K-THEORY AND MOTIVIC COHOMOLOGY OF SCHEMES, I

MARC LEVINE

ABSTRACT. We examine the basic properties satisfied by Bloch’s cycle com-
plexes for quasi-projective varieties over a field, and extend most of them to
the cycle complex of a scheme of finite type over a regular dimension one
base. We also extend these properties to the simplicial spectra in the homo-
topy niveau tower of the cosimplicial scheme A% . As applications, we show
that the homotopy coniveau spectral sequence from motivic cohomology to K-
theory is functorial for smooth schemes, admits a multiplicative structure and
has lambda operations. We also show that the homotopy coniveau filtration
on algebraic K-theory agrees with the gamma-filtration, up to small primes.

0. INTRODUCTION

In [20], we have described an extension of the cycle complexes z4(X, *) of Bloch to
schemes X of finite type over a regular one-dimensional base B. We also considered
the homotopy niveau tower
(0.1)

. G(q_l)(X, —) - G(q)(X, —) A 4 G(d)(X, —) ~ G(X), dim X < d,

where G 4) (X, —) is the simplicial spectrum p — G4 (X, p), and G4 (X, p), roughly
speaking, is defined by taking the G-theory spectra of X x AP with support in
closed subsets W of dimension < p + ¢ such that W N (X x F) has dimension
< q + r for each face F' = A" of AP (see §2 below for a precise definition). By
extending the localization techniques developed by Bloch in [3], we have shown
that, for B = Spec A, A a semi-local PID, the complexes z4(X, %), as well as the
simplicial spectra G'4) (X, —), satisfy a localization property with respect to closed
subschemes of X. Defining the motivic Borel-Moore homology of X as the shifted
homology
HEM(Xv Z(Q)) = Hp*?(](zq(Xv *))a

this gives the motivic Borel-Moore homology the formal properties of classical
Borel-Moore homology. Additionally, combining the localization properties of the
simplicial spectra G, (X, —) with the fundamental interpretation of the Bloch-
Lichtenbaum spectral sequence [4] given by Friedlander-Suslin [6] allows one to
extend the spectral sequence of Bloch and Lichtenbaum to a spectral sequence
from motivic Borel-Moore homology of X to the G-theory of X, for X a scheme of
finite type over Spec A. For a general one-dimensional regular base B, sheafifying
these constructions over B gives similar results (see (2.4) below). Extending the
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definition of motivic Borel-Moore homology suitably gives us the homotopy niveau
spectral sequence

(0.2) E) = HY(X,Zp)) = Gpaq(X).

If X is regular, relabelling using codimension and changing G-theory to K-theory
gives us the homotopy coniveau tower

(0.3) o KX ) S KO(X ) — - KOX, —) ~ K(X);

Similarly, reindexing (0.2) to form an Es spectral sequence gives us the homotopy
coniveau spectral sequence

(0.4) B} = HP(X,Z(~q/2)) = K_po(X),

All these spectral sequences are strongly convergent.

In this paper, we consider the other important properties of Bloch’s cycle com-
plexes, as established in [2], [3], [19, Chap. II, §3.5] and [31]: homotopy, functoriali-
ties and products, and show how these extend to the generalized complexes z4 (X, *),
and the simplicial spectra G 4)(X, —). We are not entirely successful in extending
the theory of cycle complexes over a field to a one-dimensional base; there is a
mixed characteristic version of the classical Chow’s moving lemma which is missing
at present. This causes some technical annoyance in the mixed characteristic case,
but substantial portions of the theory still go through, at least for schemes smooth
over the base B. In case B = Spec F, F' a field, the entire theory of the cycle com-
plexes extends to the simplicial spectra G 4) (X, —), giving the homotopy property,
contravariant functoriality for smooth X, products and an associated étale the-
ory. In terms of the extended Bloch-Lichtenbaum spectral sequence, this gives us
the homotopy property, a product structure, functoriality for smooth schemes and
a comparison with a spectral sequence from étale cohomology to étale K-theory.
Much of this theory extends to the case of a one-dimensional base, but there are
some restrictions in the functoriality and product structure. In any case, we are
able to directly relate the Beilinson-Lichtenbaum conjectures for mod n motivic
cohomology to the Quillen-Lichtenbaum conjectures for mod n algebraic K-theory.

We also define functorial A-operations on the homotopy groups of the G 4 (X, —)
(for X regular), which give Adams operations for the homotopy niveau sequence.
This implies the rational degeneration of this spectral sequence (even for singular
subschemes of a regular scheme), giving an isomorphism of rational G-theory with
rational motivic Borel-Moore homology; for regular X, this gives an isomorphism of
the weight-graded pieces of K-theory with motivic cohomology after inverting small
primes. We have have a similar comparison of the filtration on K, (X) induced by
the tower (0.3) and the y-filtration, generalizing the Grothendieck comparison of
the topological filtration and the ~-filtration on K.

A different construction of a tower giving an interesting filtration on K-theory
has been given by Grayson [11], building on ideas of Goodwillie and Lichtenbaum.
In a series of papers, Walker ([40], [41], [42] and [43]) has studied Grayson’s con-
struction, and has been able to relate the weight one portion of Grayson’s tower
to motivic cohomology. He has also shown that the filtration on K-theory given
by Grayson’s tower agrees with the ~v-filtration, up to torsion. Recently, Suslin
has constructed an isomorphism of the Grayson spectral sequence with the one
considered in this paper, in the case of schemes of finite type over a field.
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An outline of the paper is as follows: In §1 and §2, we recall the basic definitions
of the cycle complexes z,(X, *), the simplicial spectra G 4 (X, —), and various ver-
sions of the extended Bloch-Lichtenbaum spectral sequence. We also give a brief
discussion of equi-dimension cycles.

In §3 we discuss a K-theoretic version K (9 (X, —) of the simplicial spectrum
G(q(X,—). In §4, we discuss the covariant functoriality of the homotopy niveau
tower and the homotopy niveau spectral sequence (0.2). In §5 we prove the homo-
topy property for z,(X, *) and G (4) (X, —), and in §6 we briefly recall the well-known
connection of localization and the Mayer-Vietoris property; we also check the com-
patibility of the spectral sequences with localization.

We formulate the fundamental “moving lemma” (Theorem 7.3) for the spectra
K@ (X, —) in §7. In §8 we show how Theorem 7.3 gives the contravariant functo-
riality for morphisms of smooth B-schemes, and in §9 we prove Theorem 7.3; §10
is a recapitulation of the results of §8 and §9 in the equi-dimensional setting. We
give the construction of a product structure for the spectral sequence (0.4) in §11.

In §12 we construct A-operations for the spectra K (@) (X,—), and discuss the
Adams operations on the spectral sequence (0.4) for regular schemes. In §13 we use
the constructions of Friedlander-Suslin [6] to show that the 7-filtration on K, (X)
is finer than the filtration FjjoK.(X) induced by the tower (0.3). We make some
explicit computations of motivic Borel-Moore homology and motivic cohomology
in §14, and use the degeneration of (0.4) (after inverting small primes) to compare
motivic cohomology with K-theory (for regular schemes) and motivic Borel-Moore
homology with G-theory (see Theorem 14.7 and Theorem 14.8). This extends
the results of [2], [3], [17] and [18] to schemes of finite type over a regular one-
dimensional base. In addition, this shows that the homotopy coniveau tower (3.3)
gives the “Adams weight filtration” on the spectrum K(X), for X regular and
essentially of finite type over a regular one-dimensional base. In Theorem 14.7 we
show as well that the filtrations F{joK.(X) and FyK.(X) agree up to groups of
explicit finite exponent.

In part II of this work, we will discuss the associated étale theory, giving a
version of the homotopy coniveau spectral sequence for mod n étale K-theory.
Using the comparison of the mod n version of homotopy coniveau spectral sequence
with the étale spectral sequence, we give a number of applications. We show that
the Beilinson-Lichtenbaum conjectures for motivic cohomology implies the Quillen-
Lichtenbaum conjectures for algebraic K-theory; we add in the reduction steps
of [33] and [9] to reduce the Quillen-Lichtenbaum conjectures to the Bloch-Kato
conjectures. This shows that Voevodsky’s verification of the Milnor Conjecture
[38] yields the sharp version of the 2-primary part of the Quillen-Lichtenbaum
conjectures, at least for schemes essentially of finite type over a one-dimensional
regular base; as an example, we recover the results of Rognes-Weibel [26] relating
the 2-adic algebraic K-theory and étale K-theory of rings of S-integers in a totally
imaginary number field. We give some applications to computations in various
arithmetic settings, including the 2-primary motivic cohomology of finite fields, and
rings of S-integers in a number field. The multiplicativity of the Bloch-Lichtenbaum
spectral sequence, as described in §11, fills in a gap in some arguments of B. Kahn
[15] computing the 2-localized K-theory of rings of S-integers in a number field (the
computation was made by a different method in [25]). We also extend some results
of Kahn [15] on the map of Milnor K-theory to Quillen K-theory.
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We conclude this paper with a four appendices. In the first, we fix notations
and recall some results on the category of presheaves of spectra. In the second, for
lack of a suitable reference, we give extensions of many of the basic constructions
of algebraic K-theory to the setting of cosimplicial schemes. In the third, we recall
the construction of products in K-theory, and in the fourth, we discuss the spectral
sequence associated to a tower of spectra, as well as multiplicative structure on
such a spectral sequence.

This paper was written during an extended visit at the University of Essen; I
would like to thank the Mathematics Department there for providing a stimulat-
ing and supportive environment and the DFG for financial support; discussions
with Philippe Elbaz-Vincent and Stefan Miiller-Stach were especially helpful. A
brief visit to the .LH.E.S. and University of Paris, VII, enabled me to profit from
discussions with Eric Friedlander, Ofer Gabber, Bruno Kahn, Fabien Morel and
Andrei Suslin. I would also like to thank Thomas Geisser and Bruno Kahn for
their comments and suggestions.

1. HIGHER CHOW GROUPS

1.1. Bloch’s higher Chow groups. We recall Bloch’s definition of the higher
Chow groups [2]. Fix a base field k. Let AL denote the standard “algebraic N-
simplex”

Aiv = Spec k[to, N 7tN]/Zti — 1,

let X be a quasi-projective scheme over k, and let A% be the cosimplicial scheme
N+— X Xk A{CV

A face of A% is a subscheme defined by equations of the form ¢;, = ... =1t; = 0.
Let X, q) be the set of dimension ¢ + p irreducible closed subschemes W of A%
such that W intersects each dimension r face F' in dimension < ¢ + r. We have
Bloch’s simplicial group

p = Zq (Xap)7

with z,(X,p) the subgroup of the dimension ¢ + p cycles on X x AP generated
by X(p,q), and the associated complex z4(X,*). The higher Chow groups of X are
defined by

CHy(X,p) := Hp(z¢(X, %)).
If X is equi-dimensional over k, we may label these complexes by codimension, and
define

CH*(X,p) = Hp(2(X, %)),
where 29(X,p) = zq—p(X, p) if X has dimension d over k. We extend the definition
of 29(X, %) to arbitrary smooth X by taking the direct sum of the 27(X;, x) over
the irreducible components X; of X.

These groups compute the motivic Borel-Moore homology of X and, for X
smooth over k, the motivic cohomology of X by

Theorem 1.2. We have the natural isomorphism
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where HEM- is the motivic Borel-Moore homology. Suppose X is smooth over k.
There is a natural isomorphism

HP(X,Z(q)) 2 CHY(X,2q — p).

Here the motivic cohomology is that defined by the construction of [37], [12] or
[19].

