bpn—1qn—2 + bpp—2qn—1 + 2¢Gn-1qn—2 € Z
C,=A4,_1€7Z.

We will prove that independently on n, there are only a finite number of possible coefficients
Ay, B, and C,,. So all of the «,,’s are roots of a finite number of quadratic polynomials. In
particular, there are just finitely many possible values for the «,,, and hence we must have
ap = ay for some k # /.

For any n € N, by we have

value < 1 such that 2::

— bnotl 1 Hence, there exists a real r of absolute

dn—1 1

i = a+ ——. So finally, we get

n—1

2
|An| :qz_l' a<p7’l—1> +b(pn_1> +C
Gn—1 Gn—1

(0%

n—1 n—1

9 r\’ r
=q¢,1-lalat—5—] +bla+—5—|+c forsome|r|<1

2
=2 ;- |aa® + ba + c+2aa 2r +a Z +b ; for some |r| <1
— In—1 -1 dn-1
(1.16)
=0
r? 2 Ir|<1
= |2aar + a—5— + br| < [2aar| 4 |a—5—| + |b| < [2aal + |a| + [b],
n—1 Qn—1
which means that |A4,| is bounded independently on n. Therefore, also |C),| = |Ap—1] is

bounded independently on n. We could do some similar estimate for B, or we notice that
|Bn| = \/|44,,C,, — 4ac + b2] is bounded independently on n. Since A,, B, and C,, are inte-
gers, there are only finitely many possible values for the coefficients of the minimal polynomials
of the «a;,’s. As noticed above, this concludes the proof. O

Let us briefly explain the mysterious formula B2 = 4A,,C, —4ac+b?. We can represent a quadratic polynomial
by a quadratic matrix. Namely, for any 8 € C it is

({f)( Z) . ({f) — o+ b6+,

and this matrix is uniquely determined by this property. Moreover, for all g € C

pn-1 P2\ (B _ (Pn-1B+pn-2
qn—1 qn—2 1 qn—lﬂ + gn—2 '

Nl Q
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Putting this together, yields for all (but one) 8 € C
pn1Bf+p ’ Pn-1f+p
n—1 n—2 n—1 n—2
@ <qn15+Qn2) +b (qnl/B+qn2) +C
_ 1 Pn—1 Pn—2 . B ' . a g . 1 Pn—1 Pn—2 . /B
Qn—l/B + qn—2 qn—1 qn—2 1 % c Qn—lﬁ + qn—2 qn—1 dn—2 1
_ 1 ’ B ‘ (Prn-1 Pn-2 "(a 2\ (pn-1 pa2) (B
Gn-1B + Gn—2 1 Gn-1 Qn-2 boe)\ana1 agn2)\1)°

On the other hand, by definition of A,,, B,,Cy, we have for all (but one) g € C

Pn—18 + Pn—2 : Prn—18 + Pn—2 _ 1 2 8 t A, % 3
O - sl NS (- sl Bkl sy Srap B .
=18 + dn—2 Gn-18 + dn—2 G1Btan—2) \1) \B C.)\1

Hence, the following equality holds true:

t
Pn—1 DPn-—-2 a g Pn—1 Pn-—-2 _ An %
Qn—l Qn—Q g C Qn—l Qn—Q BTW Cn '

Taking determinants yields
2 By t b
A,C, — & — det lgn 2 ) = det Pn—1 Pn-2 Cbl b n—1 Pn-2
4 Tn Cn qn—1 qn—2 b3 C dn—1 qn—2
b b?
=det [ Pn7t Pr=2) get (G 2 ) odet (PnTt Prm?) —ge— 2
gn—1 Qn—2 b3 C Gn—1 Qn—2 4

:(,1>n—2 :(,1>n72

This finally implies the claimed relation between B,, A, and C,.

Remark 1.4.4. We are going to use this theory to solve a classical Diophantine equation.
Again Diophantine refers to the integers. Hence, a Diophantine equation is usually given by a
F € Z[x1,...,x,] and one is interested in finding a4, ..., a, € Z satisfying F(ay,...,a,) = 0.
In general, it is even too hard to decide whether such a solution exists, and if, if there are
infinitely many solutions.

Definition 1.4.5. Let d € N be arbitrary, then the equation
2 —dy® =1 (1.17)

is called Pell’s equation. A solution to Pell’s equation is a pair (z,y) € Z2, such that (1.17)
is satisfied.

This equation is named after John Pell (1611-1685), who never wrote anything concerning
this equation.

Remark 1.4.6. It is easy to see that there are only two solutions to ([1.17)) if d is a square

number. So we assume from now on that vd € R\ Q. If (2,y) is a solution to (1.17), then
1

i z—z —d. For large y, this implies that % is close to v/d. So morally approximations of v/d
should be connected to solutions of .

From number theory, you know Dirichlet’s unit theorem. This tells you that the unit group of
Z++/dZ is multiplicatively generated by —1 and some fundamental unit e (note that Z + VdZ
is an order in the field Q(v/d)). Write ¢ = a 4 v/db for some a,b € Z, b # 0. Since € is a
unit, the norm of e satisfies a> — db = +1. The norm is multiplicative, and hence the norm of
€2" = q,, 4+ v/db, is 1. This implies that for all n € N the pair (an, by) is a solution of .
In particular, Pell’s equation has infinitely many solutions. We will use continued fractions,
to explicitly construct solutions of Pell’s equation.
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Proposition 1.4.7. Let d € N be not a square. Then there is an s € N such that
\/g: <a0,a1,.. . ,as>.

Proof. We use our good friends ag, a1, ... Recall that @ = (ag,...,an—1,0n), and a1 =
L_ ¢ Q(V4d) for all n € N. Manipulating this equation gives o, = a,, + = L foralln € N.

On—0an n+1

Let o be the non-trivial element in Gal(Q(v/d)/Q); i.e. o(a+bvd) = a—bVd for all a,b € Q.
Then

ol) =0 ! = ! € (=10
)
= o) =0 (al im) = a(oq)l—al € (—1,0)
indu:ct>10n a(ozn) e (_1’0) vV neN. (1.18)

By Theorem we know that a = (ag,...,ax, aGps1,---, ktr) for some k,r € N. Assume
that k£ is minimal with this property, and £ > 1. Then, we have

aj 7 Qhyr, (1.19)

since otherwise a = (ag, ..., ax_1,ak, - -, Gk1r—1), contradicting the minimality (here we need
the assumption k£ > 1). Moreover, (see Remark |1.3.7))

Apy1 = <(1k+1, e ,ak+1+r> = O[k_|_r+1. (120)

On the other hand, we have

o(ag) — o(aksr) = ook — agys)
N—— N——
(L18) 13
€ (7170) € (7170)
€(—1,1)
1 1 (T.20)
=olag+ — Qktr — = o(ar — Qpyr) = A — Qppr.
Ok+1 Oktr+1 —
€z

Hence, ap — ag4, is an integer in (—1, 1), which contradicts (1.19)). It follows that £ < 1 and
hence Vd = (ap, a1, .-, Gr11)- O

Finally we can solve Pell’s equation.

Theorem 1.4.8. Let d € N be not a square, with \/d = (ag,ar, ... ar). As usual 2—: denotes
the n-th convergent of V/d. For all k € Ny we have

2 2 kr—2
Pkr—1 — qurfl = (_1) i

In particular, at latest the (2r — 2)-nd convergent of Vd gives a non-trivial solution for Pell’s

equation ((1.17)).
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Proof. We use the notation from the proof above. Since all arguments are familiar by now,
we can rush through the proof. For all £ € N we have

1

—— =1 = (A1y...,Qp) = Ofpi1.
\/&_ao < 7“) T+
Fix any k € Ny and set x = ag, — ag € Z. Then oy, = apr + ak1+1 =z +d.

27 N Pkr—1Qkr + Phr—2 _ (z 4+ Vd)Prr—1 + Prr—2
Qkr—10%r + Qlr—2 (.I + \/a)ri—l + Qrr—2

= dgpr—1 + (2qr—1 + Qer—2)Vd = (TPgr_1 + Prr—2) + prr_1Vd
— dq}cr—l = TPkr—1 + Pkr—2 & Tqkr—1 + Qkr—2 = Pkr—1
— dqzrfl = TPkr-19kr—1 + Pkr—2GQkr—1 & TQkr—1Pkr—1 + Qrr—2Pkr—1 = pirfl
T2 _
— p%rfl - dqlzrfl = Pkr—19kr—2 — Qkr—1Pkr—2 = (_1)kr 2-
This proves the proposition. ]
Exercises

Exercise 1.14. Let a € N and b € Z. Give formulas for the quadratic algebraic numbers (a)
and (b, a).

Exercise 1.15. Let d € N be arbitrary. Prove the following statements:
(a) If d is a square number, then there are just two integral solutions of 22 — dy? = 1.

(b) If d is not a square number, and p, ¢ € N are such that p? —dq? = 1, then % is a convergent

of Vd.
Hint: Exercise [[L12



Chapter 2

The Weil-Height

2.1 The Mahler Measure

We want to formulate Roth’s Theorem [I.1.17] for an arbitrary number field. Recall, that
Roth’s theorem for Q reads:

c(a,e)
ja**e”

VaeQ, Ve>0, 3c(a,e) >0, such that ‘a—p‘>

q

v %’ cQ\{al. (RT1)

(I know that this does not look very nice, but we need to have the whole statement in one
line for later references.) Note that this is not precisely the same formulation as in Theorem
1.1.17 But we have simply avoided any assumption on p and ¢ in Z, which explains the
usage of |¢| instead of g. Moreover, if a € Q, then the only good rational approximation of «
is « itself (cf. Lemma . However, we still use the explicit form % with p,q € Z for an
rational number. Such a nice representation is not available in an arbitrary number field K.
We now come to another mild reformulation of (RTT).

Lemma 2.1.1. Roth’s Theorem (RT1)) is equivalent to the following statement: For all o € Q
and for all € > 0 there exists a positive constant c(a,e) > 0 such that ‘oz - %‘ > claye) -

max{|p|, |q|} =) for all £ eQ\{a}. Formally this statement reads

VaeQ, Ve>0, 3c(a,e) >0, such that
> (o, ) - max{|p|, [¢|} "9, ¥ § €Q\{a}. (RT2)

‘ P
a_P
q

Proof. We prove the two necessary implications.

= This implication follows immediately, since for all % € Q\ {a} we have

P c(a€) _ _
‘“‘q > (e = cleoe) " 2 elane) -max{lpl g}~
< We first note that for any n € Z we have ‘a— %‘ = ‘(a—i—n) - pt%‘ for all £ € Q.

This means that shifting o by an integer, does not affect the possible approximations

27
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by rational numbers. In particular, for fixed a € Q, and fixed €, ¢ > 0 we have

¢ P p C P
’>|q|g+5 VgeQ\{a} = (o;/L_z—g >M\T+E Vge(@\{a—tod}-

€(0,1)

Hence, in order to prove (RT1]) we may and will assume from now on that a € [0,1)NQ.
If |p| > |q|, then

1+e
p P lq| + 1 L |q 1
e R B e e e o2
q — q lq lal  q| lq
€[0,1) ml

a2 i |p| < |q| (by (RT2))

1 .
f >
’Oz B p‘ - {|q(|2+a 1 |p’ |Q‘

But this just means, that for all 2 € Q\ {a} we have ’a — z‘ > %, implying

().
O
Definition 2.1.2. Let a € Q be arbitrary and let f(z) € Z[z] be a minimal polynomial of

a. Write f(z) = agz® + ag_12% " + ...+ ap = ag(x —a1) - ... (x — ag); i.e. ag,...,aq €Z
and a1, ...,a4 € C are the roots of f(x). Then the Mahler measure of « is given by

d
M(a) = |ag| - ] max{1, |as[}.
=1

Remark 2.1.3. « Recall that a minimal polynomial f(z) = agz? + ...+ ag of a is irre-
ducible in Z[z] (so in particular it is irreducible in Q[z]). Moreover, the greatest common
divisor of ag,...,aq is 1. It follows that — f(z) is the only other minimal polynomial of

a, hence the Mahler measure of « is well defined.

e The Mahler measure of « is just the absolute value of the product of the leading coef-
ficient of f and all roots of f lying outside the unit circle. In particular, M(«) > 1 for
all a € Q.

e The elements aj,...,aq from the definition of the Mahler measure are precisely the
Galois conjugates of « (including « itself). We conclude that M (a) = M (o(«)) for any

o € Gal(Q/Q).

Example 2.1.4. Let us calculate a few examples.
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(a) Let p,q € Z, with ¢ # 0 and ged(p,q) = 1. Then the minimal polynomial of g is qr — p.
Hence,

p
M%) = gl - maxef.

p D
q\} — max{Jg|, ]| - \q\} — max{|q|, |pl}-

(Haven’t we seen this maximum before?!)

(b) The minimal polynomial of /2 is 22 — 2 = (z — v/2)(z + v/2). Hence,

M(V2) = 1] |vV2| - |-v2| =2

(¢) The minimal polynomial of the golden ratio 1+2\/5 isx

Hence,

2 g 1= (z— 5z - 1505,

1+v5, 1++5

M(2>2

By this example, Roth’s theorem (RT2)) can be formulated as: For all & € Q and all € > 0,
there exists a positive constant c(a, ) > 0 such that |a — 3| > c(a,e) - M(B)~ 29 for all

g € Q\ {a}. Formally,

VaeQ, Ve>0, 3c(a,e) >0, such that |a — 8] > c(a, ) - 1\4(5)_(2+‘€)7 VBeQ)\{a}.

(RT3)
In this formulation, Q could be replaced by any number field, since every algebraic number
has a Mahler measure! So let us study this measure further.

Lemma 2.1.5 (Vieta’s formula). Let a4, a1, ...,aq € C be arbitrary, with aqg # 0. Then
_ d d—1
ag(x —ag) ... (x — ag) = agz® + ag_12* " + ...+ a1z + ay,
with

ai=(—1)%". aq- Z (Hcg) vVied{0,...,d}.

JC{1,...,d} \JeJ
| T|=d—i
Proof. This is well known and easy to see: If we multiply the left hand side, then choosing

the x precisely i-times, is the same as choosing d — ¢ of the values a1, ..., aq. Since the a; is
the sum of all these choices, the Lemma follows. O

Remark 2.1.6. An o € Q is called an algebraic integer if the minimal polynomial of « in
Z[z] is monic; i.e. the minimal polynomial of o is of the form 2% +ag_12% ' +... + ag € Z[z].
The set of algebraic integers in a number field K is a ring, which we will denote by Og.

Lemma 2.1.7. Let o € Q be of degree d and let f(x) = agz® + ... + ag € Z[x] be a minimal
polynomial of c. Then for alli € {0,...,d} we have

(f)M(a) > la| .
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Proof. Let aq, ..., a4 be the roots of f;i.e. the Galois conjugates of a. For any i € {0,...,d}
Vieta’s formula 2.1.5] implies

jail = laal - > (Hlaj|>§|ad|~ > (ﬁmax{lvlajl})

JC{1,...,d} \JEJ JC{1,...,d} \J=1
|J|=d—i |J|=d—1
d d d
= > |laal- [T max{tjosl} | =, ) M(@) = | | M(e).
JC{1,....d} 7j=1
|J|=d—1
=M ()

Theorem 2.1.8 (Northcott). Let A, B € R be arbitrary. Then there are at most finitely
many algebraic numbers o € Q with [Q(«) : Q] < A and M(a) < B.

Proof. We need to prove that the set

{a € Q|[Q(a) : Q] < A, and M(a) < B} = U {a € Q|[Q(a) : Q] =d, and M(a) < B}
1<d<A

is finite. Hence it is enough to prove the finiteness of
{a € Q|[Q(a) : Q] =d, and M(a) < B}

for fixed d € N. But if a € Q is of degree d, then its minimal polynomial is of the form
f(x) = agz? + ...+ ag € Z[z], with ag # 0. If also M () < B, then by Lemma

las| < (‘;)M(a) < (‘?) B Vie{o,...,d}.

1

Hence, since a; € Z, there are just finitely many possible coefficients for the minimal polyno-
mial of an algebraic « of degree d and Mahler measure < B. This implies that there are only
finitely such algebraic numbers, concluding the proof. O

Remark 2.1.9. Northcott’s theorem tells us in particular that {« € K|M(«) < B} is finite
for any number fields K and all B € R. This means that one can use the Mahler measure to
count elements in a number field, and to prove finiteness results in number fields. The latter
statement can be explained as follows, if we want to prove that a certain set of points in an
number field K is finite, we need to prove that the Mahler measure of each element of the set
is uniformly bounded from above.

This explains the reason for taking max{1, |a;|} instead of |«;| in the definition of the Mahler
measure. In the latter case, at least for algebraic integers, we would get the modulus of the
usual norm. But surely there may be infinitely many algebraic integers of bounded norm in
a number field. For instance, algebraic units oo € O} have norm £1, but there are infinitely
many algebraic units in K, as long as K is neither Q nor a totally imaginary quadratic field.

Lemma 2.1.10. A polynomial f(x) = agz® + ...+ ag € Z[z] is irreducible in Z[z], if and
only if f(x) is irreducible in Qx| and ged(ag,...,aq) = 1.

Proof. This is usually proved in an algebra course. O
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Proposition 2.1.11. The following statements are true:
(i) M(a) = M(a™Y) foralla € Q", and
(ii) M(a*) < M(a)* for all k € N and all algebraic integers c.

(The assumption in (ii) that « has to be an algebraic integer instead of an arbitrary algebraic
number, will be removed soon.)

Proof. Let a be an algebraic number of degree d € N with minimal polynomial
f(x) =adxd+...+ao:ad(:r—a1)-...-(x—ad) € Z[z].

(i) To prove the claimed equality, we want to express the minimal polynomial of a~! in
terms of f(x). We know from algebra, that the degree of the minimal polynomial of

a~!is equal to deg(f) = d. Hence, by Lemma [2.1.10| a polynomial g(z) € Z[z] is a
minimal polynomial of a~! if and only if deg(g) = d, g(a™!) = 0, and the ged of all the
coefficients of g is one.
We note that

dpol d Lia Lia d
g(x) =af(=) = 2°- (ad(;) +ad,1(;) +...+ay) =ag+ag_1x+...+apx” € Zlx]

satisfies all these conditions: Since f(a) = 0, we have g(a™!) = a~%f(a) = 0. Moreover,
the irreducibility of f(z) implies ag # 0, since otherwise = would be a divisor of f(z).
Hence, deg(g) = d. Lastly, again be the irreducibility of f, one has ged(ag,...,aq) =1
(note that the coefficients of f and g are the same in reversed order).

So now we know the minimal polynomial of a~! and we know that the roots of g(z) are
precisely a% ..., = (which follows already immediately by Galois theory). Hence,

7"7ad

ail

“.'1 H|O‘Z| Hmax{
} lag| - f[lmax{m,]

= |aog| - Hmax{

1
= |aq| - H |avi ~max{1, ‘
i=1 ]

}

d
= laq| - Hmax{\aﬂ 1} = M(a).
i=1
This proves (i).
(ii) From now on we assume that a is an algebraic integer. Then, since ag = 1, it is
M(a) = [1¢; max{1, |a;|}. The only possible Galois conjugates of a* are of, ..., ak.

Say, the Galois conjugates of a¥ are precisely {a¥|i € I'} for some I C {1,...,d}. Since
o is again an algebraic integer, we find

d
= [ max{1,|os[}* = M(a)*
=1
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Theorem 2.1.12 (Kronecker). For a € Q" we have M(a) =1 if and only if a is a root of
unity.

Remark 2.1.13. Recall that M(a) > 1 for all « € Q. Hence, Kronecker’s theorem tells us
that the Mahler measure is minimal precisely for roots of unity.

Proof of Theorem[2.1.13. We use the usual notation for the minimal polynomial of «. Then
M(a) = |ag| T4, max{1,|e;|} = 1 if and only if |ag| = 1 and max{1,|a;|} = 1 for all
i €{1,...,d}. In particular, this is the case if and only if « is an algebraic integer such that
all Galois conjugates lie on or inside the unit circleE

If o is a root of unity, then the minimal polynomial of « is a divisor of ™ — 1 for some n € N.
In particular, the leading coefficient is one (i.e. « is an algebraic integer) and all roots lie on
the unit circle. Hence, M (a) = 1 as noted above.

Now, assume that M («) = 1. Then, o must be an algebraic integer. Moreover, for any k € N
we have

[PRWE
1< M(*) "< M) =1,

which implies M(a*) = 1 for all & € N. Moreover, o € Q(a) for all k € N. Hence, by
Northcott’s theorem the set «, o, o, a?, ... is finite! Therefore, it exist k, ¢ € N, with k > ¢
and o = af. We conclude o*~¢ = 1, and hence « is a root of unity. O

Remark 2.1.14. This means that any algebraic integer with all its Galois conjugates on
the unit circle, must be a root of unity. Without this integral assumption this is false. The
241

number 5 surely has all Galois conjugates on the unit circle, but it is note a root of unity.

Also notice that its minimal polynomial is 522 — 62 + 5 and hence M (%) =5.

The (in my personal biased opinion) main conjecture concerning the Mahler measure is the
following.

Lehmer’s conjecture 2.1.15. There exists an absolute constant ¢ > 1, such that M(a) > ¢
for all « € Q" which are not a root of unity.

More precisely, the constant ¢ is conjectured to be 1,1762 ..., the Mahler measure of any root
of

204 2% — 2" — b —2® —t — 3 a4 1

Remark 2.1.16. Actually D. H. Lehmer never conjectured anything. He found in 1933 [7]
that the Mahler measure of a root of this polynomial is remarkably small, and he then asked
if there is an irreducible polynomial leading to a smaller value than c. Such a polynomial has

not been found, yet. This is somehow amazing, comparing the computational power of today
and of 1933...

There is another, more analytic, definition of the Mahler measure. Let us recall the mean
value theorem for harmonic functions, at least a very special case of it: If g : C — R is
harmonic in the unit disc D = {z € Z|z < 1}, then the mean value of g on the unit circle is
equal to g(0); i.e. g(0) = 5= 2T g(e)do.

Proposition 2.1.17. Let f(z) = agz®+ ...+ ap = aglx —a1) - ... (x — ag) € Z[x] be
irreducible. That is, f(x) is the minimal polynomial of a; for alli € {1,...,d}. Then
M(ay) = exp (1 /27r log ’f(ew)’ d9>
21 Jo '

'From Lemma it follows, that actually all roots must lie on the unit circle.
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Proof. We first note that
1 i0 L i0 i0
exp —/ log’f(e )’dﬂ = exp —/ log‘ad(e —aq)-... (e —ad)‘dﬂ
2 Jo 0

27 d
1 log [ — ay| dO
27r/0 og |ag] +,§1 og e ak‘ )

1 2 d 1 2
= exp %/0 log|ad|d0+zg/0 log
k=1

=loglaq|

el — ak‘ dé

e — ak’ d¢9> (2.1)

d 1 2
= lay| - exp | — lo
odl 11 p (5 [ log

For any a € C with |a| > 1, the function log |z — o/ is harmonic on the unit disc. Hence,

. . 1 2w
in this case we have 5- [;" log

e — a‘d@ = log|0 — a] = log|al > 0, by the mean value
theorem.

For any a € C with |a| < 1, the function log |1 — T« is harmonic on the unit disc. Moreover,
for any z on the unit circle, we have log |z — a| = log(|z|-|1 — Za|). Hence, again by the mean
value theorem, we have

1 27 . 1 2m .
— [ logle® — a’ 46 = 7/ log ‘1 - e—%’ d6 = log(1) = 0.
27 Jo 27 Jo
Finally, for any o € C on the unit circle, let z1, 22,... be a sequence of complex numbers in

the unit circle, converging to a. Then,

1 27
— 1
2T /0 8

Hence, for any a € C we have .- [*" log

. 1 2m
ela—a‘dGZQ—/ log
0

. 1 2w
e — lim z,|df = lim —/ log
e n—oo 0

n—oo 2

et — zn‘ dd = 0.

el — a’ df = max{0,log |a|}. Now we can proceed
with equation [2.1] concluding

1 2 . d 1 2 .
exp (27r/0 log ‘f(e’a)‘ d0) = |agq| - H exp (%/0 log |e? — ak‘ dO)
k=1
d
= lag| - [T exp (max{0,log [|})
k=0
d
= lag| - J] max{1, |ax|} = M(a1).
k=0

O]

We will now slowly come back to our original goal, namely to generalize the results from
Section But before we do so, we will learn a further technicality.
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Definition 2.1.18. Let R be a ring. Moreover, let f(z) = anz™ + ap_12" ' + ... + ap and
g(x) = bk +bp_12*1 4. ..+ by be two polynomials in R[z]. The resultant of f and g is the
determinant of the (n + k) x (n + k)-matrix

Qp Ap1 -+ ap 0 0 N |
0 a, - a ag 0 B
k
0 0 a, apn_1 -+ - ag O
0o .- 0 0 an  Apq -+ - a
be bp_qy -+ by bo 0 ' 00 (2.2)
0 A bo 0o --- 0
0o .- 0 by brq -+ - by O
0o ... 0 0 b  bp_q -+ -+ b

The resultant of f and g is denoted by Res(f,g) € R.

Example 2.1.19. The resultant of f(z) = 2?+2r+3 € Z[z] and g(z) = —42> - 322 —22—-1 €
Zlx] is the determinant of

1 2 3 0 0
o 1 2 3 0
o o0 1 2 3
-4 -3 -2 -1 O

0 -4 -3 -2 -1
I just wanted to illustrate the form of the matrix, but for completeness we note that Res(f, g) =
256.

Theorem 2.1.20. Let x1,...,%n,Y1,--.,Yr be distinct formal variables over the integral do-
main R'. We define the polynomial ring R = R'[x1,...,%n,y1,...,Yk] tn n+ k variables. Let
A0y« -+ 0ny b0y, b € R, ap # 0 # by, be such that

an(T—21) ... (T —xp) = anT™ + an T L+ ...+ a9 = f(T) € R[T], and  (2.3)
bi(T — 1) ... (T —yp) = T + b TF 1+ ..+ by = g(T) € R[T).
Then

n k
Res(f,g) = ayb ZHH(%
i=1j5=1

Proof. Since a polynomial ring over an integral domain is again an integral domain, the ring R
is again an integral domain. Moreover, for any a,,br € R\ {0} there are uniquely determined
elements ag,...,an—1,0bq,...,bp_1 satisfying and . We just have to calculate the
left hand sides of and and collect the T’s of the same exponent.

The claimed formula for the resultant looks like a Vandermonde-determinant. So it may not
surprise you, that a Vandermonde-matrix appears in the proof. Define

n+k—1 n+k—1 n+k—1 +k—1
yl k PR yk k xl k PR a:‘ﬁ
n+k—2 n+k—2 n+k—2 +k—2
yl .. yk xl .. xz
V= . . . .
0 0 0 0
yl e yk $1 “ e xn
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and denote the matrix from (2.2]) by S (the matrix is known as a Sylvester-matrix). Then,
using the well-known formula for the Vandermonde—determinantﬂ

det(S - V) = det(S) - det (V) ZEE Res(f, g) - det(V) (2.5)
n k

=Res(f,9) [] @i—=)- ] @i—w) ]I — =) (2.6)
1<i<j<n 1<i<j<k i=1j=i

Let z € R be arbitrary. The scalar product of the vectors

<O7 "'707 Qp, Ap—1, *°°, GO, 07 "',0),&1’1(31
—_——
r-times

(Zn—&-k—l’ k=2 Zo)

is @ 2" R g, 2RI o TR = 2h=1 (%)) And similarly for the a;’s
replaced by the b;’s. Hence,

) e ) 2T () e ah ()
.V = Wi o ) a8f) o abf()
yiTgGn) o up talue) 2 g(e) - 2l lg(an)
y?gkyl) - ygg'(yk) ﬂf?g'(m) . xﬁgkwn)

Since, f(z;) = g(y;) =0 foralli e {1,...,n} and j € {1,...,k}, it follows that

vy )y () 0 0
ey o Wm0 o
V=1 o ey lglan) - ()

0 - 0 Wg(m) o alg(an)

Applying the standard rules for the determinant and the formula for calculating the determi-
nant of a Vandermonde-matrix, yields

5 o ! 0 R
det(S-V) = | T] f(y)) - det : [ TT 9(z:) - det :
j=1 Wy i1 20 e a0
k n
=11/w) -TTo) TI wi—w)- ] (@i—=y). (2.7)
j=1 i=1 1<i<j<k 1<i<j<n

2Tf it is not well-known to you, then change this situation! The proof is by induction on the number of
variables.
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Since R is an integral domain and all factors in the equations (2.5) and (2.7 are non-zero,
combining these formulas gives

n k n
Res(f,9) - [ T1(w; — =) =TI f(ws) - T] 9(2)
i=1 j=i j=1 i=1
n n k k
= (an H(yl — :L'Z)> L <an H(yk — l"ﬂ) . (bk H(ml — yj)) Cae (bk H(a:n — yj))
=1 =1 J=1 7=1
n k
—> Res(f,g) = akbp- HH
i=1j=1
This proves the Theorem. O

Remark 2.1.21. The very same proof applies without changes to the setting, where f(x),
g(z) € Z[z] and the roots of f and g are pairwise distinct. But using this more general setting,
we get this formula also in the case where f and g have a common root. The formula predicts
that in this setting the resultant of f and g is zero.

Corollary 2.1.22. Let R be an integral domain with field of fractions K. Let f(x) = apa™ +
.and g(x) = bpx®+. .. be polynomials in R[], with roots a1, ...,an € K, resp. B1,..., B €
K, where K is an algebraic closure of K. Then

(i) Res(f,g) = afby [Ty [T5=1(i — B)) € R,
(ii) Res(f,g) = aj; [Ti= 9(c),

Proof. We just plug in the roots asq, ... S into the polynomial formula from Theorem [2.1.20)
Formally:

Consider the polynomial ring R[z1,...,Zn,y1,...,yx] and let ¢ be the unique ring homo-
morphism from R[z1,...,%n,Y1,-..,yk to K, satisfying p(x;) = o; for all i € {1,...,n},
o(yj) = B for all j € {1,...,k}, and ¢(r) = r for all r € R. This gives

n k

Res(f,g) = »(Res(f,9)) a LAl o(akbp H H(ﬂfz —y)) )¢ bom. H H

cR cR i=1j5=1 i=1j5=1

Hence part (i) is proven. Part (ii) follows, since g(a;) = by Hle(ai — B;), by definition of g.
For part (iii), we just have to note that (a; — ;) = (—1)(8; — ). Alternatively, the matrix
defining Res(f, g) can be transferred to the matrix defining Res(g, f) by interchanging
rows nk-times. O

We give another application of the resultant.

Corollary 2.1.23. Let f(x),g(z) € Z[z], such that o € C is a root of f and f € C is a root
of g. We consider the ring R = Zly|, where y is a formal variable.

