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Bloch’s higher Chow groups revisited

Marc Levine

Introduction

Bloch defined his higher Chow groups CH?(—, p) in [B], with the object of defining an integral cohomology
theory which rationally gives the weight—graded pieces Kp(—)(’” of K-theory. For a variety X, the higher
Chow group CH?(X, p) is defined as the pth homology of the complex Z9(X, %), which in turn is built out
of the codimension g cycles on X x AP for varying p, using the cosimplicial structure on the collection of
varieties {X X AP | p=0,1,...}. In order to relate CH?(X, p) with K,(X), Bloch used Gillet’s construction
of Chern classes with values in a Bloch-Ogus twisted duality theory [G]; this requires, among other things,
that the complexes Z9(X, x) satisfy a Mayer-Vietoris property for the Zariski topology, and that they satisfy
a contravariant functoriality. Bloch attempted to prove the Mayer-Vietoris property by proving a localization
theorem, identifying the cone of the restriction map

Z9(X, %) = Z(U, %),

for U — X a Zariski open subset of X, with the complex Z9(X \ U, *)[1], up to quasi-isomorphism. There
is a gap in Bloch’s proof, which left open the localization property and the Mayer-Vietoris property for the
complexes Z%(X, ); essentially the same problem leaves a gap in the proof of contravariant functoriality.
Recently, Bloch [B3] has provided a new argument which fills the gap in the proof of localization; this,
together with a new argument for contravariant functoriality, should allow Bloch’s original program for
relating CHY(X, p) with K,(X) to go through without further problem.

As part of the argument in [B], Bloch defined a map

(1) CHY(X,p) ® Q — K,(X)@

for X smooth and quasi-projective over a field, relying on a A-ring structure on relative K-theory with
supports. It turns out that this approach can be followed and extended to show that the map (1) is an
isomorphism, without relying on Chern classes (Theorem 3.1). An important new ingredient in this line of
argument is the computation of certain relative Ky-groups in terms of the Ky of an associated iterated double
(see Theorem 1.10 and Corollary 1.11). A bit more work then enables us to prove the Mayer-Vietoris property
(Theorem 3.3), a weak version of localization (Theorem 3.4) and contravariant functoriality (Corollary 4.9)
for the rational complexes Z2(X, x) @(Q). We also construct a product for the rational complexes Z%(X, x)®@Q
and prove the projective bundle formula (Corollary 5.4). The arguments used in [B] then give rational Chern
classe

Cqp : Kog—p(X) — CHI(X,2q — p) ® Q,

satisfying the standard properties.

It turns out that it is somewhat more convenient to work with a modified version of Z%(X, %), using
a cubical structure rather than a simplicial structure. We show that the cubical complexes Z9(X, *)¢ are
integrally quasi-isomorphic to the simplicial version Z?(X, %) (Theorem 4.7), and have a natural external
product in the derived category (see §5, especially Theorem 5.2). We also consider the “alternating” com-
plexes N4(k) defined by Bloch [B2], and used to construct a candidate for a motivic Lie algebra. We show
that there is a natural quasi-isomorphism

Z9(Spec(k),*)° @ Q — Ni(k)
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(Theorem 4.11). The product structures are not quite compatible via this quasi-isomorphism; it is necessary
to reverse the order of the product in one of the complexes to get a product-compatible quasi-isomorphism
(Corollary 5.5).

The paper is organized as follows: We begin in §1 by proving some extensions of the results of Vorst
on K, -regularity, which we use to prove a basic result on the Ky-regularity of certain iterated doubles. We
also recall some basic facts about relative K-theory, and use the Ky-regularity results to compute certain
relative Ky groups in terms of the usual Ky of an iterated double. In §2 we use, following Bloch, the \-
operations on relative K-theory with supports to give a cycle-theoretic interpretation of certain relative K
groups, analogous to the classical Grothendieck-Riemann-Roch theorem relating the rational Chow ring to
the rational K for a smooth variety (see Theorem 2.7). In §3, we use this to show that Bloch’s map

CH'(X,p) ® Q — K,(X)@

is an isomorphism for X smooth and quasi-projective. In §4, we relate the cubical complexes with Bloch’s
simplicial version, and also with his alternating version. In §5 we define products and prove the projective
bundle formula for the rational complexes.

As a matter of notation, a scheme will alsways mean a separated, Noetherian scheme. For an abelian
group A, we denote A®Q by Ag; for a homological complex C,, we deonte the cycles in degree p by Z,(C.),
the boundaries by B,(C,) and the homology by H,(C.).

We would like to thank Spencer Bloch and Stephen Lichtenbaum for their encouragement and sugges-
tions, and thank as well the organizers of the Strasbourg K-theory conference for assembling this volume.
We would also like to thank Dan Grayson for his comments on an earlier version of this paper, and especially
thank Chuck Weibel for pointing out the need for the Ky-regularity results in §1, and suggesting the use of
his homotopy K-theory functor K H.

81. NK and relative K

In this section, we give a description of relative Ky, Ko(X;Y1,...,Y,), in terms of the Ky of the so-called
iterated double D(X;Y7,...,Y,). We begin by extending some of Vorst’s results on N, of rings to schemes
over a ring.

Fix a commutative ring A, and let Alg, denote the category of commutative A-algebras, Ab the
category of abelian groups. For a ring R, let pr: R[T] — R be the R-algebra homomorphism pg(T) = 0. For
a functor F: Alg, — Ab, let NF: Alg, — Ab be the functor

NF(R) = ker[F(pr): F(R[T]) — F(R)].
Define the associated functors N?F for ¢ > 1 inductively by
NYF = N(N97'F).

We set N°F = F.
For R € Alg, and r € R, the R-algebra map

¢T(T) =rT

gives rise to the endomorphism NF(¢,): NF(R) — NF(R), thus NF(R) becomes a Z[T]-module with T
acting via ¢,. Let NF(R)[; denote the localization Z[T, T-Y ®gzrr) NF(R). If r is a unit, then the map
NF(R) — NF(R) is an isomorphism; letting R, denote the localization of R with respect to the powers
of r, the natural map

NF(R) — NF(R,)
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factors canonically through N(R)p:

NF(R)  —  NF(R),
N %
NF(R,)

For elements 71, ...,r, of R, form the “augmented Cech complex”

0 -NF(R)- @ NF(R,,)— ...

1<i<n

— b NF(Ry, vy, r)) = - = NF(Ry, ., )to0.

1<ip<i1<...<ip<n

where the map

@ NF(RTiO,Ti1,~~~,Tip) - @ NF(RWO,HI,~~,HP+1)

1<ip<ip <...<ip<n 1<ip<ir <...<ipy1<n
is given as the direct sum over indices (1 < iy < i1 < ... <ip41 < n) of the alternating sums:

p+1
(=16t gNF(R, —~ )= NF(Ry v )
i T’Lov“vrljv~~'1r1p+1 p+1

and where

§; NF(R.  — ) = NF(R

STipg Tiov---yrip+1)

TigseesTijone

is the canonical map. The map € is the direct sum of the canonical maps
NF(R) — NF(R,,).

Lemma 1.1. Suppose R is a commutative A-algebra, rq,...,r, elements of R which generate the unit ideal.
Suppose further that the map

NF(R[T T w ) = NE(R[T )

TigaesTijyeesTip

is an isomorphism, for each set of indicies 1 < iy < ... < i, < n. Then the complex (1.1) is exact. In
particular, the map

e NF(R) —» @7 NF(R,,)

is injective.
Proof. This is proved in ([V], Theorem 1.2); there the functor F' is a functor from Alg, to Ab, but, as the

proof uses only the restriction of F' to the category Algp, the argument works as well in the case of a functor
F:Alg, — Ab. O



Let X be a scheme. We let P, denote the category of locally free sheaves of finite rank on X, and let
K (X) denote the space QBQPz; the pth the K-group K,(X), p > 0, is thus defined as the homotopy group
mp(K(X)). Letting A% denote the affine line over X, and G, x the open subscheme A% \Ox, we have the
“fundamental exact sequence” for p > 0

(1~2) 0— Kpt1 (X> — Bpt1 (Aﬁf) © Kpt1 (Aﬁf) - p+1(GmX) - Kp(X) —0

where the maps are those arising from a spectral sequence computing the K-groups of P} via the standard
cover

PL = AL UAL.
This allows the inductive definition of the K-groups K, (X) for p < 0 by forcing the exactness of
KP+I(A§<) ® Kp-i-l(A%() = Kpi1(Grx) — Kp(X) — 0

for all p; it then follows (see [*]) that the sequence (1.2) is exact for all p € Z.
Let ig: X — Al be the inclusion as the zero section. Recall the inductive definition of the groups
N1K,(X) as
K,(X) for q=0
q — p ’
NIEy(X) = {ker[z';; N1EK,(AL) — N9-1K,(X)]  for q > 0.

We recall that a scheme X is K,-regular if N9K,(X) = 0 for each ¢ > 0.
Let U = {U,} be a Zariski open cover of X. Then there is a spectral sequence (see Thomason [T], *)

(1.3) EP =@y 0N K_y(Use N...NUy,) = N'E_,_(X).

The Es-term is the Cech cohomology with coefficients in the presheaf NYK_,,: Hécch(U, N'K_,); the se-
quence is strongly convergent for finite covers.

For an A-scheme X, and element f € A, we let Xy denote the open subscheme defined by the non-
vanishing of f. Let Fx: Alg, — Ab be the functor

Fx(R) = Kp(X @4 R);

in particular, we have N9F(R) = NYK,(X ®a R). For f € A, we use the notation NYK,(X)y for
NOEx (A)g)-

Lemma 1.2. Let A be a commutative ring, f € A and X an A-scheme. Suppose we have a covering of X
by affine open subsets U, = Spec(A,) such that, for each «, either f is a non-zero divisor in A, or f is
contained in some minimal prime ideal of A,. Then the natural map

NUKL, (X)) — NIK,(Xy)

is an isomorphism.

Proof. Let B be a commutative ring and suppose g € B is either a non-zero divisor in B, or is contained in
some minimal prime ideal of B. Then Vorst ([V], Lemma 1.4) has shown that the natural map

NIK,(B)rg) — NUKy(By)

is an isomorphism (Vorst only proves this for p > 0, but the general result follows from this and the
fundamental exact sequence (1.2)). The general result follows from this and the spectral sequence (1.3). O
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Theorem 1.3. Let A be a commutative ring, X a reduced A-scheme. Suppose we have elements f1,..., fn
in A generating the unit ideal such that Xy, is K)-regular for each j =1,...,n. Then X is K-regular.

Proof. Take ¢ > 0. Let F be the functor N9 ! Fx. Since X is reduced, the scheme X ®4 B is reduced for
all flat A-algebras B, in particular, for all B which are localizations of a polynomial ring A[T]. By Lemma
1.1 together with Lemma 1.2, the map

N9E,(X) = &7 N1, (X )
is injective. Since each Xy, is K-regular, the groups N9K,(Xy,) are all zero for all ¢ > 0, hence N9K,(X)
is zero for all ¢ > 0, i.e., X is Kj-regular. O

Corollary 1.4. Let X be a scheme. If X is K,-regular, then X is K, _i-regular.

Proof. The exact sequence (1.2) gives the exact sequence for all p € Z:
NIK,(AY) ® NIK,(AY) — NTK,(Gnx) — N1K,_1(X) — 0.

If X is Kj-regular, then AL is clearly Kp-regular; applying Lemma 1.2, with A = Z[t], f = t, we see that
Gmx is also Kj-regular. The exact sequence above then shows:

If X is K,-regular, then X is K,_;-regular,
completing the proof. O

Let X be a scheme, Y a closed subscheme. The double of X along Y, D(X;Y), is the scheme making
the following square co-Cartesian:

y 4 X
il lm
X B DX;Y);
ie., D(X;Y) is two copies of X glued along Y.

If X = Spec(R) is affine, and Y is defined by an ideal I, then D(X;Y") is Spec(D(R;I)), where D(R; 1)
is the subring of R x R consisting of pairs (r,r’) with r — v/ € I. If R is Noetherian, then the R-submodule
D(R;I) of R x R is thus a finite R-module, hence D(R;I) is Noetherian if R is. Sending the pair (R;I) to
the ring D(R; 1) is clearly functorial; thus, as every scheme has an affine open cover, the double D(X;Y)

exists for each scheme X and closed subscheme Y.
We have the map

pD(X)Y)—- X

splitting the two inclusions 7;: X — D(X;Y). If Z is a closed subscheme of X, there is a natural identification
of D(Z;Y NZ) with p~1(Z); we denote the closed subscheme p~1(Z) by D(Z,Y). This allows us to define the
iterated double D(X;Y7,Y>) inductively as the double of the D(X;Y;) along p~!(Y2). The further iterated
double D(X;Y1,...,Y,,) is defined inductively along these lines:

D(X;Yi,...,Yy) = D(D(X; Y1, ..., Yo 1); D(Yui Vi, Yao1)).

Suppose we have closed subschemes Y7,...,Y,, of a scheme X. We form the (opposite) n-cube of
subschemes of X, (X;Y7,...,Y,)., by

(X5Y1,.. 0, Yo)r = NierYs
for each subset I C {1,...,n}; the map

(X;Yl,...7yn)]—>(X;Y1,...,Yn)J

for J C I is the natural inclusion. We call the collection of closed subschemes Y7, ...,Y,, split if the resulting
n-cube is split. We say that Y7, ...,Y,, define a normal crossing divisor on X if for each subset I of {1,...,n},
the subscheme (X;Y7,...,Y,)s is a regular scheme of codimension |I] on X (or is empty).
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Lemma 1.5. Let X be a scheme, Y a closed subscheme. Suppose that the inclusion i:Y — X is split.
Then the sequence

0 — Ko(DOGY) 2 Ko (X) @ Ko (X) 5 Ko(Y) — 0

is exact.

