
 

Virtual localization formula

context of Graber Pantherp and
Main goal of enumerate geometry
count curves она steel different ways setups
А popular approach proper
consider Mg Х р stack of smooths д
curves with и marked pts with а

пиар to Х whose class in ИМ А is р
This stack is not proper so people take
its compactification Пиар by adding
nodal curves with finite automorphisms
When Х is a projective variety
Пдн В is a proper D М stack and
it has a virtual fundamental class inСУЙ
so а reasonable answer to силе counting
problem on 6 is the degree

р T.M g.nu p YirECHdpt xOQ Q
we needto rationalize to have рь because

р Таир pt is not representable
This number degree of Mg.nk.pt CQ is an

example of G W invariant and in simple
oases G g for СУ 3 folds that's the only one

More generally curve counting on Х

can bethoughtdas integration against.im xpHiIн
f 44 во d



д
you lift сойду classes boom Х andПдн
сир them он Па xp and then
compute their degrees national numbers

by integrating against СТ Xp thisgives you
G Ю invariants

Main question how to compute
Тамарой in practice

Today we'll get а ĸаре for it when
Х has a Gm action e g Х Б with somechoice of weights
virtual localization formula вы
ж вы stack with Т action and а f equivalent
perfect obstruction theory E L
Denote ЖЕ the fixed locus E Над Ей
Suppose that Г Но НА global resolution.by
Then the following equality holds
in particular Ries is well defined

хуй EEIIi.EEIaEG xoOt
g
N I з аа

ешо KIND
where QED СНЕ ры ЩИТ Q
we'll defined all the terms later он



Ran The original work by G Р has
stronger assumptions

У Т чай embedding in a smoothDMs
E has a global resolution E EoSE.by ĸв

I will follow the generalization by
Chang Кем И Torus localization and wall
crossing for usedom localized virtual cycles
because I understand their proof better

Ren virtual localization formula is strong it works
in singular settings whereas В В decomposition

doesnt

Application for Mg.nlpTd express
Тд б d К in terms of ППД n.IT

where g ц аж determined by the
combinatorics of the fixed point вай

Main idea а point in the fixed locus has
little freedom If f К is a T fixed
map with finite autos then
the images of all marked pts nodes
contracted camps and ramification pts
must be Т fixed pts in Ай



Moreover each поп contracted component of С
must шар onto a T invariant сила in б
i e auto а dine connecting two toed points
and be ramified only over the two
fixed pls this component must
be rational P and f restricted
to this component is determined

by its degree
Д appears from decomposing curves intoсотр

Standing assumptions L Q СЦ СН Q
Свою groups of stacks
for alg spaces and Dm stacks with соед
СИ dim integral closed substacksmodulo rat
for quotient stacks У

СИЛУ сайт СНьĸи E
C У v b f graded group

in particular сньСВт QEt3 t

GDECKfbDAsaringiCh4BTIQCt.J СК a ЕВО СН Q СМ
х 1 НИ У 0 O I



In topology Н BE Q HIBS Q Н а QUI
for generalArtin stacks more complicated trite

generators are f ЖЕ
А D М stack with Т action

СНЕК он.IE t T eguivariant groups
quotient slack

с substa.ch of the fixed воая
locally on attires given by specАфĸSpeeА
where Аж is the ideal generated by
T eigenfnnct.ae with non trivial characters

Atiyah В.tt localization formula for stacks Кпд
Originally Bott residue вопила
нужды worked with ДИ instead of СЦ 1968
later Thomason worked It G вы alg spaces
and Edidin Graham for Сих
this result is also called Concentration theorem

Claim the inclusion i E их induces
ШТАТq.ae IIescniz etgQ

tt

iШЛА
aQIEtyPmofi.Oewant to assume that
the induced action of Т он is trivial
Since these are stacks it's not a given
Example ТАМ штат А1 d А



Take р E 1 E CТОМ d
it's a fixed point its component in Ж

Яis Вред Then Таврия is non trivial
But we can consider T action on А

where T I T is а d cover of Т
xD

And Т action on Iis already trivial
Fact there is always an и сайтов Т

that makes 1 action on Ат trivial
and Ж Б is а Вы stack
T action on А Е has quasi finite stabilizer