(i) Consider f(x),g(y — ) as polynomials in R[x]. Then r(y) = Res(f(z),g(y — z)) €
R\ {0} = Z[y] \ {0}, and r(a+ B) = 0.
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(ii) Consider f(z), x99 g(¥) as polynomials in Rlz]. Thenr(y) = Res(f(z), z4e@g(¥)) €
RA\A{0} = Z[y] \ {0}, and r(a - B) = 0.

Proof. Since both proofs are essentially the same, we only prove part (i). Let f(z) = a,(z —
a1) ... (x —ay) and g(x) = bg(x — B1) - ... (x — Bk). Then

Res(f(2), 9(y — z)) = anbi [[ 9(y — oi) € R\ {0}
i=1

Plugging in oj + 5 for any j € {1,...,n} and any root j of g, yields a factor g(a;+ 8 — ;) =
g(B) = 0, proving the claim. -

Remark 2.1.24. Starting with two monic polynomials (leading coefficient equal to 1), guar-
antees that also the resultants in statements (i) and (ii) are monic. Hence, this reproves (quite
effectively) the well-known theorem, that the set of algebraic integers forms a ring.

Lemma 2.1.25. For all a, 5 € C the following inequalities hold true:
la = | < 2max{|alf, |8]} < 2max{1,|al} max{1,[5]}.
Proof. The triangular inequality tells us
la = B] < |a| + [B] < 2max{|a|, [B]}.

This proves the first inequality. But obviously

max{|al, |B[} < max{1,|a|,|],|af]} = max{1,|a|} max{1, |6},

proving the lemma. O

Proposition 2.1.26. Let o, 3 € Q such that d = [Q(a) : Q], k = [Q(B) : Q], and o and 8 do

not have the same minimal polynomial. Then

o — B| >

1
28 M ()F M (B)

Proof. The minimal polynomial of v is f(x) = agz®+ ... € Z[z] and the minimal polynomial
of B is g(x) = brz® + ... € Z[z] and by assumption ag # 0 # b. Denote the roots of f by
a1, .. .,aq, and the roots of g by f1,...,Bk. Since f(a) =0 = g(f) we may and will assume
a = aq and B = f1. Since f # g and both polynomials are irreducible, it follows that o; # 53;

for all (i,7) € {1,...,d} x {1,...,k}. By Corollary [2.1.22) we know that 0 # Res(f,g) € Z.
Hence,

1 < |Res(f,9)|- (2.8)
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More precisely, Corollary [2.1.22] tells us

[Res(f, 9)] = |afb| - lor — il 11 o — By
(6,5) €41, d} x{1,.. . kN {(1,1)}
< kb - o — B - I1 2max{1, ||} max{1, 5[}
(3,7)€{1,....d} x{1,...k}]\{(1,1)}
< |akbf| -l — B - I1 2max{1, ||} max{1, 5[}

()41, d} x{1,...k}
d k

= || -Joa = B - 2 T max{1, ol * [T masx{1, 13,1}
i=1 j=1

k

d
d k
= |z — Bu] 2% (!ad! : HmaX{l,!ai!}> - (\bk! : HmaX{l,lﬁj!})
j=1

i1
= o1 — B1] 2% M (a)F M (B)“.

Applying [2.8), gives 1 < |ar — f1] 29" M ()" M (8)* = |a — ] 2% M (a)* M (), proving the
claim. 0

Maybe you have noticed that his is a very familiar statement.

Corollary 2.1.27. Let o € Q be of degree d > 2, and let K be a number field. Then there
exists a positive constant cx () > 0 such that for all f € K \ {a} we have

ck (@)

M(B)+

Proof. Just let cx(«) be less than the minimum of the distance between o and any Galois
conjugate of « and less than Then the statement follows immediately from

o = B| >

1
QdkM(a)[K:Q] .
Proposition [2.1.26 [

Remark 2.1.28. This is Liouville’s Theorem [I.1.12] for arbitrary number fields! So in this
case, the Mahler measure is indeed the correct quantity to measure the quality of an approx-

imation. In particular, Roth’s theorem for number fields will be the obvious generalization of
(RT3)), namely for any number field K it is

VaeQ, Ve>0, Iex(a,e) >0, such that |a — ] > cx(a,e)-M(8)"3) v e K\{a}.

(RT4)
In the exercises you will prove that is equivalent to the following statement: For any
number field K we have

VaeQ, Ve>0, the set {5 €K| la—p|< M(ﬁ)*ms)} is finite. (RT5)

Exercises

Exercise 2.1. (a) Let a € Z and n € N be arbitrary. Calculate M ({/a), for any choice of
the n-th root.
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(b) Prove that M(a) > 2 for all @ € Q which are not an algebraic unit. Recall, that an
algebraic unit is an unit in the ring of algebraic integers.

(c) Let @ € Q be an algebraic integer with Galois conjugates a = ay,...,aq. Assume that
none of the quotients o/, i € {2,...,d}, is a root of unity. Show that for all n € N, we
have M(a™) = M(a)™.

Exercise 2.2. Aim is to prove a Theorem of Andrej Schinzel, on the Mahler measure of
totally real algebraic integers.

(a) Let x € (0,1) be arbitrary. Prove that log(z) + % log(% —z) < 1Og(1+2\/5)'

Hint: Consider the left hand side as a function in . Take the derivative of this function
and use elementary calculus.

(b) Prove that

for all z € R\ {0, £1}.
Hint: Use (a) for the case |z| < 1. Then replace z by z~ 1.

(c¢) Let f(x) = (z—a1) ...  (z — aq) € Z[z] be irreducible, with d > 2. Prove that
d 1
I ol ROl 1
i=1

(0)273 - [F(1) f(—1)[7%5 .

1
— —
Q4

Hint: Vieta’s formulas.

(d) Let a be an algebraic integer of degree d > 2, such that all Galois conjugates of « are in
d
R. Prove that M(«) > (14—72\/5) 2.
Hint: Combine parts (b) and (c).

(e) Conclude that Lehmers conjecture is true for all totally real numbers, i.e. for all« € QNR
such that all Galois conjugates of o are real.

Exercise 2.3. Let f(2) = apa™ + ap_12" 1 + ...+ ag € Z[z], with f(z) = ag(z — 1) - ...
(x — ay,), for some oy, ..., a, € C (so in particular ag # 0). The discriminant of f is defined
as

1<i<j<n

n(n

Prove that A(f) = a,,}(—1) 7 Res(f, f), where f’ is the derivative of f.
Exercise 2.4. Prove part (ii) in Corollary [2.1.23]

Exercise 2.5. We recall Haramard’s determinant inequality from linear algebra: For every
A = (a;j) € M,(C) we have

det(A)? < [ (Z raiﬁ) |

i=1 \j=1
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Let a € Q be of degree d, with minimal polynomial f € Z[x]. Use Hadamard’s inequality, to
prove |A(f)| < d4M(a)?4=2.

Exercise 2.6. Prove that (RT4)) and (RT5) are equivalent.

Exercise 2.7. By Northcott’s theorem the set My = {M(«)|[Q(«) : Q] = d} is discrete for
all d € N.

(a) Find the two smallest values in Mj \ {1}.

(b) Find the smallest value in M3\ {1}.

2.2 Recap on Valuation Theory

I assume that you have basic knowledge of valuation theory. The material provided by
the course algebraic number theory by Prof. Kohlhaase last term, should be sufficient. To
guarantee that all of us stand more or less on the same ground, I will recall the most important
results and definitions. The proofs are skipped or sketched. In addition to an lecture on
algebraic number theory, everything can be found in the books [10] and [6].

2.2.1 Absolute Values, Ramification, Inertia

First of all, recall that all number fields are contained in a fixed algebraic closure Q C C.
Given any complex number z (so in particular any element in Q), the complex conjugate of
z is denoted by Z.

Definition 2.2.1. Let K be a field. An absolute value on K is a function |.| : K — R
satisfying

(i) [a] >0and |a| =0 < a=0,

(i) |a-b| =|a| - b, and

(iii) |a +b] < |a| + b],
for all a,b € K. If |.| satisfies the ultrametric inequality
(iii”) |a + b < max{[al, [b[},

then |.| is called non-archimedean. Otherwise, it is called archimedean. The trivial absolute
value |.|, is given by |0|, = 0 and |a|, = 1 for all a € K*.

If |.| is non-archimedean, then |a| # |b| implies |a 4+ b] = max{|al, [b|}: Assume |a| > |b],
then surely |a + b < max{|a|,|b|} = |a|]. On the other hand, we have |a| = |a+b—b] <
max{|a + b|,|b|}. Since |a| > |b|, it follows |a| < |a + b, proving the claim.

It is easy to check that if |.| is an absolute value on the field K, then so is |.|° for any € € [0, 1].

Definition 2.2.2. Let K be a field. Two absolute values |.|; and |.|, on K are equivalent, if
and only if there is an e > 0 such that |a|; = |a|5 for all a € K.

Equivalently, one could say that two absolute values on K are equivalent if and only if they
induce the same topology on K.
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Example 2.2.3. On Q we have the usual (archimedean) absolute value || = max{«a, —a}.
Let p be a prime number. Every a € Q* can be written as a = p?»(®) . ¢ with v,(a),a,b € Z,
and p t a-b. Obviously, this v,(«) is uniquely determined. Now, the p-adic absolute value of
a € Q" is given by |af, = p~ (@) (and of course 0], = 0).

Lemma 2.2.4. Let P be the set of all primes. Then [[,cpufoc} ], =1 for all a € Q*.

Proof. Write a = ¢ with coprime a,b € Z. Since it clearly suffices to check the claim for
positive numbers, we assume a,b € N. Then for all p € P we have

pr(@)if p | a
al, = {p®  ifp|b

1 else.

Hence [[,ep |af, = g, proving the lemma. O

Theorem 2.2.5. Any non-trivial absolute value on Q is equivalent to |.| or to Hp for some
prime number p.

We set

Mg = A{[., [p € P} U{].| . }- (2.9)
Now we do the same for an arbitrary number field K. There are precisely [K : Q] embeddings
of K into C (or equivalently Q). Here an embedding is just a ring-homomorphism, which is
necessarily injective, since K is a field, and necessarily every element in Q is fixed, since 1 — 1
and it is a ring-homomorphism. We denote the set of embeddings of K by Homg (K /C).
Let 0 € Homg(XK, C) and let |.| be the usual absolute value on C. This is: For z = a+b-i € C,
we have |z| = Va2 +b? = /2 - Z.
Then (obviously) |o(.)| is an archimedean absolute value on K. Given any o € Homg(X, C),
the map

cg:K—C ; a—oda)
is also in Homg (K, C). We have ¢ = 7 if and only if all values of o are real. In this case o is
called a real embedding, otherwise it is called a complex embedding.

Theorem 2.2.6. Let 01,...,07,0741,0r11,---,0r+s,0r1s be all embeddings of the number
field K. (Note that this implies [K : Q] = r + 2s.) Then there are precisely r + s non-
equivalent archimedean absolute values on K, namely

|y, = loi()|  forie{l,...,r +s}. (2.10)

Remark 2.2.7. Note thiat this differs from Prof. Kohlhaase’s notation. This is due to the
fact that ||.||, = ’a(.) : a(.)’ is in general NOT an absolute value!

The non-archimedean absolute values of K are still missing. In the case K = Q we used the
unique prime decomposition in Z. Now Z is just the ring of (algebraic) integers in Q. Denote
with Ok the ring of (algebraic) integers in K. Then there is not necessarily an unique prime
decomposition in Ok, but there is a unique prime ideal decomposition! So we can mimic the
construction of the p-adic absolute values, with prime ideals instead of prime elements.

Let P be a prime ideal in Ok and let o € K* be arbitrary. Write o = g—; with ay,as € Ok
(which is always possible, since K is the field of fractions of Q). There are non-negative
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integers vp(ay), vp(ag) such that a; € PYP(@) and oy ¢ PP+ for i € {1,2}. Set vp(a) =
vp(ar) — vp(ag), then we define

lallp = N(P)~P),

where N(P) = |Ox/P| is the norm of P. Using fractional ideals, we have a unique prime ideal
decomposition aOg = [[p Pv7(@)  where the product runs over all prime ideals in O.
Since P is a prime ideal, and O is a Dedekind domain, it is actually a maximal ideal and
Ok/P is a field of characteristic p for a (necessarily unique) prime number p € P. Hence,
N(P) = p/Ple for some integer Ip|p € N which we call the inertia degree of P over p. In
particular,

ey = N(p)—vvv(a) - p—fp|pv7>(a)_

Let us define the inertia degree in a slightly more general setting.

Definition 2.2.8. Let L/K be an extension of number fields. Moreover, let P be a prime
ideal in O C Op, and P O P be a prime ideal in Op. Then we say that B lies above P and
the inertia degree of % over P is given by fyyp = [O1/3 : Ox/P].

Note that this is well-defined and in the case K = Q and P = pZ, we indeed recover the first
definition of the inertia degree.

Theorem 2.2.9. For any prime ideal P in Of, the function ||.|p (with the convention
0[5 = 0) is a non-archimedean absolute value on K. Moreover, whenever |.| is a non-
trivial non-archimedean absolute value on K, the set P = {a € K|||a| < 1} N Ok is a prime
ideal in O, and ||.|| is equivalent to ||.|/».

Let p be a prime number. Since pOg has a unique prime ideal decomposition, there are
prime ideals Py, ..., P, in Ok, such that pOg = Plepl‘p PR with ep,)p > 1 for all
i € {1,...,n}. (In the notation above it is ep,, = vp,(p).) This means, that the P;’s are
precisely the prime ideals in Ok containing p. The integer ep,|, is called ramification index
of P; over p. Now, for any ¢ € {1,...,n} it is

Ipllp. = p~IPilrePile,

Since |p| p = p~! for the usual p-adic absolute value, the absolute value of p depends on the
chosen ground field K and the chosen prime ideal above p. This is very unpleasant!
Before we proceed let us again define the ramification index in a slightly more general setting.

Definition 2.2.10. Let L/K be an extension of number fields, and let P be a prime ideal
in Og. Then by the unique prime ideal decomposition, there are finitely many prime ideals
Bi,..., Py in Of, such that

n
€p;1P
POL = H ‘131 ’
i=1
for positive integers e, |p, . .., e, |p. The prime ideals J; are precisely the prime ideals above

P, and ey, |p is the ramification index of B; over P.

Lemma 2.2.11. Let F/L/K be extensions of number fields. Moreover, let p, B, P, be prime
ideals in Op, O, resp. Ok, such that P CP C p. Then

(i) P=2BN0x =pN0Ox andP=pnNOr.



2.2. RECAP ON VALUATION THEORY 43

(i1) epy - eqpp = epip-
(iii) Jyip + S = Joip-

(iv) If L/K is a Galois extension, and PB1 and Pa are two prime ideals in O lying above
P, then e ip = expyips and fygip = fopopp-

We resume the study of non-archimedean absolute values on a number field K. We define for
any prime ideal P in Ok

5 1e _”73<')f79\p _vp()
H’P = ”_prlp Pl =p PP =p °Plp (2.11)

where p is the unique prime number in P. Since i 1873| < 1, we know that |.|, is again a
P P

non-archimedean absolute value. The benefit of this normalization is the following

Proposition 2.2.12. Let L/K be an extension of number fields, and let 3 and P be prime
ideals in O, resp. Ok, such that B lies above P. Then ||‘l3 restricted to K is equal to |.|p.

Proof. Let a € K* be arbitrary. Since P appears exactly vp(a)-times in the prime ideal
decomposition of aOf, and ‘P appears precisely egpp-times in the prime ideal decomposition
of POy, the prime ideal B appear precisely vp (a)eq p-times in the prime ideal decomposition
of aOyp. This just means that we have

vp(a) = vp(a)epp. (2.12)
That is already the main observation, since

—UP(D‘)/e»P‘p

gy = p " e —vp(@esy|pfegy, I —vp(egip/egpepyy

P =p = la|p.

O]

Let us summarize what we have done so far. We have classified all absolute values on the num-
ber field K. Let again oy, ...,0, be the real embeddings of K, and ¢,41,5741, - - - Or+s, Orts
be the complex embeddings of K. Then the following is a full list of pairwise non-equivalent
absolute values on K:

(i) the trivial one,
(ii) (the archimedean omes) [.[, , with i € {1,...,7 + s}, normalized as in (2.10) and
(iii) (the non-archimedean ones) |.|p, with P a prime ideal in O, normalized as in ([2.11]).

We set
Mg ={|.|,, i €{1,...,7 +s}} U{|.|p |P prime ideal in Ok }. (2.13)

By (maybe heavy) abuse of notation, we will often identify the absolute value |.|, € My with
its index v.
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Definition 2.2.13. Let L/K an extension of number fields, and let v € Mg and w € Mp. If
w restricted to K is equal to v, then we denote this by w | v and say that w is an extension
of v to L. If w is not an extension of v we write w { v. In particular, v is archimedean if and
only if v | 0o, and v is non-archimedean if and only if there is a prime number p such that
v | p.

If v and w are non-archimedean, and they correspond to P and P resp., then we define the
ramification index e, = eqpp and the inertia degree f,,|, = fopp. If v and w are archimedean,
corresponding to the embeddings o, and 7, then we define the ramification index

1 if o, 7 are both real or both complex
Cylv =

2 if o is real and 7 is complex,

and the inertia degree f,, = 1 in all cases. Note that w | v implies that 7|k = o, hence it is
not possible that 7 is real and ¢ is complex.

If v | p for some p € Mg, then we drop the dependence on p and say that e, = e
ramification index of v, and f, = f,, is the inertia degree of v.

olp 18 the

Theorem 2.2.14. Let L/K be an extension of number fields. For all v € Mg we have
Z Cwlv fw|v = [L : K]

weMf,
wlv
Proof. Let o be an embedding of K corresponding to the archimedean absolute value v € M.
By Galois theory, there are precisely [L : K] embeddings of 7 of L, such that 7|x = o. If r
of these embeddings are real and 2s of these embeddings are complex, then there are r + s
extensions of v to L. By definition r of these have ramification index 1 and s of these have
ramification index 2. Hence,

> ewpfulp =Y €wjp =7 +25 =[L: K].

wlv wlv

If v is non-archimedean, then this result was proven in Kohlhaase’s course last term. By
the multiplicativity of the ramification index, the inertia degree and the degree of a field
extension, it suffices to prove this result in the case, where K = Q, and v = p is a prime
number. The idea of the proof was to use the Chinese remainder theorem

n
oLfpo, = [ OL/(pri‘P),
=1

where pOQp, = PP P T s the prime ideal decomposition of pQ;,. This isomorphism is
1

in particular an isomorphism of ), = Z/pz-vector spaces. The claimed statement follows from
comparing the dimensions. One proves that the dimension of Or/p0; is [L : Q] (one has to do
something for this), and that the dimension of OL/(P?””) is ep,|pfp,p for alli € {1,...,n}

(this is quite easy). It then follows

[L: Q] :Zepi\pfpilp: Z ey fu,
=1 Uejle
vlp

as claimed. O
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Corollary 2.2.15. If K/Q is a Galois extension, p € Mg, and n the number of extensions
of pto K, then [K : Q) =n-ey- fy, for any v € Mg extending p.

Recall that the norm of an element a € K is given by Ny /q(@) = [loenomq(x/c) o(a), and
that (non-trivially) ‘N K/Q (a)‘ = [1p N(P)*?(®). This implies the product formula

Theorem 2.2.16. Let K be a number field, then for oll « € K* we have

IT lafs? =1,

vEME

Definition 2.2.17. Let K be a number field. Set M = {v € Mg|v{ oo}, and let S C Min
be a finite subset. An a € K is called an S-integer if |a|, < 1 for all v € MIP\ S. The set of
all S-integers is denoted by Ok s.

Proposition 2.2.18. Let K and S be as above, then Ok s is a ring, and Ok g = Ok .

Proof. If a, 3 € Og and v € M is arbitrary, then |a- 3|, = |af, - |8], < 1 and |a + 3|, <
max{|a|, ,|f],} < 1. Hence, a- 8 € Ok g and o+ € Ok g, which proves the first statement.
The second statement follows directly from the definition of the absolute value |.|,. O

2.2.2 Completions

Let K be a field with absolute value |.|. Then there is a “smallest field” F' in which all Cauchy
sequences of elements in K converge. This field is called the completion of K with respect
to |.|. If |.| is archimedean, then the completion is either R or C. The completion of Q with
respect to the p-adic absolute value Hp is the field of p-adic numbers Q,.

If K is a number field and v € Mg, then the completion of K with respect to v is denoted
K,. The absolute value v extends uniquely to an absolute value on K,. This is: if a € K,
then there exists an infinite sequence ai,a9,... € K such that a = lim; . ;. Hence, we
define |af, = lim; oo |e],. The field K, is complete with respect to this absolute value; i.e.
every Cauchy sequence (with respect to v) of elements in K, converges in K.

In the following, we always let K be a number field, and v € Mk be non-archimedean.

Lemma 2.2.19. Let F/K, be a finite extension. Then there is precisely one absolute value
1/[F:K,

v on F extending v. It is given by |a|, = ‘NF/Kv(Oé)‘ / ]. Here Np), () is the norm of

v

a; i.e. the product of all o(a), where o runs through all K,-embeddings of F into K,.
Lemma 2.2.20. For every a € K,, there is a B € K such that |o|, = |5], .

Proof. Let o = limy, 00 atp, with oy, € K. Then ||, — ||,. But by definition we have

1

lap|, = —  for some a € Z.
pe
The set p%/¢ = {pi|a € Z} = {—=|a € Z} is discrete, and hence, |a,|, — |a], either
pev
means that |a|, = 0 or |a|, = ||, for all large enough n. O

If F is a field with absolute value v, then we define the set |F|, = {|a|,|a € F*}. This
is obviously a group under multiplication. Now we can rephrase the preceding lemma as
|K|7) = |K’U|v'
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Definition 2.2.21. Let K be a number field with non archimedean valuation v € Mg . Then
O, = {a € K,||a|, < 1} is the ring of v-adic integers.

Using the ultrametric inequality, it is indeed obvious that O, is a ring.

Lemma 2.2.22. Let K,v,0, be as above. Then O, is a local ring, with unique prime ideal
My ={a € K,||a|, < 1}. Moreover, O, is a principle ideal domain. Denote by p the unique
prime number such that v | p. An element 7, € K, is a generator of M, if and only if
mpl, = p~ /. Such an element is called uniformizer in K.

Proof. Note that m, is just any element in K, with largest possible absolute value less than

one. If « € M,, then |a|, < 1, and hence ||, = pa/en = |7y, for some a € N. Then,
7rfj_17% <1, anda:m'wg_lﬁ € my - Oy. ]
v |y v

Lemma 2.2.23. Let L/K be an extension of number fields and let w € My, such that w | v.
Then

(i) K, C Ly, and
(ii) (ILuwly = [Koly) = (L, - [K],) = €qpo-

Proof. Since w is an extension of v, every Cauchy sequence of elements in K with respect to
w (which is equal to v on K) converges in K,. This proves part (i). This implies that |K,|,
is indeed a subgroup of |L,|,. The first equality in (ii) follows immediately from Lemma
2.2.20, Since |L|, = p%/ew and |K|, = p%/ev_ for the unique prime number satisfying v | p,
we know that the group index (|L|,, : [K],) is equal to ¢» == O

ew|v-

Proposition 2.2.24. Let L/K be an extension of number fields, and let w € My be such
that w | v. Then O, is the completion of Ok with respect to v, and O,, is the integral closure
of Oy in Ly,.

Proof. We only sketch the proof of the second statement. Let o € L,, be integral over O,,.
This means that there are ag,...,a,_1 € O, such that

0=a"+ap_1a" ' +... + ao.

This implies

n n—1 % %
= — e < ; <
[l ‘a” 1 et ao‘w = ogr?gaf—l{ i ‘w} - ogr?gaf—l ‘a ‘w’
where the last inequality follows, since |a;|,, = |a;|, < 1 for all ¢ € {0,...,n — 1}. It follows

lal,, <1, and hence a € O,.

Now assume that o € Oy, or equivalently ||, < 1. Let F' be the Galois closure of L,, over
K,. By Lemma there is a unique absolute value v on F extending w. It follows that
lo(a)], = ||, = |a|,, <1 for all 0 € Gal(F/K,). Galois theory tells us that

H (x—o(a)) =a" +ap_ 12" 4 ... + ap € K,[z].
o€Cal(F/K,)

Since |o(a)|, <1 for all o, the ultrametric inequality (together with Vieta’s formulas [2.1.5])
predicts that also |a;|, = |a;|, < 1 for all i € {0,...,n — 1}. Hence « is integral over O,. O
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Proposition 2.2.25. Let P be the prime ideal in Ok corresponding to v. Then for alln € N
we have Ok/pr = Ou/ .

Theorem 2.2.26. Let L/K be an extension of number fields, and let w € My, be such that
w | v. Then the local degree is dy|, = [Lu : Ky] = €y|y * fulp- In case that K = Q, we simply
write dy for dy,. This is also true if v | co.

Proof. The proof in the non-archimedean case was done in the number theory course. The
archimedean case is true by the definition of e,, and f,,: It is L,, = R if w corresponds to a
real embedding, and L,, = C if w corresponds to a complex embedding. Moreover f, = 1
in all archimedean cases. Since Qo = R, we have d,, = 1 = e, if w corresponds to a real
embedding, and d,, = 2 = e,, if w corresponds to a complex embedding. O

Exercises

Exercise 2.8. Let K be a number field, and let p be a prime number. Moreover, we fix a

v € My such that v | p. Prove that for all a € O,, with o # o we have ‘04 —a| < pl}ev )

(2

2.3 The Weil-height (finally)

All absolute values on a number field will be normalized as in (2.10)) and (2.11]).

Notation 2.3.1. Let K be a field with absolute value |.|, and let K[zq,...,2,] be the
polynomial ring over K in n variables. For d = (dy,...,d,) € Z" define z¢ = :U‘lh oo apdn,

Any f € Klxy,...,x,] can be written as f = ZQGNEL agzd, with ag = 0 for all but finitely
many d € Nj. Then we set

1, =

= max |ag|, .
deNg 4<%

D aaz*
v

Lemma 2.3.2 (GauB-Lemma). Let K be a number field, and let v € My be non-archimedean.
Then |f - g, = |fl, - lgl, for all f,g € Ky[z1,...,x,].

Proof. If f =0 or g = 0, then surely |f-g|, =0 = |f|, - |9],- So we assume from now on,
that f-g # 0. For all a € K,, the definition of |f|, implies |« - f|, = |&], - | f],-

Assume first that |f|, = 1 = |g|,. This means that the absolute value of each coefficient
of f and g is < 1, so we have f,g € O,[x1,...,z,]. Since O, is a ring, we know f - g €
Oylz1, ..., 2y], which implies |f - g[, < 1.

We apply the canonical projection w : Oy[x1, ..., x,] — Ov/M,[21, ..., 2,]. Since at least one

of the coefficients of f and one of the coefficients of g has absolute value = 1, this coefficient in
not in M,,. Hence 7(f) # 0 # 7(g). Since Ov/M, is a field, it follows 7(f-g) = w(f)-7(g) # 0.
But this means that at least one of the coefficients of f - g does not lie in M,,. Hence, it must
be ’f ' g’v =1

For arbitrary f,g € K,[z1,...,z,]\ {0}, we choose o, f € K,, such that |a- f|, =1=|5"g|,.
(For instance this works if « is the inverse of the maximal coefficient of f). Then, by the
special case studied above,

la-Bly-[f-gly=la-f-B-gl,=la-fl,-18-gl, = la-Bl,-[fl, g,
This proves the claim. O
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Remark 2.3.3. Just for completeness, we will give the proof of the well-known Lemma[2.1.10} The statement
as: A polynomial f € Z[z] is irreducible in Z[z], if and only if f is irreducible in Q[z] and the ged of its

coefficients is equal to one.

The assumption on the ged just guarantees that f does not have a factor in Z. Hence, if the gcd is 1 and f is

irreducible in Qz], it is surely irreducible in Z[x].

Now, let f be irreducible in Z[z]. Then again the gcd is 1. Assume that there are g,h € Q[z] such that

f = g-h. Since |f|p < 1 for all primes p, and at least one coefficient is not divisible by p, we know that

L=1fl, = lgl, - k|, for all primes p. If |g|, # 1, we multiply g with some p*» and f with p~“» for some a, € Z
such that |p“g|p =1= }pfahh). Let « be the product of all p?, for the finitely many primes p, such that
lgl, # 1 or |h[, # 1. Then f = (ag)- (a™'h) and lagl, =1= |oflf|p for all primes p. Hence, ag, o *h € Z[z],

and since f is irreducible in Z it follows that g or h must be constant. Therefore, f is irreducible in Q[z].

Actually the height will just be a normalized form of the Mahler measure, but this normal-
ization (and formulation) will enable us to extend it to much more general settings.
Recall that in view of Theorem [2.:2.26] the product formula for the number field K [2.2.16]
reads
11 la|™ =1 forall a € K*.
vEME

Theorem 2.3.4. Let o € Q be arbitrary with minimal polynomial f(x) = agx® + ...+ ag =

ag(r — 1) - ...- (x — aq) € Z[z]. Then we have
M(a)= J[ max{1,[o®"}.
UEMQ(Q)

Proof. If & = 0, then both sides are equal to 1. So we assume from now on that o € Q". The
definition of the Mahler measure and the normalization of the archimedean absolute values,
implies

d
M(e) = |aq| - [] max{L, ||} = |ag| - J] max{1, la|™}.
=1

vEMg(a)
v|oo
Hence, we are left to prove
lag) = ] max{L,|a|}. (2.14)
'UEMQ(Q)
vfoo

To this end, let K/Q be a Galois extension with o € K (so you may take the Galois closure
of Q(«)). The product formula predicts

1= TI lealtr = TI laalfr- 1 laale:

wEMp weEMp weM
w|oo wfoo
aq€Z > du dy 2214 K: d
£ Jag| et T Jaalye == ag - T laalyy (2.15)
’UJEMK wEMK
wioo wioo
By assumption all Galois conjugates o, ..., aq of o are in K. Since moreover the coefficients

of f are coprime, the Gaufl-Lemma tells us

d

L= 1[f(2)l, = ladl, H |z — = lagl,, - [[ max{1,|ail,} Vwe Mg, wioo.
=1
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This implies

d
1= ] laall - TI TJmax{1,lal}

wEMK wEMK =1
wfoo w)(oo
(12.15)
jaa ¥ = ] Hmax{l |evi] %} (2.16)
weMp i=1
wtoo

For each 0 € Gal(K/Q), and all w € Mg, w | v for some v € My(q), the function w o o is
again an absolute value on K extending the same absolute value on Q as v does. We will
apply the following facts. Fact (A): Since K/Q is Galois, we know from Lemma [2.2.11] and

Theorem that dyor = dw. Fact (B): Since w | v we have |a|i‘” = |vw|” Fact (C):
For every i € {1,...,d} there are precisely [K : Q(«)] = [K : Q]/d embeddings o € Gal(K/Q)
such that o(a) = ;. Fact (D): o permutes the elements in ME® (this is v +— v oo is bijective
on M for any o € Gal(K/@)EI). This gives us

d
T [Imax{iloat®y € T TT maxislo(afiyee

weEMg i=1 wEMk o€Gal(K/Q)
wioo wfoo
(é) dwoo d/[KQ] (2) dy d/[KQ]
= H H max{l, a2} = H H max{1l, |, }
weEMk c€Gal(K/Q) c€eGal(K/Q) weMk
wioo wioo
dwd dwd
[1 max{llof2y = T[T max{1.lal}
wE Mg UEM@(Q) weMg
wioo vfoo wlv
B B
Y B R e ) R
UGM@(a> weEMk UEMQ(Q)
vfoo wlv vfoo
2214 dyyd-[K: dy[K:
= H max{1, |a|,"} [K:Q)] = H max{1, |af, }[ o,
’UEM@(Q) ’UEM@(Q)
vfoo vfoo
Combining this with (2.16]) proves (2.14) and hence the theorem. O

With Theorem we see that the archimedean absolute value does not play any exceptional
role in the definition of the Mahler measure. Hence, if the archimedean distance between two
algebraic numbers is bounded in terms of the Mahler measure, then the p-adic distance should
be bounded in terms of the Mahler measure as well.