Proof. For a scheme Z, let IsoPy the set of isomorphism classes in Pyz; we let [E] denote the isomorphism
class of a locally free sheaf. The category Pp(x,y) is equivalent to the category of triples (E, E', $), where
E and E’ are locally free sheaves on X, and ¢:¢*FE — ¢*E’ is an isomorphism. Since the inclusion i is split,
each automorphism p of i*F lifts to an automorphism p of E; thus the isomorphism class of (E, E’, ¢) is
independent of the choice of isomorphism ¢. Thus, IsoPpx.y) is the set of pairs ([E], [E']) of isomorphism
classes of locally free sheaves on X, such that ¢*[E] = i*[E’]. Using the splitting of i again, this implies that
the sequence

Z[IsoPp(x;y)] — Z[IsoPx] ® Z[IsoPx| — Z[lsoPy] — 0

is exact, and the kernel of the first map is generated by elements of the form

(1.4) (B, [E]) = ([E], [E"]) + ([F], [E"]) = ([F], [E"]).
For a scheme Z, let Rz denote the kernel of the surjection
Z[lsoPz] — Ko(Z);

i.e., Rz is the subgroup of Z[IsoPz] generated by expressions of the form [E] — [E’] — [E"], where 0 — E/ —
E — E” — 0 is exact. Since ¢ is split, the sequence

Rpx;yy = BRx ® Rx — Ry — 0

is exact. On the other hand, for elements ([E], [E']), ([E], [E"]),([F],[E"]), ([F], [E']) in IsoPpx,y we have
the relations in Ko(D(X;Y)):

((E], [E]) + ([F], [E"]) = ([E & F],[E' & E"])
=(EeF],[E"® E])
= ([E], [E"]) + ([F], [E']).
Thus, elements of the form (1.4) are contained in Rp(x,y); a diagram chase finishes the proof. O
Theorem 1.6. Let X be a reduced A-scheme, A a reduced commutative ring, and let Y7,...,Y, be sub-
schemes of X, defining a normal crossing divisor on X. Suppose that there are elements f1, ..., fr of A such

that Y1 N Xy, ..., Y, N Xy, is a split collection of closed subschemes of Xy, for each j =1,...,k. Then the
iterated double D(X;Y1,...,Y,) is Kp-regular for all p < 0.

Proof. By Corollary 1.4, we need only consider the case p = 0. If we replace X and Y3,...,Y, with A% and
AL ..., AL, the hypotheses of the theorem remain valid; thus, we need only show that

N'Ko(D(X;Y1,...,Y,)) =0.

We have the natural map

D(X;Y1,...,Y,) = X;



which identifies the iterated double D(X ;Y7 N Xy, ..
By Theorem 1.3, and our hypotheses, we may assume that the collection of subschemes Y7, ..
The split, normal crossing hypotheses pass to the collection of closed subschemes Y1 NY,,, ...
induction we may assume that D(X;Y7,...

Y, N X)) with D(X;Y3, ...

,Yo_1) and D(Y,; Y1 NY,,...

,Y,)s for each f € A.
., Y, is split.
) Yn—l N }/n; by
,Y,_1NY,) are Kp-regular. Our

hypothesis that the collection of subschemes Y7,...,Y,, is split implies that the natural inclusion

D(Y,:YiNY,, ...

is split.

The iterated double D(X;Y7,...
., Y,_1NY,); thus we have the commutative diagram

scheme D(Y,;Y1NY,,..

7Yn—1 ﬂYn) - D(X;Yla---yyn—l)

,Y,,) is the same as the double of D(X;Y7,...

0 0
! 1
Ko(D(X;Y1,...,Yy)) — KO(D(AQ;A%,I,...,A%,H))
! 1
Ko(D(X, Yl, e 7Yn_1)) Ko(D(Ak,A%/I, e ,A%/nil))
@ — 3]
Ko(D(X;Y1,..., Y0 1)) Ko(D(AY; AL, ... AL )
! !
Ko(D(Yn,Yl ﬂYn,...,}/n_l ﬂYn)) — Ko(D(A%/";A%/len,...,A§’L710Y7L))
!
0 0

By Lemma 1.3, the columns above are exact; since D(X;Y7,...

7Yn—1) and D(}/n, Y1 n Yn, ‘e

,Y,,—1) along the sub-

aYn—l N Yn)

are Kg-regular, and we have natural isomorphisms

D(A-lx’ A%ﬁ’ te ’A%/nf1) - A}J(X;Yhm,yn—l)

the last two horizontal arrows are isomorphisms, hence the first horizontal arrow is an isomorphism. Thus
N'Ko(D(X;Y1,...,Y,)) =0, completing the proof. O

For a scheme X, let KZ(X) denote the (possibly non-connective) spectrum defined by Thomason in
[*] with 7,(KP (X)) = K,(X), for n € Z. If X is regular, all negative homotopy groups vanish. We also
will consider the spectrum K H(X) defined by Weibel [W*]; the nth homotopy group of K H(X) is denoted
KH,(X). We recall from [W*] that there is a natural map

KP(X) - KH(X),
and a spectral sequence
(1.5) EVT=NTK_ (X)= KH_,_4X).

In particular, (Thm*.* of [W*]), if X is K),-regular for all p < n, then the map

Kp(X) — KHy(X)

is an isomorphism for all p < n. In addition, the “homotopy K-groups of X", KH, (X), satisfy:
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KH-1) (Homotopy) the map
KHy(X) — KHy(A)

is an isomorphism.

K H-2) (Excision) Let ¢: A — B be a map of commutative rings, I an ideal of A such that I = ¢(I)B. Then,
letting KH(A,T) and KH(B,I) denote the respective homotopy fibers of the maps

KH(A) — KH(A/I)
KH(B) — KH(B/I)

the map KH(A,I) — KH(B,I) induced by ¢ is a weak equivalence.
K H-3) (Mayer-Vietoris for closed subschemes) If X =Y U Z, with Y and Z closed subschemes of X, then

KH(X)— KH(Y)x KH(Z) —» KH(Y N Z)

is a homotopy fiber sequence.
K H-4) (Mayer-Vietoris for open subschemes) If X = U UV, with U and V open subschemes of X, then

KH(X)— KH({U) x KH(V) — KH{UNV).

is a homotopy fiber sequence.

We now recall some basic facts about relative K-theory. To define relative K-theory in the needed
generality, we use the language of n-cubes. The n-cube <n> is the category associated to the set of subsets
of {1,...,n}, ordered under inclusion, i.e., the objects of <n> are the subsets I of {1,...,n}, and there is a
unique morphism ¢y y: I — J if and only if I C J. If C is a category, we have the category of n-cubes in C,
C(<n>), being the category of functors from <n> to C, e.g., n-cubes of sets, schemes, topological spaces,
etc. The split n-cube is the category <n>;p, gotten by adjoining to <n> morphisms p;c;:J — I'if I C J,
with

prcyotricy =idy
Pict CPJCK = PICK
A functor from <n>,p to C is called a split n-cube, and an extension of F': <n> — C to Fyp: <n>gp — C
is a splitting of F. We note that sending I to its complement ¢ defines isomorphisms <n> — <n>°
and <n>g, — <n>Z§l; we often define an m-cube or a split n-cube on the opposite category via these
isomorphisms.
If X:<n> — C is an n-cube in C, we form the map of (n — 1)-cubes

XE Xt - X—

by taking
X=X, X; =Xpmp X =XT cIu{n}).
This determines a functor from the category of n-cubes in C to the category of maps of (n — 1)-cubes in C. If

X:<n> — Top” is an n-cube of pointed spaces, let Fib(X): <n — 1> — Top* be the (n — 1)-cube defined
by setting Fib(X)r equal to the homotopy fiber of the map

XE X — X7
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This gives the functor
Fib: Top*(<n>) — Top*(<n — 1>);

iterating Fib n times defines the iterated homotopy fiber functor
Fib"™: Top*(<n>) — Top™;

we call Fib™(X) the iterated homotopy fiber of X. A similar construction defines the iterated homotopy
fiber of an n-cube of spectra.

Let X be a scheme, and Y7,...,Y,, subschemes. Applying the functor K(—) to the (opposite) n-cube
(X;Y1,...,Y,). gives the n-cube of spaces K(X;Y1,...,Y,). with

K(X;Y1,...,Y0) = K(NierYs).

Let K(X;Y1,...,Y,) denote the iterated homotopy fiber over this n-cube of spaces. K(X;Y7,...,Y,) isa
model for the K-theory of X relative to Y7,...,Y, and the relative K-groups are given by

E)(X:Yi,..., V) = mp(K(X; Y1, o).
Applying the functors KZ(—) and KH(—) to (X;Y3,...,Y,). and taking iterated homotopy fibers defines
the relative spectra KZ(X;Y1,...,Y,) and KH(X;Y1,...,Y,); denote the nth homotopy groups, n € Z, by
KB(X;v1,...,Y,) and KH,(X;Y1,...,Y,), resp. We have the natural map

KP(X;Y1,...,Y,) = KH(X;Y1,...,Yy)

and a natural isomorphism

K.(X;Yy,....Y,) = K2 (X;v1,...,Y,)
for n > 0. If all the subschemes Y; := N;c;Y; are regular, then
KB(X;Y1,....Y,) = KH(X;Y1,...,Y,)

is a weak equivalence.
Let D =D(X;Y1,...,Y,), with X reduced. As a topological space, D is quotient of the disjoint union

of 2™ copies of X:
D= ][ x/=
Ie<n>

where z in the copy of X indexed by [ is identified with x in the copy of X indexed by J if I C J and z is in
Y7\ ;. We denote the copy of X indexed by I C {1,...,n} by X7, and let i;: X; — D denote the inclusion.
Let Dq,..., D, be the reduced closed subschemes of D,

D; = Ur with jerXr
Then D; N Xy =Y, (scheme-theoretically) for each j =1,...,n, so the inclusion iy defines the maps

ig: K(D;D1,...,Dy) = K(X;Y1,...,Y,)
in: KP(D;Dy,...,Dy) — KP(X;Y1,...,Yy)
is: KH(D; Dy,...,D,) — KH(X;Y1,...,Yy)

If Z is a closed subscheme of X, the iterated double D(Z;Y1 N Z,...,Y, N Z) is naturally a closed
subscheme of D; we denote this closed subscheme of D by D(Z;Y1,...,Yy,).
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Lemma 1.8. Let Z be a scheme, Wy, ..., W, closed subschemes. Then the map
iy: KH(D(Z;Wy); DOW1; W), ..., DOW,—1; W), Dy) = KH(Z; Wy, ..., W,)

is a weak equivalence.

Proof. We may suppose Z is affine; the general case follows by taking an affine open cover of Z, noting that
D(Z;W,) is a finite Z-scheme, and using Mayer-Vietoris (K H-4) for the resulting open covers of Z and
D(Z;W,).
The spectra KH(D(Z;W,,); D(W1; W), ..., DWy—1;W,,), D1) and KH(Z;Wy,...,W,,) are the iter-
ated homotopy fibers over the n-cubes of spectra:
I'— KH(D(Z;W,); DIWy; W), ..., D(W,_1;Wy,), D1)r
I— KH(Z;Wy,...,Wp)r1

The map ip thus gives the map of n-cubes of spectra
ig: KH(D(Z;W); DOW s W), ..., D(Wy_1;W,,), D1) — KH(Z;Wh, ..., Wh).

whence the commutative square of (n — 1)-cubes

KH(D(Z;W); DWy; W), ..., DW,,_1;W,), D))f % KH(Z; Wy, ..., W,)F
(1.6) ! !

KH(D(Z;W); D(W;W,,),...,D(Wy_1;Wy,), D1); 2 KH(Z;Wq,...,W,); .
For each I C {1,...,n — 1}, we have

(D(W17 Wn)7 s 7D(WTL—1; WTL)7D1)I = D(Wla WTL)
(DW1;Wa), ..., DOWn—1; W), D1) 1ugny = D(W1, W) N Dy

Taking * = I in (1.6) thus gives the commutative square

KH(D(Wp, Wy,)) - KH(Wr)

(1.7) l l
KH(D(W;,W,)NDy) — KH(W;NW,).

Since Z is affine, so are W; and W,; thus, (1.7) is gotten by applying the functor K H to the diagram of
rings
DR;I) B R
p1l lp
R L R/I

Here, W; = Spec(R), and the subscheme W; N W,, of W is defined by the ideal I; the maps pg and p; are
the maps

po(r7 T/) =T P1 (Ta lrl) = 7"/,
and p: R — R/I is the quotient map. Since p; is surjective with kernel (7,0), we may apply excision to the
square (1.7), and conclude that the induced map
(1.8)1 KH(D(W;,W,);W;) - KH(W ;W NnW,)

is a weak equivalence. As the iterated homotopy fiber over an n-cube of spectra X is formed by first taking
the (n — 1)-cube of homotopy fibers Fib(X) of the map X*: X+ — X, and then taking the iterated
homotopy fiber over the (n — 1)-cube Fib(X), the weak equivalences (1.8); for I C {1,...,n — 1}, together
with the Queztelcoatl lemma, imply that ij is a weak equivalence, as desired. O
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Proposition 1.9. Let X be a scheme, Y7,...,Y, closed subschemes. Then the map
ig: KH(D(X;Y1,...,Y,); Dy, ..., D) = KH(X;Y1,...,Y,)

is a weak equivalence.

Proof. Repeatedly applying Lemma 1.8, we have the weak equivalences

KH(D(X;YD~~~7Yn);D17'~~aDn)
— KH(D(X;Yl,...7Yn_1);D1,...7Dn_1,D(Yn;Y1,...,Yn_l))
— KH(D(X;Y1,...,Y, 2); D1,..., Dy, D(Yy15Y1,..., Yo 2), D(Yo; Y1, ..., Y 2))

— KH(X:Yy,...,Y,).

This proves the result. O
Theorem 1.10. Let X be a scheme, Y1,...,Y, closed subschemes. Suppose that

i) For each I C {1,...,n} the scheme Y7 is regular.
ii) The iterated double D(X;Y1,...,Y,) is K,-regular.

Then the map
in: KB(D(X;Y4,...,Yn); D1, ..., Dy) — KB (X;Y3,...,Yy)

is an isomorphism. If m > 0, then the map
i;):Km(D(X;Yla s Yn)i D1, D) — K (X5 Y7, ..., Y5)

is an isomorphism.