The complexes z4(X,*) are covariantly functorial for proper maps, and con-
travariantly functorial (with the appropriate shift in ¢) for flat equi-dimensional
maps. In particular, we may sheafify z,(X, ) for either the Zariski or the étale
topology; we let Z4(X,*) be the Zariski sheafification of z4(X, %), and Z& (X, *)
the étale sheafification. We define Z%(X, %) and ZZ (X, *) similarly.

Here is a list of the important properties of the cycle complexes for quasi-
projective schemes over k:

(1.1)

(1) Homotopy. Let p: A' x X — X be the projection. Then the map
p* : Zq(Xa *) - Zqul(Al X Xv *)

is a quasi-isomorphism.
(2) Localization. Let i : Z — X be the inclusion of a closed subscheme, with
complement j : U — X. Then the exact sequence

0= 2q(Z,%) 2 24X, %) T 2, (U, %)
is a distinguished triangle, i.e., the map 7, induces a quasi-isomorphism
2¢(Z, %) — cone(j*)[—1].

(3) Mayer-Vietoris. Let X = U UV be a Zariski open cover. Then the Mayer-
Vietoris sequence

2q(X, %) Ug.av), 2q(U, %) ® z4(V, %) JuavIvav, 2,(U NV, %)

is a distinguished triangle.

(4) Functoriality. Suppose that X is smooth over k, and let f : Y — X be a
morphism of quasi-projective k-schemes. For each p, let z9(X,p)s be the
subgroup of z9(X, p) generated by those codimension ¢ W C X x AP such
that W intersects X x F' properly for each face F' of AP, and each component
of (f xid)~1(W) has codimension q on Y x AP and intersects Y x F' properly,
for each face F' of AP. The z,(X,p); form a subcomplex z,(X,%*); of
zq¢(X,*). Then, in case X is affine, the inclusion z,(X, *); — 2z,(X, %) is
a quasi-isomorphism. Using the Mayer-Vietoris property, this gives rise to
functorial pull-back morphisms

I 29X, %) — 29(Y, %)

in the derived category, for each k-morphism f :Y — X, with X smooth
over k.

(5) Products. The operation of taking products of cycles extends to give natural
external products (in the derived category)

Rxy : 24X, %) ® 29 (Y, %) = 2917 (X x,, Y, %).
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Taking X =Y and pulling back by the diagonal gives the cup product map
(in the derived category)

Ux @ 29(X, %) ®qu(X,>f<) — zq+q/(X,>f<).

(6) Let n be prime to the characteristic of k. There is a natural quasi-isomorphism
Z(X,*)/n — p9, where p, is the étale sheaf (on X) of nth roots of unity.

Remarks 1.3. (1) The Mayer-Vietoris property (1.1)(3) follows from localization
(1.1)(2). Indeed, the localization property implies excision, i.e., the natural map

cone(jf; : 2(X, %) = 2zg(U, %)) — cone(fyrhy : zq(Vy¥) = 2g(U NV, %))

is a quasi-isomorphism, since both cones are quasi-isomorphic to z,(W, *)[1], with
W=X\U=V\UnNnV.

(2) The functoriality (1.1)(4) for a map f : ¥ — X, with X smooth over k
(but not necessarily affine) is accomplished as follows: Let px : X — Speck
be the projection. It follows from Mayer-Vietoris (1.1)(3) that the natural map
29(X, %) = Rpx. 29X, ) is a quasi-isomorphism. From (1.1)(4), the natural map
ZUX,*); — Z(X,*) is a quasi-isomorphism, where Z9(X, ) is the complex of
sheaves associated to the complex of presheaves

U = Zq(U7 *)f‘f—l(U) )

We let f*:29(X,*) — 29(Y, *) be the composition (in D~ (Ab))
2(X, %) 2 RpxaZ9(X, %) = Rpx. Z29(X, #); Lo Rpy Z9(Y, %) 2 29(Y, #).

(3) The functoriality for affine X, as stated in (1.1)(4), is a consequence of the
following “moving lemma”, which is a version of the classical Chow’s moving lemma:

Proposition 1.4 (Chow’s moving lemma for z9(X,*)). Let X be smooth over a
field k, and let C be a finite collection of irreducible locally closed subsets of X,
with C containing each irreducible component of X. Let z3(X,p) be the subgroup
of z4(X,p) generated by irreducible W C X x AP such that, for each C € C,
each face F of AP, and each irreducible component W' of W N (C x AP), we have
codimexr(W') > q. Let z(X, ) be the subcomplex of z9(X,x) formed by the
z4(X,p), and suppose that X is affine. Then the inclusion z3(X,x) — z9(X,*) is
a quasi-isomorphism.

For a proof of this result, we refer the reader to [19, Chap. II, §3.5].
(4) The list of properties (1.1) shows that the pair
(@p,qHE'M'(_v Z(q)), ®p,eH" (-, Z(q))
satisfy the Bloch-Ogus axioms for a twisted duality theory [5].

1.5. Cycle complexes in mixed characteristic. In [20], we have extended the
localization property (1.1)(2) to the case of a finite type scheme X over a regular
noetherian scheme B of dimension at most one. Before describing this, we first
recall the definition of the cycle complexes in this setting. For p : X — B an
irreducible B-scheme of finite type, the dimension of X is defined as follows: Let
1 € B be the image of the generic point of X, X, the fiber of X over n. If n
is a closed point of B, then X is a scheme over the residue field k(n), and we set
dim X := dimy,) X. If  is not a closed point of B, we set dim X := dimy,,) X, +1.
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If X — B is proper, then dim X is the Krull dimension of X, but in general dim X
is only greater than or equal to the Krull dimension.

We let A™ = Spec 5(Oglto, .. .,tn]/ >, ti — 1), giving the cosimplicial B-scheme
A*. We have for each B-scheme X the cosimplicial scheme A% := X xp A*, and
for each (p,q) the set X, oy of irreducible closed subsets C' of A% of dimension
p + g, such that, for each face F' of AP of dimension r over B, we have

dm(CNX X F)<r+gq.

If U is an open subscheme of X, we let U();)q) be the subset of U, ) consisting of

those irreducible closed subsets whose closure in A% are in Xp,q)-

The complexes z,(X, *) are covariant for proper morphisms, and contravariant
for flat equi-dimensional morphisms (if f : Y — X is flat of relative dimension
d, we have f* : zy(X,*) — 2z4+4(Y,*)). We may therefore form the complex of
presheaves Z,(X, %) on Xzar, with Z,(X, %)(U) = Z4(U, *) (this is already a com-
plex of sheaves). In particular, we have the complex of presheaves p.Z,(X,*) on
Byz.:. These complexes of presheaves have the same functoriality as the complexes
Zg(—, *).

Here is our extension of Bloch’s localization result:

Theorem 1.6 ([20], Theorem 0.6). Let i : Z — X be a closed subscheme of a
finite-type B-scheme X, j : U — X the complement. Then the (exact) sequence of
sheaves on B

0= (poi)sZ(Z,%) = pZy(X,%) = (po ). Z,(U, %)
is stalk-wise a distinguished triangle. If B is semi-local, then z4(U, *)/j*zq(X, %) is
acyclic, hence the exact sequence of complexes
0 — 2z4(Z, %) L, 2q(X, %) EMN 2q(U, %)
is a distinguished triangle.

If we set CHy(X,p) := HP(Bzar, px Z¢(X, %)) = HPM-(X 7Z(q)), then Theo-

p—2q
rem 1.6 gives a long exact localization sequence for the higher Chow groups/motivic

Borel-Moore homology. We also have the identity
H™P(B,ps24(X, %)) = Hp(z4(X, %))

for B semi-local. In addition, the Mayer-Vietoris property implies that the natu-
ral map H™P(B,p.2Z,(X, %)) — H P(X, Z,(X, *)) is an isomorphism, for arbitrary
regular B of dimension at most one (see Remark A.3).

2. THE G-THEORY SPECTRAL SEQUENCE

We have given in [20] a globalization of the Bloch-Lichtenbaum spectral sequence
[4]
EYY = HP(F,Z(—q/2)) = K_,_4(F),

F a field, to a spectral sequence (of homological type) for X — B of finite type, B
as above a regular one-dimensional noetherian scheme,

Ep o(X) = H)M (X, Z(~q/2)) = Gpiq(X).

We recall the rough outline of the construction of this spectral sequence.
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2.1. The homotopy niveau tower spectral sequence. Applying the techniques
of Appendix B and Appendix D to the “topological filtration” on the cosimplicial
scheme X x A* yields the homotopy niveau tower and the resulting spectral sequence
converging to the G-theory of X. In this section, we recall some details of this
construction.

2.2. The homotopy niveau tower. Let X be a finite-type B-scheme. We have
the exact category M x of coherent sheaves on X, and the corresponding K-theory
spectrum G(X) := K(Mx).

Let U be an open subscheme of X x AP. From Appendix B, we have the
full subcategory My (9) of My with objects the coherent sheaves F such that
Tor?” (F,Ovun(xxr)) = 0 for all faces F' of AP and all ¢ > 0. We write M x (p) for
Mxxar(0AP) and let G(X,p) denote the K-theory spectrum K (M x(p)).

Let X(, <4 be the set of irreducible closed subsets W of X x AP such that,
for each face F' of AP (including F' = AP), and each irreducible component W’ of
W N (X x F), we have

dim(W’) < ¢ + dimp(F).

For a closed subset W of X x AP, we have the spectrum with supports Gw (X, p),

defined as the homotopy fiber of the map of spectra

J* K(Mx(p)) — K(My(9AP)),

where U is the complement X x AP\ W and j : U — X x AP is the inclusion. We
let G4 (X, p) denote the direct limit of the Gw (X, p), as W runs over finite unions
of irreducible closed subsets C' € X, <.

The assignment p — M x(p) extends to a simplicial exact category Mx(—); we
let G(X,—) := K(Mx(—)) be the corresponding simplicial spectrum. Similarly,
the assignments p — G4 (X, p) extends to a simplicial spectrum G 4 (X, —). The
augmentation A% — X induces a weak equivalence G(X) — G(X, —).

We let dim X denote the maximum of dim X; over the irreducible components
X; of X. We note that G4 (X, p) = G(X,p) for all ¢ > dim X. The evident maps

Gg-1)(X,p) = G(g)(X,p) —
give the tower of simplicial spectra
(21) s T G(q—l)(Xv _) - G(q)(X7 _) R G(dimX)(Xa _) < G(X)a

Remark 2.3. Using Lemma B.6, one can also define G'(4)(X, —) as the limit of the
simplicial spectra Gw (X, —), as W runs over all cosimplicial closed subsets W of
X x A*, such that WP C X x AP is a finite union of elements of X, ) for each p.

Let f : X’ — X be a flat morphism of B-schemes of finite type of relative
dimension d. For each open subscheme U C X x AP, we have the exact functor
(f xid)* : My (9) — My (9), where U’ = (f xid)~}(U) C X’ x AP. Similarly, for
W € X(,<q), each irreducible component of (f x id)~*(W) is in X€p7<q+d). Thus,
the functors (f x id)* define the map of simplicial spectra -

f* : G(Q) (Xv _) - G(q+d)(XI7 _)7
with the functoriality (f o g)* = g* o f* for composable flat morphisms f and g (of
pure relative dimension). In particular, the assignment V' = G;,/q)(V, —) defines

a presheaf of simplicial spectra G,/q)(X,—) on Xza,. Similarly, we denote the
presheaf U — G(U) by G(X).
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The tower (2.1) is natural with respect to flat equi-dimesnional pull-back; in
particular, we have the tower of presheaves

(22) el T g(qfl)(Xa _) - g(q)(X; _) ... g(dimX)(Xu _) < g(X)7

which we call the homotopy niveau tower for X.