The same calculation as in the proof of Theorem [2.3.4] also proves:

Lemma 2.3.5. Let o € Q be arbitrary, and let K be any number field containing . Then

/Q(e):Q] 1/1K:Q]
( H max{l,a\v}d“) = ( H max{1,|a’v}dv> :

UEM@(Q) weEMg

3There is a pretty obvious inverse map...
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Definition 2.3.6. For all a € Q the absolute multiplicative Weil-height of « is defined as
Y/[K:Q]
H(a) = (HUEMK max{1, \a\v}d”) fee , for any number field K containing . In the same no-

tation, the absolute logarithmic Weil-height of o is h(a) = ﬁ > ve My dvlog(max{1, |al,}).
Remark 2.3.7. e We have seen in Lemma that the height is indeed well-defined.
 Obviously we have H(a) = exp(h(a)) for all a € Q.

e We have H(a) = M(a)V/[Q®)Q and h(a) = MIOQ;(M(&)). So why does this
deserves a new definition? This is justified, since the definition of the height is much
more flexible than the definition of the Mahler measure: Not every algebraic object
defined over a number field has a minimal polynomial, but everything has a bunch
of absolute values! So without any difficulties we can (and will) extend the height to

polynomials, and to points in higher dimensions.

Moreover, with Theorem we see that the archimedean absolute value does not
play any exceptional role in the definition of the Mahler measure (and obviously not in
the definition of the height). Hence, if the archimedean distance between two algebraic
numbers is bonded in terms of the Mahler measure, then the p-adic distance should be
bounded in terms of the Mahler measure as well.

The reformulation of Northcott’s theorem, now reads.

Theorem 2.3.8 (Northcott). For any A, B € R there are at most finitely many algebraic
numbers «, with [Q(«a) : Q] < A and h(a) < B, resp. H(a) < B.

Lemma 2.3.9. Let aq,...,an € Q" be arbitrary, and with h we denote the absolute logarith-
mic Weil-height (from now on only called height). Then

(a) h(a1) >0, and h(ar) = 0 if and only if o is a root of unity.

(b) h(ay - ¢) = h(ay) for all roots of unity C.

(c) h(al) = |r| - h(en) for all T € Q.
(1
(

(d) h(on + ...+ an) < h(on) + ...+ h(ay) + log(n).

(e) h(an cap) < h(ar) + ...+ h(ay).

Proof. Part (a) is just a reformulation of Kronecker’s Theorem since the height vanishes
precisely when the Mahler measure is 1. We will now prove part (d). The other statements
are given as exercises.

Let ai,...,a, € Q" be arbitrary, and let K be any number field containing all the a;’s. We
denote the degree of K by d. The height of a; + ...+ o, collects information of all possible
absolute values of this number. So we should start with estimates for the absolute values of
a1+ ...+ ay. For v € Mg the (ultrametric) triangular inequality implies

maxj<;<n ‘Oéi‘v if v 1’ (0. ¢]

lar 4+ ...+ oy, < { (2.17)

n - maxi<i<n ||, if v |oo.

(The first estimate follows from the definition of the ultrametric triangular inequality, which
holds (again by definition) for all non-archimedean absolute values. For the second estimate,
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just note that the archimedean absolute values behave precisely as the standard absolute
value on C.) Now the result follows from a dry calculation, which starts in a moment. Recall
that we have vl vao » =1 (cf. |2.2.14| and |2.2.26D. Let’s finally prove the claimed inequality:

Mo+ ...+ o) = d Z dy log(max{1, a1 + ...+ anl,})

veEMK
1
= > dylog(max{l, o1 + ...+ anl,}) + J > dylog(max{l, |1 + ...+ anl,})
UE‘]WK UEJE]WK
@11
< p Z dy log(max{1,n max ]az\ 3 +ﬁ Z dy log(max{l ax |a1] 13
veEMg veEME
v|oo vfoo
<7 Z dy, log(n - max{l max |ozl| b +g Z dy log(max{l max |ozl| 19
UE‘]WK UE)(JMK
= Z dy log(n —I—d Z dy log(max{l ax |a2| 13
’U€|]WK vEMK
zlog(n)
<log(n +Z Z dy log(max{1, ||, }) = log(n)—kZh(ai).
=1 vEMK =1
This concludes the proof of part (d). O

Following Remark we can now (most elegantly) extend Liouville’s theorem to non-
archimedean absolute values.

Theorem 2.3.10. Let o, 3 € Q be arbitrary with o # B. Denote the degree of a by d and
the degree of B by k. Let S C Mga,p) be a finite set. Then we have

1
. 1 . dy > ‘
Proof. It is a— 8 # 0 and hence, by Lemmam_i{(a_ﬁ) — H((a_ﬁ)—l)‘ Now we caleulate
H(( /8) 1) H { 1 d”/[@(%ﬂ)t@]} H 1
a—0)"") = max{1l, | —— = : e
vE€Mg(a,p) =Bl vEMoa.p) min{1, o — 3|, }*/ 1050
1
> .
- vlgq min{1, o — 3|, }*/1e@8)a
This implies
1 233 1
min{1, |a — 3, pdo > > '
Ul;[g H(a — 5)[@( 8):Ql (2H(O¢)H(ﬂ))[@(a’5)'@]
237 1

2[QF):Ql (o)D)l p (gD W B

: e [Q(an8):Q) [Q(e,8):Q] .
The standard inequalities e < k, oear < d, and [Q(a, ) : Q] < kd prove the
theorem. O
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The following immediate consequence is the direct (and effective) generalization of Liouville’s
Theorem for number fields.

Corollary 2.3.11. Let o € Q be of degree d, and fix a number field K of degree k. Moreover,
let S C Mg (q) be a finite set. Then for all 8 € K\ {a} we have

ck (@) ck (@) ck (@)

. dy —

where cx(a) = m.

Note that the dependence on K is actually just a dependence on the degree of K. Moreover,
this gives us a quite good feeling on how the statement of Roth’s theorem for arbitrary number
fields, and arbitrary absolute values should look like. Namely, for a fixed number field K we
should have something like

VaecQ,Ve>0,VSC M (q) finite, 3 cx(a, €, 5) > 0 such that

) )S
Hgmin{l, la—B|%) > HC(IB()(;M V3e K\ {a}. (RT6)
ve

As seen in the exercises, this is equivalent to the statement

VaeQ, Ve>0,VSC M (o) finite, the set

{5 € K| ] min{1,|a - B[,}% < H(,@)[K:@K%E)} is finite. (RT7)

veS

Notice that in sharp contrast to the constant in the general Liouville’s theorem [2.3.11} the
constant cx (o, e,5) from (RT6) is completely ineffective. That is, for no choice of K, a, ¢,
and S, any constant is known that satisfies (RT6|).

Definition 2.3.12. Let Q[x,...,7,] be the polynomial ring over @ in n variables. The
multiplicative (resp. logarithmic) absolute Weil-height of f € Q[z1,...,x,] is given by
e 1
H(f) - H maX{L ’f‘v}d /1K (resp. h(f) ~ T . Z dU log (max{l, ‘f‘v}) )7

veEMK [K : Q] vEMK
where K is any number field, with f € Klz1,...,x,).

As before we can conclude that the height of a polynomial is well-defined. We know that
Q C Q[z1,-..,2y), and it is obvious that the height for polynomials and the height for
algebraic numbers coincide for constant polynomials.

Definition 2.3.13. Let K be a field and let n € N be arbitrary. We have an equivalence
relation ~ on K"™1\ {0}, given by (ao,...,an) ~ (bo,...,b,) if and only if there exists a
A € K* such that a; = \b; for all i € {0,...,n}. We set P*(K) = K"*'\{0}/~ and call this
the projective space over K of dimension n. The equivalence class of (ao,...,a,) in P*(K) is
denoted by [ag : ... : ay).
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Proposition 2.3.14. Let n € N be arbitrary. The following function is well-defined:

H: ]P’”(@) — R [ao T an] — max ‘ai|zv/[K;Q]’

where K is any number field, with ag,...,a, € K.

Proof. The value of H([ap : ... : ay]) could depend on the choice of representative for the
equivalence class, and on the choice of number field K. We have to exclude both.

Notice that for ag,...,a, € Q, with a; = 1 for some i, the value [Toenr, maxo<i<n |ai|iv/[K:Q]
is equal to H(apx, + ...+ ag) for all number fields K, such that ao,...,a, € K. Hence,
H(Jag : ... : ay)) is indeed independent on the choice of K.

Next, let A € Q" be arbitrary, and let K be a number field containing A, ag, ..., a,. Then

max |Aq[;"/F9 = H |)\|Zv/[K:Q] max |ai|2”/[K:Q]

0<i<n v 0<i<n
veEMyg — = vEM§ ==

1/[K:q]
_ dy . d“/[Ki@]
= ( [T 1A ) I max lail,

vEMp veEMK

dv/[K:Q]
v .

H max |a|
vedy U=

It follows that H is well-defined. O

Definition 2.3.15. For all P € P" the absolute multiplicative Weil-height of P is given by
H(P), for the function H from Proposition [2.3.14) The absolute logarithmic Weil-height of P
is given by h(P) = log(H (P)).

This is of course a direct extension of the definition of the height on Q, since for any a € Q, we
have H(a) = H ([ : 1]). Therefore, we can safely use the same notation for both functions.
Again for a € Q it follows immediately from Theorem that H(o(a)) = H(a) for all
o € Homg(Q(a),C) (or equivalently for all o € Gal(Q/Q)). This is also true for points in

P™"(Q) for n > 2.

Lemma 2.3.16. Let P = [ag : ... : a,] € P*(Q) and o € Gal(Q/Q). Then o(P) = [o(ap) :
... 0(ap)] is well-defined, and we have H(P) = H(o(P)).

Proof. For any A € Q" we have

[c(Aag) : ... 0(Aay)] = [g\(ﬁla(ao) I :g@a(an)] =o(P).
Q" Q"

Hence o(P) is indeed well-defined.

Let K/Q be any Galois extension containing all Galois conjugates of all the a;’s for i €
{0,...,n}. For any o € Gal(Q/Q), we have that the restriction of o to K is in Gal(K/Q).
Hence, we may assume o € Gal(K/Q).

As seen before, for any v € Mg also vo o € Mg. Moreover, since K/Q is Galois, we have

dy = dyos for all v € Mg, and the map v — v o o is a bijection on Mg (v — vo o~ 1is an
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inverse map). Hence,

H(o(P)) = max |0(ai)|iv/[K:Q] = max |ai|i’;§K:@]
Oisn 0<i<n

veEMK vEM
= dvoo/lK:Q) _ dv/lK:Q) _
I | e ()

’UGMK ’UGMK

]
Exercises

Exercise 2.9. Let a € Q be arbitrary. Prove that M () is an algebraic integer.

Exercise 2.10. Prove that the height (multiplicative or logarithmic) of a polynomial in

Q[z1,...,xy,] is well-defined.

Exercise 2.11. Prove statements (b),(c), and (e) in Lemma Moreover, prove that the
inequality in (d) is strict. This is, prove that for every n € N there are algebraic numbers
a1, ..., 0y, such that h(ag + ...+ ap) =log(n) + h(ar) + ... + h(ay).

Exercise 2.12. Let m,n be distinct integers, and let o € Q" be such that o” is a Galois
conjugate of a™. Prove that « is a root of unity.

Exercise 2.13. Here you can prove (using an enormous shortcut) a result which is originally
due to Enrico Bombieri and Umberto Zannier: Let o € Q be an algebraic integer, such that
all Galois conjugates of « lie in Q, for some fixed prime number p (such an element is called
totally p-adic integer). Assume furthermore that a # oP.

a) Use Exercise to prove that h((a — a?)~1) > log(p).

b) Conclude h(a) > loi(#.

(c
d

Conclude that the only possible roots of unity in Q, are the p — 1-st roots of unity.

(
(b)

)
(d) Conclude that Lehmer’s conjecture is true for all totally p-adic numbers, for any p > 3.
(e) Prove that Lehmer’s conjecture is also true for all totally 2-adic numbers.

2.4 Siegel’s Lemma

Large parts of this section are shamelessly stolen from [5]. For the whole section we will fix
the following notation.

Notation 2.4.1. Let N > M > 0 be integers, and let

ail a1N
A=| 1 | €Muxn(Q)

ampl ... AQMN
be a matrix with entries in Q. We are looking for a “small” solution of the equation

A.-x=0. (2.18)
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Since N > M there are more variables than equation, and hence there is a non-trivial (x # 0)
solution of (2.18]). Without loss of generality we assume that A does not have a zero row.
We define

Lj:aj1x1+...+ajN:zNE@[wh...,xN]\{O} VjE{l,...,M},

where Q[z1, . .., zy] is the polynomial ring over Q with variables z1, ..., zy. Now, obviously,
solving is equivalent to find some b € @N such that Lj(b) =0 for all j € {1,...,M}.
How do we measure the size of an algebraic object in this section? By heights! And maybe
you can guess by now what’s the height of A.

Let K be a number field containing all entries a;; of the matrix A. For v € Mg define
|A|, = max; ; |a;j|, . Then the height of A is given by

H(A) = J[ max{1,]A],}"/9,
vEME

Since the coefficients of each L; come from a subset of the entries of A, we immediately

conclude
H(A) > max H(Lj). (2.19)

We will give three results in this direction. First, we assume that the matrix A and the
solution vector have entries in Z.

Proposition 2.4.2 (Siegel’s Lemma for (Z,Z)). Let A € Myr«n(Z). Then there is a solution
b e ZN\ {0} of [@.18), such that H(b) < (NH(A))~-.

Proof. Before we start the proof, please note that this formulation is slightly too advanced,
since H(A) is just the maximal modulus of the entries of A, and H (b) is the maximal modulus
of the entries of b.

The proof is an application of the box principle. However, before we come to the nice con-
clusion, we will do the necessary computations. To ease notation we set

X = |(NH(4) 77| eN.

For any a € R we define a™ = max{a,0} and a~ = max{—a, 0}. Then we get for all a € R the

equations a = a™ —a~ and |a| = at +a”. Similarly, for each of our linear forms Ly,..., Ly
we define L; =N ;rz Ly =N, aj; and Lj = L; + L; . Tt is immediately clear that
N
Lj=> lail <N-H(L;) <N-H(A) Vje{l,...,M}. (2.20)
i=1

Note also, that by definition of X, we have X +1 > (NH(A))~ NN . We apply this to achieve
N-M
DM (VH(4) 7))

n
ﬁ( X“)Zﬁ@x“). (2.21)

J=1 J=1

X+1)YW =X+ . x4+ M> (X

=((X+1)-(N-H(A 9
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Actually, the value in the theorem is exactly chosen such that this inequality is true.
Now we will set the stage to apply the box principle. Therefore we estimate the cardinality
of

A-{0,..., X}V :={A-bbe{0,....,X}V}.

Any element b € {0,..., X}V satisfies
—L; - X < Lj(b) < L] - X.
Hence, we can conclude
A0, XWC L7 - X, LT -X] x...x[-Ly - X, L}, - X].

Since the interval [—L; - X, L;“ - X] contains precisely L; -X—f-L;-Ir X+1= fj - X +1 integers,
we get

]A-{o,...,X}N] ﬁL X +1), (2.22)

and from ([2.21)) it follows that

M
[A-{0,..., x}V| < HL X 41) < (X + 1)V = {0,..., X}V,
Hence, the box principle guarantees that there are two distinct elements t,s € {0,..., X}V

such that A-t = A-s. Then b=t —s € {-X,..., X}V \ {0} satisfies A-b = 0. Since
the condition b € {—X,..., X}" is precisely the same as b € Z", with H(b) < X, the
proposition is proved. ]

Remark 2.4.3. One can slightly improve on this result, be replacing the factor N by v/N.

Next we aim for a version of Siegel’s lemma, where A has entries in a number field and the
small solution has entries in Z.

Lemma 2.4.4. Let K be a number field. For each v € Mg we fix an element o, € K and a
real number ¢, > 1, such that ¢, = 1 for all but finitely many v € M. Then

K:
{ae K| la—ad, <c ¥ve Mg} < (2079 +1)" Y

where C = [],¢cpr, v,

Proof. We start by fixing some notation. Let [K : Q] = d and denote by o1, ..., 0, the real

embeddings of K and by ¢y4+1,0751,---,0r+s, 0r1s the complex embeddings of K, such that
d =r+ 2s. A full set of non-equivalent archimedean absolute values on K is then given by
oy =101l [y, = lorss()]. For any a € K and € > 0 we define

B(a,e) = {x = (21,...,Zr4s) € R" x C®| |z; — 04(a)| < eco, Vie{l,...,r+ s}}.

Moreover, we define A = {a € K| |o — |, < ¢, Vv € Mg}, which is precisely the set
whose cardinality we want to estimate. Lastly, we set

€= %C*l/d. (2.23)
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Now let a, § € A and assume there exists an x = (z1,...,%,4s) € B(a,€)NB(B,€). Then for
alli e {1,...,r + s} we have

la = Bly, = loi(a) = 0i(B)| < |zi — oi(a)| + |z — 0i(B)] < 2ecq;
for the archimedean absolute values, and for all v € Mfﬁ(n we have (since «, 5 € A)
la =B, =la—ay = (8 — aw)l, < max{|a —al,,[8 —au|,} <.
We can conclude that
I la-B1% < @o? [ & =ot-c B,
veEMp vEMK

By the product formula [2.2.16] this is only possible if & = 5. In conclusion we have just seen,
that for two different points «, 5 € A, the boxes B(«, €) and B(f, €) are disjoint. This implies

Vol (UpeaB(a, €)) = |A| - Vol (B(0,€)) = | A| - ¢ Vol (B(0,1)) . (2.24)

Here we use the usual volume on R” x C*® and the obvious fact that the volume of some B(«, €)
does not depend on the point a.
If (x1,...,Zr4s) € UgeaB(a,€), then for all i € {1,...,r + s} we have that for some a € A

|z = 0i(a0,)| < |zi = gi(@)| + |oi(@) = gi(ar,)| < (1 +€)co,.

:‘a_ao-i’o”
i

This just means, that

,
UaeaB(a,€) C H{ZL‘ ER| |z —0i(as,)| < (1+€)co, }
i=1

S
X H{a: € Cl| |z — ortilag,,,)
i=1

< (L+6)ea.. ),

and the volume of the right hand side is equal to Vol (B(0,1 +¢€)) = (1 + ¢)® - Vol(B(0,1)),
since we may shift the center of the box to the point (0, ...,0) without changing the volume.
Hence, we have

|A| - € Vol (B(0,1)) Vol (UaeaB(a, €)) < (14 €)®- Vol (B(0,1)),

which implies
1 ¢ 62 d
A< () BB (200",
€
concluding the proof. O

Remark 2.4.5. Now we can generalize the first version of Siegel’s Lemma. In the situation
considered next, we are given a matrix A with entries in a number field K and we want to
solve the usual equation with a vector in Z". But the usual assumption M < N is
clearly too weak to guarantee the existence of such a solution. Assume M =1 and N = 3.
Then the matrix is just a single row, and we want to solve a single linear equation with three
variables. Taking 1-x1 + V2 x0+ (\3@)2 -x3 = 0 shows that there are in general no solutions,
because the degree of {/2 is too large. (If there was an integral solution to this equation, it
would yield a quadratic polynomial with root 3/2.) Hence, we need at least the assumption
[K :Q]-M < N to guarantee an integral solution. This is indeed sufficient.
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Proposition 2.4.6 (Siegel’s Lemma for (K,Z)). Let K be a number field of degree d, and
assume A € Myrxn(K). Moreover, we assume that the positive integers M, N satisfy d- M <

N. Then there is a solution b € ZN \ {0} of [2.18)), such that H(b) < (NH(A))NU%M,

Proof. We want to mimic the proof from Proposition [2.4.2|and want to apply the box principle

dM
in the very same fashion. Again we ease notation and set X = {(N H(A))~N-am J Then as
before we want to estimate the cardinality of

A-H{0,... . XxW.={4A.-bbe{0,..., X}V
We can estimate the cardinality of the set above, if for all j € {1,..., M} we can estimate
L;{0,...., X}y :={L;(b)b € {0,..., X}V}.

This will be done by the preceding lemma. We fix for the moment an j € {1,..., M} and
define for all v € Mg

0 if v1foo
_ $NX max{1,|L;| } ifv]|oo
max{1,|L;[ } if v 1 oco.

Then ¢, > 1 for all v € Mk, and ¢, = 1 for all but finitely many v. Furthermore, we calculate

1 |
C= I e =GNX)" ] max{L L&} = (GNX) H(L)!
UEMK ’UGMK

= Lnxm(a) (2.25)

2
Hence, we know from Lemma that

B

{a € K| |a—ay], <c, Yve Mg} < (20741 (NXH(A) + 1% (2.26)

=A

We claim that L;({0,...,X}") C A (actually we have chosen the «, and ¢, precisely such
that this is the case). Indeed, let b = (by,...,bx) € {0,..., X} be arbitrary. Then, applying
that b; — % € [—%, %], and that the non-archimedean absolute value of an integer is at most
1, we get

’L(b)—a | . ‘Lj(bl—g,...,b]\f—g)‘vg‘Lj|UNmaX1§¢§N b,-—%‘vgcv 1fU|OO
j vly = :
! 1L (b1, .., bN)|, < maxi<i<n ajibil, < |Lj|, < e if v t co.

This proves the claim, and we conclude that for all j € {1,..., M} we have

L;({0,..., X})| < 14| (NXH(A) + 1)4.
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This immediately implies
]A -{o,.... ,X}N‘ < (NXH(A) + 1), (2.27)

and we can finally proceed exactly as in the proof of Proposition Since by the definition

of X and ([2.27)) we have

]A -H{o,.... ,X}N’ < (NXH(A) +1)™M < (NH(A)™ (X +1)™M

dM <N
<T (X A )V(X 1) = {0, XY

Hence, the box principle guarantees two different elements t,s € {0,..., X}V such that
A-t=A-s. Setting b =s — t gives a non-trivial solution to (2.18)), with H(b) < X. O

As a corollary of this last version of Siegel’s Lemma we achieve:

Corollary 2.4.7 (Siegel’s Lemma for (K,Ok)). Let K be a number field of degree d and
let A € Mpyxn(K). Then there is a solution b € O \ {0} of (2.18), such that H(b) <

M
cx(ck NH(A))N-M | for some constant cx only depending on K.

Proof. This is given as an Exercise. Be aware of the fact, that the constant cx in the theorem,
will indeed depend on the field K and not only on d. O

We will give a sample application of Siegel’s Lemma.

Corollary 2.4.8. Let a € Q be arbitrary. There exists a polynomial f € Z[x] such that
f(a) =0and H(f) < M(«) (this means that all coefficients of f have absolute value < M («)).

Proof. Let o € Q be of degree d, and consider the linear equation
L(x)::Jc1+a-x2—|—...+aN_1'xN:0.

This is we set M = 1 in the above notation, and the matrix A consists of the single row
(1,a,...,aN"1). The height of A (resp. L) is given by

e ] d'u/d e
H(A) H max{l,lgrjngaj%cil{‘a ’U}} H max{1,
UEM@(Q) UEM@(Q>

= H(a" B ()N,

aN—l‘ }du/d
v

Hence, by Siegel’s Lemma[2.4.6, there are by, ...,by € Z, such that by +a-bo+...+aVN"1.by =
0, and

max |b;| < (N - H(a)V )% = N¥52 . M(a)
1<<N T

2

=1 N7 ().

z

Therefore, for N sufficiently large, we may assume that max;<j<n |bj| < M(«). Moreover, by
the choice of A, we know that « is a root of the polynomial f(z) = by+by-2+. .. +by-2N 1. O

Remark 2.4.9. The bound for the coefficients in Corollary [2.4.8]is sharp: the Mahler measure
of a positive integer a € N is just a, and any polynomial f € Z[z]| such that f(a) = 0 satisfies
x —a | f(z). Hence, the coefficient of f with smallest index, is a non-zero multiple of a.
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Moreover, note that the polynomial from Corollary need not to be the minimal polyno-
mial of a (compare the bound from Lemma . As an example we take the polynomial
f(x) = (x4 1) + 1. This is irreducible and has (by the binomial theorem) largest coefficient
(Z) = 70. Since it is irreducible, the Mahler measure of all of its roots is the same. Note that
(16 — 1 is a root of f, where (14 is a primitive 16-th root of unity. The Mahler measure of

(16 — 1 is however 13,13707..., which is much smaller than 70.

Definition 2.4.10. Let P € C[z] be a polynomial. We write P(z) = [[,cc(z — 2)°dr(),
with non-negative integers ordp(z), which are equal to zero for all but finitely many z € C.
The integer ordp(z) is called the order of P at z.

In simpler words, the order of z € C at P € C[z] measures the multiplicity of the root z
of P. By the fundamental theorem of Algebra, for every P € C|x| there are unique (up to
permutation) pairwise distinct z1,...,24 € C, and ey, ..., eq € N such that

Px)=(x—21)" ...  (x — 2z9)%

Then, ordp(z;) = e; for all ¢ € {1,...,d} and ordp(z) = 0 for all z € C\ {z1,...,2q4}. We
denote the nth derivative of a polynomial P € C[z] by P(™. So in particular P(°) = P. Then
we have

ordp(z) =T <= P™M(z)=0 Vne{0,...,T—1} and PD(z) £0.

Or, rephrasing this, the order of P at « is given by the minimal 7" such that the T'th derivative
of P does not vanish at a.

Proposition 2.4.11. Let o € Q be arbitrary of degree d, and let T' and L be positive integers,
with L > dT'. Then there exists a polynomial P € Z[x| \ {0}, such that

(i) deg(P) < L,
(i) ordp(a) > T, and

arT _
(iii) H(P) < ((L+ )L™ H(a)r) "
Proof. We imitate the proof of Corollary [2.4.8] That the order of P at « is at least T
means that P(a) = PM(a) = ... = PT=Y(a) = 0. Hence, the coefficients of P satisfy
T linear equations defined over Q(a). More precisely, the nth derivative of a polynomial
P(x) = brz’ + ... + by (which is obviously of degree at most L) is given by

n—1 n—1 n—1
P () =by - (JI(@—i))a" ™™+ by (J]@L -1 =)™+ by (J] (0 — 1))
=0 =0 1=0

(Check this for your own!) By our first observation, this polynomial has order > T at « if

L n—1
Lu(bo,...,br) ==>_ b(J[G -’ =0 Vne{o,...,T—1}. (2.28)
=0

j=n

Note that the L,,’s are linear in the b;’s. So, we have T' linear equations in L+ 1 variables, and
by assumption we know L + 1 > T'd. Hence, in order to apply Siegel’s Lemma, we estimate
the height of the linear equations L,, € Q(«a)[x1,...,zL+1].
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If v € Mg(q) is non-archimedean, then we have (since once more the absolute value v of each
integer is at most 1) for all n € {0,...,7 — 1}

n—1

(TG =™

= max{1,
v

[ Enl, = max;

n<j<L

< max ‘oﬂ_"

ozL_"‘ }.
v

v

If v € Mgy is archimedean, then we calculate for all n € {0,...,7 — 1}

n—1 n—1
— s j—n| < . X L—n
[Laly, = max \(TLG = D)o < |TL(EL—)| -max{t, o] 3.
= v =0 )
We conclude that for all n € {0,...,T — 1} we have
1/[Q(e):Q)
H(Ly) = [] max{1,|Ln%}
'UGMQ(Q)
1/[Q(e):)
1 do 1/10(e):0)
< H H (L —1) : H max{1, ’aL*"’ v
vEMy(q) 140 v vEMg(a) °
v|oo
n—1
= (H(L - i)) CH(al™™) < LT H (o)t
=H(a)L—m
Now Siegel’s Lemma guarantees that there are by, ...,br € Z of absolute value at most
dT/[4+1—dT

((L+1)LT " H(a)") :
not all equal to zero, satisfying all equations from ([2.28)). Conclusively, the polynomial P(x) =
dT —
bral+.. . +bo has ordp(a) > T, deg(P) < L, and H(P) < ((L + 1)LT_1H(a)L> /L+1—dT

For the proof of Roth’s theorem, we need an extension of this result to polynomials in several
variables. Before we take the effort to formulate and prove such an extension, we should
present a convincing example, why statements like Proposition [2.4.11] are indeed helpful.
This will be done in the next section. After that, we will handle the multi-variable case of
this proposition. If you think that all of this is interesting enough without any example, you
may want to read Section [2.6] before Section [2.5]

Exercises

Exercise 2.14. Prove Corollary

Exercise 2.15. Find small integers x, y, z, not all zero, such that

£19()-0
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Exercise 2.16. Let F be a field and let F be an algebraic closure of F. For each a € F we
extend the map
ord : Flz]\ {0} — Z ; f+— ords(a)

to a map from the field of fractions F'(z) of F[z], by setting ordg(a) = oo, and ordy/4(a) =
ords(a) — ordy(a) for all f,g € Flz]\ {0}. Fix any real number ¢ € (0,1). Prove that
9], = £°79¢(?) is a non-archimedean absolute value on F(z).

Here we use the rule e = 0 for € € (0, 1).

2.5 On Lehmer’s Conjecture

Denote the set of all roots of unity by p. Recall that the Lehmer conjecture predicts a
constant ¢ > 0 such that M(a) > 14 ¢ for all @ € Q" \ p. If we formulate this in terms of
the logarithmic height, the conjecture predicts a positive constant ¢ > 0 such that h(a) > §
for all algebraic numbers o € Q" \ p of degree d.