Proof. Under the assumption (i), the map
K2(Y;) - KH(Y7)
is a weak equivalence for each I C {1,...,n}. Thus, the natural map
KB(X;vi,...,Y,) - KH(X;Y1,...,Y,)

is a weak equivalence. Under the assumption of K,,-regularity, it follows from Corollary 1.4 and the spectral
sequence (1.5) that the natural map

KB(D(X;vi,...,V,)) = KH,(D(X;Y1,...,Yy))

is an isomorphism.
The (opposite) n-cube of schemes (D(X;Y1,...,Y,); D1,...,Dy). is split; thus there are natural pro-
jections
KB(D(X;v1,...,Y,)) = KB(D(X;Y1,...,Y,); Dy,...,Dy)
KH,(D(X;Yh,...,Yy)) — KH(D(X: Y4, ..., Y); Dy, ..., Dy)
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making the diagram

KB(D(X;V1,...,Y,)) — KB(D(X;Yi,...,Y,);D,...,Dy)

! !
KH,(D(X:Y1,....Y,)) — KHy(D(X;Y1,...,Y,);Dy,...,Dy)

commute. Thus, the natural map
KB(D(X;Y1,...,Y,);Dy,...,D,) — KH,,(D(X;Y1,...,Y,); Dy,...,D,)
is an isomorphism as well. From the commutative diagram

KB(D(X:Yi,...,Y,);Dy,....D,) — KB(X;vi,...,Y,)

! !
KHn(D(X;Y1,...,Y.); D1, ,Dy) — KHy(XiYh,...,Y,)

we see that

KEL(D(XthaYn)aDlaaDn) HKEL(XaYh,Yn)

is an isomorphism, completing the proof of the first assertion. The second follows from the fact that

KB(D(X;Y1,...,Y,);D1,..., D) = K (D(X;Y1,...,Y,); Dy, ..., Dy)
KB(X:v1,....V,) = K,,(X;Y1,...,Yy,)

for all m > 0. O

If Dy,...,D, are codimension one reduced subschemes, intersecting properly, let D be the divisor
Dy + ...+ D,. We often write K(X; D) for K(X; Ds,...,D,), etc.
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§2 Relative cycles and relative K

We use Bloch’s idea of a relative cycle to give a cycle-theoretic interpretation of the relative Ky. We start
with a discussion of relative K-theory with supports, and the functorial A-operations on these groups.

If X = Spec(R) is an affine scheme, Hiller [H] and Kratzer [K] have defined A-operations A\*: K,(X) —
K,(X), satisfying the special A-ring identities, by giving maps

M BGL,(X)t — BGL(X)*t

which are stable, up to homotopy, in n.

Let Y be a scheme, and U an open subscheme; let Z be the complement Y\U. Define the space
K?Z(Y) as the homotopy fiber of the restriction map K(Y) — K(U). Similarly, if we have closed subschemes
Di,...D, of Y, define K#(Y;D,...,D,) as the homotopy fiber of the restriction map K(Y; Dy,...,D,) —
K({U;UNDy,...,UND,). The group KPZ(Y) = m,(KZ(Y)) is the pth K-group of Y with supports along
Z; the group KPZ(Y;Dl, ooy Dy) == mp(KZ(Y; Dy, ...,D,)) is the pth K-group of Y with supports along
Z, relative to Dq,...,D,.

Suppose that X is a regular scheme over a field. Then, following Gillet [G], we have the following
sheaf-theoretic description of K,(X). Form the sheaf Kx of simplicial sets on X associated to the pre-sheaf
V — BGL*(I'(V,0Oy)) x Z. Then there is a natural isomorphism K, (X) — H ?(X,Kx). We have as well
the sheaves of simplicial sets Kx , gotten by using BGL;! instead of BGL™; the stability results of Suslin
[S] show that H™?(X,Kx ) = K,(X) for all n sufficiently large.

Soulé [So] has given A-operations on the sheaf level, \F: Ky, — Kx, which satisfy the special A-ring
identities in the closed model category of simplicial sheaves on the big Zariski sité over X, and are stable,
in the model category, in n. This then gives functorial A-operations A\¥ on the groups KPZ (X), satistying the
special A-ring identities. These operations agree with the A-operations of Hiller and Kratzer on K, (X) when
X is affine.

Grayson [Grl] has another approach to the construction of A-operations, which gives functorial opera-
tions for an arbitrary scheme, and agrees with the operations of Soulé or with those of Hiller-Kratzer when
defined. It is not known, however, whether Grayson’s A-operations satisfy the special A-ring identities. We
now give a brief sketch of Grayson’s construction.

If P is an exact category, Grayson and Gillet [GG] have constructed a functorial simplicial set GG(P)
whose geometric realization is naturally homotopy equivalent to QBQP. Grayson constructs the A-operation
A¥ as a simplicial map from a certain subdivision of GG(P) to a certain other subdivision. This gives the
operation A\* on the geometric realization of GG(P), functorial in the category P. Grayson has shown that
these operations agree with those defined by Hiller and Kratzer in the case P = Px for X affine; this
implies that they agree with the operations of Soulé in the regular case. In any case, we may apply the
construction of Grayson to any iterated homotopy fiber as above, giving functorial A-operations on the
relative groups with supports K pZ (X; Dy,...,D,), which agree with the operations defined by Hiller-Kratzer
or Soulé, when the latter operations are defined. In particular, this defines functorial Adams operations "
on KpZ (X;Ds,...,D,), although the standard properties of the Adams operations are only known in the
cases discussed by Hiller-Kratzer, or by Soulé. Additionally, Grayson [Gr2] has defined a delooping of ¥*;
in particular, the operations ¥* on KpZ (X;Dq,...,D,) are group homomorphisms for all p > 0.

We fix an integer k£ > 1, and let KPZ(X;Dl, e ,Dn)(Q) denote the kZ-characteristic subspace of *
acting on KPZ(X; Dq,...,D,)®@Q; ie., the set of v € KPZ(X; Dq,...,D,)®Q such that

(" — k- i)V (v) =0

for some N > 0.

Lemma 2.1. If X is regular and Dy + ...+ D, is a reduced normal crossing divisor, we have the functorial
finite direct sum decomposition

KZ(X;D1,...,D,) ®Q = &,KZ(X;D1,...,Dy,) 9,
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In addition, there is an integer N such that KpZ(X; Dy, ..., D)9 is the subspace for which (1)* —k4-id)N = 0.

Proof. Let V' be a (Q-vector spaces with an endomorphism L, and suppose we have an L-stable flag
0=VWwcCcwc...cV,=V
in V. Suppose further that each quotient W; := V;/V;_; breaks up into a finite direct sum of subspaces
W; = EBqu(q),

where L acts on Wi(q) by multiplication by k?. Then one easily sees that V' is a finite direct sum of subspaces
V(@ where V(@ is the subspace of V on which (L — k?-id)" = 0. Thus the finite direct sum decomposition

V= @qV(Q)

is functorial on the full subcategory of the category of Q[L]-modules consisting of those Q[L]-modules with
finite filtration as above.

By considering the various long exact localization and relativization sequences associated with Z, X
and D1,...,D,, we see that each group KpZ(X; Di,...,D,) ®Q has a 1*-stable filtration with successive
quotients being 1*-subquotients of 1/*-modules of the form K,(Y) ® Q, where Y is a regular scheme. Thus,
the considerations of the previous paragraph prove the lemma. O

In the general setting, we have only the functorial subspaces
KZ(X;Dy,...,D,)9 ¢ KZ(X;Dy,...,D,) ® Q.

Let X be a regular k-scheme, and s a finite set of closed subsets of X. Let Z¢(X) denote the group of
codimension d cycles on X, Z¢(X), the subgroup of Z¢(X) consisting of cycles which intersect S properly
for each S € s. If Dy,..., D, are distinct locally principal closed subschemes of X, and [ is a subset of
{1,...,n}, let Dy = NjerD;. Let D be the divisor Dy + ...+ Dy, let s(D) = {D; | I C {1,...,n}}, and
s(D) N s the set of closed subsets Dy NS, for I C {1,...,n} and S € s, together with the subsets Dy,
Ic{l,...,n}. Let Z%X; D), be the subgroup of Z(X),(p)ns consisting of cycles Z with Z- D = 0. Bloch
[B] has defined a homomorphism

cyc: 74X ; D)y — Ko(X; D)D),
which now describe.
If W is a closed subset of X, let Z%(X; D)™ denote the subgroup of Z¢(X; D) consisting of cycles
supported on W.
If W C T are closed subsets of X, let iy 7 KZV(X; D)@ — KE(X; D)@ be the natural map. Similarly,

suppose we have W C Y C X, where Y is a regular closed subscheme of X, of pure codimension ¢, with Y
intersecting each Dj properly. The natural maps

K(YND;)— KY"P(Dp); K(Y ND\W)— KY"Pr\W(D\W)
followed by the natural maps

KY"P1(D;) — K(Dy); KY"Pr\W(DA\W) — K(D;\W)
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defines the map
PWex: KY(Y;Y N D) — KV(X; D).

Composing pY- y with the inclusion of the summand KZ‘;V (Y;YND)@=9) in KZV(Y; Y'ND) and the projection
of K}V(X; D) to the summand K" (X; D)@ defines the map

PWex: KW (VY nD)e™e) — K)V(X; D)@,
Similarly, the inclusions W C T and Y C X induce the maps
iwre: 24X D)V — ZUX; D)5 pYex: 27V Y n D)W — Z24(X; D)W

Lemma 2.2. Let W be a pure codimension d closed subset of X, such that each irreducible component of
W intersects each Dy properly. Then

i) There is an isomorphism
ey 2(X; D) @ @ — Ky (X; D)@,

functorial for pull-back by flat maps X' — X.

ii) If W' is another pure codimension d closed subset of X with W C W', and Z is in Z4(X; D)V ® Q,
then

’

iW,W'*(CZ/CW(Z)) = ey (2).

iii) Suppose W C'Y C X, where Y is a regular codimension ¢ closed subscheme of X such that Y intersects
each Dy properly. Then the diagram

w
Z4&=v;DnY)WeoQ L KYV(Y;Dny)d-o
pivaCX ! lpycx
w
Z4X: D)W @Q e, KW (X; D)@

commutes.
Proof. (following Bloch) We have D = Dy + ...+ D,,, with each D; regular. We first show, by induction on
n, that
(2.1) KV(X;D)® =0; fora>0,b<d.
Suppose first that n = d = 0; we may then suppose W = X. If F is a field, Soulé [So] has shown that

(2.2) K (F)9 =0 fors>0,q<0.

Let XP denote the set of codimension p points of X. Since X is regular over a field, we have the Quillen
spectral sequence

(2.3) B = @uexnK_o(k(2)) 0P = K_,_o(X)®.
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By (2.2), this proves (2.1) for n = 0, W = X. Now suppose W is regular of codimension d. By the
Riemann-Roch theorem [G], and Quillen’s localization theorem ([Q] Theorem *.*) the weak equivalence
K(W) — KW (X) implies that the map

(2.4) P ex: Ka(W)'W = KV (X)ler

is an isomorphism. This proves (2.1) in this case. If W is an arbitrary closed subset of X of pure codimension
d, let W’ be a closed subset of W such that W\W" is regular, and W' has pure codimension d + 1. By
downward induction on d (starting with d = dim(X) + 1) we may assume that (2.1) is true for W’. Then
(2.1) for W follows from the exact localization sequence

LS KV (00 S KV (x)® — KWV (X \whH®

This completes the proof of (2.1) for n = 0. The general case follows by induction and the exact relativization
sequence

o= K0P (D, Dy Dy Dy N Dy )® — KW (X, Dy, D) — KV(X, Dy, D)™ —

We now prove the statement of the lemma, proceeding by induction on n. For n = 0, we use (2.4) to
give the isomorphism

(2.5) Pivex: Ko(W)© = KV (X)),
in case W is regular. Using the spectral sequence (2.3) (with X = W), we see that the restriction map
(2.6) Ko(W)© — Ko(k(W))©

is an isomorphism. As Ko(k(W))©) = Ky(k(W)) ® Q is the Q-vector space on the irreducible components
of W, the inverse of the isomorphism (2.6) composed with the isomorphism (2.5) defines the isomorphism

ey Z2°W) @ Q — KV (X)@.

If W is an arbitrary closed subset of codimension d, let W/ C W be a closed subset of codimension d + 1 on
X such that W\W’ is regular. Then the spectral sequence (2.3) implies the map

K ()@ — 1"\ (x0\w)@

is an isomorphism. As Z%(W) — ZO(W\W) is also an isomorphism, the map cye™”\W' induces the isomor-

phism

ey 20 (W) © @ — KV (X)),
in this case as well. Let T > W be a closed subset of X, of pure codimension d. The compatibility
(2.7) i T © cyeVV = ceycT o T T

is obvious if W is a connected component of T'; in general, we may remove a closed subset of T of codimension
d+1 on X to reduce the proof of (2.7) to this case.
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If Y is a regular closed codimension ¢ subset of X, and W C Y C X is a regular closed codimension d
closed subset of X, we have the homotopy commutative diagram

This gives the compatibility

(2.8) pYex ocye” =cyc opl¥

in this case; for W an arbitrary closed codimension d closed subset, the compatibility (2.8) follows by
localization as above.

In addition, Serre’s intersection multiplicity formula shows that, for A a closed regular subscheme of X
intersecting each component of W properly, we have the commutative digram

cycW
—

ZY(X)" 2 Q K7 (X)@
Al Ly
cycVNA
Zd(A)WﬁA QQ ve K(i)/VﬂA(A)(d).

For general n, we have the subscheme D;, = D; N D, of D,. We have the long exact relativization
sequence

oo =K P (DY Dy Dy ) — KWV (X, Dy, D) — KV (X, Dy, ..., D, 1)@
— K)"P"(Dyy, Dy oy Dyy1) .
Since KYVOD” (D, D1y, Dn,lyn)(d) = 0, we have the exact sequence
0— K (X,D1,...,D)Y = KV(X,Dy,...,D, 1) = KV P (Dp, Dy, ., Do) .

This in turn gives the commutative ladder with exact rows

)
3

0 — ZYX; D)W @ Q - ZUX;D-D,)WeQ B Z4YD,;(D-D,) D,)V"Pr 20
cyc™W | cycW | cycWnPn |

0 — KW(X,Dy,....,D,)D — KWV(X,Dy,...,Dp 1) — KY"P"(D,,Dip,...,Dp 1),

The lemma now follows by induction and the five lemma. |

Let s be a finite set of closed subsets of X. Let KJ(X ;D)gd) denote the direct limit of the groups
KV (X; D)(d), as W ranges over pure codimension d closed subsets of X which intersect each Dj properly
and intersect each Dy N S properly for each S € s. From Lemma 2.2, we have the isomorphism

cyc®: Z4(X; D)s ® Q — K¢(X; D).