2.4. The spectral sequence. We let G, /4) (X, —) denote the homotopy cofiber of
the map G(q)(X, —) — G(,)(X, =), for p > q. The homotopy property of G-theory,
together with Lemma B.8, implies that the augmentation € : G(X) — Gaim x (X, —)
is a weak equivalence. Following the constructions of Appendix D, the tower (2.1)
gives rise to a spectral sequence (of homological type)

(2-3) E;,q = 7Tp+q(G(p/p—1)(Xa _)) = Gerq(X)-

Since G, (X, n) is the one-point spectrum for p+n < 0, it follows that 7x (G () (X, —)) =
0 for p < —N. Thus, the spectral sequence (2.3) is strongly convergent.

Similarly, the augmentation G(X) — G(X, —) is a weak equivalence of presheaves
of spectra. The Mayer-Vieotoris property of G-theory implies that the natural map

is an isomorphism for each n. Taking the spectral sequence associated to the tower
of presheaves (2.2) thus gives us the spectral sequence

(2.4) Ezl:,q = Tptq( X3 G(p/p—1) (Xs =) = Gpiqe(X),

which we call the homotopy niveau spectral sequence. Since X has finite Zariski
cohomological dimension, say D, the vanishing of 7x (G, (X, —)) for p < =N (and
all X') implies that 7 (X;Gq)(X,—)) = 0 for p < =N — D. Therefore, (2.4) is
strongly convergent. We will denote this spectral sequence by AHG(X).

2.5. Identifying the E'-term. Taking the cycle-class of a coherent sheaf defines
the map

(2.5) Clq : G(q/q,l) (X, —) — Zq(X, —).

In case X = Spec F for a field F, Friedlander and Suslin [6, Theorem 3.3] have
shown that this map is a weak equivalence.

The arguments used to prove Theorem 1.6 can be modified to show that the
simplicial spectra G4 (X, —) satisfy a similar localization property:

Theorem 2.6 ([20, Corollary 7.10]). Suppose that B = Spec A, A a semi-local
principal ideal ring, and let i : Z — X be a closed subscheme of X with complement
j:U — X. Then the sequence

(2.6) G()(Z,~) = Gy(X, =) == G (U, -)

is a homotopy fiber sequence.

Using this localization property together with the Friedlander-Suslin theorem
mentioned above, we show in [20, Corollary 7.6] that the cycle map cl, a weak
equivalence, for B = Spec A a semi-local principal ideal ring. This identifies the
E'-terms in (2.3) as

E, ,= CHy(X,p+q) = H> (X, Z(p)),
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in case B = Spec A, A a principal ideal ring. The localization property also implies
that the evident map of spectral sequence (2.3) to (2.4) is an isomorphism on the
F1-terms, hence the two spectral sequences are isomorphic in this case.

For f : X — B of finite type over a general base B (regular and dimension at
most one), the isomorphism (2.5) in the semi-local case gives the stalk-wise weak
equivalence of presheaves

(2.7) cly : f+G(a/q-1)(X; =) = Z4(X, =),
which leads to the analogous identification of the E'-term in (2.4) as
By, =H""UB, [.2,(X,*)) = H;" (X, Z(p)).

After reindexing (2.4) to give an E%-spectral sequence, we arrive at the strongly
convergent homological spectral sequence

(2.8) By = HyM (X, Z(~q/2)) = Gpiq(X).

In case X is regular, the natural map G.(X) — K.(X) is an isomorphism. If
X is irreducible, dim X = d, we define HP(X,Z(q)) := CHy—4(X,2d — 2¢ — p)
and extend this definition to arbitrary regular X by taking the direct sum over
the irreducible components. The spectral sequence (2.8) then becomes the strongly
convergent cohomological spectral sequence

(2.9) B} = HP(X,Z(~q/2)) = K_p_y(X),

The above constructions give similar spectral sequences with finite coefficients
as well. For instance, define the complex of sheaves Z,(X,*)/n as the cone of
multiplication by n, xn : Z4(X,*) — Z4(X, %), and set

HEM(X, Z/n(q)) = BP0 P(B; [.2,(X, #)/n) = B P(X; Z,(X, )/n).

Replacing the homotopy groups 7s(—) throughout with the homotopy groups with
coefficients mod n, ws(—;Z/n), gives the strongly convergent spectral sequence

(2.10) B2, = HPM (X, 2/n(~q/2)) = Gpag(X;Z/n).

The other spectral sequences discussed above have their mod n counterparts as
well.

2.7. Cycles and G-theory with equi-dimensional supports. The main pur-
pose of this paper is to establish the fundamental properties of the spectral se-
quences (2.8) and (2.9), as well as the mod n versions. Along the way, we will need
to examine some extensions of the properties (1.1) to mixed characteristic. Unfor-
tunately, at present we are only able to prove a limited functoriality and product
structure in this setting. We conclude this introduction with a statement of a
conjecture which, if valid, would give the cycle complexes z%(X, %) the necessary
functoriality and product structure in mixed characteristic. We give a quick outline
of the theory of equi-dimensional cycles, in the case of base scheme of dimension at
most one; for details and the general theory, we refer the reader to [32] and to [19,
I, Appendix A].

Let B be a regular irreducible scheme of dimension at most one. An irreducible
B-scheme p : X — B of finite type is equi-dimenisonal over B if p is dominant. If
this is the case, we set

dimB X = dlmk(n) X777
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where X, is the fiber of X over the generic point 1 of B. If X is not necessarily
irreducible, we say that X is equi-dimensional over B of dimension d if each irre-
ducible component X; of X is equi-dimensional over B and dimpg X; = d for all
i.

If B is regular of dimension at most one, but not necessarily irreducible, we
call p : X — B equi-dimensional over B of dimension d if the restriction of p
to X; := p~1(B;) — B; is equi-dimenisonal of dimension d for each irreducible
component B; of B, or is empty.

For X — B of finite type, we let (X/B);,q) be the set of irreducible closed subsets
W C X x AP such that, for each face F' of AP, and each irreducible component W’
of WN(X x F), W is equi-dimensional over B, and

(2.11) dimg W’ = dimg F + gq.
We let (X/B)(p,<q) be defined similarly, where we replace the condition (2.11) with
dimp W’ < dimp F + q.

Let z,(X/B,p) be the free abelian group on (X/B),,q), forming the simplicial
abelian group z,(X/B,—) and the associated complex z,(X/B,*). Similarly, we
let G(4)(X/B,p) be the limit of the spectra Gw (X, p), where W runs over finite
unions of elements of (X/B), <4, giving the simplicial spectrum G 4 (X/B, —).

If X — B is equi-dimensional of dimension d, we let 2%(X/B, —) = zq—4(X/B, —)
and G'9(X/B,—) = G(4_q)(X/B, —); more generally, if X is a disjoint union of
equi-dimensional X; — B, we set

2(X/B, -) = ®;z'(X;/B,—-), GY(X/B,-):=]][G?(Xi/B,-).

Set
CH(I(X/B7p) = H;D(ZQ(X/Ba *))7 CHq(X/va) = HP(Zq(X/Bv *))

In case each point of B is closed, we have z,(X/B, —) = z,(X, —), and in case
each component of B has dimension one, z,(X/B, —) is a simplicial subgroup of
zg+1(X,—). If 29(X/B,—) is defined, then so is z9(X,—), and 29(X/B,—) is a
simplicial subgroup of z9(X, —). The analogous statements hold for G 4 (X/B, —)
and G9(X/B, —).

The simplicial group z,(X/B, —) is covariantly functorial for proper maps, and
contravariantly functorial for flat equi-dimenisional maps (with the appropriate
shift in ¢). When defined, the simplicial group z9(X/B, —) is covariantly functorial
for proper maps (with the appropriate shift in ¢), and contravariantly functorial for
flat maps. Similarly for G, (X/B,—) and G\? (X/B,-).

We let Z,(X/B,p) denote the presheaf on Xza., U — z,(U/B,p), giving the
simplicial abelian presheaf Z,(X/B, —) and the associated complex of presheaves
Z4(X/B,*). We similarly have the simplicial abelian presheaf Z(X/B,—) and
the complex of presheaves Z9(X/B, x) in case each connected component of X is
equi-dimensional over B. All these presheaves are sheaves.

We may also form presheaves of simplicial spectra on Xza,, Gq)(X/B,—) and
G9(X/B,—), by taking the functors U — G(,(U/B,—) and G'9(U/B, —). For
X — B equi-dimensional with d = dimp X, set G0 (X, —) := G(d—g+1) (X, —) and
G(X,-) = G(d—q+1)(X, —). We extend this notation to X — B such that each
connected component of X is equi-dimensional over B as above.
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We can now state our main conjecture on the equi-dimensional cycle complexes
and spectra.

Conjecture 2.8. Suppose that X — B is a regular B-scheme of finite type. Then
the natural maps

Zq(X/Ba _) - Zq(Xv _)7 g(q)(X/Ba _) - g(q)(Xa _)
are stalk-wise weak equivalences on X.

Remark 2.9. Conjecture 2.8 is trivially true in case B has pure dimension zero. If
B has dimension one over a field k, then Conjecture 2.8 for the cycle complexes
Z1 is a consequence of Proposition 1.4. Indeed, choose a point x € X, replace X
with an affine neighborhood of x, and take C to be the collection of the irreducible
components of the fibers of X containing x; Proposition 1.4 implies that the stalks
Z9X/B,x), C £21(X, ), are quasi-isomorphic. In case X is smooth over B, this
is pointed out in [19, Chap. II, Lemma 3.6.4]; the same proof works for X smooth
over k. In case X is only assumed to be regular, the standard trick of replacing &
with a perfect subfield £y and making a limit argument reduces us to the case of
X smooth over k. Thus, the conjecture for the cycle complexes is open only in the
mixed characteristic case.

Using the extension Theorem 7.3 of Proposition 1.4 proved below, the same argu-
ment proves Conjecture 2.8 for the simplicial spectra G(?), hence the full conjecture
is valid in the geometric case.

3. K-THEORY AND (G-THEORY

In this section the base-scheme B will be a regular scheme of dimension at most
one.

3.1. The functor — x A*. We have the functor from B-schemes to cosimplicial
B-schemes X — X x A*. We note some basic properties of this functor (for
terminology, see Appendix B):
(1) X x A* is quasi-projective over X x A? = X.
(2) X x A* is a cosimplicial scheme of finite Tor-dimension.
(3) Let f:Y — X be a morphism of B-schemes. Then the morphism f x id :
Y x A* —» X x A* is Tor-independent.

The proofs of these results are elementary, and are left to the reader. These proper-
ties allow us to apply the results of Appendix B without making additional technical
assumptions; we will do so in the sequel without explicitly referring to the above
list of properties.

3.2. K-theory spectral sequence. Let X be a finite-type B-scheme such that
each irreducible component has Krull dimension d (we call such an X equi-dimen-
sional of dimension d). We set X o) .= X(p,d—q)> 1-€., we index by codimension
rather than dimension. We extend the definition of X ®% to disjoint unions of
equi-dimensional B-schemes X by taking the disjoint union over the connected
components of X. The group z%(X,p) is then the free abelian group on X "9, We
similarly define X #»29) .= X(p,<d—q) In case each connected component of X is
equi-dimensional, and extend to disjoint unions of equi-dimensional B-schemes as
above.
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For a scheme Y, let Py be the exact category of locally free coherent sheaves on
Y. We let K(X,p) be the K-theory spectrum K (Pxxar), and for W C X x AP a
closed subset, we let K" (X, p) denote the homotopy fiber of the restriction map
7% K(Pxxar) — K(Py), where j : U — X x AP is the complement of W.

