
Caporaso - Harris recursion formula for
plane curves of any genus yq

Goal : Count plane curves of degree d

and genus g through 3d 1- g- 1

general points

Tool : "
relative Gromov - Witten invariants

'

= count of curves with specified
local contact orders to a fixed
line La P2

Notation :

← assigned pts
✗=/4,22 , . . .

I sequences of non - negative
13=113^1132 , . . -

l integers St only finitely
☒ unassigned many are =/ 0

pts

ek=( 0,
.
.
.

, ,
V1 , 0 , - . .

)
×

4th position

1×1 = ✗etat .
. .

without multiplicity

I✗=xn 1-2221-32 , with multiplicity
It = 1*-24.3^3

. . . product of multiplicities

✗ > ✗
' if Luzia tlk

1%1=-15;) -
-

. . .



dis c-2
> o , ✗

,
B St IxtIB=d

p T

degree #nodes

PN :-c degree d plane curves

N= 4%1-1
Lc P2 line

,
D= { Piij }ysjgqEL

Dels : generalized Servi variety Vd '$( ✗
, B)

:= closure of locus of reduced plane curves

of genus g= @ 7- S not containing L
and St

V : ✗
~
-> ✗

←
normalization
of such a curve

Flat pts qi.jc-X~stvlqi.gl -_ pin
and F 1131 ptsri.jc-X~stq-L-zi.qi.it [ i - ri ,j
Rink : Classically the seven variety Vd ,g
consists of irreducible curves



FI : Fix d. S Vdisla
,
B)

• 2=0
,
B=ld , , - . .

)
→ plane curves of degree d with f nodes

• ✗ = ( 1,0
,
.
. .

.

)
,
B=(d- 110in . -7

→ curves through 1- fixed pt on L

• 2=0
, p =/ d-21 1 10 , . . .

7

→ curves tangent to L

Dimension

Prop:

dimvdisld.is/--/d+z'I-St1Bl=2dtg-ltlPlPI:azadimvd'
%

, B) 34%1 - l - S -

I÷LIR
- Ipl )

Y
= # '

1- St 1131

"

=
"
much harder



Degrees
Nasca ,B) : -- degree Vd-42,131

Caporaso - Harris recursion formula
← assign Ifept

Nd£(a.B) =E K . Nd 's ( ✗ tea
,
B- eat

vi. Bk> 0

+ II
""

/ 1%1/2,1 Nd
- " " la :p 't

✗
'
C-✗

✗
•
= Lux

B ' > B

Ix
'
+ IB'=d - l

S - S '

-11ps
'

-131 -_ d- I

0481<-8

Proof idea : Let Hp E IPN be

the hyperplane of curves containing pet

c- A study Vdisla
,
B) n Hp



Example C. Gathman , - Markwig ) degrees

d.=3
,
8=1 µ

'd '4a
,
131 = # plane

✓with

curves of contacted
✗ = ( 0,0 , I , , . . .

)
order 3 to L

13=0
at a fixed pt

Pr c- L and passing
through 5 additional

general pts

PZIP} , - -
.

, pg c- IP
?

In

L

t

% :I



Goal : Find components of

vdifca.mn Hp and intersection

multiplicities

V '
:= irred comp of Vd '£(d. Bln Hp

[Xo] e- V
'

general pt

✗ocp
?

1st case : 2¢ ✗
o

[ Xo] c- Vd 's Cateau ,
B-ek ) 2 V1

Prop4 : Vd 'sC✗
,
B) contains [Xo]

and is smooth there and true

intersection multiplicity K with Hp

along
V1

Pfidea:

prove the analogous statement for
the linear series of divisors on 1-

IT :/ Opzld ) / =P"→ / Qld ) / =/Pd



tp<→ H :=fDe1①<( d) 1 : D -

p > 0 ?

