
Virtual fundamental classes in motivic homotopy

theory Marc Levine : The intrinsic stable
normal cone

Previously : We defined the intrinsic normal cone
,

the fundamental class and

virtual fundamental classes in

several settings .

Today : do the same in motivic homotopy theory
A) Notation

21 SHA

3) Borel - Moore homology
147 The intrinsic stable normal cone

5) Specialization to the normal cone → fundamental class

ftp.o.t .
→ virtual fundamental classes

7- I Example



17 Notation

B -- base scheme eg B - Speck
G -- group scheme1B G -- Eld ?
G- resolution - property : f finitely generated quasi- coherent

G- module M on B F locally free G- module E →M

Seh 93 = G - quasi - projective B- schemes

Smg - smooth G- quasi - projective B-schemes

5¥ :X →B = structure map

74.91*1 =

equivariant unstable motivic homotopy
.

category
SHG (X ) = equivariant stable motivic homotopy category
$B C- SH 4137 sphere spectrum



2) SHG XESch§

SHA CX) is . closed symmetric monoidal
Ix , Ax , Atomic - , - )

. triangulated

Six operations : Hoyo is : The six operations
-

in equivariant motivic

f : Y→ X in Sch,g
homotopy theory

f
" :S Hfs CX ) ⇐ SHYLY ) : f*

fi
.

: SHI CY ) SHIH ) : f !

For f smooth
, f

't
admits a left adjoint f#

1

Some properties :

• ft is symmetric monoidal
• natural transformation f! → for which is
an iso for f proper

" j open immersion ⇒ j
! -
- j
't

• 2- is X EU
closed open
immersion complement



→ localization distinguished triangle
j ! I

!
-s Id → i. it

SH4x)

For a q - vector bundle p
..V→X

→ EV : SHGCX ) → SHGCX )

x i→ Thx IV) nd

→ Inverse E
- V

: SHGCXI → SH 4×1

For f : Y-s X smooth

f , E f # o E
- T""

and f
! I ETYIX of

*

Auto equivalences : (Ayoub , Riou for GAIN)
- (

Levine for general G
/

For a perfect complex E.
→ auto equivalence EE

! : SH 4×1 ? SHGCX)

St for f : Y-SX

Ef*E ! of
*
E f :[ Er f*o EFFIE EE?f*

[
f*E!
of ! If !zE

!
f , o Ef" E E'⇒of ,



E ! → E
.

→ E! → Ex : E
.
- ten-s . . .

-' Eam )

~, EE ! -5 [
F-Ho EE.

"

⇒ EE
!-524 " Eko

.
. . .

. Et"m¥i

and 2¥41] -5 ( geo)
- I

At '
- homotopy invariance :

f -V-72 affine space bundle ⇒ f. f !-s Id
112is a natural isomorphism -

f # of
't

Proper push forward and smooth pullback

p : 2-
→ W

proper

T¥BHTw
→ proper pullback p

't
: Tw

,
→ Tz ! op

't

^

f : 2-→w smooth
Tiwtp.pt -situ:p, p 't

→ smooth push forward ft : Tz ! o ET"wof±nTw?

It t is an affine space bundle

fa is an isomorphism
.

For a section s of f one can define

sa : Tw :
→ Tz ! °ET%°f* st f. os. = ,'d



3) Borel - Moore E-homology
EESHGCB) commutative monoid

Ea ''t -7 = Housing, l
-

i
En
,
@

' la
-

bright)

Borel - Moore motive ZIBB
. µ

:
-

- Tz :1ztSH4B)
2-↳ M Film :( MIM - Z)

Boel - Moored
'

homology EBAY.tt/:-- E-
""

743$ .µd
Examples : G -- Hdl

,
B--Speck

1) E- HI -- ring spectrum representing
motivic cohomology ( higher
Chow groups

H2 is oriented that means for
✓→ Z a r k r VB / perfect complex

E
.

of virtual rh r

we get Thom isomorphisms

H2 a'blitz !
Eva ) IHRA

- "
'
b -

rfiiz ,
.