Let X be a disjoint union of equi-dimensional B-schemes. Taking the limit of the
KW (X,p) as W runs over finite unions of elements of X (»=%9 defines the spectrum
K@ (X, p); the assignment p — K@ (X, p) clearly extends to a simplicial spectrum
K@ (X, -). We let K@ (X, —) be the simplicial presheaf U — K (9(U, —) on Xz,
and let C(X) denote the presheaf of spectra U — K (U).

We define the simplicial spectrum G(9) (X, —) to be G(d—g)(X, —) in case dim X =
d; taking coproducts over the connected components of X defines G(@) (X,—)for X a
disjoint union of equi-dimensional B-schemes. We define the presheaf G(9) (X, —) on
X7zar similarly. These notations agree with those given in §2.7 in case each connected
component of X is equi-dimensional over B. The natural inclusion P_ — M_
defines the map of simplicial spectra

(3.1) K9(X,-) - GW(X, ).

If W is a cosimplicial closed subset of a cosimplicial scheme Y with complement
U:=Y \W of Y, the K-theory spectra with supports, K" (Y},), form a simplicial
spectrum K" (Y'). Similarly, for W a cosimplicial closed subset of X x A*, we may
form the simplicial G-theory spectrum Gy (X, —), giving the natural map

(3.2) EV(X,-) - Gw(X,-)

Lemma 3.3. If X is regular, the maps (3.1) and (3.2) are term-wise weak equiv-
alences.

Proof. For (3.2), this is a special case of Remark B.9(1); for (3.1), this follows from
the result for (3.2), together with Remark 2.3. O

Remark 3.4. Suppose that X is regular. Lemma 3.3 and the homotopy property
for G-theory of schemes imply that the augmentation K(X) <= KO(X,—) is a
weak equivalence of presheaves. Similarly, the Mayer-Vietoris property for G-theory
yields the Mayer-Vietoris property for K-theory of regular scheme, which in turn
implies that the natural maps K,(X) — H "(B, f.K(X)) - H (X, K(X)) are
isomorphisms (see Remark A.3(1)).

Changing G-theory to K-theory and indexing by codimension rather than di-
mension, the method for constructing the homotopy niveau tower (2.2) gives us the
homotopy coniveau tower

(3.3) Lo KX ) - KX, -) - - KO(X, —) & K(X),

with ex a weak equivalence for X regular. The maps (3.1) for various ¢ induce the
map of towers
(3.4)

s Kt (X, ) — K@O(X, -) —— - —— KO(X, —) +— K(X)

e —— Glt(X, ) —— GO(X, -) —— - —— GO(X, ) +——G(X

)
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Let K(¢/9+1) (X, —) denote the cofiber of the map KtV (X, —) — K@ (X, ), and
define G ‘J/q“)(X, —) similarly.
Using Remark 3.4, these two towers give us the spectral sequences (for X regular)

(3.5) B} (K) =H 74X, KCPPH(X, =) = Kppq(X)
(3.6) E;ﬁq(G) =H7P9X, g(_p/_p+l)(Xa =) = Gpiqe(X).

Proposition 3.5. Suppose that X is reqular. Then the maps (3.1) induce weak
equivalences of presheaves K9 (X, =) — GO (X, =), and an isomorphism of spectral
sequences E(K) — E(G).

Proof. By Lemma 3.3, the map K9 (X, —)(U) — G (X, —)(U) is a weak equiva-
lence for each open U C X. ]

4. PROJECTIVE PUSHFORWARD

We have already mentioned that the presheaves of simplicial spectra G4 (X, —)
are contravariantly functorial in X for flat morphisms of pure relative dimension;
evidently the same is true for the presheaves G, (X/B, —) and K@ (X, —). We will
now discuss the covariant functoriality for projective morphisms. This is essentially
an application of the general techiniques and results discussed in §B.10 and §B.15

Let f : X — X’ be a projective morphism of finite type B-schemes. Follow-
ing the construction of f, from §B.10, we have, for each cosimplicial open sub-
scheme U of X x A*, an exact simplicial subcategory My (9); of My (9), and the
weak equivalence of K-theory spectra K(My(0)r) — K(My(9)). In addition,
on My (0)f, f« is an exact functor. More precisely, letting W be the complement
of U, and setting V = X'\ f(W), the functor f,. : My — My defines an exact
functor f, : My (9); — My. Thus, defining G(U,—)s as the simplicial spectrum
p — K(My(9)s), and letting Gw (X, —)s be the homotopy fiber of G(X,—); —
G(U,—)s, we have the map of spectra f. : Gw (X, =)y — Gsw) (X', —).

In fact, if W is a cosimplicial closed subset of X x A* the methods of §B.10
yield the map f. : fiGw (X, =) — Grxiaw)(X’,—) in Hot(X'), defined as the
composition of maps of presheaves of spectra:

~ (fxid)«
Ow (X, —) — Gw(X, )fx—’gjmd wy (X7, ).

Taking the limit over all simplicial closed subsets W with WP C X x AP a union
of elements of X, ), we have thus constructed functorial push-forward maps f. :
[+G(q) (X, =) = G (X', =) in Hot(X"). Taking homotopy cofibers yields the maps
f* f* q/r)( _) Hg(q/r)(Xlu_) fOY?"Sq.

Proposition 4.1. Let f : X — X' be a projective morphism of finite type B-
schemes.

(1) Let AHG(X, f) denote the spectral sequence

By o(X, f) = HP7UX, Gppp—1y(X, —)p) = H 77X, G(X)y)
arising from the tower of preseheaves
= Ge-)(X, =) = G (X =) = - = Glaimx) (X, =) 7 ~ G(X)

Then the weak equivalences G q)(X, —)5 — G()(X, =) and G(X); — G(X)
induce an isomorphism of spectral sequences AHG(X, f) — AHG(X), as
well as an isomorphism H™P79(X,G(X)f) = Gpiq(X).
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(2) The maps f«: f[+G(p/q)(X; =)5 = G/ (X' =) and fu: [.G(X); — G(X)

induce a map of spectral sequences
f+« : AHG(X, f) — AHG(X").

Proof. Tt is evident from the construction of the spectral sequence of a tower of
presheaves of spectra, that the collection of maps G,y (X, =) — Gy (X, —) gives
rise to a map of spectral sequences AHG(X, f) — AHG(X). Since the maps
Gy (X, =) 5 = G(p)(X, —) are weak equivalences of presheaves (Lemma B.12), they
induce isomorphisms H"(X, G/q) (X, —)s) — H"(X,Gp/q) (X, —)) for all p > ¢,
from which it follows that the map AHG(X, f) — AHG(X) is an isomorphism of
spectral sequences. Similarly, the map G(X); — G(X) induces an isomorphism
H"(X,G(X)s) — H"(X,G(X)), whence (1).

For (2), the map fi : f.Gp/q) (X, =) 5 = G(p/q) (X', —) is the one induced on the
presheaf cofiber by the maps f.G) (X, =)y — G (X', —) and f.Gy(X, =)y —
G(q) (X', =), from which it immediately follows that the map on the E'-term, f, :
H™(X, Gp/p—1)(X, =)f) = H"(X',Gp/p—1) (X', —)) extends to a map of spectral
sequences. O

From Proposition 4.1, we see that a projective morphism f : X — X’ induces a
map of spectral sequences f, : AHG(X) — AHG(X).

Lemma 4.2. Let f : X — X' and g : X' — X" be projective morphisms of finite
type B-schemes. Then (go f)« = g« © f«, as maps of spectral sequences AHG(X) —
AHG(X"), and as maps in Hot(X"), (g0 f)«Gp/q)(X, =) = Gy (X", —).

Proof. This follows from the general functoriality for projective pushforward given
in Lemma B.13. (]

We conclude this section with a compatibility result.

Lemma 4.3. Let
W=y

f/j( lf
A T> X

be a cartesian square of finite type B-schemes, with f projective and g flat and
of pure relative dimension d. Then g*f. = flg"™, as maps f.Gpq(Y,—)) —
9+9(p+djq+a)(Z, —)) in Hot(X), and as maps of spectral sequences AHG(Y') —
AHG(Z)[d].

Proof. Tt suffices to prove the statement in Hot(X). This follows from Proposi-
tion B.17. (]
5. HoMoTOPY

Let X — B be a B-scheme of finite type, with B = Spec A, A a semi-local
principal ideal ring. In this section, we discuss the homotopy property for the
simplicial spectra G4)(X, —) and z,(X, —), i.e., that the pull-back maps

p* : G(q) (X, —) — G(qul) (X X Al, —)
p* : Zq(Xa _) - Zqul(X X Ala _)
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are weak equivalences. In case X is regular, this gives the homotopy property
for the simplicial spectrum K (9 (X, —) (see §3.2 below). We state and prove a
somewhat more general result.

Theorem 5.1. Let B = Spec A, where A is a semi-local principal ideal ring, and
let X — B be a B-scheme of finite type. Let p: E — X be a flat morphism of finite
type, such that, for each x € X, the fiber p~1(x) is isomorphic to AZ(I). Then the
pull-back maps

P Gg(X, =) = Glgm) (B, -)
p* : ZQ(XJ _) - Zq-l-n(Eﬂ _)
are weak equivalences.

Proof. 1f we truncate the tower (2.1) at G4 (X, —), we get the spectral sequence
(of homological type)

By (X, 0) = Tas5(Gafa—1) (X, =) = Tatt(G ) (X, —))-
The flat map p: F — X gives the map of towers
P Glazg) (X, =) = Glagqin) (B, —),
and hence the map of spectral sequences
p":E(X,q) — E(E,q+n).
The map on the E'-terms is just the pull-back
(5.1) p* i 2g(X, =) = zg4n(E, —).

Thus, it suffices to show that the pull-back map (5.1) is a weak equivalence, i.e.,
that

(5.2) ¥ 2g(X, %) = 2gin(E, ).
is a quasi-isomorphism.

Using Theorem 1.6, the standard limit process gives rise to the Quillen spectral
sequence on X

Eab(X, ) = @uexo Har(24(Speck(a), %)) = Harp(24(X, %)),
and similarly for £. The map p gives the map of convergent spectral sequences
p":E(X,q) = E(E,q+n),
so we need only show that p* induces an isomorphism on the E'-terms. This reduces
us to the case X = Speck, k a field, which is proved in [2, Theorem 2.1]. O

As an immediate consequence of Theorem 5.1 we have

Corollary 5.2. Let B be a regular scheme of dimension at most one, and let
X — B be a B-scheme of finite type. Let p: E — X be a flat morphism of finite
type, such that, for each x € X, the fiber p~1(x) is isomorphic to AZ(LI))' Then the
pull-back maps

P* G (X, =) = Ggam) (E, )

" fiGq) (X, =) = fiGigqn) (E, —)

p* : Z‘I(Xv_) - Zqun(Ea _)

P f*Zq(Xv =)= f*Zqun(Ea -)
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are stalk-wise weak equivalences.

6. LOCALIZATION AND MAYER-VIETORIS

We have already mentioned the fundamental localization property for the sim-
plicial spectra G(q)(—, —), namely, that the sequence (2.6) is a homotopy fiber
sequence. In this section, we list some immediate consequences of this property.

6.1. Mayer-Vietoris. We first consider the case of a semi-local base B = Spec A,
A a semi-local PID.

Lemma 6.2. Let X be a finite type B-scheme, with B semi-local. Then the presheaf
G (X, ) satisfies Mayer- Vietoris.