We now investigate the natural map Kg(X; D)gd) — Ko(X; D)@,
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Theorem 2.3. Suppose X is a regular, quasi-projective scheme over an infinite field, and the divisor
D =Y, +...4Y, is a reduced normal crossing divisor. Supppose further that X is an A-scheme for
some ring A, and there are elements f1,..., f, of A, generating the unit ideal, such that, for each f = f;,
the collection of closed subschemes Yiy,...,Y,s of Xy is split. Let s be a finite collection of closed subsets
of X. Then the map

K§(X; D) — Ko(X; D)

is surjective.

Proof. We may suppose X is irreducible. Let T be the iterated double
T:=D(X;Y1,...,Y,)

We recall that T" has 2" irreducible components, each isomorphic to X; as in section 1, we index the
components of T' by the subsets I of {1,...,n}, and let T1,...,T,, denote the closed subschemes

T; = Ur with jerXr.
Via this indexing we have the inclusion
ig: X =T ig(T;) =Y, j=1,...,n
By Theorem 1.6 and Theorem 1.10, the map
ig: Ko(T3 Ty, ..., T,) — Ko(X;Y1,...,Y,)

is an isomorphism. The map ij is therefore an isomorphism of YF-modules.
The group (Z/2)™ acts on T: for each i = 1,...,n, we may view T as the double

(2.9) T=DDX;Y1,...,Y:,....Y); D(X;Y1,...,Y:, ..., 1))
We then have the involution
2T —T

gotten by exchanging the two copies of D(X;Y7,... ,)A/i, ..., Y,) in the above representation of T'. Similarly,
the representation (2.9) of T' defines the ith inclusion

DX Y, YY) = T

identifying D(X;Y1,...,Y;,...,Y,) with T;, and the ith projection
7T — D(X:Yh, ..., Y, ..., Yy)

The inclusion

KO(T7 Tla s 7T7l) - KO(T)
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is then split by the projection operator

Similarly, if W is a closed subset of T, invariant under the automorphisms 7;, we have the splitting of the
map

with splitting o' defined by the same formula as above i.e., we have the commutative diagram

UW
KV(T) & K{(T;Ty,...,T,)
! !
(T % Ko(T;Ty,...,Ty).

By Grothendieck [G], Ko(T) is a special A\-ring; as Ko(T; T4, . ..,Ty) is a A-summand of Ky(T), it follows
that Ko(T;Th,...,T,) is a special A-ring (without identity) as well.

We recall the result of Fulton [F]: Let Z be a quasi-projective scheme over a field k, and let n be an
element of K((Z). Then there is a map f: Z — H, where H is a homogeneous space for GL,,/k, for some n,
H is proper over Spec(k), and there is an element p of Ko(H) with f*(p) = .

Let then 1 be an element of Ko(T;Ty,...,T,) Y = Ko(X;Y1,...,Y,)®. Consider 7 as an element of
Ko(T)@. Take f:Y — H and p € Ko(H) ® Q as above, so that f*(p) = 1 in Ko(T)@. We may project
p to p\D ¢ Ko(H)D; since Ko(T;Ty,...,T,) is a special A-ring, the projection on this subspace is thus
functorial, and we have

(D) =n.

On the other hand, using the Riemann-Roch theorem on the smooth variety H, there is a pure codi-
mension d closed subset Z of H and an element x of KZ (H) with image p(® in Ko(H) ® Q.

For S € s, let T(.S) denote the subscheme D(S,Y7,...,Y,) of T. We now apply the tranversality result of
Kleiman [KI], which states that there is an element g of G L, (k) such that f~!(¢gZ) is pure codimension d on
T and intersects Xr, N...NX, NT(S) of T properly, for each collection of indices I1,...,I;, I; C {1,...,n},
and each closed subset S € s. Additionally, GL, (k) acts trivially on K(H), so we may assume g = id, after
changing notation. Let W be a pure codimension d closed subset of T' containing f~!(Z), intersecting each
X, N...N Xy, NT(S) properly and invariant under all the 7;, i = 1,...,n. Let 7 be the element o(f*(x))
of K§V(T). Then v is in K§V(T;Ty,...,T,) and has image 7 in Ko(T; Ty, ...,T,) ® Q. Let W’ = i5(W) and
let 8 =i5(7),

Be KV (X:Yi,...,Y,).

Then f goes to n in Ko(X;Y1,...,Y,) ® Q. By Lemma 2.1, we have the functorial finite direct sum
decomposition

K (X;D) = o,K) (X; D)@,

Let a be the projection of 8 to the factor ng/(X; D)@; then a has image 7 in Ko(X; D) ® Q, proving the
theorem. O

Let eye: 24(X; D)®Q — Ko(X; D)@ be the composition of the map eyct: Z4(X; D)@Q — K§(X; D)@
and the natural map K¢(X; D)4 — Kg(X; D)@
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Corollary 2.4. Suppose X is a regular, quasi-projective scheme over an infinite field, and the divisor
D = D1+ ...+ D, is a reduced normal crossing divisor. Suppose further that X is an A-scheme for some
reduced ring A, and there are elements f1, ..., f, of A, generating the unit ideal, such that, for each f = f;,
the collection of closed subschemes D¢, ..., Dyy of Xy is split. Let s be a finite collection of closed subsets
of X. Then the map

cye: Z4(X; D), ® Q — Ko(X; D)@

is surjective.
Proof. This follows directly from Lemma 2.2 and Theorem 2.3. a

We now investigate the kernel of the map cyc. For a set s of closed subsets of X, let s x Al denote
the set of closed subsets S x Al of X x Al. We have the group Z¢(X x Al; D x Al + X x 1), 41 and the
subgroup Z4(X x AY; D x A' + X x 1) xxousxa! consisting of cycles which intersect X x 0 properly. This
gives the map

ZUX x A% D x A+ X x 1) xyousxar — Z4X; D)

by identifying X with X x 0 and intersecting a cycle in Z4(X x A'; D x A' + X x 1) with X x 0. We let
CHY(X; D), denote the quotient group Z4(X; D),/Im(Z%(X x A'; D x A1 + X x 1)xxoUs x Al).
Lemma 2.5. The map

cye: Z4X; D)y ® Q — Ko(X; D)

descends to a map
cyc: CHd(X; D), @ Q — Ko(X; D)(d)

Proof. We have the commutative diagram

ZHX x AL DX AT+ X x D)xxo®Q & Ko(X x AL D x A" + X x 1)@
(X X 0) l liﬁ(xO
24X, D)®Q S Ko(X; D)™,

We have as well the exact relativization sequence

= Ky (X x AN D x AY) — Ky (X x 1;D x 1)
—K,(X x AL D x A' + X x 1) — K,(X x A D x A')

- Ky(X x1;Dx1)—...;

since the maps
Ky(X x A% D x A') — K,(X x1;D x 1)

are all isomorphisms by the homotopy property for the K-groups of regular schemes, the groups
K,(X x A% D x A"+ X x 1)
are all zero. Thus the composition
cyco (— X x0): 2% o( X x AL, D x A'+ X x 1) @ Q — Ko(X; D)@
is the zero map, proving the lemma. O

20



Let U be an open subset of X, W the complement X\U. Using the model BQP_ for Q1K (-), we
form the spaces

QO 'K(X x AL D x A4+ X x 14 X x0),
QO 'K(X xAYDx A'+ X x 14U x0),
QK" (X:;D)
and
Q'K(U; D);

U x 0 is not closed, but we define Q'K (X x Al, D x A’ + X x 1+ U x 0) as the homotopy fiber of the map
QKX xAYDx A' + X x1) - Q'K (U x0,D x0).
By the Quetzelcoat] lemma, the homotopy fiber of the map

QO 'K(X x AL DX A"+ X x14+ X x0) —
QKX x AN Dx A + X x14+U x0)

is the homotopy fiber of * — Q~'KW(X; D), i.e., K" (X; D). This gives us the homotopy commutative
diagram

KY(X;D) = KWY(X;D)
l !
(2.10) K(X;D) — Q'KXxAYZDxA"+X x14X x0)
l !

KWU;D) — QKX xALDxA'+X x1+U x0)

where the columns are homotopy fiber sequences.

Let E=Dy x A+ ...+ D, x A' + X x 1+ X x 0. Let T be a closed subset of X x A! such that T
intersects each Ey properly, let W x 0 =TNX x 0 and let U = X\W. Since TNU x 0 = ), we have a
canonical lifting of the map

Q'RT(X x AL D x A+ X x1) - QIK(X x AL D x A+ X x 1)
to a map
QO TKT(X x AL DxA' + X x1) - Q' K(X x AL D x A + X x 1 +U x0).

Additionally, the space Q71K (X x Al; D x A' + X x 1) is contractible, hence the horizontal arrows in (2.10)
are homotopy equivalences.

Lemma 2.6. Let 1 be an element of KI' (X x Al; D x Al + X x 1), and let 7 € K1(U; D) be the element
going to ¢(n) under the natural map K1(U; D) — Ko(X x A'; D x A'+ X x 14U x 0) given by the diagram
(2.10). Let

§:K(U,D) — K (X;D)
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be the boundary map in the long exact localization sequence, and let
in: K(X x A D x A'+ X x1) — K)V(X; D)

denote the intersection pullback by the zero-section ig: X — X x Al. Then

Proof. Let
(K (X x AL Dx A+ X x 14U x0)) = KV(X; D)

be the boundary map coming from the second column in (2.10). Then &(7) = §'(¢(n)), by the homotopy
commutativity of (2.10). The relevant relativization sequences gives the commutative ladder

KW (X,D) = KW (X, D)
! l
QIKT(X x AL DX A"+ X x1+X x0) — QKX xALDx A+ X x 14+ X x0)
(2.11) ! |
QO IKT (X xALYDx A+ X x 14U x0) — QIK(X xALDxA'+ X x1+U x0)
! |
QO KW (X,Dy,...,D,) - O 'KW(X; D)

where the columns are homotopy fiber sequences. This shows that ¢'(¢4(n)) = if(n), proving the lemma. O

Theorem 2.7. Let X be a regular, quasi-projective scheme over an infinite field, and D = D1+ ...+ D,, a
reduced normal crossing divisor. Let s be a finite set of closed subsets of X. Suppose that

i) X is an A-scheme for some reduced ring A, and there are elements fi,..., f, of A, generating the unit
ideal, such that, for each f = f;, the collection of closed subschemes Dy, ..., D,y of Xy is split.

ii) Let W' be a closed subset of X of pure codimension d, such that W' intersects each Yr and each Y; NS,
S € s, properly. Then there is a closed, pure codimension d subset W of X, containing W', such that

W intersects each Y; and each Y; NS properly, and, for each f = f;, the collection of closed subschemes
D \W',...,Dps\W of X{\W is split.

Then the map
cye: CHY(X; D)y ® Q — Ko(X; D)@

is an isomorphism.

Proof. Surjectivity follows from Corollary 2.4. Let then Z be in Z¢(X; D), ® Q and suppose cyc(Z) = 0.
Let W be the support of Z and let U = X\W. We may suppose that W satisfies the conditions of (ii) above.
We have the localization sequence

.. = Ky\(U; DYD S KW (X, D) D — Ko(X; D)
so there is an element 7 of K1(U; D1 NU, ..., D, NU)¥ with 6(7) = cyc" (Z). We have the isomorphism

Ko(UxAYDxA'+U x1+U x0)¥9 = K,(U; D),
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let 7 be the element of Ko(U x AY; D x A'+U x 1+ U x 0)(d) corresponding to 7. Let E = Dy x Al +
ooy Dy x A+ X x 1+ X x0, Ey = ENU. Note that (X, E) and (U, Eyy) both satisfy the splitting
conditions of Corollary 2.4; indeed, we need only replace the ring A with the ring A[z], and the elements
Ji,.- oy fn of A with the elements zfy,...,zf,, (x —1)f1,...,(x — 1)f, of A. By Corollary 2.4, there is a
pure codimension d closed subset Ty of U x Al, intersecting each Ey; and each Ey; NS x Al properly, and
an element 7y of KgU (U x Al; EU)(d) mapping to 7 under the natural map. By Lemma 2.2, there is a cycle
Zy in ZTv (U x AY; By) ® Q with cycTU(ZU) =ny.

Let T be the closure of Ty in X x Al. We claim that T intersects each component of E; and E;N.S x Al
properly. Indeed, each Ej is either of the form Dj x A', D; x 0 or Dy x 1, for some J. Additionally we have

TNE; Cc((WxAYNE)U Ty N Eyp).

Since Ty intersects Eyj properly, the term Ty N Eyr has the proper dimension. Since W intersects each D ;
properly on X, it follows that W x Al intersects Dy x A', Dy x 0 and Dy x 1 properly on X x A'. Thus the
term (W x A') N E; has the proper dimension as well, proving our claim for Er; the proof for E; NS x Al
is similar. In particular, we have Z7(X x A') = ZT(X x AY) pusxar

Let i9: X — X x A, i;: X — X x A! be the inclusions as the zero-section and the one-section. Let
Z € ZT(X x A" pusxar be the closure of Zy. Let Zy = Z - (X x 1). As Zy - U x 1 = 0, it follows that Z,
has support contained in W. Replacing Z with Z — Z; x A, and changing notation, we have Z - (X x 1) = 0
and Zy = ZNU.

Let 4 be an integer, 0 < i < mn — 1. Since

Z- (DY x AYNU = Zy - (D; x AY)
:O7

it follows that Z - (D? x A') = Z0 x A, for some cycle Z? supported on W. Thus

0=(Z X x1)-(D?x A"
=(Z-(D? x AY))- (X x 1)
=(Z) x AY)- (X x1)

zZ;.

(e}

N

Similarly, Z - (D} x A') = 0, hence Z is in the subgroup Z7(X x AL; D x A' 4+ X x 1) xx0,sxa1 @ Q of
ZT(X x AN pusxar @ Q. Let n = cycT(Z) € KF(X x AL, Dy x A',..., D, x A', X x 1)(9), By Lemma 2.6,

we have

=ig(n)
=0(7)
= cyc(2)
Since cyc" is an isomorphism, we see that
Z (X x0) =2,
so Z =0 in CHY(X; D), ® Q, proving injectivity. O
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§3 Relative cycles and K,

Following Bloch [B], we give a cycle-theoretic description of the rational higher K-groups of a regular, quasi-
projective scheme over a field. We use a “cubical” version rather than a simplicial version for reason’s which
will become apparent. We define an isomorphism of the cubically defined groups with Bloch’s simplicial
version in the next section.