Since passing to an и cover doesn't
change Щ with Q соба
we can replace Т by T and assume these

properties
we want to use the

localization sequence for stacks СИМА
Artin stack this ЖДИ st
И is a global quotient stack

there's exact sequence
СНКИН ЩА мда ОНИ о

is defined
with wefts it works when И is a АН stacktoo



In particular we get after
СНЕЖЕН АТА ажж Айш E о

The condition about эс EDM stackimplies thatĸ
СНТ E О со with fixedpts
СИТА Ддд.ae Дейта даа И
so multiplying by powers oft CHIGpec.CI 94Yg e
will kill eventually Нет Coker of Еж

СНЕ фас Its is unbounded indegrees
because Вт isn't an мstack sheet isn't finite

µ



КЁ Location formula fr smooth К land Ей

smooth 5
ТА

smooth D М stack Ж is smooth too
and so С 5 хз

Ву A В localization
it for some ЕСН E да ЖУ

We have

у
4

iii х 2.6 self intersection

й эй ПисАНе весаддчила
Т weights on N are non zero

САТ using rep theory of т

ф с i ЕЁ
in СИ E да ЖУ



General case

We'd like to imitate this proof but we
don't have В to start with as well
all Й defined a priori
But we'll get there

From last time

тех intrinsic normal соĸе which
e'tale locally is given by Кипр for
И и
dд

smooth

А
Perfect obstruction theory E gives a
vector bundle stack Е th
Ч ЖЕ closed embedding

virtual fundamental class is

ЖГ 019 i e intersecting
e with the zero section КИЕ inside Е
and then applying Иру invariance
СН E й сын а



Now Т equivalently
А ВЫ stack with Т action

C ВентЗ Т equivalent complex of
T eguiuan.at вос free sheaves of 2 modules

T egudariantp.at ЕЕ D СЖР with

ф E C ВСЕ н that is a pot out

Now we're дни а T eguivariantp.at он Ж
and не want to define an induced

port он

А T.equ.ir sheaf of 0 modules
A fix sheaf of Т fixed автоhulas
Ам sublet generatedby Кейделесĸая

with non trivial characters
In particular for ЕЕ ВСЕ43

I ЕЕЕ ЕЁthanks to simple structureof Т reps
Moreover а T quiv.p.at ф E К
induces

ЁЕЁН Fitful
вина The composition

ЕЁ К If К is а p.at он Ж

с



Нене не get СЕГ вот twos p.at

аля wir
и

Now let E Е ЕДУ
which are both perfect complexes
They fit in the diagram of after sequences

Eft Е NITE

L L И G

К 1 7 Хэй 4

Ву assumption Ю Но NET so

the normal sheet
N К р N D her No 4 СЦ

This allows to define the
virtual pullback

СИЛА СН.IE
as В EGzqpmot.ES E P
In general virtual pullback is a

relative version of virtual fundamental class
i е А L А У there's defined

U ЦСУ СНИК whenever

given an embeddingЧэну ЖЕ for Е а v b stoat
for К gsmooth and E К it's Adel's qsaaothGys.in

шар



р

These И satisfy nice properties
main of which is the following
when p.at on А and У are

compatible with Е не get
И сузит хуй

Precisely let h.be а пиар of D М stacks
with p.at 4 E Их and Ру Еу Из
that fit into caliber на
LI Ey В Ex Ему
То Их Ижу

КЦ Их Кшу
We call h virtually smooth if

Ежу is of perkctamplitudecoutainedinE.to
f

In that case ф у
Is а p.at

and we have
an embedding of the intrinsic normal sheaf
into the vb stack

Чĸ Ему ИЩИ Ему
and Ему ЖЕНУ
Then technical care of virtual localization formula
L X У virtually smooth map А b м stacks

И узоĸ жур
uses bistro's rational equivalences

to compare соц



End of the proof of virtual localization formula
we have i их giving it

which somewhat resembles it in the
smooth case

Self intersection holds by construction of it
for LEGGE хдд ЕЕ

2 0 2 a Мо tmall.IT
Юао if i was virtually smooth
we would say that

i хуй тут
and be done like in the smooth case

lit there was по Ns
Key idea modify the p.at ok
to make Ж их virtually smooth

We have
рейс я ПЕД Nica
and define

Ёж ДЕ Nic
where Г Is from b

p.IT а Ж exercise
and now ii Них is virtually smooth
so I жуĸ ЕТ

E К

Finally we use



KLEE ИК.IE sNs

to conclude that
С ЕЁ СНЕ ед

This allows to obtain the
virtual localization formula just
like in the smooth case Ттт

Ниĸаĸ