Proof. Let U and V be Zariski open subschemes of X, let Z be the reduced closed
subscheme UUV \V =U\ UNYV, and consider the commutative diagram

G2, —) =—=G(¢(Z, —)

Gy(UUV, =) —— G(yy(U, —)

| |

GV, =) ——=gUnv,-).

By the localization property (Theorem 2.6) for G(,, the columns in this diagram
are homotopy fiber sequences. Thus, the diagram

G2, —) =—=G(y(%Z,-)

GgUUV, =) —— Gy(U,—)

| |

GV, =) ——Ggwnv,-).
is homotopy cartesian. O
6.3. Cech complex. Suppose as above that B = Spec A is semi-local. We have
the category OJf of non-empty subsets of {1,...,n}, with maps the inclusions. Let

U ={U,...,U,} be an open cover of a finite type B-scheme X; U determines a
functor

U, : (07y)°" — Schx
by sending I C {1,...,n} to U := NierU;. We let j; : Uy — X be the inclusion.
Applying the functor G4 (—, —) gives us the functor
Gy (U, —) : Op — Sp*
I— GyUr,—).
We set
G(q) (U, —) = h%(’i{m G(q) (U*, —);
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the maps j; give the natural map of simplicial spectra
g G (X, =) = Gp(U, —).

It follows from the Mayer-Vietoris property of §6.1 that j; is a weak equiva-
lence. If X is a disjoint union of equi-dimensional schemes, we may make a similar
construction with K (@ replacing G4y), giving us the simplicial spectrum K @, -)
and the map of simplicial spectra

]Zt{ : K(q)(Xv_) - K(q)(uv_)

If X is regular, Lemma 3.3 shows that the natural map K@ (—, —) — G@ (-, —) is
a weak equivalence, so the map j;; for the K-theory spectra is a weak equivalence
as well.

6.4. Presheaves. Now suppose only that B is regular and has dimension at most
one, and X is a finite type B-scheme.
We have the natural maps

(61) WW(G(Q) (X, _)) = H_n(BZaru f*g(q) (X7 _)) i H_R(XZara g(q) (X7 _))

In case X is regular, we have similarly defined maps
Kr(Lq) (Xa _) O‘_/> Hin(BZarv f*’C(q) (X7 _)) i Hin(XZarv K(q) (Xa _))

Proposition 6.5. Let B be regular and of dimension at most one, and let f : X —
B be a finite type B scheme. Then 3 is an isomorphism. If B is semi-local, then
« s an isomorphism as well.

If X is reqular, then B’ is an isomorphism, and if in addition B is semi-local, o
is an isomorphism.

Proof. The result for G-theory follows from Mayer-Vietoris property for G'(4)(—, —)
over a semi-local base, and Remark A.3. The K-theory result follows from this and
the comparison isomorphism Lemma 3.3. 0

Remark 6.6. Let j : U — X be the inclusion of an open subscheme, with X a
finite-type B-scheme. Then the natural map

H" (X, j«G(q) (U, =) — H"(U,G)(U, —))

is an isomorphism for all n. Indeed, let G, (U, —) — G4 (U, —)* be a stalk-wise
weak equivalence of G,y (U, —) with a globally fibrant presheaf G4 (U, —)* on U.
Then j.G4) (U, —)* is globally fibrant on X and

H™"(U,G)(U, =) = 7o (LU, Gy (U, =)"))
= T-n(D(X, G (o) (U, =)7)) = H*(X, juG(g) (U, =)").

On the other hand, if X is local, then we may take B to be local. Thus G4 (U, —)
satisfies Mayer-Vietoris on U, hence the natural map

Tn(T(X, 58 (q) (U, =) = m-n(T(U, G(g) (U, =))) = H"(U, G (U, -))

*

is an isomorphism for all n. Thus the map j.Gq) (U, =) — j«G(g) (U, —)* is a stalk-

wise weak equivalence for general X, hence
Hn(ij*g(q) (Uv _)) = Hn(Xa j*g(q) (Ua _)*) = Hn(Ua g(q)(Uv _))7

as claimed.
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Similarly, the natural maps

Hn(ij*g(q/r)(U7 _)) - Hn(U7 g(q/r)(U7 _));
H" (X, j«24(U, =) = H"(U, 24(U, -))

are isomorphisms.
6.7. Compatibility of localization with the spectral sequences.

Proposition 6.8. Let B be a reqular scheme of Krull dimension at most one, X a
finite type B-scheme, i : Z — X a closed subscheme with complement j : U — X.
Then:

(1) The boundary map O in the localization sequence

L= HPM(X, Z(q) L5 HPM(U, Z(q) & HEN(Z,2(q) — ...

induces maps OF~24 : EP—24(U) — EP~L729(Z) for all r > 2.
(2) The diagram

P, —2q
or

Ep—2(U) Ep=h—(2)

d:{,?qJ/ ldfl,Zq

Byt 20t (U) ey B (2)

commutes.

Both (1) and (2) hold for the mod n sequences as well.

Proof. We have the commutative diagram with the rows stalk-wise homotopy fiber
sequences

i+G(g/q-1)(Z, —) — Ga/q-1)(X, =) —— 3+G/q-1)(U, )

Clq(Z)l Clq(X)l ldq(U)

i22,(2,~) ——— 2,(X,~) ———— 1.2,(U.-),

and the vertical maps stalk-wise weak equivalences. Using Remark 6.6, we have
the isomorphism of long exact hypercohomology sequences

o= HY(Z,6(1)(Z,-)) B HY(X, G2 (X,—)) L Em O, 91U, =) — -

Clq(Z)i Clq(X)l j{CIq(U)

o B2, 20(2, 7)) = (X 24(X -) —— B (U, 24(U, —) — -

In other words, the localization sequences for Z, and G(,/,—1) are isomorphic via
clg.
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Take integers r < q. We have the commutative diagram of presheaves on X

Z*g(r) (Za _) L> g(r) (Xa _) L}]*g(r)(Ua _)

I k y

G (4, ) = Gg(X,—) — 3+G(q) (U, ).

It follows from the localization result Theorem 2.6 that the rows above are stalk-
wise homotopy fiber sequences. Thus, for a > b > ¢, the diagram

Z'*g(b/c)( -) —> g (b/c) (X, — —> ]*g(b/c)(U7 -)

| |

i*g(a/c)(Zu ) —>g(a/c)(X7 —>j*g(a/c)(U=_)

l |

G(a/0) (2, =) —— Gap) (X, ) — JxGasn) (U, =)

is commutative and each row and each column is a stalk-wise homotopy fiber se-
quence.
Using Remark 6.6 again, this gives us the commutative diagram

H™(U, Gayey (U, —)) O H( 7, Graje)(Z,—)) —— H"™ (X, Ga/e) (X, —))

| Lo

H (U, Gasp) (U, =) —2s H™Y(Z, G oy (2, —)) —s HHL(X, Gl iy (X, —))

Bul Bul avl
H" (U, G(ve) (U, -)) % H2( 2, Goye) (7, =) — H'™ (X, Gy ey (X, —))

where 0y, 0, are the boundary maps coming from the rows (resp. columns) of the
diagram above. From the construction of the spectral sequence of a tower given in
Appendix D, this, together with the isomorphisms cl, discussed above, suffices to

prove the result.
O

7. MOVING LEMMAS FOR CYCLES, G-THEORY AND K-THEORY

The main moving lemmas for the cycle complexes z9(X, %), X a variety over a
field k, are first found in the article [2]. Unfortunately, there are several gaps in
the proofs, so we will recall these results, together with some of the missing details,
as well as giving the required extensions to schemes over a one-dimension regular
bases. At the same time, we will prove the analogous results for the simplicial
spectrum G(9 (X, —) and the related K-theory simplicial spectrum K (9 (X, —) (see
§3.2 below).

The technique we use is to apply the program of Bloch for the contravariant
functoriality of the cycle complexes z9(X, %) to the simplicial spectra G(@ (X, —).
One first proves an “easy” moving lemma, in case X admits a transitive group
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action by a group-scheme such as A™, and then one uses the classical technique
of the projecting cone (see for instance [27] for a detailed treatment) to prove a
moving lemma for smooth affine (or projective) X. The general case is handled
using the Mayer-Vietoris properties discussed in Section 6. We will adapt the
various geometric results proved in [19, Chap. II, §3.5] to this purpose.

7.1. Formulation of the moving lemma. Let X be B-scheme of finite type.
An irreducible subset C' of X has pure codimension d if dim X; — dim C' = d for
each irreducible component X; of X containing C'. Let C be a finite collection of
irreducible locally closed subsets of X such that each C' € C has pure codimension

in X. We let X(Cpﬁq) be the subset of X, ;) defined by the following condition: An
element W of X, o) is in X(Cpﬂ) if, for each C' € C, each irreducible component W'
of WN (C x AP) is in C(4—q,p), where d = codimx C.

Similarly, we let X(Cp)gq) be the subset of X, <, consisting of those W such that
for each C' € C, each irreducible component W’ of W N (C x AP) is in C(, <q—a),
d = codimxC.

We let zg(X,p) be the subgroup of z,(X, p) generated by X(Cpﬁq)7 giving the sim-
plicial subgroup 25 (X, —) of z,(X, —). Similarly, we have the spectrum G(Cq) (X,p),
defined as the limit of the spectra Gw (X, p), as W runs over finite unions of ele-
ments of X¢ This gives us the simplicial spectrum qu) (X, —), with the natural

(»,<q)"
map
(7.1) Gl (X, =) = Gy(X, —)

If X is a union of equi-dimensional B-schemes, we may label using codimension
rather than dimension, giving the subset X ép 9 of X9 and the subset X ép 249) of
X (P24) In this case, we define the simplicial subgroup 24(X,—) of 29(X,—), and
the simplicial spectrum G(CQ) (X, —) using Xép’Q) and Xép’zq) instead of X¢ . and

(p,9)
X(Cp < We similarly define the spectrum KéQ) (X,p) as the limit of the spectra

K" (X,p), as W runs over finite unions of elements of Xép’ZQ). The Kéq) (X,p)

form a simplicial spectrum K, éQ) (X, —), and we have the natural map of simplicial
spectra

(7.2) K9(X,-) - K9(x, ).

Conjecture 7.2. Suppose that X is a regular affine B-scheme of finite type. Then
the map (7.2) is a weak equivalence for all q.

We can now state our main moving result:

Theorem 7.3. Suppose that X is smooth and affine over B, and that each C' € C
dominates an irreducible component of B. Then the maps (7.1) and (7.2) are a
weak equivalences for all q. Similarly, the map

Zg(Xa _) - Zq(Xa _)'
is a weak equivalence for all q.

Before proceeding to the proof of Theorem 7.3, we describe the consequences for
the spectral sequence (2.9).
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8. FUNCTORIALITY

As in [20, Remark 7.5], we may assume that the various pull-back operations
on categories of coherent sheaves are strictly functorial, rather than just pseudo-
functorial.

8.1. Pull-back maps. We note that the spectral sequence (2.9) is the spectral
sequence (3.6), together with the identification of the E'-term as H, (27 P(X, ))
via the weak equivalence (2.5), and reindexing. Thus, via Proposition 3.5, we have
the identification of (2.9) with the spectral sequence (3.5), plus the appropriate
reindexing, and the identification of the E'-term. Finally, we have the natural
isomorphisms

H"(B; £ (X, =) — H' (X, KX, ).

We have the homotopy category of presheaves of simplicial spectra on X, local-
ized with respect to stalk-wise weak equivalences, Hot(X). In order to make the
spectral sequence (2.9) functorial for maps f : ¥ — X of smooth B-schemes, it
suffices to define functorial pull-back maps in Hot(X)

[ KA, =) = Ky, -,

compatible with the change of index maps K(@/?)(— —) — K(@/0)(— —) and with
the distinguished triangles
KO/ (—, =) = Kkle/a(— ) = ket (- ) - ne®/o(— ).