So we can measure the logarithmic height of an algebraic number asymptotically in its degree.

The example

shows that we cannot hope for a stronger bound than h(«a) > m Lehmer’s conjecture

is true for some classes of algebraic numbers. All of us know that it is true for all algebraic
numbers, which are not an algebraic unit. This can be improved further: It is true for all
algebraic numbers a, except for those which are algebraic units and Galois-conjugated to o™ !
or —a [

In Exercise 2.5] you have shown that it is true for all algebraic numbers, whose minimal
polynomial has “large” discriminant. Moreover, in the optional Exercises and you
can prove that it is true for all algebraic numbers, such that all Galois conjugates lie in a
fixed completion of Q.

The goal for this section is to prove the following theorem.

Theorem 2.5.1 (Dobrowolski). For all € > 0 there is a constant c(¢) such that

c(e) —
ha) > ————— forallacQ \ u.
[Q(a) : Q'
So we are only an € away from Lehmer’s conjecture. However, this seems to be a very large
step. Taking more care in the correct choices of parameters below, one can obtain a slightly

stronger result, with which I will not bother you. We follow in this section the exhibition
from [§].

Remark 2.5.2. In proving Theorem [2.5.1} it is enough to consider algebraic numbers a,
with h(a) < %, since all the others satisfy a stronger inequality. In the exercises you
have proved that log(2) < log(M(a)) = [Q(«) : Q]h(«) for all o which are not an unit in the
ring of algebraic integers. Hence, we could assume throughout that « is an algebraic unit,
different from a root of unity.

We will not give further details. Everything can be found in [I].
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Moreover, by Northcott’s theorem there are only finitely many numbers of bounded
degree and bounded height. The height of these finitely many numbers, which are different
from roots of unity, is surely bounded away from zero. Hence, it suffices to prove the bound
in Theorem [2.5.1] for all algebraic numbers of huge degree, where this “huge” must depend on
€.

Now we set the agenda for the proof of Theorem

Lemma 2.5.3. Let T and L be positive integers, and let o € Q be of degree d. If there is a
prime number p, and a polynomial P € Z[zx] such that

(i) deg(P) < L,
(ii) ordp(a) > T, and
(iii) P(aP) # 0.

Then we have
=L B\ T+ H®P) )

Proof. We assume that all assumptions of the lemma are met. Moreover, let f(x) = agz? +
ag—12% 1 + ...+ ag € Z[z] be the minimal polynomial of a. We reduce f modulo p. That is
we apply the canonical projection

7 Llx] — Fplz].

Since IF), has characteristic p, it is well knownlﬂ that z — 2P is a homomorphism on TF,[z].
Combining this with Fermat’s little theorem (2 = z mod p for all z € F,), we achieve
w(f(x)P) = w(f(2zP)). Hence, there is a polynomial g € Z[z] such that

f@?) = f(x)’ +pg(z)  and deg(g) < d-p. (2.29)

The latter statement comes simply from comparing the degrees. It is deg(f(z)?) =d-p =
deg(f(zP)). Hence, the degree of g cannot be larger than d - p.
We know that ordp(a) > T and hence « is a root of P of multiplicity at least 7. This
means that f(z) divides P(z) at least T-times. Therefore, there is a g(z) € Z[x] such that
f(@)T - q(z) = P(z), and deg(q) = deg(P) —deg(fT) < L —dT. We combine this with (2:29),
which yields

P(a?) = f(a?)"q(a") = (f(2)? +pg(x))" - q(aP).

We plug in o and define its image as

B =Pf)= (@erg(a))T ~q(a?) = pTg(a) - q(a?).
=0

The degree of g(z)T - q(zP) is at most T'dp + p(L — dT) = pL. Therefore

g(a)T ~q(af) = prapL + prapol +...bo , with by, ... ,by1, € Z.

5This phrase should be a red flag for you! It just means that I assume you know this result, and I am to
lazy to explain it further.
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Let K be any number field containing o, and let v € Mg be arbitrary. If v is non-archimedean,
the ultrametric inequality (and the fact |b;|, <1 for all 7 € {1,...,b,}) implies

181, = [P g(@)" - qa”)| = Ipl}

We want to bound the height of « in terms of p. Hence, we will not apply the usual estimate |p|, < 1, which

9(a)" - q(a?)| < Ipl] max{1,]al }".

would remove the p. Actually, doing so would give a trivial (negative) bound for the logarithmic height of a.

If v is archimedean, then

18l, = [P(aP)], < (deg(P)+1) H(P)max{1,|al,}? ") < (L4 1)H(P)max{1,|al,}"".
P
number of coeff. of

By assumption, 5 = P(a?) # 0. Hence, the product formula [2.2.16| gives

1= [T 18I%

veEMK
dvT v L v
< II Wt I (@+vHEP)® - T] max{l,|af}
vEM g ,vfoo vEM g ,v|oo veEMK

= p TIQ (L + 1) H(P)KFUH (o) rIEC,

A tiny bit of algebra transfers this inequality into

H(a) > <pT> . .
(L + V) H(P)

Taking logarithms now proves the lemma. O

In order to prove Theorem [2.5.1] we will prove the existence of a prime p and a polynomial P
satisfying the assumptions in Lemma such that the claimed height bound drops out. It
should not surprise you, that the existence of the polynomial P follows from Siegel’s Lemma
More precisely, we will use the polynomial P from Proposition This P € Z[x]
already satisfies two of the three assumptions from Lemma [2.5.3] To ensure P(a?) # 0 for
some “nice” prime number p, we need a bit of Algebra and (of course) the prime number
theorem.

Lemma 2.5.4. Let o € Q be arbitrary of degree d. Then there are at most
numbers p such that [Q(aP) : Q] # d.

Proof. Let p1,...,p, be distinct primes such that [Q(a?) : Q] < d for alli € {1,...,n}. This
is, « ¢ Q(aPi) for all i € {1,...,n}. We define Ky = Q(«) and for all i € {1,...,n} we set
K; = Q(aPr"Pi). Then we have a chain of number fields

QCK,CKn1C...C K1 CKo=Q(a). (2.30)

We claim that for each i € {1,...,n} we have K; # K;_;. Assume that K; = K;_; for some
i € {1,...,n}. Then aPr"Pi-1 ¢ Q(aP*P1Pi-1)) C Q(aP?). However, by Bézout’s lemma
there are u,v € Z such that 1 = p;u+ (p1 - - - pi—1)v. Hence,

a = ol = qpivtPrpi-1)v _ (aP)" . (P Pim1)V € Q(aP?).

N—— N——
€Q(aPi) €Q(aPi)
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But this implies Q(a) = Q(aP?), contradicting the main property of p;. Hence — as claimed —
all inclusions in (2.30]) are strict. In particular,

d=[Q(a): Q] =[Ko: Ki] - [K1: K3]-... - [Kp_1: K] [Ky,:Q] >2".
—_—— Y—— ——
>2 >2 >2
Hence n < igig;, as proposed. ]

Theorem 2.5.5 (Prime Number Theorem). Denote for any x € R the number of prime
numbers less or equal to x by w(x). Then

m(x)

T—00 x/log(:):)

For our purposes a much weaker result would suffice. We only need that for large x there are
many prime numbers between z and 2x. For instance we could use Ramanujan’s version of
Bertrand’s postulate [I3]: For all x > 0 we have n(2z) — 7(z) > @ - (32 — 3v/2x), which
surely tends to infinity for increasing x. We conclude a similar statement ineffectively from
the prime number theorem:

Corollary 2.5.6. Let d,c,x > 0 be given positive constants. Then there is a constant
k(9, ¢, x), such that for all d > k(d, ¢, x), there are more than x+log(d)/log(2) prime numbers
between c¢d® and 2cd’.

Proof. With m(z) as above, the prime number theorem [2.5.5| gives limy_; o0 % = 1.
This is, there are asymptotically #/log(z) primes between x and 2x. Hence, there are asymp-
totically cd’/log(ca®) primes between cd® and 2cd®, for increasing d. The statement of the

corollary follows by noting

cd? _ log(d)
log(cdd)  log(2)

— 00 asd— oo.

“d to the power of a positive whatsoever grows faster than log(d).” ]

Proof of Theorem [2.5.1. We want to prove that for all € > 0 there exists a constant ¢(¢) such
that h(a) > % for all v € Q" \ p, where p is the set of roots of unity.

We should start by fixing an € > 0. We already have outlined the proof. We will fix some
parameters L and T' (depending on ¢), and then we will apply Lemma for a polynomial
constructed by Proposition 2.:4.11] and a “nice” prime number p which exists by Lemma [2.5.4]

and Corollary

We make the following choices:

(A) Let v € Q" \ it be of degree d, such that M(a) = H(a)% < 2. As noted already in Remark
this restriction does not jeopardize the conclusion of the theorem.

(B) Let T € N be such that & < e.
(C) Set x € R such that e = 7 + X*LT From (B) it follows that x > T

(D) Set L = |xd].
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With these choices we run our agendaﬁ By Proposition [2.4.11| there is a polynomial P € Z[x]
of degree at most L, ordp(a) > T, and

_dT__ (A) ar
H(P) < ((L + 1)LT_1H(a)L) L+1—dT < ((L + 1)LT—1> L+1—dT 2#77:”

T2 T

(D) _T_
< (@ +DLTY)¥T 27T < (21)55T 25T

INT

72 XT T2 XT T2
(2yd) T 25T = ((2><)>< 79 T) pred (2.31)

Keeping Lemma [2.5.3] in mind, we need a prime number p which is not too big, but greater

than
(D) (2.31) 2
(L+1)-H(P) < xd)H(P) < CO(T,x)d"* 5T, (2.32)

2 T
where C(T,x) = 2x ((2)()><TT2XXT> only depends on 7', and x. In particular C(T),x) is

independent on the degree d. By Corollary 2.5.6/(with 0 = € = 7 —|— T and c = {/2C(x,T)),
there are more than x + log(d)/log(2) primes p such that

2 2
20(T, x)d" 5T < pT < 2THC(T, y)d 5T, (2.33)
whenever d > k(T x), for some constant only depending on 7" and .

(E) From now on we assume that we have d > k(T x).

Among all the prime numbers satisfying , by Lemma there are different prime
numbers pi,...,p,, with n > x + 1 such that [Q(a??) : Q] = [Q(«) : Q] = d for all i €
{1,...,n}. Since « is not a root of unity, a? and a4 are not Galois conjugated for different
primes p and ¢ (cf. Exercise . Therefore, all the minimal polynomials of o, ..., aP" are
distinct. Hence, if P(a?") =0 for all ¢ € {1,...,n}, then all these n minimal polynomials of

D
degree d divide P. But then the degree of P would be at least d-n > d(x+1) (>) L > deg(P),
which is a contradiction.

(F) Hence, there is (at least) one prime p satisfying (2.33]) such that P(aP) # 0.

Now we have all ingredients to finally apply Lemma [2 This gives

o) > & odog [P L P
(@) 7L ©8 (L+1)-HP)) — ]TL o8 C<T7X)d1+T2/X—T

g 1 -/ ),(D) 1 c 1

= 7 = Ut L log(2) < Co(x, T) - Tlte’
27T C(T, )" d T xd d

where Co(x,T) = % only depends on T and x, but is independent on d. Since

T and x depend on g, this is precisely what we wanted to prove. But recall that this bound

51f one proves the Theorem for the first time, one has to work with undetermined values for L and T'. Then,
at the end of the proof, one can fix L and T that satisfy all assumptions one had to apply. That we can work
with these magically appearing constants, is due to the fact that it is not the first time that someone proves
this theorem.
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is only valid for a such that M(a) = H(a)? < 2 (by (A)), and [Q(a) : Q] > &(T,x) (by
(E)). But by Northcott’s theorem there are only finitely many « of degree < k(T x)
and M (a) < 2. Let ¢ be the smallest positive value of the logarithmic height of these finitely
many numbers, then

. 1 —
h(Oé) > mln{672702(T7 X)} ' W Vace Q \,U,
Hence, with any choice of T, x satisfying (B) and (C), we can conclude Theorem m O

Remark 2.5.7. If you take the trouble to go through the proof once more, you will notice,
that the constant c(e) in Theorem can be explicitly determined. So the result is fully
effective.

Remark 2.5.8. Let us recall the basic steps of the proof. We wanted to prove something
about a given o € Q. We used a particular polynomial, which vanished at a (we called this
P). This polynomial was not allowed to vanish at a certain other number o”. Moreover,
it was necessary to estimate the “size” of P(aF) (see the § in the proof of Lemma [2.5.3).
Comparing o and P(aP) gave the result we were longing for.

Stated this way, you may notice a similarity to the very first proof of Liouville’s Theorem
1.1.12] There, the polynomial was just the minimal polynomial f of a. The second number
was a rational £, and it was obvious that f did not vanish at this rational number. Also the
“size” of f(B) was easily determined. Comparing o and f (g) concluded the proof.
Undoubtedly the proof of Dobrowolski’s Theorem [2.5.1] was much more advanced than the
simple proof of Liouville’s Theorem But (taking the right perspective) the skeletons
of both proofs share some strong similarities. The basic parts outlined above, will also be
visible in the skeleton of the proof of Roth’s theorem! But again we have lift things to the
next level of complexity.

Remark 2.5.9. Very recently (a few month ago), the little brother of Lehmer’s conjecture
— the Schinzel-Zassenhaus conjecture — has been proved by Vesselin Dimitrov [4]: For any
non-cyclotomic monic irreducible polynomial f(z) = (zr — 1) - ... (r — aq) € Z[z], we have

max |oy| > 21d,
1<i<d

Exercises

Exercise 2.17. Proof that {_Jehmer’s conjecture implies the existence of a constant ¢ > 1,
such that maxj<;<q || > cd for all monic non-cyclotomic irreducible polynomials f(z) =
(x—aq) ... (x —aq) € Zlx] \ {z} of degree at least 1.

Exercise 2.18. Find explicit positive constants ¢, x € R such that h(a) > + for all

. [Q(a):Q)' "2
a € Q \ pof degree > k.

2.6 Siegel’s Lemma Once More

In the last section we saw that an auxiliary polynomial, constructed by the aid of Siegel’s
lemma, can be a helpful tool. As stated before, in order to prove Roth’s theorem, we need an
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Or, rephrasing this, the order of P at « is given by the minimal 7" such that the 7'th derivative
of P does not vanish at a.

Proposition 2.4.10. Let a € Q be arbitrary of degree d, and let T' and L be positive integers,
with L > dT. Then there exists a polynomial P € Z[z]\ {0}, such that

(i) deg(P) <L,

(ii) ordp(a) > T, and

(ii)) H(P) < (L + )L H@L)" "™

auxiliary polynomial in multiple variables. Hence, we are going to formulate a multi-variable
version of Proposition which stated:
Of course we know how to measure the degree of a polynomial P € Z[xy,...,x,]. We will
work with the partial degrees in each variable. This is, for each i € {1,...,n}, the degree at
x; of P, is the degree of P considered as a polynomial in (Z[x1,...,Ti—1,Tit1, .-, Tn]) [2i],
and we denote it by deg, (P).
The height of a polynomial in Z[z1, ..., x,] is also already defined: It is simply the maximum
of all absolute values of its coefficients. Hence, it remains to generalize the order of P at a
given point. This will surely be linked to the derivatives of P. For every d = (di,...,d,) € N{
the operator

ol ot g2 QO

ozt oxt 9zl Gzl
takes the dith partial derivative of P at x1, then the doth partial derivative of P at xo, and
so on. We know from slightly after elementary school that this is independent on the order
in which one takes the partial derivatives.

Lemma 2.6.1. For any d = (di,...,d,) € N§j, and any P € Z[z1,...,xy,], each coefficient
of P 1s divisible by di! - ... - dy,!.

Proof. The main part has already been done, since we know this result for a single variable.
Taking the dth derivative of the monomial z* yields (cf. the proof of Proposition [2.4.11])

ad

dad

k
xk:k-(k:—l)-...-(k—d—i-l)xkd:d!<d>xkd,

where the latter equation is just applying the well-known formula for the binomial coefficient,

with the usual extra that (%) = 0 whenever d > k. Let P = Yieny Grite . ain € Dy, ..., 2]
be arbitrary (We still use ¢ = (i1,...,%,)). Then
od o
P Zczixl . ’Ln_ ZC’L ( 11>‘..< v wﬂﬁn)
8,’13(1 ZGN” X gENn 1 axnn
- Z CZ (dl < > " dl) - (dn!<zn>l‘:{l_dn>
IS dn
=(di!---d! (i in\ ii—d in—dn 9234
—(di!d) Y )l (2.34)
i€Np n
EZ[x1,...xn]

which proves the claim. O
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We want to achieve a polynomial with small integral coefficients. Hence, we will work from
now on with the following normalization of the derivative of P € Z[x1,...,z,]. For each
d=(dy,...,dy) € Nj we set

1 0% EET

Note that ([2.34]) gives a precise formula for this normalized derivative!
Now we can generalize the order of a polynomial. Again, we have to make things slightly
more complicated, and add another normalization.

Definition 2.6.2. For points a = (ay,...,a,) € C*, and r = (r1,...,7m,) € N, we define
for all P € Clzy,...,z,] \ {0} the index of P with respect to o and r to be

Ind(gl)(P) = min{% 4+ ...+ ii|(i1, - ,in) € Ng and a(ihm’in)P(g) 75 0}

n

Hence, the index of a polynomial at « is up to normalization the smallest value i1 + ...+ iy,
such that the (i1, ...,i,)th derivative does not vanish at a.

Example 2.6.3. o Let k> ¢>1and P(x,y) = 2* — y? € C[z,y]. Then

)

ElES

Ind (0,0, (k,k)) (P) =

since J(; ;yP(0,0) = 0, whenever i < k and j < ¢. On the other hand 9, P =
—_agl (D0 = gl i
q.(q)y = —¢q!, does not vanish at (0,0).

e We have Ind(, ,)(P) = 0 if and only if the (0,...,0)th derivative of P does not vanish
at o. This means, that the index is zero if and only if P(a) # 0.

o Let P € Clzy,...,x,] \ {0} be arbitrary, and choose integers i1,...,i, € Ny, such
that i, > deg,, (P) for at least one k € {1,...,n}. Then 9;, ;P = 0. Hence, if
is,..imy P # 0 we have iy < deg,, (P) for all k € {1,...,n}. In particular, for all
a€C"andall r = (rq,...,7,) € N* we have the estimate

Ind gy (P) < 3 S8t
=1

i
Thus, the index is indeed a well defined rational number.

Finally, we have all ingredients at hand to formulate a generalization of Proposition 2.4.11]
However, for the proof we need one more lemma.

Lemma 2.6.4. Let (r1,...,1,) € N* and ¢ € (0,1). Then there are at most
762n/4
(ri+1)---(rn+1)-e

elements (di,...,dy) €40,...,r1} x ... x{0,...,r,} such that Zznzlff—: <5(l-e).
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Proof. We do not present every single detail of the proof. Set B(ry,...,r,) to be the “box”
{0,...,r1} x...x{0,...,r,}. We need to estimate the cardinality of

n
I(n,e) = {(di,...,dn) € B(r,..., \Z* <3 (1—¢)}.

By definition, each (di,...,d,) € I(n,¢c) satisfies exp(5 — 5 — iy f—:) > 1. Moreover,

exp(y — 5 — >, %) > 0 for any (dy,...,d,) € N2 (simply, since e’ is always positive).

Of course, we can multiply the term inside the exp(.) by any positive real number, without
changing these estimates. Hence, we have

DY )exp<5<g_?_§j‘l§>>

del(n,e) deB(r1,...,rn

—exp< 5 )}E(Zexp( (—2))) (2.35)

The summand ¢ ( — i) always lies in (—¢/2,e/2) C (—1,1). Using the inequality exp(t) <

1
2
1+t+t2forallte

(—1,1), one shows

iexp <€ (;—Z» <(rp+1D(1+e%*/4) Vhell,...,n}

Th

Combining this estimate with (2.35)), and applying 1+t < expt for all t € R, gives the claimed
result. O

Finally we are willing and able to prove the generalization of Proposition [2.4.11

Theorem 2.6.5. Let a € Q be of degree d. Moreover, let ¢ € (0,1) and n € N such that
exp(e?n/4) > 2d, and set o = (av,...,a) € Q". For everyr = (r1,...,m,) € N there exists
a polynomial P € Z[z1, ..., x| \ {0} such that

(i) deg, (P) <r; forallic {1,...,n},
(i) Indy,(P) > 5(1 —¢), and
(iii) H(P) < (4H ()" tF"n,

Proof. Of course we want to apply Siegel’s lemma. Hence, we need to find certain linear
equations for the coefficients of P. We want that the degree of P at z; is bounded by r; for
alli e {1 ...,n}. Hence, any monomial appearing in P with a non-zero coefficient, is of the
form z' - - xin with

(11, vyin) €40, ccymip X oo x {0, .y} = B(re, ..., ).
Hence, we are looking for a polynomial

P(z1,...,2q) = Z el -zl € Llxy, .. ).
iEB(T17...,7‘n)
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Such a polynomial has N = |B(ry,...,m,)| = (r1+1)--- (rp,+1) coefficients, which we handle
as unknowns.
The bound in (ii) for the index of P is true, if and only if

0= 04P(c) > Ci(ll> <Zn>ai1—d1 . qin—dn

1€B(r1,...,Tn) B dl dn
_ Z Ci (;1) . (;ﬂ)a(i1+...+in)(d1+...+dn) (236)
i€B(r1,...,Tn) 1 n

forall d = (dy,...,d,) € N" such that >°1" ; % < 5(1—¢). By Lemma there are at most
|B(r1,...,7mn)| exp(—e?n/4) of such tuples. Hence, our assumption on e guarantees that the

number of equations in [2.36] is
9 N
M < N -exp(—e“n/4) < 24" (2.37)

This enables us to apply Siegel’s Lemma to the M linear equations in N unknowns
given in ([2.36)), which are defined over the number field Q(«) of degree dﬂ It only remains
to calculate the height of such an equation. Therefore, let v € Mg(,) be archimedean, then

i) [ (i1 in) (A1)
dq dy, ;

i1+...+17 i14...+1% r1+...4r
2 n U TL} S 2 n

<

-max{1, || -max{1, |af, } T, (2.38)
v
Here we have used the generous estimate (Zl) < 2¢, which is obvious from a combinatorial
point of view: (}) is the number of subsets of cardinality d of a set of cardinality i, and 2% is
the total number of subsets of a set of cardinality .
Now let v € Mg(q) be non-archimedean. Then

i in a(il+...+z‘n)—(d1+...+dn)
dq dn, .

<max{1,|a[? "} < max{1,|al,} T (2.39)

We can conclude that the multiplicative height of any of the polynomials in (2.36)) (keep in
mind that the ¢;’s are the unknowns) is less or equal to

[T (2t max(tfal, )™ T (max{ ol ptese) ™

v€1\|4@<a> vGJ\f@(a)
lle e V1o
dv/d dv/d
— H (2r1+...+rn) . H (max{l, |a|v}r1+...+rn )
vEMy(a) vEMy(a)
v]oo

:2T1+---+7‘nH(a)7’1+---+7'n — (QH(O())H—&-...-H’TL'

7 Actually it would be enough to assume M < N/d in order to apply Siegel’s Lemma. The 2 is only included,
so that we can bound the exponent appearing in Siegel’s Lemma by 1 (see the second to last inequality in the
proof).
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We apply Siegel’s Lemma and conclude that there are coefficients ¢; € Z, such that all
equations from ([2.36]) are satisfied, and such that

. . amM _
H( Y gaf-ap) < (N(2H(a))r1+'"+m) o
1€EB(r1,...,Tn)
1
=+ 1) (a4 1) 2H (@)t ) TR

D 1)t 1) - QH(@) T < (AH (@)

The last inequality comes again from comparing binomial coefficients with a power of 2: we
have 1+ r = (7) + (;) < 2". This proves the theorem. O
Exercises

Exercise 2.19. Let a € C" and r € N” be arbitrary. Prove that for all P, P’ € Clz1, ..., 2]\
{0}, we have
Ind(g’ﬁ)(P : P/) = Ind(g,g) (P) + Ind(gyz)(P/).



Chapter 3

Roth’s Theorem

Roth’s theorem is around since the very first lecture. It served as a motivation for introducing
the Mahler measure and the height, although theses functions are — of course — of independent

interest. Recall from (RT7)):

Roth’s Theorem 3.0.1. Let K be a number field of degree d, and let S C My be finite. For
any o € Q and for each element v € My we fiz one extension v' | v to K(«). Then, for all
g > 0 there are at most finitely many 6 € K such that

[ min{1, o - 8], }% < H(B) 9.

veS

Remark 3.0.2. Note that we may replace the right hand side by CH(3)~[K@2+e) for any
constant C' > 0. The argument has been given in one of the exercises, but we recall it here
again. In the notation from Roth’s Theorem we assume that § € K satisfies

. Ol C CKOl(2e e
[ min{L o= 81, )% < CH(3) WU = prasmegem HEO) AR (31)
vES

Then 3 satisfies

H(B) < ¥R or [T minf1,|a — p|,}* < H(g) FEACT),
vES
By Northcott’s Theorem there are at most finitely many § € K satisfying the first
condition, and by Roth’s Theorem m for €/2 there are at most finitely many § € K
satisfying the second condition. This proves that there are indeed at most finitely many

f € K satisfying (3.1)).

Remark 3.0.3. Let v be an absolute value on the number field K, and o € Q such that
a ¢ K,. This means that « is not in the completion of K with respect to v. In particular,
there is a positive constant ¢ > 0 such that |a — §|, > ¢ for all § € K,. Concerning Roth’s
theorem, this tells us two things:

o Whenever a ¢ K, for some v € S, then this v does not provide any good approximations.
Hence, we can always assume that a € K, for all v € S.

o This fact is taken care about in our formulation of Roth’s theorem, by taking d, as an
exponent on the left hand side instead of d,: If o € K, then both local degrees d,, and
d, are the same for some choice of v'.

73
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We already have seen how we can use this theorem in order to prove the transcendence of
certain complex numbers. In this chapter we will finally prove Roth’s theorem [3.0.1] Before
we give the proof, we will study a further application.

3.1 Thue equations

The classical Thue equation is given by F(x,y) = m, where F(z,y) € Z[z,y] is an irreducible
homogeneous polynomial of degree n > 3, and m € Z \ {0}. We will apply Roth’s Theorem
[3:0.1] to prove that such equation has at most finitely many integral solutions. Since, Roth’s
theorem is valid over number fields, we will actually prove a generalization of this result. We
recall a special case of a theorem stated on one of the exercise sheets, namely:

Theorem 3.1.1. Let f € Q[x] be a polynomial of degree n. Then there is a constant cr such
that for all o« € Q we have

H(a)"-¢;' < H(f(a)) < H(a)" - c;.

Proof. We should have proven this earlier, so it is tempting to skip the proof. However, this
would feel like cheating, too much. So here it is:

Let f € Q[z] be of degree n, and let a € Q be arbitrary. We fix any number field K such that
f € K[z] and « € K. We set d =[K : Q. If f is constant, then n = 0 and the statement is
trivial. Hence we may assume that n > 1.

We will start with proving the upper bound, which follows from the (ultrametric) triangular
inequality. Let v € Mk be archimedean. Then we have

If(@)], < (n+1)-|f], max{1,|al '}
< (n+1)-max{1,|f|,} - max{1,|al}} (3.2)
= max{l,|f(a)|,} < (n+1) -max{1,|f|,} max{l,]|c[,}.

Now, let v € Mg be non-archimedean. Then we have

|f(@)], < [fl, - max{L,|al;}
< max{1,|],} - max{1, ]’} (33)
= max{l,|f(a)|,} < max{L,|f],}  max{1,|a|]}.

Putting these estimates together gives

H(f(«) = [ max{L,|f(a)],}""

veEMK

< H (n+1)™] . ( H max{l,]f‘v}dv/d) : ( H max{1’|an|v}du/d)

vEM g vEMpg vEMEK
v]oo

=(n+1)-H(f) -H(@")=(n+1)- H(f)- H(a)".

This proves the upper bound with an effective constant C1(f) = (n+ 1)H(f).
The main observation for the proof of the lower bound is the following:
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Claim: There are polynomials g1, g2 € K[z] of degree at most n such that 22" = g1 () f(x) +

g2().
We will prove the claim as simple as possible. Writing f(z) = S/, a;7, then we need to
construct a polynomial gi(z) = 31" bz’ € K[z] such that the degree of #2" — f(x)g1(x) is

at most n. This just means that

2n
f(x)gl(aj) = Z ( Z arbs) zt = 2" + cpa” + Cn_l.%’nil + ...+ 0o

=0 \r+s=i
Hence, we only have to choose bg,...,b, € K such that
anby, = Z abs =1 and Z abs =0 Vke{n+1,...,2n—1}.
r+s=2n r+s=k
But surely there are such elements by, ..., b,. Since a, # 0, we have to take b, = a,!. Then
we construct b,—1,b,—9,...,by inductively, by b,,_, = —a;l > p—¢4+1 @2n—¢—ib;. This proves
the claim.

Note that the polynomials g; and g2 are given solely in terms of f. Now we prove H(f(«)) >
Co(f)H ()™ for some positive constant Co(f) not dependent on . To this end, let v € Mg
be non-archimedean. Then we have

oy = lg1() f(e) + g2(@)], < max{[gi()l, | /()] , lg2(e)],}
< max{|gi ()], , g2(@)], } - max{|f(a)],, 1}

< max{[gi],[g2l,} - max{1, |af;} - max{| ()], , 1}

= max{l,|al,}*" < max{|g],, g2, ,1} - max{1, |a[,}" - max{|f(a)],, 1}
= max{l,|a|,}" <max{|gi],,]92],,1} max{|f(a)],,1}.

Similarly, if v € M is archimedean, then we have

laly” = lg1(@) f(a) + g2(a)l, < 2max{lgi ()], [f ()], g2()],}
< 2max{[gi(a)], ; [92(a)], } - max{[f(a)],, 1}

< 2(n+ ) max{|gil,, |g2l,} - max{1, |af,}" - max{[f(e)], , 1}

= max{L,|a|,}*" <2(n+ 1) max{|gil, , [gal, , 1} - max{1, |a],}" - max{| f(a)], , 1}
=  max{l,|a|,}" <2(n+1)max{|gi],,|g2],,1} - max{[f()],,1}.

Hence, the proposed inequality is true at each single absolute value. All we have to do next,
is to combine all these estimates.