2 )

at SH CZ )

HK"bCTz! EE
!
al E HKa-2rib-rfpzi.gg



The virtual fundamental class will live

in HK 90 ( iz ! EF-itzl-IHXBYY.IE )
N 11
HK

CHRCZ )r

2) E -- Holstad

represents Milnor -Witt K - theory
i.e

. for X C- Smk

Hot" )
"" "' ( x) =ftp.?sfX,KbMw)HoC$k7atbibfeTx#EF-o1x1--HnisCx,KbMWCdefE

.))

The virtual fundamental class will live

in Hlslulo" liz ,.E¥1z1E THREE , dete. )
X 112 112

HC$ulBj:( ZI CHIH
Hocslu ) is SL- oriented ie an iso

X : def E
.
→ L④ ' → Thom isomorphisms
Alive bundle

on 2-



47 The intrinsic stable normal cone

et op for the rest of the talk

2- c- Schab
i : 2- ↳ M closed immersion

, MGSm§
with ideal sheaf Iz

Cli : -- Spec IQ,oI¥nt '
Pi

Qi → 2- Is M

¥

Tai! fifth
B

Intrinsic stable normal cone Aft C-SH4B )
comes with an isomorphism

0¥ Taito E8i%1B1q .

~

Lemma 2. I
*

% , !o&EtTmB1q.



EI : 2- c- Smg ,
M - Z

,
i -- id

Then Clszt E Iz :O STUB Az =Tz# Iz
"

2- c-SH4B)

5) Specialization to the normal cone

and the fundamental class
Goal : define a fundamental class

[ Cease c-Ekg CGI )
so we need a aft → $3 → E

commutative
monoid

Ex : E -- HK

[GET #x c- HK " left )
11

CH
da! Qi )



Deformation Space
Def Ci ) : -- Blzxo Mxtt

' IBIZA up
,

if
Mxtt '

Ii Mxftttol

Fundamental Class :

localization distinguished triangle
ii. I ! → ldsitqpefcin-7ifi.io?

+ twist by EP
-Petting

Mxtt ' - O
+ push forward by iipefcii ! Pig yPz
→ distinguished triangle M H

'
- O

Ef
' MY ft '-01+11

-1=5' m

g. PTTMIB 1µg CAT - o)Tmx# '

lol !

→ 'Tpefci , !
EP

-

Pitmans
y

→ Mail
.

° E&*TmBy
-Defci )

- di



Taiyo E
TM

'B1q.

-03 Eq! @ tht '-ok
Idi lu
AE Egil Kun -- Slp
→ EE - a sine 8981411
= : fundamental class [ Oft ]

For a commutative monoid E

we get Eeoc JEE'TEst )
* unit "

.

-

[Estle
Rink : Lemma 3. I shows that this

is well - defined
Ex : E

-

- HK
,
R -- Speck ,

9=9113

J induces a map

HX "
'
( Mx H

'
- O) → Holo fig , ,oE&4MB1¢.

)



u

Ets t> acts 11
11

[dig ECHda.IQ
. )

67 Perfect obstruction theories and virtual

fundamental class

§ ) : E . → Iz, ,z
be a p - o - E . on 2-

of virtual rank r .

Goal : Define a virtual fundamental class

[ Z
, CEDI

"
c- Stolte! 02 Iz )
E

HEHE
CH r CZ )

There is IT : ( In -of. I → CIH.IE -silly)
• iso on ho

• surf on he

representing COIT



Normalized representative
(F. , oil is normalized if Eo , OI,
are surjective

G - resolution property =3 this exists

Assume (F . . OI 7 is normalized

In : Fa -P Iz III
→ Syne Fn -⇒ ① IEII.it '

H2O

riot : Oi → Spec Symaf, = : F
'

T
'