For each B-scheme X, let C(X) be the set of finite sets of irreducible locally
closed subsets of X. We let C(X/B) be the subset of C(X) consisting of those C
such that each C € C is equi-dimensional over B.

Suppose first of all we have a morphism f : Y — X of finite type B-schemes,

and let W be a closed subset of X x AP. The map f xid:Y x AP — X x AP thus
induces the map of spectra

(8.1) (f xid)* : KW (X,p) — K/ Wy, p),

and this pull-back is functorial in f.

Let f : Y — X be a morphism of B-schemes, with both X and Y locally
equi-dimensional schemes. Let C be in C(X), and let f*C be the set of irreducible
components of the subsets f~1(C), C € C. Suppose we have a stratification of X
by closed subsets X,

XZXQDXlD...DXNDXNJ,_l:@,
such that
(8.2)
(1) X; \ X471 isin C for each j > 1.
(2) f:f7YX;\ Xj11) — X;\ Xj41 is equi-dimensional for each j > 0.

It is easy to see that, for each W € Xép ’ZQ), each irreducible component of (f x

id)~1(W) is in Yf(f’CZQ). Thus, the pull-back maps (8.1) induce the map of simplicial
spectra

(8.3) FroKO(X,-) — K.Y, -),
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which are functorial when defined. In addition, if C' D C also satisfies (8.2), then
the diagram

(8.4) (X, —) = K9, (v, )

J |

(X, ) — K.Y, )

commutes, where the vertical maps are the evident ones.
Let ICéq) (X, —) be the presheaf of simplicial spectra on Xz, U — Kg%)C(U, -),

where jy : U — X is the inclusion. Since the maps (8.3) are functorial, they induce
the map of presheaves of simplicial spectra on Xz,,

(8.5) FroRE (X, =) — LKWy, -),

also functorial when defined. Taking the induced map on the homotopy cofiber
defines the functorial pull-back

(8.6) FoRE (X, ) — £ (Y ).
Since the maps (8.6) are induced from (8.5), the f* define maps of distinguished
triangles
K:éb/C) (Xv _) - Icéb/C) (Xv _) - Icéb/C) (X7 _) - ZK:éb/C) (Xv _)
L
f*ICéb/c)(Y? -) - f*lCéb/c) (Y,-) — f*lCéb/c) (Y,-) — Ef*/Céb/C) (Y, -)
fora<b<e.

Suppose now that X is smooth over B, that C is in C(X/B) and that the condi-
tions (8.2) hold. Define the map

(8.7) KX, ) — KDY, -)
in Hot(X) to be the composition

K
KY

K@(X, =) & KX, =) Lo f @ (v, =) = RO (Y, -).
Here the maps lCéq) (X,-) — K9(X,~) and ICEfi)C(Y, —-) — K@(Y,~) are the

evident ones, and lCéq) (X,—) — K@ (X, —) is an isomorphism in Hot(X) by The-
orem 7.3. For ¢ < r, we define f* : K\9/")(X, —) — f.K/") (Y, -) similarly, using
the maps (8.6) instead of (8.5).

Lemma 8.2. Let X be a smooth finite type B-scheme. Let f:Y — X be a map
of finite type B-schemes, with Y a locally equi-dimensional scheme. Let C be in
C(X/B) such that the conditions (8.2) hold.

(1) The maps f* : K¥/*)(X, =) — fCU)(Y, =) are compatible with the
change-of-index maps K(4/7) (=, =) — K4'/™) (= =), and give maps of dis-
tinguished triangles

Kcb/e) (X,—) — xc(b/e) (X,—) — IC(b/C)(X, -) - /<) (X, —)
L
LRV, =) = LRI, =) = LYY, =) = SEEC(Y, )
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fora<b<ec.

(2) The map f*: KW/"(X,—) — f.K9/7)(Y,~) is independent of the choice
of C € C(X/B).

(3) Suppose that'Y is smooth over B, and let g : Z — 'Y be a map of finite type
B-schemes, with Z a locally equi-dimensional scheme. Suppose that f*C
satisfies the conditions (8.2) for the map g. Then g*o f* = (fog)* as maps
Kta/m (X, =)= (fo g)*lc(q/r) (Z,-), or K@ (X, =)= (fo g)*IC(Q) (Z,-).

Proof. Since the canonical maps ICé*/*)(X, —) — KU/*)(X, —) and /Cg:i/c*)(Y, -)—
K&/*) (Y, =) are obviously compatible with the change-of-index maps, and define
maps of distinguished triangles, (1) follows from the analogous properties of the
maps f* : /Cé*/*)(X,—) — f*IC;t/C*)(Y,—) described above. For (2), let C’ be
another element of C(X/B) satisfying (8.2). Then C UC’ also satisfies (8.2), so we
may assume that C' D C. The commutativity of the diagrams

Ke! (X, ) == KOO =) K (Y ) —— LR, -)

| ]

’Cé*/*)(Xv _) f*KE‘t/C*) (Yv _)

together with the commutative of (8.4) prove (2).
For (3), we first note that the hypotheses imply that C satisfies (8.2) for the map
f og. The functoriality of the maps (8.6) readily implies (3). O

In case B has dimension zero, the functoriality of (2.9) follows directly from
Lemma 8.2 (see Remark 8.6 below). In case some component of B has dimension
one, we will factor a morphism f : Y — X as the composition of the graph (id, f) :
Y =Y xp X followed by the projection Y x g X — X, and set f* = (id, f)* o p}.
We therefore need some technical results to show that this leads to a well-defined,
functorial pull-back.

Let i : Y — X be a closed embedding, with Y locally equi-dimensional over B,
and X smooth over B. Let C be in C(Y/B). We let iC be the set of i(C), C € Cy
and i,C := iC U {i(Y)}; by our assumption on Y, i.C is in C(X/B). Thus, the
pull-back maps

i xla/r) (X,—)— i Jcta/m) (Y,—); i @ (X,—)— i JC@ (Y, —)

are defined. Similarly, if f : Y — X is a map of B-schemes, with X smooth over
B, and Y locally equi-dimensional over X, then we may take C = (), giving the
pull-back maps

fr RO =) = LYY, ) f7 KX, =) = LD (Y, ).

Lemma 8.3. Let

i1

—

Y
|

— X

12

7
fll
W
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be a commutative diagram of B-schemes, with i1,1a2 closed embeddings, and f1, fa
are locally equi-dimensional. Suppose that X, Y and W are smooth over B. Then
ifo f5 = ffoii in Hot(X).

Proof. We give the proof for K(@; the proof for £(%/7) is exactly the same.
From our hypotheses, Z is locally equi-dimensional over B. We may assume
that X, Y and W are irreducible. Let CY = {i1(Z)} and CX = {io(W)}. Since

f2 is locally equi-dimensional, i1(Z) is locally equi-dimensional over io(W). In

particular, if A is in Xg;’q)

, then each irreducible component of f; '(A) is in Yc(g’q).
Thus, we have the natural map of presheaves of simplicial spectra f5 : ICéq)Z (X,-)—

[ 2*/ng,2 (Y, —), giving the commutative diagram of presheaves
P
KER (X, =) == foK@O(Y, )
£ T
Fae K& (Y, =)

where ¢ is the canonical map
Since f1 and f2 are locally equi-dimenisonal, we have the commutative diagram
of presheaves of simplicial spectra

K:éq)z (X, _) ZQ*IC(Q) (W, _)

i
fé‘l § lf{‘

S K@Y, =) 4= ok (V. =) — 9.K(Z, ),

where ¢ = fo 041 = iz o fi. This easily yields the identity ij o f5 = f{ o5 in
Hot(X). O

Definition 8.4. Let f : Y — X be a map of smooth B-schemes. Factor f as the
composition

y 8Dy x P X
and set
(8.8) fr=(id, f)" o ps.

Lemma 8.5. Let X, Y and Z be smooth B-schemes.

(1) Suppose f :Y — X is an equi-dimensional morphism. Then the two defi-
nitions (8.7) and (8.8) of f* agree.

(2) Suppose f:Y — X is a closed embedding. Then the two definitions (8.7)
and (8.8) of f* agree.

(3) Let Z LY Lo X be B-morphisms. Then (f og)* = g*o f*.
Proof. (1) follows from Lemma 8.3 by factoring the composition
y 8Dy g x 22 x

as idy o f. (2) follows similarly using the factorization f oidy.
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The functoriality (3) in case f and g are both equi-dimensional or both closed
embeddings follows from (1), (2) and the functoriality of f* discussed in Lemma 8.2.
In general, we have the commutative diagram

(idz,fog)

T

= 7 xpY — s ZxpY xpX
Z a2 7B Y Sy 4B KB
P2l Pzal

Y YXBX p3

(idy, f)
le

X

Using this diagram, (3) follows from the functoriality for equi-dimensional maps,
closed embeddings, and Lemma 8.3. |

Remark 8.6. Suppose that B has dimension zero. As mentioned above, the pull-
back maps discussed in Lemma 8.2 suffice to define pull-backs f* : K9/ (X, —) —
[k (Y, =) for X and Y finite type B-schemes, with X smooth over B, and Y’
a locally equi-dimensional scheme. Indeed, it is a classical result that, given a map
f:Y — X, there is a stratification of X by closed subsets X; satisfying (8.2). We
may then take C = {X;\ X,41 | j=1,... N}, which is in C(X/B) since dim B = 0.
Similarly, we have the functoriality (f o g)* = g*o f*forg: Z — Y, in case Y is
smooth and Z is a locally equi-dimensional scheme, of finite type over B.

Proposition 8.7. Let

W——Y
"
A X

be a cartesian square of finite type B-schemes, with X,Y,Z and W smooth over
B, and with both f and f' of relative dimension d. Then g*f. = g.f"™, as maps
f PO (Y, =) — g KP=d/a=D (7 ) in Hot(X).

<

’
g

Proof. The case in which g is flat has been verified in Lemma 3.3, so we may assume
that g is a closed embedding.

Let Cx = {X,9(Z)} and let Cy = {Y,¢'(W)}. The reader will easily verify the
following:

(1) Cx satisfies the conditions (8.2) for the map g, and Cy satisfies the condi-
tions (8.2) for the map g'.
(2) Let T be in Yc(g’zs) for some integer s. Then (f x id)(T) is in Xéz;zsfd).

Let T D T be a cosimplicial closed subsets of Y x A* such that T is in YC(:’ZP )

and T'" is in Yc(;lzq), for all n. Let f(T) C X x A* be the cosimplicial closed
subset f(T)" := (f xid)(T™), and define f(T"), g~ *(f(T)), etc., similarly. We thus
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have the diagram in Hot(X)

1%

(fog).ke (DI D (W, =) = LETIT (Y, -)

#| |

g K9 Mg T (7, ) e——— IO/ (X, ).
g

Here KT/T' (Y, —) is the cofiber of KT’ (Y, —) — KT (Y, —), and the other presheaves
of spectra are defined similarly. By Proposition B.17 (one easily verifies the nec-
essary hypotheses) one has ¢* f. = g, f"* in Hot(X). Taking limits over T' and 7"
completes the proof. O

9. MOVING LEMMAS

This completes the construction of the functorial pull-back maps for the tower
of presheaves of simplicial spectra K(9) (X, —), and for the spectral sequence (2.9).
We now turn to the proof of Theorem 7.3. In this section, the base scheme B is
affine, B = Spec A, with A a semi-local PID, and X is a finite-type B-scheme,
such that each connected component of X is regular.