Let X be a k-scheme, s a finite set of closed subsets of X. Let 0" = A™. Let D; be the subscheme
x; = 1, DY the subscheme z; = 0, and D; the subscheme z;(x; —1) = 0. Let 90" be divisor Dy +. ..+ D,,, and
let 9TO" be the divisor 90" — DY. If s is a finite set of closed subsets of X, and E = E; +... E; is a reduced
divisor on a k-scheme Y, we let s x s(E) denote the set of closed subsets {S x E; | S € s,I C{1,...,t}} of
X xY. By a face of X x 000P, we mean a irreducible component of an intersection of some of the divisors
X xD;,i=1,...,p; we also consider X x [P as a face of X x JCP.

Let Z9(X,n)¢ be the group

Zq(X, n)g = Zq(X X Dn; X x 8+Dn)s><s(8+n”)uX><D9L~
Intersection with the face DY defines map d,,: Z9(X,n)¢ — Z9(X,n — 1)¢. Since

dp_10d,(Z)=D%_, - (D% -2Z)

n—1"
“ D) (ph-2)

n—1
= O7
we have the complex (Z9(X, %), d)

LI zax p)ets L B za(x o).

S

By definition, we have

H,(29(X,%)°) = CHY(X x OP; X x oP).

We define CH?(X, p)© to be H,(Z9(X, *)°).

Theorem 3.1. Let X be a smooth, quasi-projective k-scheme, s a finite set of closed subsets of X. Then
the map cyc: CHY(X x OP; X X 00P) sxor @ Q — Ko(X x OP; X x 00P)(@) defines an isomorphism

cycqp: CHY X, p)s @ Q@ — Kp(X)(q).
Proof. Using the homotopy property of K-theory of regular schemes, there is a natural homotopy equivalence
K(X xP; X x o) — QP (K (X))

giving the isomorphism
Ko(X xP; X x 0P) @ — K,(X)@.
Suppose we have verified the hypotheses of Theorem 2.7 for the normal crossing divisor D = X x o =

Dy + ...+ D, on X x P; then the map cyc: CHY(X x 0P; X X 00F) sxor @ Q — Ko(X x 0P; X x 0P) (@ is
an isomorphism, proving the theorem.
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We now proceed to verify the hypotheses of Theorem 2.7. Let A = k[z1,...,x,]. Foreach I C {1,...,p},
let f; be the element of A defined by

fr= sz X H(xz - 1),

iel il

and let v; = Nier(x; = 0) N Nygrx; = 1). Then, for each I, vy is a closed point of [ (with coordinates
either 0 or 1), and the divisor f; = 0 is the union of components of JP passing through v;. Thus,
the n-cubes (D?I;lel, ..., Dpy,) for different I are all isomorphic; for I = {1,...,n}, this n-cube is the
collection of coordinate hyperplanes z; = 0 in the open subscheme x; # 1 of P. In particular, the collection
{fr | I C{l,...,n}} generate the unit ideal in A. Additionally, the n-cube (D?I;lel, ..y Dpy,) is a split
n-cube; for I = {1,...,n}, the splitting generated by the linear projections

7P — DY
W?(tl,...,tp) = (tl,...7ti_1,07ti+1,...,tp).

This verifies the condition (i) in Theorem 2.7.
For condition (ii), let 7} be the linear projection

7P — Dj
Wzl(tla"'atp) = (tlv"'7t7l—1717ti+17" 7tp)

Let W’ be a pure codimension d closed subset of X x [P, intersecting each face of O properly. From the
condition it follows that for each i, the closed subsets W and W/} defined by

W2 = (@D W nX xDY); W= (@@hH' (W' nX xD})

7 2

are pure codimension d on X x [P, and intersect each face of X x 9P properly. Indeed, for a face F' of
X x 9P, the projection 7?(F) is again face of X x O, and is contained in DY. We have

codimp (WP N F) = COdimﬂg(F)((W/ N DY) N (F))
= COdimﬂ-g(F)((W/ N7 (F))
>d

The computation for W} is similar. Thus, letting W be the closed subset of X x P,

/ 0 1
W=wuul_ W uut_Ww;

W has pure codimension d on X x 0, and intersects each face of X x 00 properly. By construction, the
linear projections ¢ and 7} map X x OP\W into DY\W and D}\W, respectively. Thus the n-cube

(X <O \W) g5 (DAW) g, ), - (Dp\W) )

is split for each I € {1,...,p}, verifying condition (ii). This completes the proof of the theorem. O
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For a scheme X, the space BQPx gives the canonical delooping of the space K (X). If we have closed
subschemes Y7,...,Y,, this gives the canonical delooping of the iterated homotopy fiber K(X;Y7,...,Y,);
denote this delooping by Q'K (X;Y1,...,Y,). We let BQP}(n) denote the connected component of the
base point in Q71K (X x 0" X x 00") and let BQPY(n+ 1) denote the connected component of the base
point in Q1K (X x 0"t X x gttt

Corollary 3.2. Let s be a finite set of closed subsets of X. Then the map
ZU(=#)s®Q = Z%(=,%)" 00

is a quasi-isomorphism.
Proof. We have the commutative diagram
Hp(Z9(—, %) © Q) — Hy(Z9(—, %) © Q)

cyc?P N\ / cycd?
K,(X) (@)

As the maps cyc?P are isomorphisms for all p by Theorem 3.1, the map
ZU(=%)s®Q = Z%(=,%) 20

is a quasi-isomorphism, as desired. O

Theorem 3.3. The complexes Z9(—, x)¢ ® Q) satisfy the Mayer-Vietoris axiom for the Zariski topology, i.e.,
if U and V are open subsets of X with X = U UV, then the natural map

Z9(X, %)@ Q — Cone(Z9(U,x)*@Q & Z9(V,*)*@Q — Z1(UNV,*)°® Q)[—1]

is a quasi-isomorphism.

Proof. Let C denote the complex
Cone(Z1(U,x)°2Qd Z9(V,x)°@Q — Z1 (U NV, %) Q)[-1].

We first show how the isomorphism cye: H,(Z9(X,p)¢ ® Q) — K,(X)@ extends to a map cyc: H,(C) —
KP(X)(‘I).
Let F'? be the iterated homotopy fiber over the square

BQPL(n+1)" x BQPL(n+ 1)t — BQP/.(n) x BQPL(n)
(3.2) l l
BQPjqy(n+1)" - BQPqy (n).

As each term in this square can be functorially delooped, the homotopy groups of F'¢ are all abelian groups,
including mq.
Let 7], denote the complex of abelian groups associated to the double complex

m(BQPG(n+1)") @ m(BQP)(n+1)") — m(BQP{(n)) ® m(BQPY(n))
! il
7rl(BQPgmv(n + 1)+) - ™ (BQPgnv(”))7
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with differential decreasing degree and with w1 (BQPf~y,(n)) in degree —1. The long exact fibration se-
quences associated to the square (3.2) then give the following exact sequence describing mo(F?):

(3.3) 72(BQPE Ay, (n)) — mo(F9) — Ho(ni,) — 0.

The Adams operation ¥* acts on the square (3.2), inducing an action on the homology Hy(r{,) and a
functorial finite decomposition

Ho(ﬂ-il*) ® Q = @(IHO(TF?*)(G);

there is also an action on 7o (F'?), but this latter action may conceivably be non-additive. On the other hand,
the maps cyc? induces an isomorphism of the square

Z1(Up+1)@Qe Z9(V,p+1)@Q — Z1Up+1)®@Q
(3.4) ! |
Zp(Z9(U, %)) @ Q@ Zp(Z29(V, %)) ®Q  —  Zp(Z29(U, %)) © Q

to the square (77, ® Q). Letting Tot(3.4) denote the total (homological) complex of the square (3.4), with
Zp(Z9(U,*)) ® Q in degree —1, the map cyc? thus gives a map

Ho(cye?)o: Ho(Tot(3.4)) — Ho(n?,)?.

Composing this with the surjection Z,(C) — Ho(Tot(3.4)) gives the map Z,(cyc?): Z,(C) — Ho(r{,)®.
Let F = FY. The spaces BQPy(p+ 1)*, BQPy(p + 1)* and BQPyny(p + 1)T are all contractible,
hence we have the homotopy equivalence

F — QFib(BQPy(p) x BQPy(p) — BQPynv (p)),

compatible with the ¢¥-action. By the Mayer-Vietoris property for the functor K (—), this gives the homotopy
equivalence

F— KX xf; X x o),

compatible with the ¢*-action; similarly, the exact sequence (3.3) for ¢ = 0 gives the commutative diagram
of abelian groups

ma(BQPYy (1)) — o (F°)
(3.5) ! !
K((UNV xP;UNV x0P) —  Ko(X x0P; X x 00P);

here the map

KNV xP;UNV xdP) — Ko(X xOP; X x o)
arises from the Mayer-Vietoris sequence for the covering {U x 0P,V x P} of X x OF. The maps in (3.5)
are compatible with the ¥*-action and the vertical maps are isomorphisms; in particular, the /*-action on

7o(F0) is additive
Let p?: mo(F9) — Ko(X x OP; X x 0P)(@ be the composition

To(F) — mo(F°) — Ko(X x ;X x 00P) — Ko(X x 3 X x o),
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where the first map in induced by the map F¢ — F°, the second comes from the square (3.5) and the third
is the projection of Ko(X x F; X x 0F) onto the summand Ko(X x O0F; X x aup)@). Suppose we have an
element 7 of 7o (BQPf,(n)) with image h € mo(F?) under the map in (3.3). Then p?(h) can be gotten by
applying the composition of maps

m2(BQPfy (1)) — ma(BQPjy (n))
— Ko(X xOP; X x oP)
— Ko(X xP; X x oP)@

to the element 7. As this composition is the same as the composition

772(BQP50V(7’)) - 7T2(BQP50V(H>)((I)
— ma(BQPAy ()@
— Ko(X x”; X x oP)@

and as m2(BQP{ ., (n))@ = 0 by (2.1) in proof of Lemma 2.2, we see that p?(h) = 0. Thus the map p?
factors through the quotient Hy(7{,) of mo(F?), and we may define the map

Zy(eye?): Z,(C) — Ko(X xP; X x o) (q)

by setting
Zp(eyc®)(a) = pi(h), «a€ Z,(0),

where h € mo(F9) ® Q is any lifting of Z,(cyc?)(a) € Ho(n{,)@ via the sequence (3.3). One checks easily
that this is indeed an extension of the map

cye: Zy(Z(X, %) © Q) — Ko(X xP; X x o)\ 9,
Using the argument of Theorem 2.7, we see that Z,(cyc?) descends to the map
Hy(cye): Hy(C) ® Q — Ko(X x 05 X x 0F)(q) = Kyp(X)(q).

We have the commutative diagram

Hyi1 (29U, %) © Q@ Hpa (Z9(V,4) @0 VS Ky (U)(q) © Ky (V) ()

! !
Hp1 (Z9(U NV, %) ©Q = K,(UNV)(q)
! 1
Hy(C) @0 Hrlye) Ky(X)(q)
! !

Hy(Z1(U,%)) ® Q& Hy(Z9(U,%) @ Q V=" K,(U)(9) & Ky (V)(9);

thus Hy,(cyc) is an isomorphism by the five lemma. O

28



For W a closed subset of X, let j: X\W — X be the inclusion of the complement, and let Zf, (X, *)®
denote the complex

Cone(j*: Z9(X, %) — Z9(X\W, %))[-1].
If W is a closed subscheme of pure codimension d, we have the natural map
iwe: 27U W, %) — Z8, (X, )°.

We let CHY, (X, p) = Hy(Z{, (X, )°).
Theorem 3.4. Let X be a regular, quasi-projective k-scheme, i:W — X a closed subscheme, j:U — X
the inclusion of the complement U = X\W. Then there are natural isomorphisms

cyc};{;: CH{, (X,p) @ Q — KZV(X)(‘])

giving the commutative diagram

.— CH(Up+1)®Q — CHL,(X,p)®0Q — CH(X,p)©Q — CH(UpeQ —...
CYcqp+1 4 cyc}fp cycyp | cycqp |

.= Ky (U)@ — KV (X)W — K,(X)@ — K,(U)@ —
In addition, if W is regular, of pure codimension d on X, then the map
iws ® Q:ZT7 (W, %)@ Q = ZiH (X, %) 0 Q.

is a quasi-isomorphism.

Proof. The construction of the map cyc;", is similar to that of the map Hy(cyc) in Theorem 3.2. We give a
sketch of the construction.
Let U = X\W. Let G be the iterated homotopy fiber over the commutative square

BQP{(n+1)* — BQP(n)
(3.6) | !
BQPj(n+1)" — BQPj(n).

By considering the square of abelian groups gotten by applying the functor 7; to the square (3.6) for ¢ and
for ¢ = 0 as in the proof of Theorem 3.2, we arrive at definition of the map cyc(%.
In addition, if W is regular and pure codimension d on X, we have the commutative diagram

CH" Y W,p)®Q ™ CH{ (X,p)®Q

CYCq—d,p i l Cyc};,/p

K,(W)la=9 W KWV (X)W,
Since cycg—d,p, cyc}fp and iyyy: Kp(W)(q*d) — KI‘;V(X)(‘I) are isomorphisms, the map
iw e CHI™ Y (W, p) @ Q — CHy, (X,p) ® Q

is an isomorphism as well, proving the second assertion. O
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84 Cubes and simplices

In this section, we show that the higher Chow groups defined via cubes agrees with Bloch’s higher Chow
groups defined via simplices. To do this we first prove the weak moving lemma and the homotopy property
for the cubical complexes Z9(X,*)¢. The proofs are essentially the same as Bloch’s proofs of the analogous
properties for the simplicialy defined complexes Z(X, %), only rather easier, as the cubical structure allows
us to circumvent the necessity of taking subdivisions, as is required in the simpicial version. For this reason,
we will be rather sketchy in our proofs, refering for the most part to Bloch’s argument for details. We
then use the homotopy property for both complexes to define the desired quasi-isomorphism. From this we
derive the contravarient functoriality of the cubical complexes. We also consider the (Q-complexes Bloch has
defined by using alternating cycles on X x 0", and we show that these complexes are quasi-isomorphic to
ZUX,*)®Q

We note that the complexes Z7(X,*)¢ are contravariantly functorial for flat maps, and covariantly
functorial (with approriate shift in codimension) for proper maps. If K is a finite field extension of k, X
the extension of X to a scheme over K, and 7: X — X the projection, then

(4.1) meomt = X[K : K]

Let iy x: WX — X x 0" x P! be the subvariety of X x 0"t! x P! = X x Spec(k[z1,...,2nt1]) X
Proj(k[Ty, T1]) defined by the equation

To(]. — .’En)(]. — (En+1) = TO — Tl.
Let 7,: WX — X x O" be the map defined by 7, (x,21,...,Zns1, (to : t1)) = (7, 21,...,7,). Let pp: X x
O x Pt — X O™ be the projection. For acycle Z € Z9(X xO0"), we let WX (Z) = pu«(iw x, (idx7%(Z)).
Lemma 4.1. For Z € Z%(X xO")4(x xam), the cycle WX(Z) is in Z9(X x Dn+1)s(X><8Dn+1). In addition,

we have

(4.2) WX

n

(2) - (21 = 0) = Z = WX (Z) - (o = 0).