H()" = [] (max{1,]al,}")™"

veEMpK

< T @em+)™- 1 (max{lgil,lgal,, 1H™*- T max{|f(a)l,,1}""
’UE‘]WK veEMK veEMK

=2(n+1)- ] (max{lgil,lgal,, 1™ -H(f(c))

veEMg

<H(g1)-H(g2)
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Hence the lower bound is proved, with Co(f) = (2(n + 1)H(g1)H (g2))~*. Taking cs as the
maximum of Cy(f) and Cy(f) proves the theorem. O

Remark 3.1.2. The statement in the claim above may remind you on Hilbert’s Nullstellen-
satz. Indeed, if you want to prove this statement in higher dimensions (as formulated on the
exercise sheet), you can do precisely the same using Hilbert’s Nullstellensatz in order to prove
the claim.

Theorem 3.1.3. Let K be a number field of degree d and let F(z,y) € K[z,y| be homogeneous
of degree n > 2d, without a multiple linear factor over Clz,y| and such that F(1,0) # 0. For
any v € K* there are at most finitely many pairs (o, B) € O% such that F(a, ) = v. As
usual Ok denotes the ring of integers in K.

Proof. We have F(z,y) = 31, a;x'y" %, for some ay,...,a, € K. Our assumption guaran-
tees that a, = F(1,0) # 0. It follows

1 “ z\’ T x

Fe =Y a () —and - a) (- an),

y" ;) “\y "y y "
for certain ay,...,a, € Q. In particular, the linear factors of F(x,y) are precisely (z — a;y)
for i € {1,...,n}. Hence, by assumption the elements a, ..., «, are pairwise distinct.

Let N € N be such that Na, € Og. We have
F(a,8) =~ <= N"a 'F(a,8) = N'ay 'y

n
n
— H(Nanoz — Napa;8) = N"a 1.

n
i=1

Hence, whenever (a, 3) € 0% is a solution of F(z,y) = v, then (Na,a, 8) € O% is a solution
of F(z,y) = N"a" 'y, where
- n
F(z,y) = [[(z — Nayaiy) € K[z, y).
i=1

In particular, if the latter equation has only finitely many integral solutions, then the original
equation has at most finitely many integral solutions. Hence we may assume from now on
that a,, = 1.

After this reduction step, we can outline the idea for the proof: If we have infinitely many
integral solutions (o, ) € Ok of F(x,y) = =, then we have infinitely many very good
approximations of one of the elements «1,...,a,. These approximations will be given by
a/p.

With this in mind, we should note the following. If 5 = 0 then there are at most n different
a such that F(a,0) = 7. Hence, we may assume that 8 # 0. Moreover, if F(a, ) = 7,
and A\ € Q is arbitrary, then F'(Aa, \3) = A"y. Hence, for any solution (a, 3) there are at
most n — 1 other solutions (a/, 8’) such that a/5 = o//f’. This means, that infinitely many
solutions (a, 8) of F(x,y) = 7 lead to infinitely many different elements a/f.

Having said all this, we can start with the actual proof. Let (a, 3) € O% be a solution to
F(z,y) =+, with 8 # 0. Then we have

Y e = (C a (Y a
n = gaF(eB) = (G- (5 —an). (3.4)
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Let o € Gal(Q/Q) be such that |5, = |o(8)| is maximal (i.e. o(B) is a largest Galois-
conjugate of 3). Since 8 € Ok, the product of all conjugates of 3 is a rational integer. Hence,
not all Galois conjugates of 8 can be located inside the unit circle. In particular we know
|8|, > 1. For any j,k € {1,...,n} with j # k we have

>y ~aul, = _min oy ~ al, = Ci(F) >0

T€Gal(Q/Q)

——oz] '—ak

Here we apply the assumption, that all the «;’s are pairwise distinct. It follows that at most
one of the numbers ’ 3 — oy is < C1(F)/2. This means that all but one of these absolute
values are > C1(F)/2. Tt follows

. a 01<F>)"‘1 ol ki
min |— — ;| - < = o = 7
1<<n |87, ( 2 _g B8 - 18lo
and hence 1 ]
« 2 oy
min |— —a;| < C2 3.5
1<j<n|B |, <01(F)> 1By (35)

Now assume that there are infinitely many integral solutions («, ) of F(x,y) = ~. Then, by
the box principle, there is one k € {1,...,n} such that

min
1<j<n

for infinitely many pairs («a, ) € (’)%(. We rename the indices to assume k = 1. Taking our
remarks at the beginning into account, and applying (3.5) we find that there are infinitely
many numbers o/ € K, with «, f € Ok, such that

02(F7 7)

’0‘ ] < 250 ith (3.6)
- 1815

B

9 n—1
Cy(F,v) = <> - max |vy]..
(#7) C1(F) r€Gal(Q/Q) -
That already looks like too many good approximations of a;. We are left to compare |3,
with M (a/3). Here the mysterious choice of o comes into play:

Ble= L@ =TI max{1|r(@)e0w =T H )
—max{Ljo(g))yr  TEHome(Q(8).C)

Define the polynomial f(z) = F(x,1) = (x — a1) - (x — ). Then there exists a positive
constant C3(F) only depending on F', such that

H(y)+ H(F") > Hiy-p™) & T HE o).
HE) 3

=H(5)

H(f(3))

a
B

We conclude o
18l = H(B)"C:a(F) — H(7).
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Together with (3.6]), this gives for infinitely many numbers a/3 € K the estimate

Ca(Fy)

.= HS)Co(F) — () H(G)" — C(F) TH ()

’a
B

By Northcott’s theorem there are at most finitely many elements o/ € K such that
$H(a/B)™ < H(v)C3(F)~'. Hence, if there are infinitely many «/8 € K satisfying (3.7),
then there must be infinitely many «/f8 € K such that

CQ(Fv’Y) C2(F7’7)
‘a _ o] <2600 _ 3G
BN, S HEG T (g

Since n/d > 2, by or assumption, this contradicts Roth’s Theorem (cf. Remark [3.0.2).
Hence, there are at most finitely many solutions (a, 3) € O% of the equation F(z,y) =~. O

Remark 3.1.4. The polynomials handled in Theorem [3.1.3|are indeed a generalization of the
original Thue equations. Choose K = Q in the theorem and let F'(z,y) € Z|x, y] be irreducible
and homogeneous of degree n > 3 > 2[Q : Q]. Since, F is irreducible and Q is a perfect
field, there are no multiple linear factors of F in C[z,y]. Write F(x,y) = Y g a;zty™ . If
ap, = F(1,0) =0, then F(x,y) = ?:_01 a;xiy" "t =y - Z?:_ol a;x'y" "1 contradicting the fact
that F' is irreducible. Hence, F' is indeed handled in Theorem [3.1.3

However, we do not need the full force of Roth’s theorem to prove that a Thue equation has
at most finitely many solutions. But still we need more than Liouville’s approximation.

Remark 3.1.5. This result can be extended further in several ways. For instance, with
almost the same proof one can show, that the equation F(z,y) = 7 as in Theorem has
only finitely many solutions in the S-integers Ok g for any finite set S C Mf(n.

As an example I could write down any Thue equation like 2® — 3ya? + 5y%x — 2y3 = 1, and
now we know that there are at most finitely many integral solutions to this equation. But
most likely, you would not be very enthusiastic about this result. So let me give you another,
non-obvious, application of this result. We study the question, how often the sum of two
algebraic units is again an algebraic unit. Let us try to make this more precise, by studying
a simple example.

Example 3.1.6. Let n € N be odd and denote with {,, a primitive nth root of unity. By
Euler’s theorem we have 2¢(™) = 1 mod n, where ¢ is Eulers-Phi-Function. Hence ¢, = 20(0),

n
We compute
CQ 1 <4 1 20(n) 1 20(n) 1
n (3 n n
. | 2= 22— =1
1) \¢-1 2001 _ ] G 1

=(n+1 :C,%-‘r]. :C%<P<n)7l+1

In particular, ¢, + 1 is always an algebraic unit (and so are ¢, and 1).

This example shows that there are infinitely many pairs of algebraic units, such that the sum
is again an algebraic unit. However, the examples we have found do not lie in a fixed number
field. So maybe we should ask: For a given number field K, are there still infinitely many
a, B € O} such that a + 8 € O as well? This was answered in the negative by Siegel. By
multiplying with the inverse of a + 3, one may equivalently ask for solutions «, 3 € O} of
the equation x 4+ y = 1. This is the so-called unit-equation.
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Theorem 3.1.7. Let K be a number field. There are at most finitely many o, B € OF such
that o+ 8 = 1.

Proof. We have to solve the equation  + y = 1. The left hand side is indeed a homogeneous
polynomial in two variables, but the degree is equal to 1, and not > 3. So at fist sight, Thue-
equations do not seem to be an appropriate tool. We will artificially introduce an appropriate
exponent n to this equation.

Let us start with applying the first thing that comes to mind, when we see O7.: Dirichlet’s
unit theorem. This is, OF is finitely generated, and has rank r + s — 1, where 7 is the number
of real embeddings of K and s is the number of complex embeddings of K. Alternatively, we
can describe r 4+ s as the number of archimedean absolute values in M.

Since Oj; is finitely generated, the quotient group Ok/(0%)" is finite for all n € N, where
(O3 )" = {€"|e € O} denotes the subgroup of nth powers in O7.

For all n € N, we denote with R,, C O} a full set of representatives of the elements in the
quotient Ok/(0%)". Hence, if a € Oj;, then there is an unique a € R, and an € € O} such
that a = ae”™.

So finally we have introduced our nth power. Hence, having the Thue-equation in mind, we
fix some integer n > 2[K : Q]. We see that

a+p=1 fora,sfeOy
< ae"+bd" =1 for some a,b € R, and ¢,6 € OF.

Recall that R, is finite. Hence, any solution a, 8 € O% of z + y = 1, gives rise to a solution
€,0 € OF of one of the finitely many equations

ar” +by" =1 with a,b € R,. (3.8)

Since any of these equations factors as az™ +by™ = a [[}'_; (z — (% {/=b/ay) for some choice of
the nth root of —b/a, all linear factors of any of these equations are pairwise distinct. Now we
can apply Theorem and conclude that the finitely many equations from have only
finitely many solutions in Ok (and in particular in Oj;). Hence, there are at most finitely
many solutions of x +y = 1 in the algebraic units O7. O

Remark 3.1.8. As before we state that with minor changes in the proof, we see that there

are at most finitely many S-units in K that sum up to another S-unit, for any finite set
S C Min,

We close this section with an outline of the proof of Roth’s theorem:

(1) Assume there are many good approximations of a given o € Q —say m. Then we construct
a polynomial P € Z[z1,..., x| that vanishes at a = (a,...,a) € Q" to a very large
order (more precisely: with a very large index).

(2) If f1,...,8m € K are the good approximations of «, we aim to prove that P does not
vanish at 8 = (B1,...,0m).

(3) Then P(p) is not too small in terms of the ;’s (gap principle). Note that we can assume
that the height of all the §;’s is very large, since there are only finitely many elements in
K of bounded height.
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(4) But since P vanishes at a with a large index, the Taylor expansion of P at a can be used
to prove that P(3) is very close to zero (with large enough m). If it is too close to zero,
we hopefully get something which contradicts (3).

Of course, the polynomial P should be constructed using Siegel’s Lemma (cf. Theorem
. However, in sharp contrast to the case of polynomials in one variable, there is no reason
why P(/3) should not be zero. One of the ingenious ideas in the proof is the observation, that
it migh( be zero, but the index at  should be considerable smaller than the index from (1).
Then the argument outlined above%pplies for some derivative of P! To prove that the index
of P at § is small (a result known as Roth’s lemma), is the hardest part of the proof.

Exercises

Exercise 3.1. (a) Prove that there are at most finitely many solutions (o, 3) € Z? of the
equation
2 +dxty +y— 623y — P + 8yt — 25 —1=0.

(b) Formulate a general statement about finiteness of integral solutions of a class of Diophan-
tine equations, which contains the above equation.

(c) Are there finitely many or infinitely many integral solutions of the equation

ot — 4a%y? + 4yt = 167

3.2 Preliminaries I — Multivariable Polynomial Estimates

We already know quite a bit about heights. But so far, we have not really worked with the
height of multivariable polynomials. Above we claimed that a polynomial P € Q[z1,. .., zy]
with certain vanishing properties and of small height, will play an essential role in the proof
of Roth’s theorem. The vanishing properties of a polynomial do not change if we multiply the
polynomial with some non-negative constant. Hence, once we have found a polynomial with
good vanishing properties, we should multiply it with an appropriate constant, to reduce its
height. Alternatively, we could consider the set of polynomials A - P as an equivalence class
of the polynomial P, and define a height for this equivalence class.

Definition 3.2.1. For f € Q[z1,...,2,] \ {0} we define the multiplicative projective height
of f to be the quantity

He(f) = T Iflo=,

vEME
for any number field K that contains all coefficients of f. The logarithmic projective height
of f is, as usual hp(f) = log(Hp(f)).

The projective height of a polynomial is calculated by considering its coefficients as coordinates
of a point in a projective space, and then calculate the height of this point.

Lemma 3.2.2. For any f € Q[z1,...,7,] \ {0} we have

Hp(f) 2;16%1 H- )
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Proof. This is given as an exercise. O

Given polynomials fi,..., f, € Q[x1,...,7,], we want to compare the (projective) heights of
the f;’s with the height of f = fi--- f,. The non-archimedean part of the heights can be
easily compared by the Gauf-Lemma [2.3.2] since for any non-archimedean v € Mk we have
|fl, = Ifil, - |frl,, where K is any number field with fi,..., f, € K[z1,...,2,]. What is
still missing, is an archimedean version of the Gauf}-Lemma.

We know from Proposition 2.1.17] that we can express the Mahler measure of some « ana-
lytically in terms of it’s minimal polynomial f, by M(«) = exp (i f027r log ’f(eie)‘ d9>. The
right-hand-side of course only depends on the polynomial f. So in particular, we can define
the Mahler measure of any polynomial f € C[z] by this formula. This is:

M(f) = exp <217T /027r log‘f(ew)‘dﬁ) ¥ f € Cla).

We want to study multivariable polynomials. Luckily, the definition above readily generalizes
to the case of multivariable polynomials.

Definition 3.2.3. For all f € Clzy,...,z,] we define the Mahler measure of f to be the
quantity

M(f)=-exp <(271r)n/Ozw---/o%log‘f(ewl,...,ew")

do, - --d9n> .

Keeping in mind that we want to compare the heights of f;--- f,. with the heights of the
factors fi,..., fr, the Mahler measure seems to be a promising tool. We know that it is
somehow linked to the height, and obviously, we have

M(flfr):M(fl)M(fr) (3'9)
We will use two results from complex analysis as a black box.
Theorem 3.2.4. Let f € Clxy,...,x,). As usual we write f = > kenp agz®, with 2% =
o akn for k= (k... kn). Then we have

(a) (Parseval’s formula)
LA™ 27 T ity i0
(271_) /0 /0 ‘f(e yeee, €M)

(b) (Jensen’s inequality)

M(f)* < (21#)”/0%---/027r

Remark 3.2.5. Both statements are special cases of general analytic results (non of which
is particularly difficult to prove). For instance, Jensen’s inequality states that for any convex
function ¢ : R — R, and any probability space (€2, u) we have ¢ ([, gdu) < [ ¢ o gdp for all
p-integrable functions g : © — R. Hence statement (b) follows from noticing, that exp(.) is

a6, d6, = S Janl®
keN?

. . 2
F(e0, ... €%)| doy - --db,.

convex.
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Corollary 3.2.6. For any f € Clzy,...,x,] we have

n

1/2
M(f) < (H(degxxf) + 1)) 1]

i=1

Proof. We again write f = ZEENZ} aﬁgﬁ. Combining part (a) and part (b) from Theorem

[3:2:4], we get
1/2
M(f) < ( > \aklz) : (3.10)

kEND

At most [[i;(deg,, (f) + 1) of the coefficients of f are non-zero, and by definition of |f| all
coefficients of f are of absolute value < |f|. Using this in formula (3.10]) gives the claimed
bound

n

1/2
M(f) < (H(degxi(f) + 1)) |1

=1

O

We know from Lemma that the i’s coefficient a; of a one-variable polynomial f of degree
d satisfies |a;| < (f)M (f) < (L d(/iz J)M (f). We generalize this to polynomials in n variables.

Lemma 3.2.7. Let f € Clxy,...,x,], with deg, (f) < r; for alli € {1,...,n}, for certain
integers ri,...,rn. Then

n

A<11 (Lr:}%) - M(f).

=1

Proof. We prove this by induction on the number of variables n. As mentioned before, the
induction base has already be done in Lemma [2.1.7] Hence, we assume that the statement is
true for all polynomials in less than n variables.

There are polynomials fo,..., f,, € Clzy,...,zy—1] such that

Tn
f = Z fk(xl, N ,xn_l) . 1‘2
k=0

We first note that the set of coefficients of f is precisely the set of coefficients of all the fj’s.
This just means

= . 3.11
/1= max |/l (3.11)
For any choice of real numbers 61, ...,60,_1, we apply our induction base to get

M(f(er, ... €1 z,)) > max |fr(ei,... 1)

T 0<k<r,

-1
: (L%/%) . (3.12)
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We split the multiple integrals in the definition of the Mahler measure of f to get

log(M

)
o 2T 1 2w .
Df / / / log‘f 01 ¢ifn)

(n 1)-times

1 2w ) )
27T n—l /o / log( (f(eth’ cee ewnflwn)))del < dbp

3.12 1 2 o " -1
> (27r)”—1/0 /0 log Ogllgagin . 2] déy ---db,,_,

-1
2m 2w
101 101 L. Tn
n 1 A / og}fgf«nbg ‘fk‘(e yeees € ) )d91 d0n1+10g(<\-rn/2j> )

-1
> max ! /%--~/2ﬂlog (‘fk(ewl ..., el )d91 -+ db,—1 + log( n )
= 0<k<r, (2m)n—1 Jo 0 T Lrn/2]

-1
— max log(M <fk>>+1og<<tr:j%> ).

d6,dé; - --df,_;

(e’i91 .

A

eien—l )

0<k<ry

This implies

r g - - r !
M(f) > max M(fi)- (Lm/%) > max |fil- (L[ ( n/2j> ) : (Lm/%)

and hence the claim. O

Lemma 3.2.8. Let r1,...,r, € Ng be arbitrary. Then we have

( 1 )( Tn )<< r+...+7r, )
[r1/2] lrn/2)) = \L(ri+...+m)/2] )

Proof. We only have to prove the case n = 2, then the result follows immediately by induction.
Consider the polynomial equation

I+x)"-(1+x)?=01+ :U)TH'TQ.

The a = [r1/2] + |r2/2] coefficient of the left hand side is Y5 ,—, (1) (7) > (LT1/2J) (LTZZJ)'
But the left hand side tells us that every coefficient of this polynomial is less or equal to
(L(T:}J’S J2))- This proves the lemma. O
Lemma 3.2.9. For any d € Ny we have (Ld‘/i%)\/d—k 1<24,

Proof. The estimate is obviously true for d = 0 and d = 1. Now the statement is true for all
even d = 2d’, which can be proved by induction on d’. Then one shows that this implies the
statement for all odd d as well. The details are left as an exercise. O
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Lemma 3.2.10. Let f1,...,fr € Clz1,...,x,] be arbitrary, and define f = f1--- fr. Then

we have
\ful - [ fr] < gdeg,, (f)+...+deg,, (f) FiE

Proof. We have to combine all the estimates we have established in this section. To this end,
set r;(j) := deg, (f;) for all (i,5) € {1,...,n} x {1,...,r}. Then

ri(j) = deg,,(f) Vie{l,...,n}. (3.13)

Now we can start:

r .m ron Tz(]) N romn 7"1(]) | r |
s H(mj)/QJ)M(f”—(H, (mmm)) [121(5)

(111, 14)) (o +0) "
3.2.83.13 (Z_ﬁl (Ldjgfx(g;ﬂ)) , (Z_ﬁl /degwi(f) + 1) £
- H1 ((Ld‘igg(gkﬁ -y fdeg,, (/) + 1) 1l
ES (H 2‘1%'(”) 1.
i=1
This is what we wanted to prove. O

Remark 3.2.11. A straight forward computation, which we avoid in this lecture, also gives

the estimate
lful -1 f] > o~ (degy, (f)+...+deg,, (f)) I,

with the notation from Lemma [3.2.10
Finally, we can prove the main result in this section.

Proposition 3.2.12 (Gelfond’s Lemma). Let fi,...,f. € Q[x1,...,z,], and define f =
fi--+ fr- Then we have

Hy(f) > 2~(068a, (D +tdes, (1) H Ho(fy).
j=1

Proof. This (at least) follows immediately from the Gaufl Lemma and Lemma
We fix any number field K such that fi,..., f, € K[z1,...,z,]. The degree of K is denoted
by d. Note that for any archimedean v € My we can use the estimate from Lemma [3.2.10
since for any polynomial g € K[z1,...,x,] we have |g|, = |o(g)| for some o € Gal(Q, Q).
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Now we conclude

I aer) = TT (Al 16" = TT (Al 16" TT (faly - 1fel)™
j=1

UEMK ’UEMK UEMK
v]oo vfoo
dy dy
=200 Ul 15l T 1
UEMK UEMK
v]oo vfoo
B21a d d dv/d dy
<TI0 (2 egg, (F+-+ egm(f)) T 11 /d
veEMg vEMK
v]oo

_ odegy, (f)+-..+deg,, (f) - Hp(f).

This proves the proposition. ]

Remark 3.2.13. If we apply Remark [3.2.11] instead of Lemma |3.2.10} then, in the notation
from Proposition [3.2.12] we get

Hp(f) < gdegy, (f)+...+degg,, (f) H Hp(f;).
j=1

Exercises

Exercise 3.2. Prove that for all f € Q[x1,...,z,]\ {0}, we have

Hp(f) = min H(\- f).

A€Q
Exercise 3.3. Let n > k > 1 be integers, and let Q[x1,...,7,] be the polynomial ring
in n variables. Prove that for all f € Q[z1,...,2%] and all g € Q[zgy1,...,2,], We have

Hp(f) - Hp(g) = Hp(f - ).
Exercise 3.4. Prove Lemma [3.2.91

3.3 Preliminaries II — Linearly Independent Polynomials

We know that for any field F' the polynomial ring Fz1,...,z,] is an F-vector space. We
want to find a tool which will help us to decide whether a set of polynomials in Fx1,...,z,]
is F-linearly independent or not. The main result in this section has its origin in the theory
of ordinary partial differential equations. We will only sketch the proofs.

In this section we always assume that F' is a subfield of C. Let us first study the case of a
single variable.

Definition 3.3.1. Let fi,..., fi, € F[z], then the Wronskian determinant of fi,..., fn, is

Oy o V@)
W(f1,..., fm)=det : : € Flal,
@) e (@)

where as before f(*)(z) is the kth derivative of f.
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Lemma 3.3.2. If f1,..., fm € F[z] are F-linearly dependent, then W(f1,..., fm) =0.

Proof. This follows from the fact that derivation is a linear operator. Let ¢y, ...,¢n € F not
all zero satisfy
cafi(z)+...+emfm(z) =0.

Without loss of generality, we may assume ¢, # 0. Then

fm = —imz_:lc-f‘(x) and hence  f{F) = —img_:lc'f-(k)(x) VkeN
m m et iJ e ’ m m pt iJ g 0-
This means that the last column in the matrix defining W (f1,..., f;,) is a linear combination
of all the other columns. Hence W (f1,..., fm) =0. O

The interesting thing is, that also the converse of the preceding lemma is true.

Proposition 3.3.3. The polynomials fi,..., fm € F[z] are F-linearly independent if and

Proof. Tt is left to prove that fi,..., f,, are F-linearly dependent, whenever W(f1,..., fm) =
0. This can be proved by induction on m. The induction base is trivial, since W(f1) = f1 =0
if and only if f; is linearly dependent. Hence, we may assume that the statement is true for
a fixed m > 1.

Now, assume that W (f1,..., fm, fm+1) = 0. Combining this with Lemma we know
that W (f1,..., fm, fi) =0 for alli e {1,...,m + 1}. Expanding the determinants along the

last column gives us that for all i € {1,...,m + 1} we have
(0) (0)
L L f s
FERRERRRI A5 f1(2> )
0=rPdet| : - |=fWaet |t 4.
A g W am
1 L
=Vo(z)
=Vi(x)
TR
+ f{™) det : g :
fl(mfl) o fT(nmfl)
=V (z)
By induction, we may assume that V,(z) # 0, since otherwise fi,..., f;, are F-linearly
dependent, and then f1,..., fi,+1 are as well. This means that the f1,..., fi;+1 are solutions

of one homogeneous partial differential equation (PDE) of order m. But the dimension of
the F-vector space of solutions of such a PDE has dimension m. Hence, the polynomials
fi,-- -, fm+1 must be F-linearly dependent. O

Recall that for any f € F[z1,...,z,] and any d = (dy,...,d,) € N, we set

Gf*L a—ifEF[:r Tp)]
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Definition 3.3.4. For any d = (d1,...,dy,) € Njj, the order of the operator 0y, is given by
ord(0g) =di + ...+ dp.
Definition 3.3.5. Let f1,..., fm € F[z1,...,2,]. Then a generalized Wronskian determinant

of fi,..., fm is given by
Qa frwwe Daq) fm

Waqy, ey (frs- oo fm) =det |1 00| € Flan,. ),
Q) f1 -+ Dagm) fm

where for all i € {1,...,m} we have ord(dy;)) <i— 1.

Remark 3.3.6. Let us consider the case n = 1. Then for each i there is precisely one operator
0q = 0; of order i. Of course, the generalized Wronskian determinant is zero if d(i) = d(j)

for some i # j. Hence, a generalized Wronskian determinant of gi,..., g, € F[z] is zero or
equal to
dog1 Tt ogm
Wo,..m—1(g1,- -+, 9m) = det : - :
am—lgl T am—lgm
0 0
s g
= det - :
1 (m 1) 1 (m 1)
m—-1191 T meny9m
m—1 1
(03 o
Lol
=0

Theorem 3.3.7. The polynomials fi,..., fm € Flz1,...,2,] are F- linearly independent if
and only if there is some generalized Wronskian determmant Wd (fl,...,fm) not
identically zero.

Proof. That all generalized Wronskian determinants of fi,..., f,, vanish if the polynomials
fi, ..., fm are F-linearly dependent follows precisely as in Lemma The other implication
can be reduced to the case n = 1, as follows.

Let d € N be greater than all partial degrees of all the polynomials fi,..., f,,. Then the
substitution z; +— 4" for all i € {1,...,n} is injective on all monomials appearing in one
of fi,..., fm. This can be used to prove that the polynomials fi,..., f, € Flz1,...,z,] are
F-linearly independent, if and only if the one variable polynomials

mn—1 n—1
e1(t) = fult,th .t om(t) = fm(t 2, 1T

are F-linearly independent. From Proposition [3.3.3| we know, that this is the case if and only
if W(e1,...,¢m) is not the zero polynomial. But, playing around with derivatives, shows
that W(p1,...,@m) is an F[t]-linear combination of generalized Wronskians

W@,...,M(fh R fm)(t7td7 cee 7tdn_1)

(note that any generalized Wronskian of fi,..., fy, is an element in Flzq,...,z,]). We con-
clude, that if fi,..., f;, are linearly independent, then at least one generalized Wronskian
determinant is not identically zero. This proves the theorem. O
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Lemma 3.3.8. For any P € Flz1,...,x,)\{0} there are F-linearly independent polynomials
fo,--y fs € Flz1,...,2n-1], and F-linearly independent polynomials go,...,gs € F|xy], such
that

P(xy,...,xpn) = Z filxr, .. xn—1) - gi(xn),
=0
where s < deg, (P).

Proof. Set deg, (P) = r,. We start off by noting that

Tn
P(xy,...,xpn) = Zf{(a:l, ey Tp—1) - T,
=0

for certain fy,..., f; € Flx1,...,2,—1]. The polynomials 1,z,,...,z;" are surely F-linearly
independent. Hence there is a minimal s € {0, ..., r,} such that we can write P in the form
S
P(x1,...,xp) = Z filxr, .o xn—1) - gi(xn), (3.14)
=0

where go,...,g9s € F|x,]| are F-linearly independent. We claim that then also the fy,..., fs
are F-linearly independent. For the sake of contradiction, we assume that the fy,..., fs are
F-linearly dependent. Then, after renumbering the f;’s, we can write

s—1
fs:ZCz’fi for cg,...,cs_1 € F.
=0

We plug this in into (3.14]), which yields

s—1
P(a1,. o wn) = Y filwr, - 1) - (gi(2n) + cigs(zn))-
=0

But the polynomials (go(xrn) + cogs(n)), - -, (gs—1(Tn) + cs—19s(xy)) are F-linearly indepen-

dent, since the gg, ..., gs are. This contradicts the minimality of s. Hence, the polynomials
fos ..., fs from (3.14)) are indeed F-linearly independent. O

Lemma 3.3.9. Let P(x1,...,xy) = ;o fi(x1,...,2n_1) - gi(zn) € Flx1,...,2y] be as in
Lemma . Moreover, let Wyq),....acs)(fos - - -, fs) be any generalized Wronskian determinant
of fo,-.., fs. Then, S

a0 P - Id0),sP

W@,...,@(f(h ceey fs) : WO,l,...,s(907 cee ags) = det :
Nas)0) P -+ Od(s),5) P

Here, for every i € {0,...,s} we have d(i) = (dy(),...,dn—1(i)) € Ng~t, with "=} d; (i) <

—_— 7 1=

i —1, and (d(i),j) = (di(i), ..., ds(i), j) € Ny for all j €{0,...,n}.
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Proof. This is essentially a matrix multiplication. We have

Qup)fo -+ Da)fs
Wao),...ds)(Jos -+ fs) =det | 2]
Qas)fo -+ Ous) fs
=W
and (cf. Remark |3.3.6))
dogo -+ OoYs dogo -+ Osgo
WO,...,S(g[)a ... 795) = det e = det :
3590 o asgs 3095 o 8595
=V

We are left to calculate W - V. The entry in line ¢ and row j of W - V is given by
8@f0 . 8]‘90 + ...+ 8@]{; . 6jg5 = (9(@,j)f090 + ...+ 6(@@]@98 = 8(@’j)P.

The first equality comes from the fact that the f;’s are independent on z,, and the second
equality comes from the linearity of the derivation and the definition of P. This proves the
lemma. O

Exercises

Exercise 3.5. Fill the gaps in the proof of Theorem 3.3.7. This is: Let fi,...,fm €
Flxi,...,zy], where F'is a subfield of C, and let d € N be greater than maxi<j<m, 1<j<n deg,, (fi)-
For all ¢ set

o(filzn,....xn)) = fi(t, 1%, ... t7" ") € F[t,

where t is a variable, independent on x1, ..., .

(a) Prove that the polynomials fi,..., f;, are F-linearly independent, if and only if the
polynomials ¢(f1),...,¢(fm) are linearly independent.