Pilz TPF '↳ m

Gi



ITz :
o E

-F '

o E
" *TMIB f

z

Iso -

①
PET

'

Tty o ETF's pp ,

* E
# '

g
i *TMB
Iz

112

ITF , y
o E PF '

*it Tm ,p y- FI

Lio
Ta, y

o Iq
-
o [

PFF it Tm ,By
-FI

112

Tgi ! o E
Gi
*

TmiBy
-di

⇐Tai
④St
z



Ex : E
-

- HK , 9 -

-doll
,
B-- Speck

so* : C Hdac
,

# I → CHRCZI

iota : CHD
,

coil → CHD ,!
# l

are the intersection with the zero

section and proper push forward .

Reduced normalized representatives
A normalized representative ( F . . OI )

of [ of ] is reduced if Fo=INµqz
and Eto -- id .

Lemma 4.214.3 If 2- is affine

then F a reduced normalized representative

unqique up to a vague chain homotopy .

Reduction to the affine case
From now on assume B is affine



I µ~ you anoulo device

Pet DPM
Z ↳ MR affine space bundle
iz

Marc defines an induced p. at .

CE
. , put T ) on E ( Lemma 4.41

and for a reduced normalized representative
E. IT ) an isomorphism (4.37

Iz:O EE
!
Iz ITE ?

o E
-#oEiETnT1z

A

iq oso . I

*÷*i⇐ "'' ta:

virtual fundamental Eset
class

[E Leonora 2.4



Cz
,
viii.= OI! CECE st

Z

c-*Hail t

E
IB
t

E

Rink : Marc proves this is well -defined .

Comparison with Behrend -Fantechi

Z affine ,
B--Speck , 9=4d)

Let CE ) be a p- o - t . on 2-

with reduced normalized

representative
(Fn → Tho 7¥ IVIE → iMacs )
i 'dMLB

G-EQiri.im.HN Vii.im,d↳fF¥d



i

pullback along F
'
→ [ F'Ipo )

" HMB

ICC Fol e w ( Fo ) C F1
"

II

di Ni

CZ , cloths
"

: -- so
" FOR
11

s :c ill c- CHRCZI

It follows that

czilossizii -- ez , Hire
because 17 { di 3

c- CHD
.! Cli )

"

| H2o" ftp.yofdittm/Bfq )
V 112 di

[ EET# G HK "°1 East )



27 So * and to
- induced

the intersection with the

zero section and proper

push forward in Chow groups,
respectively .

77ExampK_ f- lldl , B -
- Speck

A
perfect

g # ga . .
. ,gn )

: Atu → Ahu
St Z -

- (g- 11071 red is O - din

I -- Ign . . ,gn )
i : 2- ↳ At

"

ihram → IIIa
z
Oxi t> gi

→ reduced and normalized p.at .



OI : Ciaran,a i' range)

→ ( IIIa -4 iNaya )

%Z
, GT
"
e Sli .Tiz , o Eitan

- i'Tata Iz)
- -

Tanya has basis 2g,
id

11

" axis:÷!::!;
'

lute*

$a ?? (Speck )
II

> degLZcgT"e 9h14



Claim : dega ,gJ"ZfµlgiH= E Saylgixi )
E-fxn . .

-NH

where Sal girl is the local Al - degree
T

see Kass-

Wichelgren
EKL paper

Stygian = Morel 's A '
- degree

H
of stabilization of sur

-

wind
¢ off

sina.n-PY.nu → "7¥
,

" Yu
-x

19ham-x)

5:
" -

"p÷P%: - o



So Sail g. x ) C- Ends #a ,l$a )
-
- Gwlkl

Why should this claim be true ?

Let's assume g is e'tale in a nhhd

of 2-
.

Ft
di =

g. can
→ i - Taifa

"

112 112

Anz → ATE
T

Jacobian of g
TH

T add- TGI >⇒ deg [ Z , GTV
"
= rza,

= Say , Ig , E ) .