In this last formula, we identify the locus x, = 0 with X x O" by sending 1 to xy.
Proof. The reader will easily verify the following properties of the subvariety WX :

(1) WX is regular and flat over X x 0" with 1-dimensional fibers.

(2) Let A% be the intersection of the diagonal in P! x P! with A x PL. Then

WX 2y =0)=A"=WX . (2, =0).

(3) For i =n,n+1,
WX X x(z;=1)xP' =X x (2; =1) x (1:1).

The lemma follows from the properties (1)-(3), and the associativity and commutativity of intersection
product. O
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We suppose we have an algebraic group GG and an action of G on X. Let K be an extension field of k&,
and let ¢: Al — G be a morphism with (1) = id. Let ¢: Xx x Ak — Xk x AL be the isomorphism

We define the map h,,: Z9(X x O") — Z9(Xx x O""1) by
hi(Z) = Z x A — ¢(Z x AV =W X(dZ x AY) + WXE(p(dZ x AL)).

Lemma 4.2. Let X be a k-scheme, with finite collections y = {Y1,.../yn}, s = {S1,...,m} of closed
subsets of X. Suppose G -Y = X for each Y € y, and that 1 (z) is k-generic for each x € A'(k). Then, for
each Z € Z{(X,n), hy(Z) is in Z9(Xx,n + 1) and 1(0)(Z) is in Z9(Xx,n + 1)5y,- In addition,

dhn(Z) = Z —(0)(Z) — dZ x A + ¢(dZ x A).

Proof. Let Z be in Z9(X,n)S. Arguing as in the proof of Lemma(2.2) of [B] shows that (0)(Z) is in
ZUXf,n + 1), that Z x A and ¢(Z x A') are in Z9(X x O""') (xxgon+1), and that dZ x A and
#(dZ x Al) are in Z9(X x O0")s(x xoam)- In addition, the cycles Z x AL ¢(Z x AY) dZ x Al and ¢(dZ x Al)
intersect each S; x D properly, where D is either X x 00" or X x 00""!, and J is any appropriate index.
We have

(Z x Al = ¢(Z x A)) - (xp41=1) =0
(Z x At = ¢(Z x A1) - (xp11 = 0) = Z — (0)(2)
(Zx A" —¢(Z x AY)) - (z, =1)=0
(Z x AY —p(Z x AY)) - (xn, = 0) = (dZ x A' — ¢p(dZ x A"))

and all other intersections (Z x Al — ¢(Z x Al)) - (x; = 0,1) are zero. Applying Lemma 4.1, we see that
ho(Z) is in Z9(X x D”“)S(annnﬂ), intersecting each S; x D properly. It follows from formula (4.2) that
ho(Z)-(x; =0,1)iszerofori=1,...,n,and hp(Z) - (xp41 = 1) = 0 as well. Thus h,(Z) is in Z9(Xg,n+1)<.
The formula for dh,,(Z) follows directly from the definition of h,,, the intersection computations made above,
and formula (4.2). O

Lemma 4.3. Suppose G -Y = X for each Y € y, and that )(z) is k-generic for each x € A'(k). Let
m: Xg — X be the natural projection. Then the map

T Zq(Xa *)E/Zq(X’ *)ZUs - Zq(XK’ *)Z/Zq(XKv *):leUS
is null-homotopic. If K is a pure transcendental extension of k, then the inclusion

ZUX ) qus © 29X, %)5

is a quasi-isomorphism.

Proof. For the first assertion, the maps h,, define a null-homotopy. For the second, if k is finite, we may find
an infinite, algebraic, pure p-power extension k,, for each prime integer p. If we prove the assertion for &,
and k, with p # ¢, the result then follows for k, using the formula (4.1). We therefore assume k is infinite.
Thus, if T3, ..., T, are in Z9( Xk, p)gus, K = k(t1, ..., ), we can find an open subset U of A}" such that the
T; are the restriction to the generic point of cycles T; in Z9(X x U, p)g ,, for i = 1,...,r. We may then find
a k-point x € U and form the specialization sp,(T;) := i} (T;), arriving at the cycles sp,(T;) € Z9(X,p)gys-
We have a similar specialization for Z%(Xg, p)S.

It suffices to show that Z9(X, *)s/Z%(X, )5, is acyclic. Since the map 7* is null-homotopic, it suffices
to show that 7* is injective on homology. If 7*(Z) = dW, then we may specialize to get Z = sp,(dW) =
d(sp;(W)), proving injectivity. |
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Proposition 4.4. Let X be a k-scheme, with a finite collection s = {Sy,...,Sm} of closed subsets of X.
Let y ={X x Hy,..., X x H,.}, where H; is a closed subset of A™, i =1,...,r, n > 0. Then the inclusion

Z9(X x A", %)

QUPI(S) C Z(I(X X An, *)C

p1(s)

is a quasi-isomorphism.

Proof. Let G = A™/k, acting on A™ by translation. Let ¢1,...,t,,u1,...,u, be transcendental over k, and
map Ak to Gk by sending z to (t1 + xuy,...,t, + zu,). Applying Lemma 4.3 proves the proposition. O

We now can prove the homotopy property for the complexes Z9(X, *)S. The proof follows the method
of Bloch in [B].

Theorem 4.5. Suppose X is a k-scheme. Let s = {S1,...,5,} be a finite collection of closed subsets of
X. Let p: X x A™ — X be the projection. Then the map

p1: ZUX, %) — Z9(X x A”,*);I(S)

is a quasi-isomorphism.

Proof. By induction, we need only consider the case n = 1. Let P be a finite set of k-points of A'. By
Proposition 4.4, the inclusion

ZUX x A0S pups(s) © ZUX X AL #)g. )

is a quasi-isomorphism. Next, let ig: X — X x Al, i1: X — X x A! the zero-section and the one-section. We
claim that the two maps

-k

o
ZUX x AL 9 S goayups s) = 21X S

-
3

are homotopic. Indeed, identify X x Al x 0" with X xO"*! by sending (z,t,z1,...,2,) to (x,x1,...,7,,1).
Let H,: Z9(X x Al,n)g(x{o 1y — Z%(X,n+ 1)° be defined by

H,(Z2) =7 —i{(Z) x A' = WX (dZ) + WX, (i1(dZ)) x A

By Lemma 4.2, H,, does in fact define a map Z9(X x Al,n) — Z9(X,n+ 1)¢. We also have

g(X{O,l}Up‘l‘(s)
dH,(Z) = i5(Z) —i{(Z) — dZ +i5(dZ) x A,

SO
(dHy, + Hy,—1d)(Z) = i(Z2) — i5(Z2) — dZ + i5(dZ) x A' + dZ —ij(dZ) x Al

=i9(Z) = i1(2),

giving the desired homotopy.
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Finally, let 7: A x A’ — A! be the multiplication map 7(x,y) = zy. 7 is flat, hence 7*: Z9(X x Al, )¢ —
Z9(X x A x Al %)¢ is defined. Consider the diagram (we omit the subscripts s etc. for clarity)

Z9(X, )¢ i, Z9(X x Al #)° T ZU(X x Al x AL, #)°
SN /" q.iso T q.iso
Z9(X x AL %)% o) — ZUX X AT X AL )T ko
il L

Z9(X x AL, %)
For Z in Z9(X x Al %)%, (o.1)» we have
0t(2) =2, igr(Z) = piig(2);

since if = 4§ on homology, the map pi is surjective on homology. Since i§pi(Z) = Z, p; is injective on
homology, proving the theorem. O

Let A™ = Spec(kl[to, ..., tn]/ > ;t: — 1). Let §5: A" — A" ¢!

n-

A" — A"~ ! be the morphisms with

_ t; if j<i
5i*(t;) = 4 0 it =i
t]‘_l lfj >4

tj lf] <1

o) = b+ tipy i j =i

tj,1 lfj>Z

This forms the co-simplicial scheme X x A®. Let 9A™ be the reduced normal crossing divisor (to = 0)+ (t; =
0) + ...+ (t, = 0). Form the simplicial abelian group Z?(X x A®) with n-simplices

ZE(X X A.)n = Zq(X X An)SXS(BA")Us(XX(?A")

and with boundary and degeneracy maps induced by 62 and oi*. Let Z(X,x) be the normalized chain
complex of Z7(X x A®). Bloch’s higher Chow groups, CH?(X, p) are defined by

CHY(X,p) = Hy(ZU(X, *)).

Bloch has shown that the complexes gZ%(X, ) are contravariantly functorial for flat maps, covariantly
functorial for proper maps and that

(1) (Theorem 2.1 of [B]) Let X be a scheme over k, s a finite set of closed subsets of X. The pull-back
P ZUX, %) = ZUX X A", *)gxan
is a quasi-isomorphism.
(2) (Theorem *.* of [B]) Let X be a scheme over k, s and y finite sets of closed subsets of X, K an extension

field of k. Suppose G -Y = X for each Y € y, and that 1 (z) is k-generic for each z € A'(k) (notation
as above). Let m: X — X be the natural projection. Then the map

T ZUX, %) /29X, %) yus — ZU XK, %)s/ZU( XK, *)yus
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is null-homotopic. If K is a pure transcendental extension of k, then the inclusion
ZUX, *)yus C Z9(X, %)

is a quasi-isomorphism.
Let Z9(X,m,n)s be the subgroup of Z9(X x O™ X A™)(x x(8am x Antam xoan)) consisting of cycles Z
such that

Z - (Xx(x;=0)xA")=0 fori=1,....,n—1
Z (X x(z;=1)xA™") =0 fori=1,...,n
Z-(XxO"x(t;=0)=0 fori=1,...,m;

we also assume the cycle Z intersects each S; x D; x AJ properly, where D; is a face of O™ and A7 is
a face of A™. Let d': Z%(X,m,n), — Z%X,m — 1,n)s; be the map Z — Z - (X x (z,, = 0) x A™), and
let d”: Z1(X,m,n) — ZL(X,m,n — 1) be the map Z — Z - (X x O™ x (tcx = 0)). This gives us a double
complex (Z1(X,m,n),d,d"); we let Tot, be the associated total complex with differential d = d’' + (—1)™d"
on Z1(X,m,n). We have the two augmentations €: Tot, — Z4(X,*)¢ and ¢”’: Tot, — Z1(X, ).

Lemma 4.6. The complexes (Z4(X, m,*),d") and (Z1(X,*,n),d") are acyclic for n,m > 1.

Proof. Let (I — C, 1) be an n-cube of homological complexes. We consider C. . as an (n + 1)-dimensional
complex, and let T'ot(C, ) denote the associated total complex, with Cj y in degree zero. Let CQ({) denote
the intersection of the kernels of the maps

Cip—Cipiy i=1,...,n.
Then we have the natural map C? g — Tot(C. «) which is a quasi-isomorphism if all the maps
Cir —Ciquy i=1,...,n, I C{l,...,n}

are surjective.
For I C {1,...,n}, we let Ar denote the face of A™ defined by ¢; = 0 for ¢ € I. We apply the above
considerations to the n-cube of complexes C r

I — ZZXA,UXXBA[)(X X AL*)C.

Since the inclusion maps Ay — Ay are split by linear projections A7 — Ajyyy, all the maps in the above
n-cube are surjective. Thus we have the quasi-isomorphism Cf’m — Tot(Cy ). The homotopy property
Proposition 4.4, together with the weak moving lemma Lemma 4.3 imply that Tot(C, ) is acyclic for n > 1.
As CS,@ = (24X, *,n),d), we have proved this half of the lemma. The proof of the other half is similar
(using properties (1) and (2) above instead of Lemma 4.3 and Proposition 4.5), and is left to the reader. O

Theorem 4.7. Let X be a scheme over k, s = {S1,...,Sn} a finite collection of closed subsets of X. Then
there is a natural quasi-isomorphism

ZUX,%)¢ — Z1(X, ).
Proof. Consider the (homological) spectral sequence
Eqp = Hy(Z1(X, a,%)) = Hoyp(Toty).
By Lemma 4.6, the spectral sequence degenerates at E', and the augmentation ¢”:Tot, — ZI(X, x) is a
quasi-isomorphism. Similarly, the augmentation €': Tot, — Z%(X, *)¢ is a quasi-isomorphism. Thus €’ o ¢!

is the desired quasi-isomorphism. O
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Corollary 4.8. Let X be a regular quasi-projective scheme over k, s = {S1,...,S,} a finite collection of
closed subsets of X. Then the inclusion

ZUX,%x)s @0Q — ZUX,*) ® Q.

is a quasi-isomorphism.

Proof. By Theorem 4.7 we have a commutative diagram, with the vertical arrows quasi-isomorphisms

29X, %20 — Z9(X%)°®Q
! l
ZUX, 500 — 21X, %) Q.

By Corollory 3.2, the top horizontal arrow is a quasi-isomorphism, hence the bottom horizontal arrow is a
quasi-isomorphism as well. O

Corollary 4.9. The assignments

X—Z1X,*x)@Q
X Z9(X,%)° ® 0

extend to a contravarient functor from the category of smooth quasi-projective k-schemes to the derived
category D1 (ADb) of homological complexes which are zero in sufficiently large negative degree.

Proof. If f:Y — X is a morphism of quasi-projective k-schemes, with X smooth, let S; = {z € X | dimf~! >
i}, and let s = s(f) = {So,S1,...,Sny = 0}. One checks (as in [B], proof of Theorem 4.1) that f~1(Z) is
defined for each cycle in Z9(X,*)¢. Let is: Z9(X, %) ® Q@ — 29X, )¢ ® Q@ be the inclusion, and let
729X, %) ®@Q — Z1Y,*)° ® Q be the composition in D, (Ab)

i7t *
ZUX, %) ®0 S 29X, %)° 00 L 21y, %) @ Q.