(b) Let k € Ny be arbitrary, and set g(*) as the kth derivative of g € F[z]. Prove that there
are polynomials agq ) € F[t] such that for all i € {1,...,m} we have

e(f)® =% agkdafi(t, 1%t .
94
ord(94)<k

(c) Prove that W(o(f1),...,©(fm)) is a F[t|-linear combination of generalized Wronskian
determinants of fi,..., fm evaluated at (t,t%,... ’tdnﬂ).

(d) Conclude that some generalized Wronskian determinant of fi,..., fy, is not constantly
zero, if the f1,..., f,, are F-linearly independent.
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3.4 Preliminaries III — Roth’s Lemma

We already know how to construct polynomials of small height that vanish at a given point
a € Q" with large index. The main point in the proof of Roth’s theorem is, that we can bound
the index of a polynomial at another point 3 € Q" from above, as long as 8 = (31,..., )
satisfies some properties. Actually, we have to assume that the height of the ;s is quite
large. In our application, the f;’s will be good approximations of a given a € Q lying in
a fixed number field K. If we assume that there are infinitely many such approximations
(in order to eventually derive a contradiction), by Northcott’” Theorem there must be
approximations of arbitrarily large height. Thus, the assumption of large heights of the 3;’s
does not cause any difficulties.

Here is the formal result.

Theorem 3.4.1 (Roth’s Lemma). We fiz the following data. Let P € Q[x1,...,2,]\ {0} be a
polynomial, B = (B1,...,0n) € Q" be a point, and let o € (0, %] be a real number. Moreover,
we fitr = (r1,...,m) € N* and assume the following conditions:

(i) r; > deg, (P) for alli € {1,...,n},
(ii) riz1 <ri-o forallie{l,...,n—1}, and
(iii) rih(B;) > o~ (hp(P) + 4nry) for alli € {1,...,n}.
2n—1

Then, we have Ind, 5(P) < o2nat/?" .

Remark 3.4.2. These conditions guarantee that the positive integers r1,...,7, decrease
rapidly, and the sequence h(31),...,h(By) increases rapidly.
Moreover, assumption (i) gives the easy estimate

Ind, g(P) < n. (3.15)
Hence, Roth’s lemma is non-trivial, only if ¢ is very small.

The rest of this section is devoted to the proof of Theorem Let us first consider the
case n = 1, which will actually be our induction base.

Lemma 3.4.3. Let P € Q[z] \ {0}, r > deg(P) € N, and 8 € Q be arbitrary. Then
Ind, g(P) - - h(B) = ordg(P) - h() < hp(P) + rlog(2).

Proof. The first equality sign in the displayed formula is just the definition of the index. By
definition of the order, we know that

P(a:) — (:U o 6)ord5(P) .Pl(x%

for some P'(z) € Q[z] with P'(3) # 0. Hence

0.2.12

he(P) =" — deg(P)log(2) + he((z — 8)”*)) + hp(P') > —rlog(2) + ords(P)h(8),
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which proves the lemma. For the last inequality, we have used r > deg(P), hp(P’) > 0, and

ordg(P)
h]p((x _ B)ordB(P)) — hp ( i <OI’dﬂ(P)> (_ﬁ)ixordg(P)—i)

i=0 v

ordg(P)\ .;
dy 1 X
T QG :qQ 5) Ql ve%m o8 <o<zgl)?dﬁ (P) ( i >B U)
! ords(P))
dy 1
cea, 2, v <ze{o%1r%§ ”) ( i )5 )
1
= d, 1 ordg(P)
Q) Q ve%w) og (max{l, B ’U}>

(B4 P)) = ordg(P)h(B).
O

Remark 3.4.4. If r € N and 3 € Q satisfy assumpt10n (iii) from Roth’s Lemma 1| (which
just means 7h(B) > o~ t(hp(P) + 4r)), then Lemma implies

o (e

which indeed proves Roth’s Lemma [3.4.1] for n = 1.

>§a<20,

From now on we use the notation from Roth’s Lemma and assume (as our induction
hypothesis) that the statement is correct for all natural numbers < n.

3.4.5. We apply Lemma [3.3.§ to write
P(x1,...,2n Zfl Tlyeeoy Tn—1) - Gi(Tn),

with s < deg, (P) < rp, and fo,..., fs € Q[z1,...,2,-1] are (Q-)linearly independent, and
90, - - -, 9s € Q[z,] are also linearly independent.
By Theorem there is a generalized Wronskian determinant

U@, @1 = Wa@yeotte) Jor- -+ f2) € Q.. aai] \ {0},

and as well it is -
V(xn) = WO,...,S(gl)a e 798) € Q[‘TTL] \ {0}
We apply Lemma to conclude that

8(@’0)P s 8(®75)P
W(xlavxn):det 6@[$1,,$n]\{0}
6(@70)]3 R 8(@,3)13

Since the partial degree at x; of any entry in the above matrix is bounded from above by
deg,. (P) <r;forallie {1,...,n}, we conclude

deg, (W) <ri(s+1) Vie{l,...,n}, (3.16)
and in particular, deg, (U) < 7i(s+1) for all i € {1,...,n — 1}, and deg, (V) <r,(s+1).
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We aim to apply our induction hypothesis to the polynomials U and V. For alli € {1,...,n}
we set . = r;(s + 1). We have just seen, that U and V satisfy assumption (i) from
Roth’s Lemma, with 7; replaced by r,. Moreover, since ri,...,r, satisfy assumption (ii),
also 7, ..., rl satisfy assumption (ii). We need to show that U and V, together with the
natural numbers 7}, ...,/ also satisfy assumption (iii). This is, we need

(s +D)rih(Bs) > o Hhp(U) +4(n — D)ri(s+1)) Vie{l,...,n—1}, (3.17)

and
(5 + 1) 7uh(Bn) > o H(hp(V) + drp(s +1)). (3.18)

Since we assume that r;h(3;) > o~ (hp(P) + 4nry) for all i € {1,...,n} (and 7, < r1), the
inequalities and follow as soon as we know hp(U) < (s + 1)(hp(P) + 4r1), and
hp(V) < (s 4 1)(hp(P) + 4r1). This is what we are going to prove now. More precisely, we
will prove

hp(U) + hp(V) = hp(W) < (s + 1)(hp(P) + 4r1), (3.19)

where the equality sign, was proven in the exercise sessions, as U and V are defined over
independent variables.

3.4.6. We write Sgy1 for the set of bijections of the set {0,...,s}. Then, by the Leibniz
formula, we have

W(z1,...,xn) = Z sign () H O@J(i))f’. (3.20)
7r653+1 i=

Let K be any number field containing all coefficients of P. Note that the sum of two polyno-
mials is defined coefficient-wise. Hence, the absolute values on polynomials satisfy the usual
(ultrametric) triangular inequalities. Hence, as seen many times before, we have

Y sign(r Ha JrinP| < max T Oagi)ei) P
TFESS+1 v st 0 v
>
e [ [0 s P,

if v € Mg is non-archimedean, and

< (s+1)! max
\W_Mress-u

=[Ss+1]

Ha ) (i) P

=0

> sign(m) [T 8.~ P
=0

TFESS+1

(2

BZ21M
r1+...+7Tn
S (DRI max E[ Dtai)n(o) P

I
v

if v € Mk is archimedean. Luckily, the definition of 9(g(;) (i) P (see also (2.34))) gives us
readily the estimates -

|P|, , if v is non-archimedean
Oagi).(in P| | = {

rit..+rn |P|, ,if vis archimedean.



3.4. PRELIMINARIES III - ROTH’S LEMMA 93

For the archimedean estimate we have used — as in (2.38) — the estimates (Zl) < 28 < 27 for
all 7+ < r. We combine all these estimates to achieve

hp(W) < (s + 1)hp(P) + log(26TDItFrn)y 4 jog(ori+-FTny L log((s + 1)!)
=(s+ 1)hp(P)+ (s+2)(r1 + ... + 1) log(2) + log((s + 1)!)
(s+2)(r1+ ...+ ry)log(2) n log((s+ 1)!)
s+1 s+1
log((s + 1)!))
s+1

= (s+ 1)(hp(P) + )

< (s+1)(hp(P)+2(r1 + ...+ ry)log(2) + (3.21)

Assumption (ii) of Roth’s Lemma gives the estimate r1 + ... 4+ r, < 2ry, and a trivial
induction shows log((s+1)!) < (s+1)-log(s+1) < (s+1)log(r, +1) < (s+1)r,. Moreover,
again by assumption (ii), it is r, < %rl. Throwing these estimates into (3.21]) proves (3.19).

Now we can apply our induction hypothesis for U € Q[x1,...,2p-1] C Q[z1,..., 2], ' =
((s+1)ry,...,(s+1)ry), and 8 = (B1,...,Bs). This is, we can conclude that

Ind, s(U) = (s + 1) Indy (U) < 2(s +1)(n — 1)01/2n—2'

Here we have used that, since z,, does not appear in U, the index Ind, g(U) is the same
as removing the last entry in v’ and in 8. Hence, this is indeed the induction hypothesis.
Applying the same argument for V' and Lemma gives

Ind, g(V) = (s + 1) Indp (V) < (s + 1)o

(cf. Remark [3.4.4]). As seen in the exercises, the index behaves well under multiplication of
polynomials. Hence, we conclude

Ind,s(W) = Ind, 3(U) + Ind, s(V) < 2(s +1)(n — D)el/2"% 4 (s 4+ 1)o. (3.22)

We have bounded the index of W, so all that is left to do is to compare the index of W with
the index of P. Since W was constructed in terms of P, this should be possible.

3.4.7. The index of a polynomial also satisfies a “logarithmic ultrametric triangular equation”.
This is, for any f,g € Q[z1,...,x,] we have

Ind, s(f + ¢g) = min{Ind, 5(f),Ind, (g)}.

We have seen this in the case n = 1 in the exercises. The general statement follows similarly.

Using ([3.20)), we conclude

Ind, (W) > min {Zlndrﬁ d(i) ﬂ(z))P)}- (3.23)

WESSJrl

The Jy(;) was part of a generalized Wronskian determinant. Therefore, writing d(i) =
(di(3), ..., dn_1(1)), we have di(i) + ...+ dp_1(i) <i—1<(s+1)—1 =5 < r,. Moreover,
re>1ry > ... >1r, >0, and r,/r,—1 < o by assumption (ii) of Roth’s Lemma Now,
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(almost) from the definition of the index, we have

dy (Z) dn—l(i) 7T(Z)
Idr 17r'LPZId7" P) - T el Te
n ,@(8(@7 (4)) ) n *’é( ) 71 T'n—1 Tn
ZIndr,ﬁ(P)—E—---_ 0 i—1 (i)
—L 71 T'n—2 Tn—1 T'n
ra__ m(1)
> Ind, g(P) — -
> Indyp(P) = == = ==
(1)
> Indr,B(P) - B
.8 n

Since the index is never negative, we can replace this estimate by

Ind, (Aaiy »(i)P) = max{Ind, g(P) - ”T(’) — 0,0} > max{Ind, 5(P) — ”T(Z) 0} — o (3.24)

n

for all i € {0,...,s}. The last technicality that we will need is the following lemma.

Lemma 3.4.8. Let k € Ny and § € R be arbitrary, then
i i
> max{5 — 70} = (k+1) - min{3 5 52}

Now, we have

63
Ind, g(W) =" min {ZIndrg (i) ,T(Z))P)}
7T s+1 i=0

Bz s 7(4)

= _ \Y _

z o {;) (max{lndrﬂ(P) o ,0} a>}

= (max{lndr,ﬁ(P) - ri 0}) —(s+ o

i=0 o n

B43d

<M s+1) min{% Tnd, 5(P), % Ind, 5(P)?} — (5 + 1)or (3.25)

We are almost done! Comparing the upper bound (3.22)) with the lower bound (3.25)), gives
n— 1 1
2(n— )0/ 4o > min{§ Ind, 5(P), 3 Indﬁ,g(P)Q} -0
— 4(n—1)0"?"" + 40 > min{Ind, 5(P),Ind, s(P)?}

Thus, we have )
Ind, 5(P)? < 4(n — 1)o"/?"" + 40,

or
, B9 | jan-
Ind, 5(P)* < nlnd, g(P) < 4n(n —1)o +4n o
§01/2n72

So, this latter estimate holds in any case. Taking the square root gives
n— n—2\ 1/2 "
Ind, g(P) < (4n(n —1)o/? 2 L Anol/? 2) 2 _ ongl/? 1,

proving Roth’s Lemma
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Exercises

Exercise 3.6. Let F' C C be a field, and let F[z1, ..., x,]| be the polynomial ring in n variables
over I'. Moreover, let 7 € N® and 3 € F" be arbitrary. Prove that for all f,g € Flz1,...,x,)]
we have

Indbé(f +g) > min{Indzyé(f), Indgé(g)}.

Exercise 3.7. Let k € Ny and 0 € R be arbitrary. Prove that

k .
> max{s — 1,0} > (k+1) 'min{}& 162}.
2 k 2% 2

3.5 The Proof

Now, we will finally prove Roth’s Theorem. We will follow the outline from [IJ.

Roth’s Theorem 3.0.1. Let K be a number field of degree d, and let S C My be finite. For
any o € Q and for each element v € My we fix one extension v' | v to K(«). Then, for all
€ > 0 there are at most finitely many § € K such that

[] min{1, |a — 8,3 < H(B)~42+e).

veS

Remark 3.5.1. To ease notation, we will replace 2 + ¢, for some € > 0, by an x > 2 (I only
introduce a new variable k, since writing “let £ > 2 ...” sounds like a bad math-joke.)

From now on, we assume that there are infinitely many g € K satisfying

. 1
vl;‘[S'mlnﬂa - /8|v’ ) 1}dv = H(/@)dn’

(3.26)

for some fixed x > 2. This will eventually lead to a contradiction.

3.5.1 Comparing Different Approximations

The first difficulty arises right away from allowing more then one absolute value. This enables
good approximations of the same a to have arithmetically nothing in common.

Example 3.5.2. Let a = V17, K = Q, and S = {00,2}. We remark, that /17 is in Q.
Hence, there are good 2-adic approximations of 1/17. If our o would not be in Q2, the

information that 2 € S would be irrelevant (see Remark |3.0.3]).
The fact that +/17 € Q2 means that the ideal 2OQ( V) splits into two different prime ideals.

Luckily, (’)Q( VIT) = 1-7Z+ 1+75/ﬁ - Z is a principle ideal domain, and hence factorial. The

element @ has norm 2. Therefore, the ideal generated by this element is a prime ideal,
and the associated absolute value is an extension of |.|, — hence it takes the role of 2. For oo’
we take the usual archimedean absolute value on Q(v/17).

We give three examples of approximations of «a:
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‘\/17— 4’ ,=0,1231..., and ‘\/17— 4‘2, = 1 (the norm of this element is odd, and

hence, it has nothing to do with our chosen prime ideal).

‘\/ﬁ— 1’00, =3,1231..., and

| () ()

16

2 2
2/
‘\/17— 433 —0,00073..., and
(0.)
Ji7 43 _i ViT—-5\" _p VIT=5"  /1y?
105]y  |105 2 SR 2 |, \2/)°
2/

dy
In all cases []yefo0,2) min{‘Vl? — 5‘ ,1} < 1, but somehow the reason why the product
’ ’U/

is less than 1 is different in all three cases. One could say, that the approximations lie in
different approxzimation classes. We will make this precise in the following.

Definition 3.5.3. A § € K is called non-trivial approximation if

= [[ min{|e - 8, 1% < 1.

veS

The set of non-trivial approximations different from « will be denoted with B = {8 € K|0 #
A(B) <1}

We recall, that everything in this section, will depend on our fixed data «, S, and K.
We consider the map

. 4
L:B— (0, 1]\5\ B <10g(m1n{1, o — B|5; }))

log(A(8))

vES

This map is well defined by the definition of A(5) and B. For any N € N, we cut the cube
(0,1]'%! into subcubes of side-length % More precisely, for all (iy)yes € {0,1,...,N — 1}/5]
we define

I((iv)ves) = H(ﬁ, ' ~ ) < 151,
vES

Definition 3.5.4. For all N € N, and (iy)yes € {0,..., N — 1}l we set

C(N, (Z.”U)UES) - {B S B’L(B) € I((iv)UES)}a

and call this an approzimation class of size 1/N.

Lemma 3.5.5. Let N € N and (iy)pes € {0,...,N — 1}5! be as above. If there is some
B € C(N, (iy)ves), then

(i) A(B) VN < min{1, |a — 8|} < A(B)/N for allv e S, and
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. 5 i\
(ii) 1—%§ZU€S’N§1.

Proof. By definition of the approximation class C(N, (iy)ycs), we have for all v € S

i _ log(min{l, ja — BI%Y) _in 1

N~ log(A(8)) N (520

Since log(A(fB)) is always negative, this is equivalent to

1y + 1
N

v log(A(B)) > log(min{1, |« — Blff/“}) >

- log(A()).

Applying the exponential function proves part (i). By definition of A(f3), we have that the
sum over all v € S of the middle term in (3.27) is equal to 1. Hence, summing up (3.27) over

all v € S gives
. iv+1 |9 iy
— <1< —_— = — —.
Z N~ Z N N * Z N
veS veS veS
This proves part also (ii). O
For any N € N there are only finitely many approximation classes of size 1/N. Hence, by the
box principle, we know for all N there is an C(N, (i,)yes) containing infinitely many /5 which
satisfy (3.26]). This means, that we can restrict to approximations of « of the same type. By

Northcott’s Theorem [2.3.8, among these infinitely many 3’s there are elements of arbitrary
large height.

3.5.6. Hence, for all n, L, M, N € N there are (i, ..., 3, satisfying , such that
(A) pi,..., By lie in the same approximation class C(V, (iy)yes) of size 1/N,
(B) h(p1) > L, and
(C) h(Bi+1) = Mh(p;) for all i € {1,...,n —1}.

Throughout the proof, we need to collect some restrictions on these (and other) constants.
At the end, we have to choose the constants such that we derive a contradiction. Part (C)
should remind you on the assumptions of Roth’s Lemma [3.4.1} In order to be able to apply
Roth’s Lemma, our first restriction is

(C) M >2.

Applying these assumptions, gives in particular

" 1 " 1 <1 1 M 2
> <Y o < on =1 1) S 7 (3.28)
ShB) TS LM T &S IMI LA\M-1) T L
and hence for any D € N
" D - 1 2D
——| <D < —. 3.29
2 {h(ﬂj)J Pl < T (329
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3.5.2 Construction of the Polynomial

As noted several times before, we aim to use an auxiliary polynomial. This was constructed

in Theorem Looking into the assumptions of this theorem, we see that we need an

e € (0,1), and we need to bound the local degrees of the polynomial that we want to construct.
(D) We choose a real number ¢ € (0,1/2), and assume that n > 410g(2(Q():0))

€

(E) For some D > h(3,) we set r; = |[D/h(B;)| for all i € {1,...,n}.

Then by Theorem there exists a polynomial P € Z[x1,...,zy] \ {0} such that
o deg, (P) <r;foralliec{l,...,n},
e Indy,(P) > 5(1 —¢) where a = (o, ..., a), and

o hp(P) < (S 1) (log(®) + b)) "< 22 (log(4) + h(a))
=

In the formulation of Theorem [2.6.5 we have an estimate for h(P) instead of hp(P). But we can
safely assume that the coefficients of P are coprime, and in that case we have h(P) = hp(P).
Next, we want to apply Roth’s Lemma To do this, we have to check the assumptions.
Hence, let 0 € (0,1) be a real number. We start with ;41 < r;o for all i € {1,...,n — 1}.
Roughly, r; is almost equal to D/h(3;), and asymptotically this statement becomes more and
more precise, with increasing D. So we should think of D as a very large integer. With
T R %, we find that in order to verify 7,41 < r;0, we should assume M > o~'. To keep
things simple, we thus assume
M > 20~ L,

If D is large enough to satisfy

D
T <9 Vie{l,...n},
D h(E) = (o)
then for all 4 € {1,...,n — 1}, our choice of M implies
D (c Dh(5;)
— <o :; <o
M(D - h(B)) — h(Bi+1)(D — h(B:)) ~
D D
- §a-( | —1) —  |ID/h(Bis1)) < o - |D/H(B)]-
h(Bi+1) h(Bi) —_— —_—
=Tit1 =r;
Similarly, if D is large enough to satisfy
D )
< - ) - .
by S Tiethnh (3.30)

then
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implies r;h(83;) > o~ (hp(P) + 4nrq) for all i € {1,...,n}. Now we can indeed apply Roth’s
Lemma |3.4.1, and we conclude that Ind g ,)(P) < 2not/2""" . This means, that for some Od,
with a

dy

2n1

d,
.4 2 < 2neY

3.31
r Tn (3.31)

we have 04P () # 0. Moreover, we conclude
Ind(qr)(9gP) = Ind sy (P) — onot/2 (3.32)

We want that this index is still “large”. Therefore, we fix ¢ = (5%)2"71, which leads to the
following estimates for M and L:

7271—1

(F) M>2- (5%) , and

(GQ) L> (272" - (301 + 5n).
Under these assumptions, we get:
Lemma 3.5.7. For all D € N satisfying
(H) D = 5h(5,)
there exists a polynomial Q € Zlx1,. .., xy] such that
(1) deg, (Q) < forallic {1,...,n},
(i1) Td(g(Q) = (4 —3¢)n,
(iii) Q(B) # 0, and
(iv) hp(Q) < 4C1 2.

Proof. First we note that condition (H) implies (3.30). We set Q = 04P, with d as in
(3.31). Then we immediately see that (i) and (iii) are satisfied. Moreover, we know that

Ind,, 7m)( ) 5(1—¢),and o = (5%)27171. Plugging this into (3.32)) gives (ii). By the Leibniz
rule (cf. ), we know that the coefficients of () are increased compared to the coefficients

of P at most by a factor of [[}~ (LT /2j) < oritedrn ~Z 92D/L Hence,

he(Q) < log(2”/) + he(P) < “Plog(2) + ¢ 22 <40y%D

Zlog( )

proving the lemma. O

3.5.3 Bounding the Size of the Polynomial Value

We want to measure the “size” of the non-negative value Q(f). We will do this, by estimating
> ve My Ao log( ‘Q ‘ Since Q(B) # 0, the product formula [2.2.16|gives us the precise value,

namely

> dulog(|Q(B)] ) =0. (3.33)

veEMg
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The aim is to find a contradiction to this equality.

For any v € Mg the maximum of all summands in the representation of Q(3) is less then
1Ql,, - ITj=; max{1, |ﬁj]v}deg“”j @, Moreover, there are at most [j_, (deg,,(Q)+1) summands.
Since deg, (Q) < r; for all j € {1,...,n} we conclude that

log(rj +1)
rj

log(|Q(8)] ) < log(|@,) +Z7“g <log(max{1 [651,3) +

> Vove Mg, (334)
7=1

where
5 = {O if vtoo

1 ifv|oo.
Next, we are going to improve this bound for all v € S. Hence, from now on we will assume
veSs.

Keep in mind, that vaguely spoken the f3;’s are chosen such that [o — 3;|, is small. Hence,
we want to represent Q(3) using terms of the form a — ;. But there is a well-known way to
do this. We just use theiTaylor expansion of () centred at a. Since our differential operators
0q already take care of the correct normalization. This Taylor expansion reads

= > 94Qa)(a— B)™ - (a = Bp) ™. (3.35)

deNp

We have to estimate two things. First we will estimate ladQ(g) ,» and then we will use our
assumption ([3.26]) to estimate the v’-absolute value of the other factors. By construction of

@ (see Lemma [3.5.7)), we have
d 1

04Q(a) =0 V d e Nj such that 4 +.oo+ — < (5 —3e)n. (3.36)
= r1 Tn 2
Moreover, by elementary properties of the derivatives 9;Q () = 0 if we have d; > r; for some
j€{1,...,n}. Hence, we may assume that d; <r; for all j € {1,...,n}.
Again, we use the standard way of estimating ]84@(@) , from above, by multiplying the
maximal size of a summand with the number of non-zero summands. This gives

n

61}
|a¢Q(g)|U, <@l - H (;j) max{1, |a|v,}’"ﬂ"di (rj —dj + 1)%

j=1
n

< |Q’v/ . H 90uT; max{1, |a|vl}7‘j—dj (Tj + 1)&;
j=1

which implies

lo8((0,0(@)1,,) < 1og (1@, + log(max{1, al,) Y (r; — »>+i(log<2>+l°g<”+”> bur,

j=1 j=1 T
3:29) 2D
tog(|@l,) + 2 log(max{1, al,,)

— log(max{1, ||, Zd] + Z (log 0g(7ﬂ]+)> 0y (3.37)
=1

j= g=1 "
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As in Lemma [2.1.25( we have for all j € {1,...,n} the estimate
lo = Bjl,, < min{l, |a — ﬁj\v,}Q‘S“ max{1, o, } max{1,|5;|,,}
This yields

n

< [04Q(@)],, TT (min{1, o — By, 12 max{1, |al, }max{1, |3, )

/ J=

J J < 104Q(a o (H min{1, o — ﬁj|v/}dj) 90v D1

J=1

94Q() [ (a— ;)%
7=1

(2

Jj=1

n n
. (H max{1, |ﬂj|v,}”> max{1, |oz|vl}zj=1 &
Taking the logarithm, and combining this with (3.37)) gives

log(

(10aQ(c H a— B;)"

,U/

n

2D
<10g(1Ql,) + - log(uax(L ol) —logtmax{1,fol) 3

Py <log<2> - ‘C““) Sury + 3 dy og(min{L, | — By1,,}) + log(2)6, 3
j=1 J j=1 j=1

+ Z r;log(max{1, 5|, }) + log(max{1, |a],}) Z d;

j=1 J=1
=log(|Q],) + — log(max{l ) + Z rjlog(max{1,|8;],})
j=1
+ Z <log(4) + W) O + Z djlog(min{1, |o — 8], })
- log(|Q|,) + % log(max{1, |a|,}) + er (log(max{l, 1Bil,}) + W5v>
i=1 j
2D v .
+ T log(4)d, + Z djlog(min{1, |a — B;],}) (3.38)
j=1

We almost got rid of the dependence on d. This is good, because we want to estimate ’Q( B8,
and hence (keeping the Taylor expansion in mind) we need to find the maximum of all
the non-zero ‘8¢Q(Q) (e — Bj)%

- Smce such a term is zero if some d; > r;, there are
v
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at most [[7_;(r; + 1) non zero terms. Hence, (3.38) and (3.36) imply

)+ i log(rj + 1)d,

log(‘Q(@)‘v) < max log(
’ J=1

deNp
di/r1+..4dn/rn> (% —3e)n

adQ H o = 5]
7j=1

v

<log(|@Q],) + ? log(max{1, ||, }) + i T <log(max{17 1851, 1) + 210g(?”j+1)5v>
j=1

J

2D "
+ = log(4)d, + max {> djlog(min{1, o — B;],,})}
dl/rl—&—...—&—gn/ronZ(%—Sa)n =t
(3.39)
Let us abbreviate
/
m/ax = max and min = min
deNp deNn
d1/r1+...+dn/rn2(%—3a)n d1/r1+...+dn/rn2(%—36)n

Then, with and , we conclude
> dulog(|Q(8)] )

UEMK
21 i+ 1
< Z dy log(|Q],) +Zr] Z <dvlog(max{1,]ﬁj|}) +Og(Tﬂ'+)5vdv>
vEMK veEMp Tj
+ Z Oy d —i—Z—d log(max{1, ||, })
vEMEK vES
+ Z méx{z djdylog(min{1, |a — B;],,})}
vES j=1
- 2log(r; + 1 2D
=dhp(Q) + Y _r;d (h(ﬁj) + g(r”)> +d=—log(4)
= J
+ Z d log(max{1, |, }) + Zmax{Zd idy log(min{1, o — 35|, })}-
vES vES 7=1

Here we have used that the sum of all d,,d,’s is the sum of all the local degrees over oo, which
is equal to [K : Q] = d. We know a bound for hp(Q) from Lemma Moreover, we have
T‘jh(ﬁj) = LD/h(,BJ)J h(ﬁ]) < D. We define
Cy = 4C4 +1og(16) + 2 Z dy log(max{1, |a|, }),
veS

which is a constant only depending on the data «, .S, K. Then the last formula reads

> dulog(|Q(B)] ) <d- ((n + 2D max (=

veEMK

+ Z méx{z djd, log(min{1, |a — 3;],,})}- (3.40)

veS j=1
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All that is left to do, is to find an upper bound for

3 max{>" d;d, log(min{1, o — 5;], })}-

vES j=1

Luckily, we have come across these minima before, while we were studying the approximation
classes. Hence, here we need our assumption (A) that the approximations fi, ..., 3; all lie in
the same approximation class C(NV, (iy)yes). With this information, we get

> max{z djd, log(min{1, | — 3|, } Z max{z d log Bi))}
veS j=1 veS

Z max{z d 2 (—kdh(B}))} = —kd (Z jv> min{z d;h(B;)}

veES veS j=1

B.5.0 ’S| '
< —kd (1 — N> mln{jz::l d;h(B;)}
As an exercise you can conclude

Zmax{Zd idy log(min{1, [a — ;| ,,})} < —md( |§7|> (D — h(ﬁn))(% — 3e)n.

veS =

We plug this into (3.40), and use the brutal estimate maxlgjgn{%} < 2log(D), to
finally get

> diios|Q(@)]) < - (00+ L0+ n2108(D))

veEMK

~ d (1 - 'fr') (D~ h(B)(5 — 3e)n. (3.41)

This obviously depends on all the chosen parameters n, L,e, D, N, and more hidden it also
depends on M. All these values have to be chosen according to (A)-(H). However, there is
no further dependence on any other values not among the given data S, a, K.

3.5.4 Conclusion

For elements n, N, M, L, e, D that satisfy the conditions (A)-(H), we combine (3.41]) and (3.33])
to achieve

kd (1 _ ‘Jff‘) (D - h(ﬁn))(% 3 <d. <(n + %)D +n2 log(D)> ,

which is equivalent to

Now it is time to fix the parameters. Since we assume k > 2, there is an € € (0,1/2), and
and a positive integer N such that (3 — 3¢)(1 — |S‘) > 1. We fix such elements € and N.
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Then we fix an integer n that satisfies (D), and an M that satisfies (F). Lastly, we let D and
L tend to infinity, so that the left hand side of is greater than 1 and the right hand
side is equal to 1. This is finally a contradiction, which proves that our assumption
was incorrect. This finally proves Roth’s theorem [3.0.T

Remark 3.5.8. Although it seems to be impossible to derive with these methods an effective
lower bound for A(B) - H(B)%", it is possible to calculate an effective upper bound for the

number of 8 € K satisfying (3.26)).

Exercises

We use the notation from the previous section!