⇐ § :={ De / Qcdll :D __ Eirpi, ,
- + Eirpiii

Vd 's 12,137 for some piij }

IV :={☐ c- 10<411 :D -

- Er:p; ; -1 Kip

⇐
+ Ei - Pii ;

vdislsteuip - eat for some §piii
Do -_ Xo - L c- 10,1dL /

parametrize nbhd of Do in §
✗ = cooed on L word

p= {✗=o }
for pii,

le
, ei , ;) '→ [ fcxl ]=[k-elk.IT/x-Xitipi.lT(x-fhi.j-Ei,j)i ]

Afcxt-xdtbg.is#-Et...tbo cooed
of piij
in Do

defining equation for It is bo=O



which pulls back to

qk . ( poly in Ei
, ; =/ 0 at origin /

imed2nd case = V' c Vd 'SC✗iB)nHp
comp

st [Xo] c- V '

general pt

✗
☐
= ✗ UL

✗ ⇐ ✓
d- ' is '( ✗ 1,13 ' )

Q : what is 8 '

,
a

'

,
B

'

?

P := { [Xp] } a vdisca.BY curve

through [ Xo ]

→ family of curves

✗ → r
In a nbhd of [ Xo) C- H define

a family of curves Y → B

→



nice cry -2×0
✗ ap×p2→

"
"

section

Qi,jiRi,j ft IB
→ puta

xpbox 6

itb01→[Xo]
Qi ,j , Ri ,j

are closures of sections

Qi
,? ,RF , ;

← section Y*= f- ' ( Blbo )

s.t.IT/Qi?jl--Pi.i
and

a-
*LnY•=E i. Qi

,? + Ei - Ri;
¢1T non

- constant

Yo __ f- ' Cbo) = Eu Yu 2-← a-
constant

i + →

IT maps it raps
I to L thoso to

✗
☐
= ✗ uh ✗



Assumption 1 : life is an iso

Assumption 2 : Qi ,j ,
Ri ,j do not

meet 2-

Assumption 3 : 2- consists of a disjoint
Union of chains of
rational curves joining
I to Y

i

%=¥¥f
,



Collapse Z : Qi
, ;

ey :

¥4
"

① ④*!¥⇒÷.
✗ = ✗

'
ta
"

✗o= ✗v2

Fact : all Rii, must go through Y

÷:&:( → *:|;
③

If"→÷K
<
Xp Xo

L

%÷¢%¥(×
④

# ÷K
Lxo



✗ ' Ed
, 131=13+13 " 313

Id ' 1- IP
' =D - I

81=8 - Ia '
- IB

'
- IIB "

- IP
" /)

= S - @-11+1131-131

Prot 4.8 : In a nbhd of [ KOI

vdisfa
, B) has

( Es ) - ¥w?s ← kin { Pi" -403
branches each of which has intersection

multiplicity ( chefs
" with Hp along

vi.

Deformation spaces of tacnode s

ith order tacnode

= curve singularity equivalent to origin
in

ycyt ✗
i 1=0



deformation space it : f→D
Api - l

with coord Cao
, . .

. Ai - z ,
too

,
- -

- ibid

G. = { fix ,yl=o}ES✗AP

fix ,y7= yet ( ✗ t ai - zxi
- "
t
. . - 1- aol.ly

1- bi
, ,
✗
" 't

. . .

1- to

ii.
= closure of focus ☒ f- Cap ) c-A

s
-

t Fairs is reducible

④
Sais has i nodes①

= { bi - i -- - - n =bo=o }

i. ,
: = closure of locus of @ (b) c-A

St Sai has i- l nodes

④

4- si
r
si? .is ;

"

di



Products of deformation spaces of tacnode
P

Redefine : new tacnode

A :-. ITS siij in ④
siiij f

ith order

Di :-. IT di tacnode
Sii;

Ai
, ,

: = IT

sij
" Ai -1

Proof idea for Prop 4.8 :