If y is any other set of closed subsets of X such that f*: Z1(X, )¢ — Z(Y, )¢ is defined, then, the commu-
tativity of the diagram of inclusions

Z4,,(X,x)e S 2K )

Z.y,sz l \ Z'sz l is
ZI(X, %) s Z9(X, %)
shows that f*oi;! = f*o i;Uly = f*o i;l. This gives the functoriality f* o g*=(go f)* for composable maps
f and g, completing the proof for the cubical complexes Z7(X, *)¢. The proof for the complexes Z(X, ) is
the same. O

Notation. Let f:Y — X be a morphism of quasi-projective k-schemes, with X smooth, and let s(f) be the
set of closed subsets of X' given in the proof of Cor. 4.8. We set Z4(X, %)} = Z9(X, *)S ;).

Bloch [B2] has defined Q-complexes N9(X),; for X = Spec(k), Bloch has defined products

U: N9(k), ® N9 (k), — N7 (k),
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making the homology ®,, ,H,(N9(k).) into a bi-graded ring (graded commutative in the p-grading, commu-
tative in the g-grading). We conclude this section by defining quasi-isomorphisms

Alt?: Z29( X, ) @ Q@ — N(X),.

After we define products on the complexes Z9(—, ) ® @ in the next section, we will show how Alt* is
compatible with the products when X = Spec(k) (actually, the two ring structures are opposites of each
other).

Let F, be the subgroup of the the group of k-automorphisms of [ generated by the permutations
(x1,...,2p) — (XTo1,---3Top);, 0 € Xy, and the map 7(z1,x2,...,2p) = (1 — x1,22,...,2,). F, is the
semi-direct product (Z/2)? x ¥, with o, acting on (Z/2)P? by permuting the factors. In particular, the
homomorphism sgn: ¥, — {£1} and sum (Z/2)? — Z/2 extend uniquely to the homomorphism sgn: F), —
{£1}. Let Alt, be the central idempotent in the rational group ring Q[F}]:

1
Alty = — > (=1)""y,
|FP| Ver

F, acts on Z9(X x [P) xxaer in the obvious way; the group N9(X), is defined by
NY(X), = Alt,(Z9X xP)x xor ® Q) C ZY(X X F) x xor ® Q.
Sending Z to 2p(Z - (x, = 0)) defines the map
dy N1(X), — N9(X)y1
giving the complex (N?(k)., d). The product
U: N(k), @ N9 (k), — N7 (k),.

is defined by ZUW = Alt, 4, (Z x W) for Z € N(k),, W € N7 (k),.
We now define a projection

Tp: ZUX X OF) x oo — Z9(X,p)°.
in two steps: m, = g2 0 g1. To define ¢, let i;: 0P~ — P be the inclusion
ij(x1, .. xpr) = (@1, ., o1, Lz, 2p1),
j=1,...,p, and let p;:CP — P! be the projection
pi(T1,. ., xp) = (@1, ooy Tj—1, Tjt1,s oo Tp).
For Z € Z9(X X [P) x xow, define ¢1(Z) to be the cycle Z — 3°F_, p(i%5(Z)). This defines
q: ZU X XOP)xxor = ZI (X x P (z1=1)+ (2 =1)+ ... 4+ (2p = 1)) x x0r-
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Then

@(Z)-(z;=1)=0 j=1,....p
(Z2) (x;=0=2Z(2;=0)—-Z (z;=1) j=1....p
To define g2, we let 7; € ¥, be the permutation
i ifi<j
TJ(Z)Z{i—l ifi>y
P ifi=j
and let p;: (z; = 0) — P! be the isomorphism
P (@1, -1, 0, @1, Tp) = (T15 o o1, T, - -, Tp).

For Z € ZU(X X ) x xouw, let Wi (Z) be the cycle 77 (W, (p;(Z - (x; = 0))). Define

q2: Zq(X X DP)XXBDP — ZQ(X X Dp)anDP

p—1

() =7 =3 Wi(2).

By Lemma 4.1, we have

@2(2) (p =0)=Z - (2, =0) = Y _Z-(z; =0)

=1

Letting 7, = g2 o ¢1, we have defined the desired projection.
We form the complex Z9(X, )4 by Z9(X, )4 = Z9(X x OP) x xgor, With

dp: Z9( X, p) — Z9(X,p — 1)

the map

Then the inclusions

i: Z9(X, %) — Z9(X, x)M, jNYX), C Z9(X, )4
are maps of complexes, as is the projection
m: Z9(X, %)M — Z9(X, *)°.
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For a homological complex (C.,d), let Z,(C,) denote the kernel of d: C, — C,_1. The action of F, on
P induces actions of Fj, on Z,(Z9(X,*)¢) which descends to an action on CH?(X,p). Although a single
element o € F), does not canonically give rise to an automorphism of the complex Z9(X, %)¢, a compatible
family of automorphisms does. For future use we consider on some special examples of such a compatible
family.

For a homological complex C,, let CT=" be the subcomplex

0 forn<p
Crzr = {ker(d: Cp— Cp_1) forn=p
Cn for n > p,

and let C;=? be the subcomplex

2P — 0 forn<p
no )0, for n > p.

For 0 < i < p, let o}, € ¥, be the permutation (i,p), and let 0, = o) - 05 - ... - 05~ We have the
inclusion ¥, — ¥, for n > p where o € 3, acts by the identity on {p + 1,...,n}, and by o on {1,...,p}.
The automorphism

(1) oy 29X, )M — ZUX, )M 0> p,
extends to the automorphism
otP: Z9( X, ) Al 5 Z9( X, %)Al
n*

Z9(X,n)A" for i < n < p and by the identity on Z9(X,n)A4!" for n < 4. This in turn gives us the en-
domorphism

of the complex Z9(X, )4 by operating by (=1)P~"ol, on Z9(X,n)M for n > p, by (=1)""cl, on

P Z9(X,%)¢ — Z9(X, *)°

by
$7(Z) = n(0"?(i(2))).

Finally, since s4P(Z) = Z for Z € Z9(X,n)¢, n < i, the compositions
(4.3) sIPos?Po. o7 LP
p > n, all have the same action on Z9(X,n)¢. Letting

$n: Z9(X,n)¢ — Z9(X,n)°
be the composition (4.3) for p > n, the s, define the map of complexes

s: ZUX,*)¢ — ZU(X, )",
Clearly, s,(Z) = (—I)WUP(Z) for Z € Z,(Z9(X, *)°).

We have a similar construction for the map 7(z1,x2,...,2p) = (1 — 21, 22,...,2p). The automorphism

—7: 29X, )M — 29X, n)A: n>1

extends to automorphism
-7 79X, *)A” — 79X, *)Alt

by acting by the identity on Z7(X,0)4". We let
t:ZUX, %) — Z9(X, )¢
be the composition 7, o —7 0 1.
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Lemma 4.10.
(a) The maps

o*P o i: 79X, %) — Z9(X, *)A”
—T0i@: Z9(X,%)¢ — Z9(X, %)

are homotopic to the inclusion i.
(b) The map
Sx Zq(va)c - Zq(Xap)c'

is homotopic to the identity.
(¢c) For p € F,, the map
(=1)°9"P) p: Z,(Z9(X, %)) — Zp(Z(X, %))

acts by the identity on CHY(X,p).

Proof. We begin with the first assertion. We first consider the case of o = 05’1 € Xp. Let

z; for j £p—1,p
tj =4 Tp—1Tp — Tp—1 — Tp +1 forj=p—1
Lp—1Tp for j=p

Define the map ¢,:0" — O" by ¢n(21,...,2n) = (t1,...,tn).
We form the complex B(X,*) by setting

B(X,n)=29X xO" X xo0" — (zp-1=1) = (2p = 1) — (2, = 0))(2,,—0)

and defining d: B4(X,n) — BY(X,n—1) by d(Z) = Z - (z, = 0).
The maps ¢n«: Z9(X xO0") — Z9(X xO") and ¢: 29(X xO") — 29(X x O0") induce maps

@w: Z9( X, %)¢ *2P — BI(X, %)*=ZP
q: Bq(X,*)*Zp — Zq(X7*)A” *2p

with ¢*(q.(2)) = i(Z) + 0.(i(2)) for Z € Z9(X,p)e*=P.
Since the map i — 0P~ 1P 04 is the zero map on Z9(X,n)¢ for n < p, we have the factorization

i—oP1Poj

Z9(X, )¢ Zq(X,*)A“
Qe N\ S q
Bq(X, *)*Zp,

where we extend ¢, and ¢* by zero to give the above maps.
Arguing as in the proof of of Lemma 4.6, the homotopy property Theorem 4.5, together with Proposition
4.4, shows that the complex BY(X, *)*ZP is acyclic. Since Z9(X,*)¢ is a complex of free Z-modules, the map

G Z9(X, %) — BY(X, %)"=P
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is homotopic to zero. Thus i — 0P~ 1P o4 is homotopic to zero, proving (a) in this case. To prove (a) for the
map o*P, we use the identity c*P = o?t1P o g%i+1 to give

i— 0P =0t Po (i — " oi) +i—oTIP o,

By induction, i — ¢**1? o 4 is homotopic to zero; we have already shown that i — o®**! o4 is homotopic to
zero, proving (a) for 0P, We note that we may take the homotopy h.(c¥P): Z9(X, %)¢ — Z9(X, * + 1)A% of
i—o't1P o to zero to be zero for x < i.

The argument for the map —7 is similar, after replacing the maps ¢,, with the map r,(z1,22,...,2,) =

(x1(1 — z1),x2,...,2,), and replacing BY(k, *) with the complex A9(k, *)
Aq(k,n) = Zq(X X Dn;X x og" — (.231 = 1) — (ﬂl‘n = 0))($":0).

For (b), following the homotopy h.(c"?) with 7 gives the homotopy h.(s*?) of s*? with the identity,
with h,(s%?) = 0 for n < i. These in turn gives the homotopy h.(j,p) of s'*P 0 s?P o ... 0 s/P with the
identity. Since h,(s%?) = 0 for n < i and s%P is the identity for n < i, we have h,(j,p) = hn(j +1,p +m)
for n < j < p and for [,m > 0. Thus, we may define the homotopy h. from s, to the identity by taking
hn, = hp(n+1,n +2), proving (b).

The assertion (c) follows directly from (a), the identities

rootdoj— (_1)3971(0})0;‘. on Z,(29(X,%)°), fori < j<p
mo—Toi=—1on Z,(ZYX,x)°),

and the fact that F}, is generated by the 0’;- and 7. This completes the proof. O
Theorem 4.11. The map
Alt?: Z9( X, %) @ @ — N9(X),.

is a quasi-isomorphism.

Proof. For each n, and for each cycle Z on X xO", the cycle WX (Z) on X xO"*! is symmetric with respect
to the automorphism (z1,...,%n, Tpt1) — (1, ..., Tnt1,Zn). Similarly, the cycle Z x Al is symmetric with
respect to the automorphism (z1,...,Zn, Tnt1) — (21, .., &n, 1 — Tpy1). From these facts, together with a
simple direct computation, we have

At (n(j(2))) = Z

for Z € N¥(k).. On the other hand, by Lemma 4.10, the composition 7 o j o Alt? induces the identity map
on the homology of Z9(X, %) ® @, hence is a quasi-isomorphism. This proves the theorem. O
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85 Products and the projective bundle formula

Denote by (—)g the functor (—) ® Q. In this section, we define, for X smooth and quasi-projective, a product
Z9(X, %) ® Z°(X,%)g — Z°°(X, *)g

in the derived category, giving ©,,,CH?(X, p)§, the structure of a bi-graded ring, commutative with respect
to the g-grading and graded commutative with respect to the p-grading. We also prove the projective bundle
formula for CH?(X, p)°.

Let Y be a k-scheme, s a finite set of closed subsets of Y, and let

Zq(Y,mvn)g - ZQ(Y x g™ x Dn)s(YX(a\:\m Xxan 40 X §a™))

be the subgroup consisting of cycles Z such that

We also assume that Z intersects S x Dj x D; properly for each S € s, and each face D; of O™ and face
Dy of . Let d: ZY(Y,m,n)¢ — Z9(Y,m — 1,n)¢ be the map Z — Z - (Y X (x,, = 0) x O"), and let
d": ZY(Y,m,n)¢ — Z9Y, m,n — 1)¢ be the map Z — Z - (YO x (z, = 0)). This gives us a double complex
(Z9Y,m,n)S,d,d"); we let Tot(Y )< be the associated total complex with differential d = d’ + (—1)™d" on
Z9(Y, m,n)¢. We have the map e: Z1(Y, *)¢ — Tot(Y)S gotten by identifying Z9(Y, *)$ with Z9(Y, 0, *)¢ and

the map ¢': Z1(Y, *)¢ — Tot(Y)¢ gotten by identifying Z9(Y, x)¢ with Z9(Y, ,0)¢.

S

Lemma 5.1. The maps

e ZUY, %) — Tot(Y)S
and
€: Z9Y,%)¢ — Tot(Y)S

S

are quasi-isomorphisms. The composition €' o ¢! is the identity (in D, (Ab)).

Proof. The proof of the first assertion is essentially the same as the argument used in the proof of Theorem
4.7. We have the spectral sequence

Epy=Hy(Z9(Y,a,%)5) = Hayp(Tot(Y)s).

As in the proof of Lemma 4.6, the homotopy property Theorem 4.5, together with Proposition 4.4, shows
that E} , = 0 for a > 0, hence the spectral sequence degenerates at E* and € is a quasi-isomorphism. The
proof for ¢ is the same.