Exercise 3.8. Prove that for any N € N there are strictly less than 2V*IS! non-empty
approximation classes of size 1/N.

Exercise 3.9. Set a = /7, K = Q, and S = {00, 3}. Choose extensions of co and 3 to Q(«),
and find S, B2, B3 € Q such that

o |-l <1,and |a— Fily > 1.
o la—fil >1,and |a— By < 1.
o |a—p1 <1,and |a— Fi]y < 1.
Exercise 3.10. Prove the inequality
! - 1
min {Z djh(ﬁj)} 2 (D = h(Bn))(5 — 3¢e)n.
j=1

Exercise 3.11. We consider the linear equations

Li(z) = z1 + V2x9 + V323,
Lo(z) = 1 — V229 + V313,
Ls(z) = 1 — V222 — V3a3.

Prove that for any § € (0, 1) there are infinitely many triples a = (a1, az, a3) € Z? such that
0 <|Li(a) - La(a) - Ls(a)| < H(a)™.

Hint: You don’t need Roth’s Theorem for this exercise.

3.6 Generalizations

The version of Roth’s theorem that we have just proved is already quite general compared to
Roth’s original result (Theorem [1.1.17). But a beautiful (and sometimes scary) property of
mathematics is that you can almost always generalize further. However, we will concentrate
on generalizing the concept and therefore we will stick to the setting of the usual archimedean
absolute value |.| on the field Q.

The “multi-dimensional” version of Roth’s theorem is Schmidt’s subspace theorem, which we
will not prove here.
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Definition 3.6.1. Let K be any field and n € N. A linear form over K is just a homogeneous
polynomial of degree 1 with coefficients in K.
A hyperplane in K™ is a subvector-space of K™ of dimension n — 1.

Theorem 3.6.2. Let n > 2 be an integer, and let Li,...,L, € Q[x1,...,z,] be linearly
independent linear forms. For all € > 0 there are finitely many hyperplanes T, ..., T, of Q"
such that all p = (p1,...,pn) € Z"™ with

(3.43)

1
L ...Ln
‘ 1(p) (B)‘ < max{[p1|,...,[pal}*

lie in the union Ty U ... UT,.

Remark 3.6.3. The statement that theses vectors p € Z" lie in a finite number of hyperplanes
means that there are very few of them. All solutions of lie in something of dimension
less then n. Hence, if n = 2 then all these vectors lie on a finite number of lines.

But we may wonder nevertheless whether there are indeed only finitely many vectors p € Z"
satisfying satisfying . But if there is a p # 0 such that L;(p) = 0 for some i € {1,...,n},
then L; vanishes for every element in Z-p. Hence, in this case is satisfied for the infinitely
many integral vectors from Z - p. But this is not the only obstruction! In the exercises you
have shown that there is an example such that also the equation

1
0<|Li(p)-- L.(p)| <
‘ 12) "@’ max{|pi|, ..., |pnl}

is satisfied for infinitely many p € Z".

Remark 3.6.4. As in Remark we may multiply the right hand side of (3.43) by any
constant without violating the statement.

This may not look like a direct generalization of Roth’s theorem. The connection becomes
more obvious if we look at the following corollary.

Corollary 3.6.5. Let n € N be arbitrary and let o1,...,0n, € Q such that 1,01,...,ap
are Q-linearly independent. Then, for every € > 0 there are at most finitely many tuples
(p1,- -y Pn,q) € Z" X N such that

_ b

p Vie{l,...,n}. (3.44)

Q

q1+%+s

Proof. Let (p1,...,pn,q) € Z™ x N satisfy (3.44]). Then we have

n n
pi 1
(H lviq —Pz“> “|ql = (H QG — EZ ) M < P (3.45)
i=1 i=1
Moreover, we know that for all i € {1,...,n} we have
P P
1> Oéi—j > j —lal = pl < q- (14 o).

If we define C' = max;<j<n(1 + |a;|), then this implies
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Combining (3.46) with (3.45)) shows that we have
n cne
H laig —pil | - lg| <
i=1

max{[p1] ..., |pnl,[q|}"
Hence, for all i € {1,...,n} we define the linear forms L;(z) = a;zn+1 — i € Q[z1,. .., Tpi1],
and set Lpi1(z) = zp41 € Qlz1,...,2p+1]. Since any of the linear forms Ly, ..., L, has
a variable that does not appear in the others, they are linearly independent. The linear
independence of x1,...,Zy11 then implies that also Ly, ..., L,4+1 are linearly independent.

Therefore, the subspace Theorem m (for ne) implies that there are finitely many hyper-
planes Ti,...,T, € Q"' such that (p1,...,pn,q) € Z" x N lies in Ty U ... U T,. Here we
have also applied Remark So by now we know that there are very few tuples satisfying
. We are left to prove that all of the hyperplanes T' € {T},...,T,} contain at most
finitely many of such tuples.

By basic linear algebra, we know that every such 7' is given by a single linear form; i.e. there
is a linear form L € Q[z1,...,2p41] \ {0} such that

T ={acQ"""L(a) =0}

(just choose as a coefficient vector for L a non-zero vector in the orthogonal complement of
T). We write L(z) = c1x1 + ...+ ¢nt1Znt1. Then for any (p1,...,pn,q) € Z™ x N, in T that

satisfies (3.44])), we have
61(061(] - pl) +...+ Cn(anq - pn) + Cnt1qn+1
=L(qo1 — p1,...,q00m — Pn, Q)
=q(cra1 + ...+ cpan + cny1) — (aap1 + .-+ cupn) -

=—Cn+149

We subtract ¢,11q on both sides and take the absolute value to conclude
- 1
qleiar + ...+ cpan + g1 - 1 = |a(arg —p1) + ... F en(ang —pn)| < Z leil | ¢ °.
i=1

But since ag, ..., ay,, 1 are Q-linearly independent and not all of the ¢;’s are equal to zero, we
know that |cia + ... + cpan + ¢ng1 - 1| # 0. Hence, ¢ is bounded from above. But now
implies that max{|pi|,...,|pn|, ¢} is bounded from above. This means that there are at most
finitely many (p1,...,pn,q) € Z" x N in T satisfying . This proves the corollary. O

Remark 3.6.6. The case n = 1 in Corollary [3.6.5]is precisely Roth’s Theorem [I.1.17] This is
due to the assumption that ag,...,a,,1 are Q-linearly independent. This implies in partic-
ular, that non of the «a;’s is a rational number. Hence, the subspace Theorem [3.6.2] is indeed
a generalization of Roth’s theorem.

We will not state the general subspace theorem for arbitrary number fields and a finite set
of absolute values. But still we mention that such a generalized theorem does exist. As an
application of this result one can prove the finiteness of the generalized unit equation.

Theorem 3.6.7. Let K be a number field, and n € N be arbitrary. There are at most finitely
many ai, ..., o, € O such that

a1+ ... +a, = 1,
and Y ;er o # 0 for all non-empty subsets I C {1,...,n}.



3.6. GENERALIZATIONS 107

Since we have already skipped the formulation of the Subspace theorem, we skip the proof
of this application as well. Note that the assumption on the non-vanishing of any subsum is
necessary. Otherwise you could for instance take the infinitely many solutions a+(—a)+1 = 1,
a € OF, for n = 3.

As a last part in this Chapter on Roth’s theorem, we will discuss the abc-conjecture.

Definition 3.6.8. The radical of an integer n € Z \ {0} is the product of all different prime
numbers which are divisors of n. We denote the radical of n by rad(n). Formally:

rad(n) = [] »

pln
p prime

abc-Conjecture 3.6.9. For all € > 0 there exists a constant C(€) such that for all coprime
a,b,c € N, with a + b = c, we have

¢ < C(e)rad(abe)' ™.

It is tempting to fix an € and a constant C'(g), to get a special (but effective) conjecture. The
following version is the most prominent.

abc-Conjecture 3.6.10. (weak version) For all coprime a,b,c € N satisfying a +b = ¢ we
have
¢ < rad(abc)?.

Remark 3.6.11. In both versions of the abc-conjecture you may replace a+b = ¢ for natural

numbers a,b,c, by a + b + ¢ = 0 for non-zero integers. Then the abc-conjecture bounds
max{|a|, |b], |c|} from above in terms of rad(abc).

Example 3.6.12. A reformulation of the weak abc-conjecture is, that log(c)/log(rad(abc)) <
2. Hence, in order to search for a counterexample to the weak abc-conjecture, we have to find
positive integers a, b, ¢, with a + b = ¢, such that log(c)/log(rad(abc)) is large.

(a) 1+ 23 = 32 gives log(c)/ log(rad(abc)) = log(9)/log(6).
(b) 2+ 3%0.109 = 235 gives log(c)/log(rad(abe)) = 5log(23)/log(2 -3 - 109 - 23) = 1,6299...

This is the currently largest known value for log(c)/log(rad(abc)). It was constructed by
Eric Reyssat.

Let us shortly give the idea how to construct examples of triples with log(c)/ log(rad(abc)) > 1:
If we take a positive integer A and a convergent f}’—: of ¥/A. Then

VA = Pn + (error term of absolute value <
an Andn+1

).

But this means that ¢* A — p¥ is roughly of size p*~'/g,+1, which is small compared with pf
and ¢F. This is, using a,b,c € N among £(¢*A — pF), +pF, and +¢F A to satisfy a +b = ¢, we
expect

log(c)/log(rad(abe)) > log(qpnA)/ log(pngnApy " /an+1) > 1.

Moreover, if p,, g, or qﬁA — pfl has any prime power factors or g,41 is large, we expect that
the left hand side is much larger than the right hand side. To give things names, we note
that v/109 = (2,1,1,4,77733,...). The third convergent of v/109 is %. Hence, 23°, 9°109,
and —(23° — 95109) = 2 gives the example above. This example is that good, since we have
the huge term 77733, and 9 is a prime power.
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Remark 3.6.13. This is a very popular conjecture in number theory. It was in the news
for quite some time since a very well established mathematician, Shinichi Mochizuki, claims
since 2012 to have found a proof of (a generalized version of) the abc conjecture. His work
contains roughly 500 pages, and most mathematicians do not understand too much of what
is going on there. However, in 2018 Peter Scholze and Jakob Stix (also most respected
mathematicians) reported to have found a fundamental error in Mochizuki’s proof. They
give an precise explanation on where this error occurs. It exists a written answer to this by
Mochizuki, which unfortunately does not shed any light on the issue. I will deliberately not
take any position concerning the correctness of the proof. But what I can certainly claim,
and give you as an advice: A mathematical proof is worthless, if it is not written in a way
that experts in the field can understand it. (In your case you should replace “experts in the
field” by “your lecturer”.)

However! Why on earth does this number theoretical conjecture appear in a chapter on Roth’s
theorem? The answer is the following rule of thumb:

abc = everything

Example 3.6.14. The weak abc-conjecture [3.6.10| implies Fermat’s last theorem; i.e. for any
integer n > 3 there are no integral solutions (a, b, c) € N? to the equation 2" + y" = 2",
Assume there are a,b,c € N such that a™ + "™ = ¢". Then the weak abc-conjecture tells us

" < rad(a"b"c™)? < (abe)? < 2.

Hence, we must have n < 6. Now the statement follows from the fact that Fermat’s last
theorem for n = 3, n = 4, and n = 5 is well known. The cases are due to Euler, Fermat, and
Dirichlet and Legendre.

You can guess what we are going to prove next:
Theorem 3.6.15. The abc-Conjecture implies Roth’s Theorem [1.1.17,

To prove this we need some results concerning ramified morphisms. Some of you have already
visited courses on algebraic geometry, others not. Hence, we will only recall the basic defini-
tions in the special setting we are going to use. The results from algebraic geometry will be
used as a black box.

Definition 3.6.16. Let F be a subfield of C. A morphism of degree d from PV (C) —

PM(C) is given by homogeneous polynomials fy,..., far € F[zo,...,zn] of degree d, such
that fo,..., fas have no non-trivial common root. The morphism is defined over F, if the
polynomials fy, ..., fasr can be chosen from F[xg,...,zN].

Remark 3.6.17. Let F be subfield of C. If [a : b] € PY(F) with b # 0, then we have
[a:b] = [a/b: 1]. Hence, we can regard P'(F) as the set F'U {oco}, by identifying [a : b] with
a/bif b# 0, and [1:0](= [a : 0]) for all a # 0) with oco.

Then any rational function u(z)/v(z) € F(x) of degree d can uniquely be identified with a
morphism from P! to P'. We first cancel out common factors, so that u and v are coprime
and d = max{deg(u),deg(v)}. This implies that U(X,Y) = Y%(X/Y) and V(X,Y) =

Y% (X/Y) are homogeneous polynomials of degree d without a non-trivial root. Hence the
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map ¢([a : b]) = [U(a,b) : V(a,b)] is a morphism. Moreover, we have for all a,b € Q with
b#0

wab) it y(a/b) # 0
a D) = (b : Via b2 d o@/b)
¢(la: b)) = [U(a,b) : V(a, )] {oo if v(a/b) = 0.

Hence, this morphism is compatible with our identification of P*(F) with FU{oc} and extends
the rational function u(z)/v(x) to the point at infinity.

This transformation works in both directions. This is, given any morphism [U(X,Y) :
V(X,Y)] defined over F, there are u,v € F(x) such that the morphism coincides with the
map u(z)/v(z). In particular, when working with a morphism on P! to P! at a point different
from [1 : 0], we can safely regard the morphism as a well known rational function in a single
variable. Using this conceptions, it is clear that the composition ¢ o ¥ of two morphisms
@, ¥ : P! — P! is again a morphism.

In the exercises we have already come across the generalization of Theorem [3.1.1] which we
recall here:

Theorem 3.6.18. Let ¢ : PN(Q) — PM(Q) be a morphism of degree d. Then there is a
constant c, only depending on ¢ such that for all P € PN (Q) we have

¢ H(P)' < H(p(P)) < e H(P)"

Definition 3.6.19. A morphism ¢ : P}(C) — P}(C) of degree d is ramified at a point
P € PYC), if |{Q € PY(C)|p(Q) = P}| < d. Consequently, ¢ is unramified at a point P, if

{Q e PHO)lp(Q) = P}| =d.

Note that by the preceding remark and the fundamental theorem of Algebra it is obvious that
for all P € P!(C) we have [{Q € P'(C)|p(Q) = P}| < d. Moreover, one can prove that there
are at most finitely many points in P!(C) at which ¢ is ramified.

Lemma 3.6.20. Let ¢ : PY(C) — PY(C) be a morphism of degree d defined over Q given by
(X Y]~ [UX,)Y):V(X,Y)]. Weset W(X,Y)=V(X,Y)-U(X,Y), and factor U,V,W
over Q[X,Y] into

UX,Y)=U,(X,Y)" ..U (X,Y)*™

VX,Y) = Vi(X,Y)" - V(X Y)™

W(X,Y) =W (X, ) - Wy (X, V),
where the factors Uy, ..., U, are irreducible in Q[X,Y]| and pairwise distinct, and so are the

Vi,...,Vs and the Wy, ... , W;. Then
(i) the factors Uy, ..., Up, Vi,..., Vs, W1, ..., W are pairwise distinct,
(ii) |{Q € PH(C)|(Q) = [0: 1]} = 3i_, deg(U),

(iii) {Q € PY(C)lp(Q) = [1: 0]}| = 327, deg(V7), and

(iv) {Q € PH(O)|p(Q) = [1: 1]}| = 3Zi_, deg(W5).

Proof. U and V have no common factor by the definition of a morphism. Since W =V — U,
also W and V, resp. W and U cannot have a common factor. This proves part (i). For the
other parts, we only have to note that
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o ¢([a:b]) =1[0:1]if and only if U(a,b) =0,
o ¢([a:b]) =1:0]if and only if V(a,b) =0,
o ¢([a:b])=11:1]if and only if W(a,b) = V(a,b) — U(a,b) = 0.

Since any irreducible binary form (homogeneous polynomial in two variables )of degree k has
precisely k different roots in P!(C), the lemma is proved. O

Now we present two results for which we need all of this.

Theorem 3.6.21 (weak Riemann-Hurwitz Formula). Let ¢ : P}(C) — PY(C) be a morphism
of degree d. Then we have

2-2= Y (d-|{QeF'©lp@ =P}]).

PeP1(C)

The proof should be part of any algebraic geometry course. Otherwise, you can find this
special version in [12].

Lemma 3.6.22 (Belyi’s Lemma). Let ¢ : P1(Q) — PY(Q) be a morphism of degree d > 1
defined over a number field K, and let S C PY(Q) be finite. There exists a morphism ¥ :
PHQ) — PY(Q) defined over K such that the morphism ¥ o ¢ : PL(Q) — PY(Q) satisfies

(i) W o is unramified outside {[0 : 1],[1:1],[1: 0]}, and

(ii) Wop(S) C {[0:1],[1:1],[1:0]}.

Note that the set {[0: 1],[1 : 1],[1 : 0]} is the same as {0, 1,00} if we use rational functions
in Q(x). The proof of this result can be found in [I], Lemma 12.2.7.

With these two black-boxes we can prove that the abe-conjecture implies Roth’s Theorem
LII7

Proof of Theorem[3.6.15 We fix an algebraic number a of degree d > 2 and an ¢ > 0.

Moreover we assume € < d which is of course no restriction at all. We have to prove that

there is a constant c¢(a, ) such that )a — %‘ > |Cq(|o‘2f2 for all coprime p, q € Z.

We denote the minimal polynomial of o over Z by f(z). This polynomial is in particular
a morphism from P!(Q) to P}(Q), defined by [a : b] — [F(X,Y) : Y], with F(X,Y) =
Yef(X/Y). Let S C P(Q) be the finite set of roots of f(z). By Belyi’s Lemma there
is a morphism ¥ : P}(Q) — P*(Q), such that ¢ = ¥ o f is defined over Q, and

(i) ¢ is unramified outside {[0 : 1], [1 : 1],[1 : 0]}, and

(i) @(S) = W(f(S)) = ¥([0:1]) € {[0: 1], [1: 1], [1: 0]}

Let 7 be any of the morphisms [a : b] — [b: a] or [a: b] = [b—a : b]. Then 7o is the identity
map. Hence, for all P € P}(Q) we have

{Q e PL@ITov(Q) = P} = {Q e P @)Ip(Q) = m(P)}]-
Since we have also

T(P)e{[0:1],[1:1,[1:0]} < Pe{[0:1],[1:1],[1:0]},
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we may replace U by 7o ¥ without violating assumptions (i) and (ii). Hence, we may assume
that

U([0:1])=1[0:1]. (3.47)
Let n > d be the degree of ¢, and let U(X,Y),V(X,Y) € Z[X,Y] be homogeneous polyno-
mials of degree n such that ¢ is given by [a : b] — [U(a,b) : V(a,b)]. Moreover, we define
W(X,Y) = V(X,Y) - U(X,Y) € Z]X,Y], which is still homogeneous of degree n. The
associated “dehomogenized” polynomials in one variable, are u,v,w € Z[z| such that

W(X/Y) = %U(X,Y), o(X/Y) = %V(X, V), w(X/Y)= %W(X,Y).

Since « is a root of f, we have ¢([a : 1]) @ U([0:1]) =[0:1]. Moreover, u(z) and v(x) have
no common factor in C[z|. We conclude

uw(a) =0, v(a)#0, wla)=uv(a)—u(a)#0. (3.48)

As in Lemma [3.6.20] we factor

UX,Y)=ulU (X, Y)" - U (X,Y)"
V(X,Y) =0Vi(X,Y) - V(X,Y)b
W(X,Y)=woWi (X, V) - - Wy (X, V),
with U;(X,Y),Vi(X,Y),W;(X,Y) € Z[X,Y] irreducible, and ug,vo,wg € Z. Since ¢ is

unramified outside of {[0: 1], [1 : 1],[1 : 0]}, the Riemann-Hurwitz Formula |3.6.21] tells us

m-2= Y (n-[{QeP(©Qe(Q) = P}|)

Pe{[0:1],[1:1],[1:0]}
T S t
E520 (n - Zdeg(Ui)> + (n — Zdeg(‘/%)> + (n - Zdeg(Wﬂ) :
i=1 i=1 i=1
Thus,
T s t
n+2=> deg(U;)+ > deg(V;) + Y _ deg(W5). (3.49)
i=1 i=1 i=1

By (3.48) we have U(a, 1) = u(a) = 0. In particular, since F(X,Y) = Y?f(X/Y) € Z[X,Y]
is irreducible (recall that f is the minimal polynomial of «), we may assume

U1(X,Y) = Y[ (X/Y).

Now, where the black-boxes have been applied, we can start with the construction of the
lower bound for rational approximations of c. Since Roth’s theorem is trivial for & ¢ R we
may assume « € R. Hence, let p,q € Z be coprime, and consider the approximation ‘a — %),
which we want to bound from below. To this end, we may assume right from the start that
p,q € Z are chosen such that ’a — g‘ is small. More precisely, we will assume that ’a - g‘ is

small enough to satisfy

(A) |a = 2| < 1, which implies [p| < (1 +|a]) |q] (see (3:46)).

=co ()
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(B) |v(p/q)| > c1(a) > 0, which is possible since v(a) # 0 by (3.48).

(C) |f(¢)| >0 for all ¢ € R with |a— (| < ‘oz — 21, which is possible since f'(a) # 0.

(D) U(p,q)V(p,q)W (p,q) # 0, which is possible since uwvw only have finitely many roots.

These co(«), ci(a) are constants only depending on «. There will come some more of these
constants, all denoted by c;(a). For instance we define ca(a) = max|q_¢j<1 |f'(¢)]. By the
mean value theorem, we have |f(p/q)| = |f(p/q) — f(a)| = ‘a— %‘ “1f(¢)] for some ¢ € R

(4)
such that |( —a] < ‘a — %” < 1. Hence, by assumption (C) we can conclude that

x(e)]a—2| 2 f(Z) (3.50)

Hence, we have to bound f(p/q) from below. We will come back to this observation at the
end of the proof.

Since U(X,Y),V(X,Y),W(X,Y) have no common factor (see Lemma [3.6.20), we have a
morphism

®:PH Q) — P*Q) ; [a:b] [U(a,b):V(a,b): W(a,b)]

of degree n defined over Q. By Theorem [3.6.18| there is a constant c¢4(a) > 0 only depending
on ® (and ® only depends on ¢, and ¢ only depends on ¥ and f, and ¥ only depends on f,
and f only depends on «) such that

H(lp:q))" < ca(@)H(2([p: q])) = ca(@)H([U(p,q) : V(p, q) : W(p,q)]).
Since p, q are coprime and U(p, q), V(p, q), W(p, q) € Z, this is nothing but

max{|U(p, )|, |V, 9|, 1W(p, I}
ged(U(p,q), V(p,q), W (p,q))

max{|p|,[q[}" < ca(a)

The usual estimate

|U(p, q)| < (maximal coefficient of U) - (number of non-zero coefficients of U) - max{|p|, |q|}"

<n+1
(3.51)
(and for V and W as well) yield that there is some constant ¢s(«) > 0 only depending on «

such that
max{|p|,[q|}"

ged(U(p, ),V (p,0), W(p,q))’

max{[p|, [¢|}" < es(a)

and hence
ged(U(p, q), V(p,q), W(p,q)) < cs5(a). (3.52)

We set

. U(p,q)

gcd(U(p, q), V(p,q), W(p,q))
o Vip.q)
ged(U(p, q), V(p,q), W(p,q))
W(p,q)

Cc = .
ged(U(p, ), V(p, ), W(p,q))
!'Note that this inequality leads to Liouville’s theorem
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These are coprime non-zero (see (D)) integers satisfying a + b+ ¢ = 0. We can apply the
bound ({3.51)) for every factor U;, V;, W; to conclude

N (A) _ (349 _
|Us(p, q)| < eo(a) max{|p|, |q[}48U) < co(a)eq(a)des® g2l " cg(a)ep ()2 [g|deal)

(and the same holds for V; and W;). Since taking the radical of an integer means to erase all
exponents from the prime-factorization, we know that

rad(abe) < |ugvowo Ui (p,q) - - Ur(p,q) - Vi(p,q) - - Vs(p, @) - Wi(p, q) - - - We(p, q)
——
=F(p,q)
< |F(p. )] - er(a) Jg| 2080 2 Qo deslVi ey s

E1) di2in
= cr(a) [F(p, q)| lg| """ (3.53)

Now it is finally time to apply the abc-conjecture for ¢/ = £ > 0. This tells us, that
there is a constant C'(¢') > 0 such that

/ " ’ / /
max{|al, [B], ||} < C(e) rad(abe)'* "< C(e)er(a)' = |F(p, q)|'+e |q| T+,
But we already know that
V(p,q) B32) _ “1pm
o] = > cs5(@) M Vi(p,q)| = es(a) g™ [o(p/q)|

ged(U(p,q), V(p.q), W(p, q))
(B) 1 n
> cs(a) er(a) g™
Hence, plugging this into the last displayed formula and combine all constants, gives
la" < Cole, ) |F(p, q)] '+ g~ 0+
d B d—2-n—< d—2—¢
= |q*1f(p/a)l = |F(p,9)| = Ci(e, @) |q] e = Ci(e, ) |q]

(B-50) P 9
gl es(a) \a - q| > Ci(e,a) gl 2

— ola) 'a _ g‘ > (e a) g2~ (3.54)

for some constant C(g, ) > 0 only depending on « and e. Noting that cz(a)~1Cy(a,€) is
still a positive constant only depending on « and &, proves Roth’s Theorem O

Remark 3.6.23. In the proof we tried to keep track of how to build the final constant. All
these constants are perfectly effective, once you know that the map ¥ can be constructed
effectively. This is, if one would know the constant C(e) in the abc-conjecture for all € > 0,
then one gets an effective bound in Roth’s theorem!

We conclude by stating an abc-conjecture for arbitrary number fields.
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abc-Conjecture 3.6.24 (for number fields). Let K be a number field, and chose for every
v € M an uniformizer m,. For every e € (0,1) there exists a constant cx(e) such that for
every a € K \ {0,1} we have

(L-9)K Q) < Y log/mly + Y loglt/mlyr+ D log|1/my" + cx(e).

laf, <1 [1—af,<1 [1/af,<1
veMin veMfn veMin

This is unfortunately not as neat as the abc-conjecture over Q (in the exercises you will show
that for K = Q, both abc-conjectures coincide). The statement is incredibly strong. It not
only implies the general form of Roth’s theorem we have proved in the last section, it
also implies a far reaching generalization of the subspace theorem W (and much more, but
let us focus on applications to Diophantine Approximation).

Exercises

Exercise 3.12. Prove that the subspace theorem implies the following: Let a1, ..., an11 € Q
be arbitrary. Then for any ¢ > 0 there are at most finitely many p = (p1,...,ppy1) € Z*!
such that B

0 < |aipr + ...+ anp1pny1| < H(p) " "

Exercise 3.13. Show that the abc-conjecture for number fields [3.6.24] with K = Q, is
equivalent to the abc-conjecture [3.6.9

Exercise 3.14. We know that 23 and 32 are successive integers. The Catalan conjecture,
proved in 2002 by Preda Mihailescu, predicts that no other perfect powers of two integers
can differ only by 1. This is, for any m,n > 2 the equation ™ + 1 = y" has no integral
solution with |z|, |y| > 2 if (m,n) # (3,2). If (m,n) = (3,2), then the only integral solutions
with |z|,|y| > 2 are x = 2,y = £3. Prove that the weak abc-conjecture implies Catalan’s
conjecture.

Hint: You may use that Catalan’s conjecture is known in the following cases:

° (mvn) € {(3> 5)a (533)}'

Exercise 3.15. Prove that the abc-conjecture is false for € = 0.
Hint: You could play around a bit with 32" — 1.



Chapter 4

Linear Forms in Logarithms

This chapter can only serve as an outlook on another important topic in Diophantine Ap-
proximations. As the name suggests, we want to study “the” logarithm function. However,
our (at least my) favourite objects are algebraic numbers. Hence, we want to study log(«a) for
an arbitrary o € Q C C. However, there is no unique logarithm on C. I will briefly describe
what we mean by log(z) for a z € C*. If for some reason this is new for you, please take your
favourite book on complex analysis and learn things properly.

The usual exponential map = — e for all x € R has a unique analytic continuation to C.
Hence, the map z — €7 is an entire function on C. It is defined by the usual power series:

n

z

zZ __

e —E o) vV zeC.
n>0

You should know the beautiful Euler’s formula €™ + 1 = 0. More generally, for any z € C
we have e** = cos(z) + isin(z) (just compare the potential series of cos and sin with the
definition of €*). A logarithm should be an inverse of this exponential function. So, writing
a non-zero complex number in polar coordinates z = |z| e’ for some 0 € R, which indicates
the angle of z with the positive real axes, we want to have log(z) = log(|z| €?) = log(|z|) + i6.
Unfortunately, this 6 is not uniquely determined, since we have e = ei(0+2m) (rotating an
angle by 27 further, does not change anything). Hence log(z) = log(|z|) + (6 + 27) is an
equally good choice for the logarithm of z. The same is true for log(z) = log(|z|) + (6 4 2kn)
for all k € Z. Hence, the inverse of the exponential map is multi-valued.

For the rest of this chapter we fix any real semi-open interval I of length 27, and assume that
log(z) has imaginary part in [ for all z € C*. (This is, we fix one branch of this multi-valued
function.) The results are independent on this choice of I, but nevertheless you should keep
in mind that some choice is involved. In particular, for z,w € C, with z # 0, we set

LW — elog(z)~w

for our choice of the logarithm.

4.1 The Gelfond-Schneider Theorem

We have started this lecture with some results on transcendence theory, and we aim to finish
it by such results. Maybe the most prominent example is the following.

115
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Theorem 4.1.1 (Lindemann-Weierstra8). Let ai,...,a, € Q be pairwise distinct, then the
elements e*, ... e* are Q-linearly independent.

We will not present the proof of the theorem.
Example 4.1.2. We will give the main examples of transcendental numbers:

(i) Forany o € @ the number e is transcendental. Simply chose a; = 0 and ap = . Then
the Lindemann-Weierstrafl theorem gives that 1 and e* are Q-linearly independent. In
particular, e® is not in Q since otherwise e -1 —1-e® = 0 would give a contradiction.

(ii) 7 is transcendental, since otherwise ¢ - m would be in Q", and hence 1 and €™ = —1
would be Q-linearly independent.

(iii) The same argument as in (ii) proves that log(«a) is transcendental for all o € Q" \ {1}.

(iv) If o € Q, then sin(a) and cos(a) are transcendental. Let a € Q" be arbitrary. Then
we set a1 = 0, ap = ia, a3 = —ia, and conclude that ¢’ = cos(a) + i - sin(a),
e~ = cos(a)—i-sin(a), 1 are Q-linearly independent. Hence cos(a) ¢ Q since otherwise
we had the contradictory statement

1-e4+1-e7 —2cos(a) e’ =0.
The fact that sin(«) is transcendental follows in the same way.