We will give the proofs for K-theory and G-theory, leaving the essentially no-
tational simplifications necessary for proving the analogous results for the cycle
complexes to the reader. We will however indicate the few places where the ar-
guments for K-theory are noticably more difficult, with some indication of the
appropriate simplications which suffice for the cycle-complexes.

We begin with some technical results on étale excision in K-theory; the reader
only interested in functoriality for the cycle complexes can skip this section. Indeed,
the cycle-theoretic analog of the results of this section is just Lemma 9.13(3).

9.1. Excision in K-theory. Let f : Y — Z be a finite map of regular schemes,
W a closed subset of Y. Suppose that W is a connected component of f~1(f(W)).
We define the map

KW (z2) - KV (Y)
as follows: Let j : U — Y be an open neighborhood of W in Y such that W =
UnNf=1(f(W)). Set f* equal to the composition

KIW)(2) EAR Kf”(f(W))(y) AN KY(U) o7 KEY(Y),

the last j* being the isomorphism K" (Y) — KW (U). This extends without essen-
tial modification to a map f : Y — Z of N-truncated cosimplicial schemes, with a
cosimplicial closed subset W of Y such that the map on p-simplices f, : Y, — Z,
is finite, and W), is a connected component of f, ' (f,(W),)) for each p.

Lemma 9.2. Let f: Y — Z be a morphism of N-truncated cosimplicial schemes,
and let W,R C Y be cosimplicial closed subsets, such that W, C Y, has pure
codimension q for each p. Let W be the closure of fp_l(fp(Wp)) \ W,. Suppose
that, for each p,
(i) The map on p-simplices f, : Y, — Z, is a finite surjective map of irreducible
smooth B-schemes of finite type.
(i) fpw, : Wp — fp(Wp) is birational.

(i) R, contains the ramification locus of fp: Y, — Z,.
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(iv) For each g : [p] — [r] in A, the diagram
fa

(9-1) Y, —=Z,
Y(g)l lZ(g)
Y, — 7,
fr
18 cartesian.
Then
(1) The W, form a cosimplicial closed subset W' of Y, with f~(f(W)) =

wuw’.
(2) Let Wg =W N R. The composition

9.2)  KW(v) Lo gWOW vy o gWAVOWR) (Y (U W)

is equal to the restriction map KW (Y) — KW\W'OWR)(y \ (W' U Wg))
(in the homotopy category).

Proof. The assertion (1) follows easily from the fact that the maps f, are finite
surjective, and that the diagram (9.1) is cartesian. Similarly, it follows that the
image f(R) is a cosimplicial closed subset of Z.

For (2), we first show that f~(f(Wg))NW is contained in (W UWg)NW. For
this, we may assume that f : Y — Z is a map of schemes. Take z € f~1(f(R))NW,
and choose y € Wg with f(y) = f(z). If z is in Wg, we are done, so we may assume
that f is unramified in a neighborhood of x. The assertion is local over Z for the
étale topology, so we may assume that Y = Yy [[Z, with fo : Yo — Z a finite
surjective map of regular schemes, f = fo[[idand 2 € Z. We write W = Wy [[ Wo,
with x € W, C Z, y € Wy C Yo, and similarly write W’ = W{[[W.. By our
assumptions (i) and (ii), and the assumption that W has pure codimension g on Y,
it follows that W, and fo(Wy) have no irreducible components in common. From
this, we see that W/ = fo(Wy), whence our claim.

We may factor the composition (9.2) through the restriction map

EW(Y) — KW\ T UWRDOW v\ 1 (WR)) N W).

From Quillen’s localization theorem [24, §7, Proposition 3.1], we have the excision
weak equivalences

KW GO (v \ fo1(f(Wg)) N W) ~ KW GV (v \ £3(f(WR))
KWW OWR) (v \ (W' U Wg)) ~ KWW UF = (f(WR))) (Y\ (WU F L f(WR)))),

so we may remove f(Wg) from Z and f~!(f(Wg)) from Y, i.e., we may assume
that Wgr = 0.
Let W = W' NnW. Clearly W” is a cosimplicial closed subset of Y. We claim

that

(a) W contains no generic point of W.

(b) fHFW )N (WAW") = 0.

(¢) The map f: WA\W" — f(W)\ f(W") is an isomorphism.
To see this, we may assume that f : Y — Z is a map of schemes. We note that the
assertions (a)-(c) are are local over Z for the étale topology. Thus we may assume
that Y = Yo [T11%, Z, with fo : Yo — Z a finite surjective map of regular schemes,
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= follII, id, and, since Wg = (), we may assume that WNYy = 0. W is thus a
disjoint union of closed subsets W; C Z; since f: W — f(W) is birational, and W
has pure codimension ¢ on Y, the subsets W; and W; have no common irreducible
components for i # j. If we write W’ as a disjoint union, W' = W{ 1", W/,
then clearly W) = U, W; for i = 1,...,m, and similarly W; \ W/ = W; \ U, Wj.
Since f(W) = U;W;, the assertions (a)-(c) are now obvious.

Let W* = f=1(f(W")). Clearly W* is contained in W’. We may factor the
composition (9.2) through the map

KWW (v \ W) L2l g POWOWS ey gAY (v ),
Thus, we may remove f(W") from Z and W* from Y, and assume that W/NW = ().
It therefore suffices to show that the maps
K W2y - KV(Y), f.: KV () - K/'W)(2)

are inverse isomorphisms.
From (c), the map f : W — f(W) is an isomorphism. Since Y and Z are regular,
we may replace K-theory with G-theory. We have the homotopy equivalences

GW) % G (Y), G(F(W)) = Gy (2).
Let F be a coherent sheaf on f(W),) for some p. Since f, is étale, the natural map
Ip Cpow,)«(F)) = iws (flw, (F))
is an isomorphism on a (Zariski) neighborhood of W), in Y,. This natural isomor-

phism gives a homotopy between the maps f* oisy), and iy« o fl*W of G(f(W))
to Gw (Y), i.e., the diagram

GW) — 5 G (Y)

]

G(f(W)) — Grw)(Z)
TF (W)
is homotopy commutative. By functoriality of finite push-forward, the diagram

G(W) —2s Gy (V)

- |

G(f(W)) . Grw)(2)

is homotopy commutative as well. Since fyy is an isomorphism, the maps fw.
and fﬁ/v are inverse isomorphisms, hence f. and f* are inverse isomorphisms. [

Lemma 9.3. Let f: Y — Z be a morphism of N-truncated cosimplicial schemes,
and let W,W* R CY be cosimplicial closed subsets with W* D f=1(f(W*)). Sup-
pose that, for each p:

(1) The map on p-simplices fp : Y, — Z, is a finite surjective map of irreducible

smooth B-schemes of finite type.

(2) Yo\ Ry, — Z, is étale.

(3) foiw, : Wp \ Wy — (W) \ fp(W}) is birational.

(4) For each g : [p] — [q] in A, the diagram (9.1) is cartesian.
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Let W), be the closure of f, ' (fp(Wp)) \ Wy, and let Wr =W N R. Let
L KVOYTY) RV (V) = KWOWTOW (v TRV (Y,
J o KWuwWruw’ (Y)/KW* Y) > KWuwruw’ (Y)/KW*UW’UWR (Y)

be the evident maps. Then the WIQ form a cosimplicial closed subset W' of Y, with
FYHfW)) =W UW', and the composition

KWW (Y)/KW* (Y) ﬂ} KWUW*UW’ (Y)/KW* (Y)
L gWuwruw’ (Y)/KW*UW’UWR (Y)
is the zero map (in the homotopy category).

Proof. The first assertion follows from Lemma 9.2(1). By Quillen’s localization
theorem [24, §7, Proposition 3.1], the restriction maps
KWW () /KW (V) — KW (v \ W),
KWUW*UW/ (Y)/KW* (Y) N K(WUW/)\W* (Y \ W*)
KWUW*UW’ (Y)/KW*UW’UWR (Y) N KW\(W*UW’UWR)(Y \ (W* UW' U WR))
are weak equivalences. Thus, we may remove f(W*) from Z and W* from Y, i.e.,

it suffices to prove the result with W* = ().
We must therefore show that the composition

9.3)  KW(v) 2 gWOW vy L gWAWOWR) (v \ (W U W)

is the zero map in the homotopy category. As ¢/ o ¢ is just the restriction map
KW(Y) = KW\W (Y \ (W' UWg)), this follows from Lemma 9.2. O

9.4. Triangulations and homotopies. We recall the standard construction of
simplicial homotopies of maps of simplicial spaces.

We have the ordered sets [p] := {0 < ..., < p}. We give the product [p] x [g] the
product partial order

(a,b) < (a',V') e a<a and b < V.

Let ASY denote the full subcategory of the category A, with objects the ordered
sets [p], 0 < p < N. For a functor F : ASN % — S (an N-truncated simplicial
space), we have the geometric realization |F|y € S.

Let F,G : ASNTLop . S be functors, giving the geometric realizations |F|y
and |G|y. Suppose we have, for each order-preserving map h : [p] — [q] x [1],
0<q¢<N,0<p<N+1, amorphism

H(h): G([q]) — F([p])
such that, for order-preserving g : [¢] — [r], f : [s] — [p], we have
H(ho f)=F(f)o H(h), H((g9 x id) o h) = H(h) o G(g).
Then, restricting to those h with image in [g] X 0 (resp. [¢] x 1), and with p = g,
we have the maps of N-truncated simplicial spaces
Hy,H,: G — F,

and the map in S
H:|G|N><I—>|F|N,
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with
Hygxo = |Hol, H\g|x1 = |Hil.

Indeed, |G|n x I is the geometric realization of the N 4 1-truncated simplicial space

@xn@h= I G/~

g:[p)—[g]x[1]

where ~ is the equivalence relation (G(g)(x), h) ~ (x, (g x id) o h), with the evident
map on morphisms. Our assertion follows directly from this.

9.5. Moving by translation. We begin by proving the “easy” moving lemma,
which requires a transistive action by a connected linear algebraic group. We will
only need the case of A™, with the action of translation.

Let G be a group scheme over B, and let X be a B-scheme with a (right) G-action
p: X xpG — X. Let B — B be a B-scheme, ¢ : AL, — G a B-morphism with
¥(0) =idg. We let ¢ : Xp x Al — X be the composition

Xp x A 55 X xp AL, 2% X wpg 2 X,
where the isomorphism Xp x Al = X xp AL, is induced by the isomorphism
(to,tl) — tl of Al with Al.

We have the standard triangulation of AP x A, given as follows: Let v be the
vertex t; =0, j # i of AP. Let g = (g1,92) : [n] — [p] X [¢] be an order-preserving
map. We have the affine linear map T'(g) : A" — AP x A9 with T(g)(v?") =
vPsxvl

g1 (%) g2(1)

Let 7 : B’ — B be a B-scheme, ¢ : A}, — G a B’-morphism, and g : [p] —

[1] x [¢] an order-preserving map. We denote the composition

idxT(g) ¢ ($:id)xid
_— _

Xp x AP Xp x A x A Xp x At x A?

T X Al x AT 2 X ¢ AT
by T(¢, g). Similarly, we have the composition

xid 7xid

XB/ XAP&XB/ x AP —— X x AP
which we denote by ¢(1, p).