For the second assertion, let Z,(Z%(Y,*)¢) denote the kernel of d on Z(Y, p)¢, let Z;’q(Zq(Y, %, %)¢) and
Z;’q(Zq(Y, *,%)¢) denote the kernel of d’' and d”, respectively, on Z(Y,p,q)¢. Take n € Z,(Z(Y,*)<), and
let o, € Z4(Y,0,p), npo € Z1(Y,p,0)¢ be the elements

Nop = €(n), npo =¢€(n).
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Identify 0 x 0! with O°+*+1 by

(("El, e ,./L'a), (y17 cee 7yb+1)) = ("I;l7 ey La—1,Y1y - - 'be7xa7yb+1)7

and let W;jb C Y x 0O x ™! be the image of W), C Y x 0" under this identification. Using the
obvious modification of the construction of the map

WY 24y xo") — Z9(Y x oY)
we construct the map
W2 Z9Y x0* xf) — Z9(Y x 0" x 0P ™)
satisfying the analog of Lemma 4.1. In particular, Wg/ , defines the map

"

W}jb: Za,b(Zq(Y7 *, *)g) i Zq(Y7(l, b + 1)?

a
with

d"(WYy(2)) = (-1)"Z  for Z, ,(Z(Y,a,b)%)
(5.1)
d'(WYH(2)) = Tape(Z)  for Z € Z,,(Z°(Y, a,b)%),

where 74 5((z1,...,2a), W1, ) = ((x1, ..+, Za=1), (@as Y1, Y2 - -, Yb))-
This gives us the elements

Wp.0(1p.0) €21(Y, p, 1)
Wp—11(d' (Wpo(p,0))) €27(Y,p = 1,2);
Wp—2,2(d' (Wp—1,1(d' (Wp,0(np.0)))) €2°(Y,p — 2,3)5

Wip-1(-. - (d' (Wpo(1p0))) - - ) €2U(Y, 1, p)g
Then it follows from (5.1) that

(d 4+ d")(=1)"Wp0(np,0) — (1)~ Wy_1,1(d' (Wp0(np,0))+
p(p+1)

= (D) W (d (W (p,0))) - )

p(p+1)
=Npo — (=1) 2 0p(nop)-

Define h9~%**1(n) inductively by hb!(n) = (=1)PW, 0(np,0), and

Ry~ () = (=1)P 7 T Wpaa(d Ry~ ()
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: -1 —a,a
fora=1,...,p—1. Letting hy(n) = >0 _) hE=*T1(n), we have

p(p+1)

(d +d")(hy(n)) = 1po — (1) 2" op(m0,p)

for n € Z,(21(Y, %)S). We now proceed to extend h, to all of Z/(Y, p)¢.
For Z € Z(Y,p)§, let b1 (Z) = (=1)?W,,0(Z). Then h8'(Z) is in Z9(Y,p,1)§, and

d"(hb'(2)) =Z
d'(h2(2)) = — 211 (dZ).
Define hp~%*+1(Z) inductively, satisfying
d" (Wb~ *N(Z)) = —=d' Wb~ b (Z) — By~ 1(dZ).

Then
d" od (hb="*(Z)) =d'h "1 (dZ)
=—d"n_{ N dzZ),

so d"(d'hE=®9+Y(Z) + hEZ{™ 1M (dZ)) = 0. Thus, if we define

Wy~ (Z) = (1P W a0t (ARG FH(Z) + 371 (d2),

we have

d//(hg—a—l,a—i-Q(Z)) _ _d/hg—a,a-&-l(Z) _ hz:tlz—l,a-l-l(dZ)

and the induction goes through.
Let hy(Z) = Zi;% hb=»(Z), for Z € ZU(Y,p)s. Then this extends our earlier definition of h, on

Zy(Z9(Y,%)S). Let o}, be the permutation (i, p) € ¥,. Then o}, = 0} ... 0520871 let

7' =(-1)" " roal oi(... (oot 2oi(moot 0i(Z)...) = s(2),

where s is the map defined just before Lemma 4.10. Then a direct computation gives
(d +d"Vhy(Z) + hp—1(dZ) = €(Z) — €(Z') = e(Z) — €'(s(2)).

By Lemma 4.10(b), the map Z +— s(Z) is homotopic to the identity. Thus ¢’ and € are homotopic, completing
the proof. O

The complex Tot(Y)¢ is covariantly functorial for proper maps, and Tot(Y)¢ contravariantly functorial
for appropriate maps (depending on s).
Suppose we have non-negative integers ¢, ¢’ and ¢’ with ¢’ + ¢’ = q. Let

’

Xt 29 (X, m)° @ 27 (X,n)° — Z9(X x X, m,n)°
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be the map X, (Z @ W) = 023.(Z x W), where
o93: (X xO™) x (X xO") = (X x X) x (@™ xd")
is the obvious isomorphism. Then the maps X,, , give rise to a map of total complexes
Tot(x)74": 29 (X, %)° @ 27 (X, %)) — Toty(X x X);
composing with the inverse of the quasi-isomorphism e defines the map in D, (Ab)
x4 79 (X, %) @F 29 (X, %) — Z9(X x X, #)°.

Let Ax: X — X x X be the diagonal. If X is smooth and quasi-projective over k, we have the pull-back
map A%: Z9(X x X, *)g — 29X, *)§ in Dy (Ab); define

9 29 (X, © 29 (X4 — Z9(X )G
as the composition A% o x x. This gives product maps
U, CH? (X, p')o ® CHY (X,p")g — CHT T (X,p" +p")g

Theorem 5.2. Let X be smooth and quasi-projective over k. The maps Ugi"gl,/, define the structure of a
bi-graded ring (graded commutative with respect to p and commutative with respect to q) on the bi-graded
group ®, ,CHY(X,p)q such that

(a) for each morphism f: X — Y of smooth quasi-projective varieties, the map f* is a ring homomorphism.

(b) if f: X — Y is a proper morphism of smooth quasi-projective varieties, we have the projection formula

f*(OéUf*(ﬁ)) = f*(a) ug

for « € CH* (X, %), 8 € CH'(Y, %)q.
(c) the restriction of U to @&,CH*(X,0)q is the usual product structure on the rational Chow ring of X.
(d) Suppose Z € Z9(X,p)¢, W € 27 (X, p")¢ represent classes in CHY(X, p), CHY (X)), resp., then

ZUW = (=)' A% (Z x W) = A% (W x Z)

Proof. We first verify that U is graded commutative with respect p and commutative with respect to q. Let
trap: Z9(X x X xO% x ) — Z9(X x X xO* xO%) be the automorphism induced by exchanging the factors
X and X, and the factors 0 and O0°. The maps tr, 5 give rise to the automorphism tr of Tots(X x X)¢ by
tr(Z) = (=1)%tr, ,(Z) for Z € 29(X x X x 0% x ). Let 7 be the canonical isoomorphism

T Tot(Z9 (X, ) @ 29 (X, *)) — Tot(Z7 (X, +) ® 27 (X, %))
induced by the exchange of factors in the tensor product. Then we have

Tot(x) o1 =troTot(x)

and
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/
€ =e€otr

From Lemma 5.1, it follows that Uo7 = U on homology; as 7(A ® B) = (—1)®(B ® A) for A € Z9 (X, a),
Bez! (X,b), we have

AUB=(-1)"(BU A)
for A€ CHY (X,a)q, B € CHY (X, b)q.
Associativity of the product U follows by considering the triple complex analogue of the double complex

considered in Lemma 5.1; we leave the details to the reader.
To prove (a), note that the exterior product Tot(x) clearly satisfies

1 (Tot(x)(Z @ W)) = Tot(x)(f*(Z) @ f*(W))
The result then follows from the naturality of the quasi-isomorphism e and the relation
Axo(fx f)F=f"oAy.

We now prove the projection formula (b). Let Z be in Z9(Y x X, p) such that ((f x id) o Ax)*(Z) is
defined. Then A3 ((id x f).(Z)) is also defined, and we have the identity of cycles

(5.1) Ay ((id x f)«(2)) = ((f xid) o Ax)*(Z).
The maps (id x f). and (f x id)* induce maps
(f xid)":Totp(Y x X)¢ — Tots(X x X)°
and
(tidx f)e:Totp(Y x X)¢ — Tots,(Y x Y)°.

By the naturality of the quasi-isomorphisms ¢, we have the commutative diagram

(3dX f) s

Tot(X x X)¢ P2 pot,v x x)° "D Tor(y x v)e
(5.2) €xxx | eyxx | eyxy |
ZUX x X,x)e Pz (v x e (D 2y xy e

We have as well the commutative diagram

Z(X, @ 2(X,xe T EY Ziyvcezix e T 21y e 21y,
(5.3) Tot(x) | Tot(x) | Tot(x)
Tot(X x X)° (X (idx ).

TOthZ'd(Y X X)C TOt(Y X Y)c

Putting (5.1), (5.2) and (5.3) together proves (b).
For (d) we retain the notation of the proof of Lemma 5.1. Let 7: PP — OPTP be the automorphism

Tpp (T15 - Tpy Y1, s Ypr ) = Y1y oy Ypty Ty oo+, T1).
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We have
(d/ + d/l)(Wpﬂp’(xp,p’(Z ® W) - Wpfl,p%l(d/(me’(Xp,p’(Z ® W))) +..
HEDPT W a1 (- (d (W0 (X (Z @ W)))) )

p(p+1)

= (=D (Z W) = (1) 727 Xopapr (Tppra(Z X W)).

Since sgn(7p) = (—1)pp/+p(p2+1), we have

€ (Z,W) = (=1)P(Z x W),

By Lemma 4.10, (=1)?? (Z x W) = W x Z in homology. The formula (d) then follows from the definition
of the product U. The assertion (c) follows from (d). |

Let X and Y be smooth quasi-projective varieties, with X projective. Let dx/y = dim(X) — dim(Y).
For a codimension d cycle W on Y x X, form the homomorphism

Wi @4,,CHY (X, p)g — @q,pCHq+d_dX/y (Y.p)o
by W.(n) = p1.(W Ups(n)). We recall the pairing
0:CH*(Z x Y)g x CHY(Y x X)g — CH*™(Z x X)g

defined by
Wa o Wi i= praxx(pry oy (Wa) Upry  x (Wh))
This is defined if Y is projective and X, Y and Z are smooth and quasi-projective over k, and gives

CH*(X x X)g the structure of a graded ring, if X is smooth and projective over k. In addition, we have
(W3 0 W1). = Wa, o Wi, Finally, if W is the graph of a morphism f:Y — X, then W.(n) = f*(n).

Corollary 5.3. Suppose X and Y are smooth and quasi-projective over k, and X is projective. Sending Z
to vz descends to a homomorphism

v: BqCHY (X x Y)p — @quom(CHq(X,p)@CHq+d_dX/Y(Y, P)g)-

This makes @&, CH*(X,p)q into a graded CH*(X x X )-module.
Proof. This follows directly from Theorem 5.2. O

Corollary 5.4. Let E — X be a vector bundle of rank n + 1 over a smooth, quasi-projective variety X,
and let m: P — X be the associated projective space bundle. Let ¢ be the class of O(1) in CH'(P). Then
the maps

a;: CHT (X, %) — CHY(P, )



define an isomorphism for each p:
n .
3 i @1, CHI (X, p) — CH(P,p).
i=0

Proof. That Z?:o «; gives an isomorphism for p = 0 is well-known. In particular, the CH™(P X x P)-class
of the diagonal A C P xx P can be written as

Let n be in CHY(P, p). Then

n=[Al(n)
= p2«(pi(n) UA)

= po. (DT (M) U pi(ai) Up5(¢"))
1=0

= ("TU (2 (pi(nU @),
i=0
so Y. ,a; is in general surjective. Suppose Z;Lz_oj ai(r;) = 0 for 7, € CHY(X,p), i = 0,...,n — j with
Tn—j 7é 0. Then CJ U Z?;()j T*(Ti) U Ci — O’ SO

0= W*(Z (i) UCY)

i=j
= Tn—j,

since
0 Hfo<i<n

m(¢) = { X]  ifi—n.

Thus all the 7, were zero, and >, o is injective. O

We recall from §4 the product
U N (). @ N (k) — N (R),

defined by
ZUW = Alt"™9(Z x W).

Corollary 5.5. Let
t:Z9(X, %) @ 27 (X, %) — 27 (X,%)° @F Z9(X, %)°
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be the canonical isomorphism induced by the exchange of factors in ®. Then the diagram

29X, x)e @l 27 (X, x)e 25 Zatd (X x)e

(5.4) Alt1 @ Alt? | | Apgatd
NU(k). @5 N (k). L N k),

commutes in D1 (Ab).
Proof. By Theorem 5.2(d), we have

ZUW = ()P (ZxW)=W x Z

for Z € CH(k,p) ® Q, W € CH? (k,p') ® Q. From this and the definition of the product on N*(k),,
the diagram (5.4) induces a commutative diagram after taking homology. Since the complexes in (5.4) are
complexes of (J-vector spaces, this implies that (5.4) commutes in D, (Ab). O
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§6 Chern character, relative cycles and K

In ([B2], §7) Bloch gives an argument for the construction of Chern classes with values in CH?(—,p). This
construction, however, relies on a Mayer-Vietoris property for the complexes Z%(X, x); as the gap in the proof
of localization for the complexes Z7(X, ) leaves unproved this Mayer-Vietoris property, the construction of
the integral Chern classes in [B2] is incomplete. However, as we have proved the relevant Mayer-Vietoris
property for the Q-complexes Z%(X, )¢ ® @ (Theorem 3.3), and as the complexes Z9(X, %) and Z7(X, %)°
are naturally quasi-isomorphic (Theorem 4.7), the Mayer-Vietoris property holds for Z4(X, ) ® Q as well.
Bloch’s argument then goes through to construct natural Chern classes with values in CH?(—,p) ® Q, as
well as the Chern character

ch?: K(X) — @,CH(X,p) ® Q.
In this section, we recall some salient points from Bloch’s argument for the construction of the Chern
classes
Cqpt K2g—p(X) ® Q — CHY(X, 29 —p) @ Q.

and give a slight refinement of his construction which shows that the Chern character gives a natural
decomposition of the localized space K (X)®Q as [[, K(27(X,*)°®Q, 0) via the weak homotopy equivalence

ch: K(X)®0Q — [ K(24X,%)° @ Q,0),

where K(C\,0) denotes the 0th space in the Eilenberg-Maclane spectrum EM (C,) associated to a complex
of abelian groups C,. This raises a natural question. Let K (X), be the K-theory spectrum of X, i.e. K(X),
is the geometric realization of the category Q"(Px), and the map K(X), — QK,1(X) is the homotopy
equivalence defined by Waldhausen. Is there a natural homotopy equivalence of spectra

ch: K(X). ®Q — [[ EM(2U(X,#)° © Q)?

Presumably, Schechtman’s delooping of the Chern character suffices to give such a decomposition of K(X),®
@, but we have not checked this. We also have not checked that our map ch defines a decomposition of
K(X)®Q into “eigenspaces for the Adams operations”, i.e., if the diagram

KX)oQ % T, K(2(X,%)°®Q,0)

Yk | LTI, xke
K(X)20Q % I, K(Z(X,%)° ©0,0)

commutes up to homotopy, where xk? is the map on K(Z%(X,*)¢ ® (@,0) induced by multiplication by k4
on the complex Z7(X, )¢ ® (0. The induced map on homotopy groups does however commute.
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