-1 := { ri ,j }
, , =p ;

subset of

{riiiseja-Bips.tl/-i
unassigned
pts in

normalization
{ Fi

, ,
i. - r , ri

,
Bi ? of ✗

c- fri:* , - - ri ti ! Bi }

Rink : There are Cfs / choices for I



relaxed local seven
'

variety Wu
'

-

= closure of the locus of carves

Xt s
-
t

. ① - ⑦ not- ④

There is §u : we → ☐
←
Product
of

deformation
and locally around Ho ] spaces

Vdiscx
,
B) =U¢Éil
A

C- H show that W -- im satisfies

the assumptions in a technical Lemmer

about products of deformation

spaces of tach des ( Lemmon 4.31

and conclude that

Wn
i- ,

= Siu Mu -
. -
v17
,

where H=÷ms"
and Ff are distinct reduced unibrancg



curves having intersection multiplicity

lamp
" with Si at the origin .

How does the Recursion formula

follow ?

Caporaso - Harris recursion formula
← assign%fept

Ndisca
,
B) =E K . Nd 's ( ✗ tea

,
B- eat

vi. Bk> 0

+ I I
"" 11%112,1 Nd

- " " la :p 't

✗
'
sa- f ✗

•
= LUX

131313 Prop 4.8

It
'
+ IB'=d - I

# choices

8- S '

-11ps
'

-131 =D -1
for d

' ar

n

0481<-8 new_

assigned
pts of

✗



Count of irred rational curves of degree
d through 3d - l general pts = : Nag
Nd 's/a. 131=-2 K . Nd 's later

,
B- eu )

k : BK>0

+ I I
"- B / E) 14,1 Nd - "%:B,

✗ 1£ ✗

B' 713

S - S 't 113
' -131 =D - I

IB ' 1- It' =D - I

write n for ( h
,
o

,
Oi - - - - l

d-4 : N
,
,
,
= N' ' 010,1 ) = N'

" 11,07=1

d=2 : Nz
, ,
= N%°( 0

,
2) = N''41,1 ) =N

"
92,0 )

= N' '010,11=1

d.=3 : Ny , = N
}
'
'
/0,3 ) = N

's
'

'

/ 1,21 = N
? '

/ 2,1 )
= N ? / 13,0 ) + 2- N"°=0;?É
N ? '(3,07=1 ? ) - N"°¥wy

1- NZ' ' 10,27
+ 2. N'

' 010
,
10

, 1,0 , . - -
- 1)



N' " 10,27 := 3 N "°( 0,191,01 . . -77=2

•
. ☒

•
•

L L

So Ns
, ,
= 2+31-3 1- 2-2=12

4--4 : Ny
, } =/ N

" " / 0,47

but Ny
, } =

N
""
/ 0,41 - degree W

G #
C- It compute N "" / 0 , 4) = 675

degree W = 55--1%1
=3 Ny , , = 620



C- It also write down a recursion formula

for Nd ,g Ca , B)
← ined carves

which follows from the same arguments

Nash ,
B) = I k - Nds later ,

B- eat
K : Bu > 0

2d 1-
g- 2 + 1131

+ E É /zditg , -1+11311 , . . - , Zdktgu-1+1134)
n

✗
• la

, . .
.

,
2
" )

pi| -

j.IT/pi-p.i/.1TIP''iXo--XuLX--XaU-..oXk.IFNai.s;ldiiBilj=i
d

'
= ✗
*
+

. . .
1-2k EX

P' =p't . . - +13
"

=p t ÉP " "
Ip

"Ibo
5=1

dnt -
- -
t dn = d- I

g- ( g. + . . . -
+ gal =/ P

" 't
. . .
+ p

" "
/ + K



Formula for 8 :

i. j c- { 1- , - ,
k}

inj : ⇐ s di -- dj , gi -- gj
✗
i
-

- ✗
J

,
Bi -- pi

p"ii=p"J

G-- IT cardinali ties of the equivalence
classes