Since we still want to prove something, let us prove the next big theorem in transcendental
number theory.

Theorem 4.1.3 (Gelfond-Schneider). Let o, 3 € Q such that o ¢ {0,1} and B ¢ Q. Then
oP is transcendental.

Keep in mind, that o depends on a choice of the logarithm of «. The validity of the
statement, however, does not depend on this choice.

Now you can construct an arbitrary number of transcendental numbers. For instance Gelfond-
Schneider constant 22 is transcendental, and so is the Gelfond constant e™ = (—1)7%. Before
we start with the proof, we give two corollaries (actually the second is just a rewording of the
first one).

Corollary 4.1.4. Let o, 3 € Q, with o # 1, then either {Zggg; €Qor EEEQ is transcendental.

Proof. Assume that there are o, 8 € Q', with « = 1, such that log(8) Q\ Q. Then the

log(a)
Gelfond-Schneider theorem [4.1.3 states that
o log(8)
0[% _ (elog(a)> log(a) __ 6log(ﬁ) — /8
is transcendental, which is nonsense. This contradiction proves the corollary. O

Corollary 4.1.5. Let o, f € Q. Iflog(a) andlog(B3) are Q-linearly independent, and 1,7 €
Q not both equal to zero, then

71 log(a) + y2log(B) # 0.
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Proof. Since log(a), log(3) are Q-linearly independent, we have log(a) # 0 # log(5), and

igggg; ¢ Q. Hence, if 71 log(a) + v2log(B) = 0 for some 1,72 € Q and at least one is # 0,
then actually ;1 # 0 # 9. This implies %gggg g = —% € Q\ Q, which is a contradiction to
Corollary [4.1.4] O

Remark 4.1.6. In Corollary (which is actually equivalent to Theorem we have
considered the homogeneous polynomial of degree one z; log(a) + z2log(f). But we called
a homogeneous polynomial of degree one a linear form. So this is where the name of this
chapter comes from.

As you may guess, the proof of the Gelfond-Schneider Theorem requires some analysis.
In particular, since we mix algebraic numbers o and 8 with o = e#1°8(®) we may have to
mix polynomials with the exponential function.

Definition 4.1.7. An exponential polynomial is a function on C of the form
R(z) = fi(2)e"* + ...+ fn(2)e",
where fi,..., fnv € C[x] are polynomials and 6y,...,0y € C.

As a finite sum of finite products of (the nicest) entire functions, any exponential polynomial
is an entire function. It will turn out that for our purposes it is enough to consider exponential
polynomials where all the polynomials are constant. We will make some easy observations.

Lemma 4.1.8. Let 01,...,0n € C* be pairwise distinct, and by, ...,by € C be arbitrary. We
consider the function R(z) = b1e?* 4+ ...+ byeN?. Then

(i) Some derivative of R(z) is constantly zero if and only if b; =0 for alli € {1,...,N}.

(i) If R(z) is not constantly zero, then for all s € C there is some derivative R¥)(z) of R
such that R%)(s) # 0.

Proof. For completeness we mention that R(z) (and all its derivatives) are constantly zero if
all the b;’s are zero. For any k € Ny the kth derivative of R is

RM)(2) = b16%e"* + ... + by eN? (4.1)
507" 507"
1 (N N\
=> = ( bﬂf”) .
i>0J° \i=1

By uniqueness of the power series representation of an entire function, if R®) is constantly
zero, then Zi\il biﬁfﬂ =0 for all j € Ng. In this case we have

oY=l kNl by 0

ok .. 6k by 0
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Since 601, ...,60N are pairwise distinct and non-zero, we know that the matrix on the left has
full rank (Vandermonde!). Hence, this equality implies by = ... = by = 0, which proves part
(i).

Part (ii) is true for all entire functions. The Taylor expansion of R around s € C is

1. .
R(z) =Y =RY(s)(z — s). (4.2)
=07
Hence, if R*¥)(s) = 0 for all k € Ny, then R(z) is constantly zero, proving part (ii). O

We also want to apply Cauchy’s Interal Formula, which we recall here.

Theorem 4.1.9 (Cauchy’s Integral Formula). Let f : C — C be an entire function. For any
real v > 0, and a complex number w we set D,(w) = {z € C||z — w| < r} and its boundary is
denoted by By(w) = {z € C| |z —w| =r}. Then for any v € D,(w) we have

flv) = ! /B( /(z) dz.

= 2mi S 2 —0

The last lemma that we source out of the proof is the following.

Lemma 4.1.10. Let 3 € Q and u,k € N be arbitrary. Then we have for any number field K
of degree d containing B the estimate

kydv/d k k
[T max {1la+08I53""" < (2u)*H(B)".
vEMyg —

Proof. This is just a combination of the usual estimates for absolute values. If v € My is
non-archimedean, we have

| + 65|, < max{lal,, |b], [5],} < max{1,|3],}.

If v € My is archimedean, then for all a,b € {0,...,u} we have
la +bB|, < 2max{lal,, |bl, |8],} < 2umax{1,[f],}.

Using these estimates gives

1 b k‘ dv/d
11 onax {1 ]a+b5],}

vEMK
< ] max{1, (2u)* max{1,|8[5}}*/*- ] max{l, max{1,|8[F}}"/*
’U€|JWK ”UE;MK
<@u) ] max{1,|s*| }** = (2u)*H(B).
vEMK Y

O

Now we finally start the proof of the Gelfond-Schneider Theorem [£.1.3] Maybe you can
recognize the strategy of the proof...
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Proof of Theorem [[.1.3 We assume that «, 8, and o are algebraic, with a ¢ {0,1} and
B ¢ Q. This will eventually lead to a contradiction. If all these elements are algebraic, there
is some number field K containing all three elements. We set

d=[K :Q),
and for computational reasons towards the end of the proof, we set
m = 6d + 2.

Next we fix an integer u, which is divisible by 2dm, and define
2
U

N =u? d n=-—>u.

u an n=go >u

This value of n will eventually tend to infinity. For all (a,b) € {0,...,u— 1} x {1,...,u} we
define

Hau—i-b = IOg(Oé)(CL + bﬁ) (43)

(for the bare definition, we need o # 0). This gives N = u? values 61,...,60y, which are
pairwise distinct, since

Opury = log(a)(a + bB) = log(a)(a’ +b'B) = Oyrury
& a+bB=d +Vp
<~ a=d andb=".

The first equivalence sign follows since a # 1 (and hence log(a) # 0), and the last equivalence
sign follows since 5 € Q. So, already now we have used all our assumptions on « and S.

In the following, the values cq, co, ... denote absolute positive constants, which only depend
on our given data «, 3, o, and K (and on our choice of logarithm). We will several times
use that m is given by these data, and hence we can use ¢* = c;+1. We begin with

u = c1/n.

Let us now start with the interesting stuff!
1. step: the auxiliary (exponential) polynomial R.

We claim that there are by,...,by € Z, not all zero, such that the function
R(z) = b1e”* 4+ ...+ byefN?
satisfies
(i) log(a) *R®¥)(s) = 0 for all (k,s) € {0,...,n—1} x {1,...,m}, and

(ii) |vi| <y 'n™V2 for alli € {1,...,N}.
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We replace the coefficients by, ..., by by variables z1, ..., zy. We note that then the equations
log(a)"*R(¥)(s) = 0 are linear equations defined over K. Indeed, for any (k,s) € {0,...,n —
1} x {1,...,m} we define

L(k,s) (z) = IOg(a)_k(ﬁlalfeels 4+ ...+ ajNé?fveeNs)

u—1 u u—1 wu
Def. of 0;
e :0 Z Zxau—i-b(a + bﬂ)k (a+bB) log( § : 2 :xau—l—b + b/B k as< ) bs
a=0b=1 a=0b=1

which is defined over K, since we assume a, 3,a” € K. Moreover, (i) is satisfied, whenever
b1,...,bn is a solution of all the equations L 4 (z) = 0 for (k,s) € {0,...,n—1}x{1,...,m}
(cf. ) Hence, we are left with the problem of finding a small integral solution for the
nm linear equations defined over K in IN variables!

By our choices we have N = 2dmn, hence we can apply Siegel’s Lemma All that is left
to do is to estimate the height of Ly ). This is equal to

I e 41
vEMK 12b<u
< dv/d as dv/d

< H o Jmax {1, ]a—l—bﬂ] } H max max{1, |a;"}

0<a<u—1
veEMEK  T<p<u vEMk

}dv/d

v

(a +bB)Fa ()P

’b }dv/d

1<b<

mgﬂj(Qu)kH(B)k . H(a)(u—l)s . H(aﬂ)us
<(2u)"H(B)" " (H (o) H (o))"

e H () (H ) H ) = et

By Siegel’s Lemma we conclude, that there are by,...,by € Z, not all zero, such that
(i) is satisfied and such that

1 dmn _ 1 _ 41
1Ig1a<>§v|b | < (NS I 2y N=amn = nedtn" 2 < = tn" 2,
7

This proves the claim.

From now on we set R(z) = b1e?"? 4 ... + byeN? such that (i) and (ii) from above are
satisfied!

2. step: the helpful value \.

We know from Lemma that for any s € C there is some derivative of R which does
not vanish at s. Hence, using the first step, we know that there is some r > n and some
s € {1,...,m} such that

M(s"Y#£0 and R¥®(s)=0 V(k,s)e{l,...,r—1} x{1,...,m}.

This just means that r is the smallest integer for which R(") vanishes at some point s’ €
{1,...,m}. From the first step, we know indeed that

r>n.
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We conclude that

u—1 u

A= (log(a)) "RI(s) = 3 buussla+ b8) a () (4.4)

a=0b=1

is a non-zero element in K.
3. step: bounding the size of )\ from below.

As we know there are several different ways of measuring the size of an algebraic number.
This time, we use the norm of A. To this end, we let ¢4 € N be such that c48 € Ok, cuax € O,
and c40? € O. In particular, we have

cla+bB8)" € O V(a,b) €{0,...,u—1} x{1,...,u}.
Using s’ < m, we also find
2o (o) e Ok W (a,b) €{0,...,u—1} x {1,...,u}.
Hence, ¢j 2™\ € Of. This implies
2 o] = [N ma)| 2 1

Since ¢4 > 1 and r > n > u, this implies

d(r+2um) > C—d(r-‘erT) — (4.5)

[Nicjo)| 2 e > ¢ =

4. step: bounding the size of \ from above.

Let us first calculate a bound for any factor appearing in the product defining Ng/g(A). We
chose any archimedean v € Mg and get

! /

< r _as'; B\bs'| __ r _as'(_ [B\bs
Ay < No max |baup(a+b8) 0" ()| = N- max |l max |(a+3) " (o)

1<b<u 1<b<u

v

A bound for the absolute value of b; has been calculated in the first step, and the last factor
can be bounded by the same methods as in Lemma [4.1.10, This yields (using once again
s <m)

)’LL

A, < N~ tn™2(2u)" max{1, |8],}" (max{l, laf,}" max{1, |«

N=u? +1
= CgL 1 n+1/2 T+QCTCQ71

r>n>u <
2n= +1 u<ci/r 2743
< Tyt TRV B2

In particular, we have that the largest factor appearing in N /q is less or equal to this value.
Hence

d—1
[Nicjg| < () 0 A = efr . (4.6)
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We are left to prove that |\| is very small.

The function R(z) has order at least r at all points in {1,...,m}. Hence the function

je{t,mp{sy N Y

has no poles. Thus T is an entire function. That T might be helpful becomes clear if we
consider the Taylor expansion of R around s’. This is

= T(z)=r! (Z RO (s')(z — Sl)j_r) 11 (S/ _j>r

je{lmmP\ sy N2
— T() = 1L RO () ED g0y (47)

We apply the Cauchy Integral Formula for T, Dp,142(0), and s’ (note that indeed
s e Dy (142)(0)) to get

T(z)

. 1
A log(a)"T(s) = lOg(oz)fTT/ —dz. (4.8)
T B4 z)(0) 2 78
From now on let z € B,,14.2)(0); i.e. |z2| = m(1+ ). Then we have
(1+3) u
|R(2)| < N - max |b| - ‘eg"z <" max el

1<i<N 1<i<N
(44) m(1+3)
< u20§ Ly t2 [ max elfl
1<i<N
u?=c?

n 3 m(
1<i<N

141)

1 n+3 1 1 mu(l-l—%)

—_ n

< 2 max ellos(e) max{1|gl}

1<i<N

n—1_n+3/2 utr

Scppn C12

un<r

== 2r r+3/2
< C13T /7

and

m

e =k >l —k=ml+—)—k>"" VYke{l,... m. (4.9)
u u
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Combining these two estimates with the definition of T, gives

‘T(Z)\Sr!M 1 (’S/_j|>r

_ " — 9

2= e ey M E

<l (W)‘ ( m )
U en mp sy N/

r(m—1)

u

r!<7~7'
= r+3 - —
u<clﬁ —m)+
r+3 —1)+rm r(3 3
< 021",],, + /2 T(m 1) /2 — C%ET ( ) /2_ (410)

Plugging this into (4.8) yields

Al < [log(@)] ™" m(1+ S)efgr @ < e (< 1) T
u

——
<u<ci/r

u
T

r(3—m)+4
< C§7T /2a
and with the aid of (4.6) we conclude
(d—1)(2r+3) r(3—m)+4
‘NK/@(/\)‘ < o /2'071"77‘ /2,

Now finally our weird choice of m (which was up to now completely irrelevant) comes into
play. Note that for large m the norm of A becomes particularly small. However, we cannot let
m tend to infinity, since throughout we have used heavily, that m is a constant only depending
on K. However, we have chosen m right at the beginning so that the following bound is true:

[NigjoW)| < hsr. (4.11)
5. step: Comparison.

By (5) and (L11), we have
g <"t = r<ca/es

for positive constants c5 and cig only depending on K. In particular, c5 and cig are inde-
pendent on n. Now, if we perform all these computations with some n > ¢13/c5, then also
r >mn > ci1g/cs, which gives a contradiction!

Hence, we must have made a wrong assumption. This means that o/® cannot be algebraic! [

A deep generalization of the Gelfond-Schneider Theorem is the following theorem due
to Alan Baker.

Theorem 4.1.11 (Baker, 1966). Let aq,...,a, € Q. I log(aa),. .., log(ay,) are Q-linearly
independent, and o, V1, - - .,¥n € Q are not all equal to zero, then

Yo + 71 log(ar) + ... 4+ yn log(aw,) # 0.
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This is, not only log(a1),...,log(a,) are Q-algebraic independent as soon as they are Q-
linearly independent, but also 1,log(aq),...,log(ay) are Q-linearly independent. At this
point you should ask yourself whenever something is not equal to zero: Is it bounded away
from zero?

The following effective version of the last theorem is also due to Alan Baker and it answers
this question.

Theorem 4.1.12. Let ay,...,on € Q. Iflog(ev),...,log(ay) are Q-linearly independent,
and Y0,71, - - -, € Q are not all equal to zero, then

70 +mlog(en) + ... 4+ log(am)| = (eB)™,

where B = maxogign(QH(%))deg(%) and ¢ > 1 only depends on n and aq,...,a,.

4.2 Applications

4.2.1 Transcendence

As seen in the last section, these linear forms in logarithms are closely related to results on
transcendental number.

Proposition 4.2.1. Let aq,...,0n € Q and v1,...,7%m € Q. Then

v log(aq) + ... + v log(an)
is either zero or transcendental.

Proof. We want to prove this by induction on n. So we start with n = 1, and let oy € Q"
and 71 € Q be arbitrary. If ay = 1 or 73 = 0, then 77 log(a;) = 0. Hence, we assume that
a1 € Q°\ {1} and v, € Q" and show that ~; log(e;) is transcendental. But, since v; € Q"
this last number is transcendental, if and only if log(«;) is transcendental. But this follows
from the Lindemann-Weierstral Theorem (see Example [4.1.2]). This proves the Proposition
for n = 1.

Now we fix some n € N and assume that the statement is correct for n. Then we have to
prove the statement for n + 1.

Assume the statement is incorrect for n + 1. Then there are elements a1, ..., ap11 € Q" and
Yy .-y Yntl € Q" such that

y1log(ar) + ... 4 g1 log(ansl) =70 € Q (4.12)
<~ (=0) +nlog(an) + ... + 1 log(ani1) = 0.

By Theorem {4.1.11] we know that log(ai),...,log(an+1) are Q-linearly dependent. This is,
there are rational numbers cy, ..., c,+1 not all zero, such that

cilog(ar) + ... + cpy1log(ans1) = 0.

After possibly renumbering the elements, we may assume that ¢,4+1 # 0. Then we get

C1 Cn,

log(ag) — ... — log(am,). (4.13)

log(a = —
g( nH) Cn+1 Cn+1
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We plug (4.13)) into (4.12)) and get

C1 C —
(1 = ——" 1) 1og(ar) + ... + (I = —=n11) log(an) = 70 € Q.
Cn+1 Cn+1
€Q €Q
This contradicts our induction hypothesis, which states that (y; — c:il’)/n+]_) log(ag) + ...+
(Yn — ﬂvnﬂ) log(cv,) is either zero or transcendental. This proves the proposition. O

Remark 4.2.2. The very same induction also proves that i log(ai) + ... 4+ v, log(ay,) is

always non-zero (and thus transcendental), when ay,...,a, € Q \ {1} and y1,...,7, € Q"
are Q-linearly independent.

We want to derive a multiplicative version of Proposition [£.2.1] Before we give the statement,
we should once again mention that our logarithm log depends on a choice. In particular, the
expected equality log(z - w) = log(z) + log(w) may not be true. This is due to the fact that
although €'°8(*) = ~ for all z € C*, the equality log(e®) = z is only true up to some element
in (27¢)Z. This essentially proves the next lemma.

Lemma 4.2.3. The following statements hold true.
(a) For all z,w € C* there exists a k € Z such that log(zw) = log(z) + log(w) + (2mi)k.
(b) For all z,w € C, with z # 0, there exists a k' € Z such that log(z") = wlog(z) + (2mi)k’.
(¢) We have log(—1) = wi(1 + 2¢) for some { € Z.
Proof. We start with proving (a). It is
log(zw) = log(e'*%1)!8(*)) = log (e8I H8(W)) — (log(z) + log(w)) + (2i)k

for some k € Z.
Part (b) comes from the definition of 2", since this gives

log(2") = log(e®'98(*)) = wlog(z) + (27i)k’

for some k' € Z.
Finally, part (c) follows from Euler’s formula —1 = €™, since this yields

log(—1) = log(e™) = (mi) + 2mil = (wi)(1 + 2¢)
for some ¢ € Z. O
Corollary 4.2.4. Let v, a1,...,Qp, € @* and v1,...,vn € Q be arbitrary. Then
eo a?l ceeagn

1s transcendental.
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Proof. Our assumptions guarantee that a,,+1 = €°a]" - - - " is non-zero. From Lemma
we conclude

log(amt1) =70 + 7 log(ar) + . .. + vn log(an) + (2mi)k

=0 +71log(ar) + ... + v log(an) + log(—1)

1+2¢

for some k, ¢ € Z. Reformulating this gives

log(—1) 4 (—1) log(am+1) = =0 € Q.

log(a ... log(a

yilog(ar) + ... +mlog(an) + 7755
Now Proposition tells us that at least one of —1, v, ..., a,y1 is transcendental (other-
wise, the last equation would be either zero or a transcendental number, what is not the case).
But we know that aq,...,a, are algebraic (and so is —1). Hence, a1 = €0a]" ---a)n is
transcendental. O

Remark 4.2.5. Note that in the last corollary it is essential that vg # 0. Otherwise, you
can easily construct counterexamples. For instance, if ~1,...,7, are all rational numbers,
then surely ot ---a)r € Q. Or,if g = ag € Q7, then for all v € Q@ we have a] - oy =
1 € Q. However, with some mild extra restrictions on the «;’s and/or the 7;’s, one can
prove that o' ---a)" is transcendental. A sloppy (but true) formulation of this reads: For
QlyeeeyQny Y1, -0 € Q, the number o' -+ ) is either algebraic for trivial reasons, or it
is transcendental.

Now, you have some tools at hand to write down arbitrarily many complex numbers, which
are transcendental. For instance: e2 -3V, 7w +log(11), 13log(17) + 191og(23) +29log(31), ...
Speaking about prime numbers, let us move from transcendental number theory to other
applications of linear forms in logarithms. The rest of this section will be mainly a summary
of results, without giving the proofs. All proofs and many more information on this topic can
be found in [3] and [9].

4.2.2 Prime Divisors of Polynomial Values

I indicated, that we now want to speak about prime numbers. So let us use the following
notation.

Notation 4.2.6. For any n € Z \ {—1

,0,1} we denote with P[n| the largest prime number
that divides n. Moreover, we set P[—1] =

P[0] = P[1] = 1.
Using linear forms in logarithms one can prove the following theorem.

Theorem 4.2.7. Let f(x) € Z[z]\{0} be a polynomial with at least two different roots. Then
there exists a constant C(f) only depending on f, such that for all k > 100 we have

P[f(k)] > C(f)loglog(k). (4.14)

Before we explain the connection to linear forms in logarithms, let us try to understand this
result. It tells us in particular that the largest prime divisor of f(n) tends to infinity, as n
tends to infinity (if f has at least two distinct roots).
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Remark 4.2.8. The assumption on the number of roots is indeed necessary: If f(z) € Z|x]
has only one root, then f(z) = a(bx + ¢)? for a,b,c,d € Z, with a # 0, and b,d > 1. Assume
first that ¢ = 0, then for all n € N we have

P[f(2™)] = P[ab?2%"] = max{P|a], P[b], 2}.

In particular, (4.14]) cannot be satisfied. Similarly, if ¢ > 0 for all n € N we can plug w
(which is in N) into f and get

(b+1)"—=1)c

P[f( )] = Pla(b + 1)™¢% = max{Pla], P[b+ 1], ¢c}.

Since w tends to infinity, if n tends to infinity, again (4.14]) cannot be satisfied. A
similar counterexample works if ¢ < 0.

We want to apply a multiplicative version of Baker’s Theorem To ease notation we
will only consider the special case where the numbers 7y, ...,7, are rational integers, and
also that aq,...,a, € Q are positive real numbers. Then we may assume that the logarithm
is the usual logarithm on the positive real numbers. We recall the Mercator series.

Lemma 4.2.9. Let log be the usual natural logarithm on the positive real numbers. Then for
—1 n—+1
all z € (—=1,1) we have log(1+x) =, 5, ( 2L am.

Proof. All we have to do is to calculate the Taylor expansion of log(1 + z) around 0. The
1

first derivative of log(1 + x) is log(1 + l’)(l) = 175- The other derivatives are of course

casily calculated: log(1 + z)?) = (=1) (1+a:)2’ log(1 + :c)( ) = (_1)( 2) (Hx)g, log(1 4 x)W =

(—1)(—2)(-3) (1+x)4, and hence log(1 4 z)™ = (=1)"*1(n —1)! (e ) for all n € N. Now the
Taylor expansion of log(1 + z) around 0 is

o 1 (—1)1' 2! 3 o — n

log(1 + z) = log(1 +0)+f T, +§ —i—...—nz;liaU.

1/n n+1

The radius of convergence is lim,_, ’m’ = lim,, 00 ‘ - ‘ = 1. This proves the lemma.

O]

Theorem 4.2.10. Let oy, ..., op € Q' be positive real numbers such that log(ay), . . . ,log(an,)
are Q-linearly independent, and 1, ...,v, € Z be not all zero. Then

lalt - apr — 1] > (eB)™°
where B = maxlgign@H(%))deg(W) and ¢ > 1 only depends on n and o, ..., oy.

Proof. Since we are working on the positive real numbers, for this proof we use the usual
logarithm instead of an arbitrarily chosen branch. If |a]'---aJ» —1] > 1/2, then the
statement of the theorem is trivially satisfied. Hence, we may assume from now on that
la]' - -a)m — 1] < 1/2. We abbreviate x = o' ---a)» — 1. Then, by the preceding lemma,
we have

( 1)n+1 n—1
<Z [ Ix!Z ] <\w!Z )" = 2]zl

n>1 n>1 n>0

llog(1+ z)| =

d

n>1
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On the other hand we have

n T2
> rilog(ew)| = (eB)™°,

i=1

log(1 + )| = [log(ay" -~ aj")| =

with B, c as in the statement of the theorem. Combining these estimates, we find
’x‘ > %(eB)fc > (eB)f(c+log(2)).

Thus, the theorem follows with ¢ = ¢ + log(2). O

Remark 4.2.11. A constant ¢’ that satisfies the statement of Theorem can actually
perfectly explicit be written down. I will not bother you with the long expression for the
best possible choice, but we will need some further knowledge on how ¢’ depends on n and
aq,...,a,. To this end, we will give a possible choice for ¢ if a1, ..., a, € N\ {1}, and n > 2.
Then, a possible choice for ¢’ such that Theorem is fulfilled is

¢ = 300000" log(ar1) - - - log(awy,).

The general bound looks similar, but there is a further dependence on the degree of the
number field Q(az, ..., ay).

4.2.12. Let us now finally come back to Theorem We will only prove the theorem for
the specific polynomial f(x) = x(x + 1). This is somehow the simplest polynomial with at
least two different roots. However, it should give us an idea on how linear forms in logarithms
are involved.

Denote by p; the ith prime number; i.e. p; = 2, ps = 3, ps = 5, and so on. By the prime
number theorem we know that p; is essentially of size ilog(i) for all ¢ € N. More
concretely, there is an absolute constant ¢; such that p; < ¢ilog(i) for all ¢ > 2.

Let k € N be any large integer, and let

f(k>:k(k+1):p§1...p%n

be the prime power factorization of f(k), with eq,...,e, € Ny, and e, # 0. This implies
in particular that P[f(k)] = p,. Since k and k + 1 are coprime, there is a proper subset
I c{1,...,n} such that

k= prl and (k+1) = H pit.
icl i€ {1\

For all i € {1,...,n} we define
-1 ifdiel
ol ifigl
Then we have
1 k+1

C= o L= =1 (4.15)

Haven’t we seen this just now? So here comes the theory of linear forms in logarithms into

play. We apply Theorem with the bound given in Remark to conclude
1 —~300000" log(p1)--- log(pn)
- > <26 max ei> (4.16)
k 1<i<n
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Note that surely we have n > 2. Now, for any i € {1,...,n} we either have p;* | k or
p;' | k+ 1. Hence, in any case we have

200 <pl'<k+1 = log(2) max e; <log(k +1) < 2log(2)log(k).

The last inequality easily follows by noting that & > 100. By plugging this into (4.16)), taking
logarithms, and multiply by —1 we get

log(k) < 300000™ log(p1) - - - log(py) - log(4elog(k))
< 300000™ log(pn)" - log(4elog(k))
< 300000™ log(cinlog(n))" - log(4elog(k))
< 300000™ log(cinlog(n))™ - 2loglog(k).

Note that if &k increases, then also n has to increase! But, recall that P[f(k)] = p, is the nth
prime number. Hence, if k£ tends to infinity, then P[f(k)] tends to infinity as well.

In order to justify the claimed bound P[f(k)] > C(f)loglog(n), we get rid of all explicit

constants. Note that for some absolute constant ca we have log(cinlog(n)) < cloglog( ") for

n > 3 (the case n = 2 can be handled, by either introduce another constant, or by choosing
k large enough). Hence, the last inequality, may be written as

log(k) < czlog log(n) log log(k).

for some absolute constant c4. This implies

1

log(ca) (loglog(k) — logloglog(k)) >

nlog(n) > nloglog(n) > loglog (k).

_
2log(ca)

Since again by the prime number theorem we have that nlog(n) is essentially equal to
Pn, Theorem 4.2.7| (for f(x) = z(x 4 1)) is proved.

4.2.3 Differences of Perfect Powers

Example 4.2.13. How many pairs of powers of 2 and powers of 3 have a difference of at
most 107 Of course we can trivially answer this question for any fixed power of 3 (or fixed
power of 2).

« the only powers of 2 which differ from 3! by at most 10 are: 2!, 22, 23,
« the only powers of 2 which differ from 3% by at most 10 are: 2%, 22, 23 24,
« the only power of 2 which differ from 3% by at most 10 is: 2°.

« there are no powers of 2 which differ from 3* by at most 10.

Using this trivial approach one can never answer this question in general, since there might
be a ridiculously large n such that there is a power of 2 close to 3". We use linear forms in
logarithms, to explain why there is actually no such large n.
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Let n € N be arbitrary and assume that there is some m € N such that |2” — 3"| < 10. Then
there exists a k € Z \ {0}, with |k| < 10, such that 2™ 4+ k = 3". Hence, we are actually
dealing with Diophantine equations.

The polynomial fi(z) = x(z — k) has two distinct roots, and therefore by Theorem we
have for all n > 5 (since this implies 3" > 100).

P[fr(3")] = C(fx) loglog(3").
But on the other hand
PLf(3")] = PI3"(3" — k)] = P[3"2"] = 3,

Hence, C(fi)loglog(3™) < 3 for an explicitly given constant Cy(f). This gives

log(n) < — loglog(3).

_3
C(fx)
This is nothing but an upper bound for n only depending on k. By considering this inequality
for all k € Z\ {0} with |k| < 10, gives an upper bound for n only depending on 10. According
to Example [4.2.13] there are only finitely many further cases to check. Making the calculations
explicit (calculating C(f) and checking the finitely many possible powers of 3) gives, that
there is no further pair of powers of 2 and powers of 3 which differ by at most 10.

Of course, we can replace 2, 3, and 10 by essentially any numbers. Then we get.

Theorem 4.2.14. Let a,b,k € N be such that a™ # b™ for all m,n € N. Then the number
of pairs (m,n) € N? such that |a™ — b™| < k is finite and can be explicitly determined.

4.2.4 The Thue Equation

The last application of the theory of linear forms in logarithms which we mention, is an
effective solution of Thue equations (see Theorem . This claimed effectiveness is a
bound on the size of a solution to a given Thue equation. We restrict to the case of an
integral solution.

Theorem 4.2.15. Let F € Zlz,y| be homogeneous with pairwise distinct linear factors, of
degree d > 3, and let m € Z\ {0}. Then there exists a positive real number C, which can be
calculated only in terms of F, such that all pairs (a,b) € Z? that satisfy F(a,b) = m, also
satisfy max{|a| , b} < [2m|°.

This result obviously implies that the equation F(x,y) = m has at most finitely many solu-
tions. But it is actually much better than that. In principle, one (okay: a PC) could test
all pairs (a,b) € Z2 with max{|a|,[b]} < |2m|®, whether it is a solution to the equation
F(x,y) = m or not. Then, we would have found indeed all integral solutions to a Thue
equation. Nowadays, it is actually not hard for a PC to give all solutions to a given Thue
equation, but the algorithm used is of course a bit smarter, than just checking tons of integer
pairs.
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