Lemma 9.6. Let N be a (generalized) integer 0 < N < co. LetY be a B-scheme of
finite type, and let W C W be subsets of ]_[;V:'Bl (Y X5 X)(p,q,), forming cosimplicial
closed subsets of Y x g X x A*SN+1_ Suppose that, for each C € W, and each order-
preserving g : [p] — [q] x [1], each irreducible component of [id x T(¢,g)] 1 (C) is
in W', for allp,q < N + 1. Then

(1) The maps id x ¢(1,p) define the map of N-truncated simplicial spaces
id x ¢(1, )" : Gw (Y xp X, —)nv = Gw (Y x5 Xp/, —)N.
(2) The maps T(¢,g) give a homotopy of the compositions

lidxo(1,-)I"
_

Gw(YXBX,—)N GW/(YXBXB/,—)NHGw(YXBXB/,—)N

[idx¢p(1,—
—_—

G (Y x5 X, — )y — Gw (Y x5 X, —)x L G (Y x5 Xpr, —)n
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with the respective base-extensions
T Gw(y XB X,—)N — Gw(y XB XB/,—)N,
o GW/(Y XB X,—)N — GW/(Y XB XB/,—)N.

The same holds with the simplicial spaces Gw(—, =), Gw(—,—) replaced with the
simplicial abelian groups zw(—, —), 2w (—, —).

Proof. Let f : |Gw(Y X B X,—)N| X1 — |GW/(Y X B XB/,—)N| be the map con-
structed from the maps id x T(¢, g), following the homotopy construction of §9.4.
One sees directly that the maps

IGw (Y x5 X, —)n| x 0L |Gy (Y x5 Xpr, — )|
IGw (Y x5 X, —)n| x 1L |G (Y x5 X5, — )|

are 7 and [idx¢(1, p)]*, which proves the lemma for the pair Gy (—, =), Gw (—, —).
The proof for zw+(—, —), zw(—, —) is the same. O

We will take G to be the additive group A™, and ¢ to be the linear map .,
Yz (t) = t-x, where z : B’ — A™ is a B-morphism. We take X = A", with G acting
on X by translation.

Let 1, ..., 2, be independent variables. We let A(x1,...,2,) be the localization
of the polynomial ring A[x1, ..., x,] with respect to the multiplicatively closed set
of f =3, arz’ such that the ideal in A generated by the coefficients ay is the unit
ideal. The inclusion A — A(z1,...,2,) is a faithfully flat extension of semi-local
PID’s. We let B(z) = Spec (A(x1,...,z,)), and let 2 : B(x) — A™ the morphism
with z* : A[z1,...,2,] — A(21,...,2,) the evident inclusion.

Before we state the basic moving lemma for group actions, we introduce one
more bit of notation.

Definition 9.7. Let X and Y be finite type B-schemes, with X equi-dimensional
over B. Let C be a finite set of irreducible locally closed subsets of X, and let
e : C — N be a function.

(1) We let Y xp X(Cp)q) (e) be the subset of (Y xp X)) consisting of those
W such that, for each C' € C, each irreducible component of (Y xg C x AP)NW
is in (Y XB O)(p,gq—codimx C+e(C))- Replacing (Y XB X)(p7q) with (Y XB X)(p7§q)
throughout defines the subset Y xp X(Cpéq)(e) of (Y x5 X)(p,<q)-

(2) Suppose that, in addition to C and e, we have for each non-generic point b
of B a set of locally closed subsets C(b) of X, and a function e(b) : C;, — N. We set

Y x5 X0 (e(x) ==Y x5 XE, () UT[ Y5 x5 X5 (e(b)
b

(»,9) (p,9) b (p,q)

C(* C(b
Y x5 X(p(é)q) (e(x) ==Y xp XE, ) (e) U] Yo xb X; (<p),§q> (e(b)).
b

Of course, Y x p X(Cpﬁq) (e)=Y xp X(Cp(;)) (e(x)) if we take the sets C, to be empty,

so the notation is somewhat redundant. We often label with codimension rather
than dimension, giving for example the subset Xép’Q)(e) of X9 with Xép’Q)(e) =
X(Cp)d_q)(e) in case d = dim X.

Given a function e : C — N, we let e — 1 : C — N be the function (e — 1)(C) =
max(e(C) — 1,0).
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We let G(Cq()*)(Y xp X, —)(e(x)) be the limit of the spectra Gw (Y xp X, —), as
W runs over finite unions of elements of (Y x g X)fp(;)q)(e(*)).
Remark 9.8. Define the simplicial abelian subgroup
XY xp X, —)(e(*)) C 2y(Y xp X, -)
similarly as for G\ (Y x5 X, =) (e(+)), using (¥ x 5 X)(\ ") (e(+)) instead of (Y x

X)fp(*iq)(e(*)). Under the same hypotheses as Prop081t10n 9.10, the proof of that

proposition shows that
2§ x5 X, =)(e(x) = (Y x5 X, -)

is a weak equivalence. To make the proof work in this setting, one merely replaces
G(q Wwith z, and (p,< ¢) with (p,q) throughout. If the reader wishes to work
with cycle complexes rather than with the simplicial abelian groups, one need only
use the complex associated to a simplicial abelian group throughout, and replace

notions of homotopy with the analoguos one for homology.

Lemma 9.9. Let C be a finite set of irreducible locally closed subsets of X := A",
such that each C € C dominates B, let Y be a B-scheme of finite type, and let
e:C — N be a function. Let C(b), for each nongeneric point b of B, be a finite set
of irreducible locally closed subsets of Xy, and e(b) : C(b) — N a function. Let W

be in (Y xp X)C(*) (e(x)), and let ¢ := 1, : B(x) — A™. Then:

(p,<q)
(1) Each irreducible component of [id x ¢(1,p)] 1 (W) is in (B(x) xp Y Xp
C(*)
X)ip<a
(2) For each order-preserving g : [r] — [p] X [1], each irreducible component of

lid x T(¢, 9)] "X (W) is in (B(z) xp Y x5 X){\ 2, (e(x)).

The analogous result holds for W € Y xp X(C(q))( ())-

Proof. We give the proof for W € Y x BX(p <g)(€); the proof for W € ¥ x BX(Cpﬁq) (e)
is similar.

In case A is a field, this follows directly from [2, Lemma 2.2]. In general, let
n be the generic point of B. Since the inclusion i : n — B is flat, i ~}(W) is in
(nxBY xB X)(p,<q)- From the case of a field, it follows that (1) and (2) are valid
with 1 replacing B, and C,, replacing C, where C, is the set of generic fibers C,
C € C, where e : C, — N is the map e(C,) = e(C).

For a non-generic point b of B, let Cp be the set of irreducible components of the
fibers Cj, for C' € C. For C' € Cy, let €/(C) be the minimum of the numbers e(C),
where C is in C, and C' is an irreducible component of C,. We let Ci =CpyUC(b),
and let e, : Cf — N be the function which is e’ on Cp \ C(b), e(b) on C(b) \ Cp and
the minimum of ¢’ and e(b) on C, N C(b).

We note that B(z) — B a bijection on points. Since each C' € C is equi-
dimensional over B, to complete the proof it suffices to show that, for each closed
point ¢ : b — B of B,

(a) Each irreducible component of (¢, xid) ~*([id x ¢(1,p)]~H(W)) is in (b(x) x 5

Y x5 X)(p <q)’
(b) For each order-preserving g : [r] — [p] x [1], each irreducible component of

(tz x id)"H([id x T'(¢p,g)"L](W)) is in (b(x) xp Y Xp X)ff,gq) (ep).



34 MARC LEVINE

Here ¢, : b(z) — B(z) is the inclusion induced by ¢.
We proceed to verify (a) and (b). Since dimension can only go down with inter-

section, each irreducible component of (v x id) ™} (W) isin (bxpY xp X)(CE <a) (ep),

so (a) and (b) follows from the case of a field.

Proposition 9.10. [Moving by translation] Let C be a finite set of irreducible locally
closed subsets of X := A™, such that each C € C dominates B, and lete : C — N be
a function. For each non-generic point b of B, let C(b) be a finite set of irreducible
locally closed subsets of Xy, and let e(b) : C(b) — N be a function. Let' Y be a
B-scheme of finite type. Then, for each ¢ > 0, the map

GV x5 X, —)(e() = Giy(Y x5 X, —)

is a weak equivalences.

Proof. Let [G(q)/G(Cq(;)(e(*))](Y x g X ) be the cofiber of the map of simplicial spec-
tra

GV x5 X, =) (e(x) — G (Y xp X, -).
It suffices to show that [G(q)/qu()*) (e(*))|(X xpY) is weakly equivalent to a point.
We first note that the map

(04)  [Gio/Gy (€Y x5 X) =[G /G (e(:)I(Bla) x5 X x5 Y)

is injective on homotopy groups. Indeed, the scheme B(z) is a filtered inverse limit
of open subschemes U of A%, with U faithfully flat and of finite type over B. Thus,
since the G-theory spectra transform filtered inverse limits to filtered direct limits,
it suffices to show that the map

95) (G /Gy Y x5 X) =[Gy /G NIV x5 X x5 Y)

is injective on homotopy groups for each such U. For such a U, there exist finite étale
B-schemes By — B, By — B, of relatively prime degrees over B, and B-morphisms
B; — U (see [20, Lemma 6.1]). Since the simplicial spectra G, (Y x5 X, —),

G(Cq()* )(Y xp X, —)(e(x)) are covariantly functorial for finite morphisms, and since
that composition of pull-back and push-forward for a finite morphism B’ — B of
degree d is multiplication by d, it follows that the map (9.5) is injective.

Thus, we need only show that (9.4) is zero on homotopy groups. This follows

directly from Lemma 9.6 and Lemma 9.9. (|

9.11. The projecting cone. The method of moving by translation takes care of
the case X = A™; for a general smooth affine B-scheme, we need to apply the
classical method of the projecting cone. -

Let i : X — A™ be a closed subscheme of A", giving the closure X C P". Let
P71 = P\ A". For each linear subspace L C P!, we have the corresponding
linear projection

7w A" — AT
with m the codimension of L in P71, If LN X = (), then the restriction of 77, to

mrx X — AT
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is finite, necessarily dominant if X is equi-dimensional over B with m = dimp X.
If this is the case, the maps

mrx Xid: X x AP — A™ x AP

are also finite and dominant for each p.

For the remainder of this section, we assume that X is equi-dimensional over B.
We let Ux be the open subscheme of the Grassmannian of codimension dimp X
linear subspaces L of P! with LN X = (), so 7z x is finite and dominant for
all L € Ux; we will always take L € Ux unless specific mention to the contrary is
made.

Let W be a closed subset of X x AP. We let C, (W) C A™ x AP be the closed
subset (ﬂ'L X id)il(TrL’X X ld)(W)

Lemma 9.12. Suppose that each irreducible component of W is in X »9 . Then

each irreducible component of C,(W) is in (An)g(q})'

Proof. Since mp, x : X — A™ is finite, it follows that each irreducible component
of (mp x x id)(W) is in (A™)P9. Since 7y, : A" — A™ is equi-dimensional, each
irreducible component of Cp(W) = (rz, x id)~!((rp x x id)(W)) is in (A™)@P9),
Similarly, each irreducible component of (71, x xid) ! ((7p x xid)(W)) is in X @),
since

CL(W)N (X x AP) = (mp.x x id)" Y ((mp.x x id)(W)),

it follows that C,(W) is in (A") {39 O

After replacing Uy with a smaller open subscheme if necessary, we may assume
that Ux is an open subscheme of some affine space A" over B, faithfully flat over
B. Let z := (x1,...,2,), giving us the semi-local PID A(x), and the B-scheme
B(z) := Spec A(x), with the canonical morphism z : B(z) — Ux. We let L, be
the corresponding linear subspace.

Lemma 9.13. Let i : X — A" be a closed subscheme of A™, C a finite set of
irreducible locally closed subsets of X such that each C € C dominates B, and
e : C — N a function. Suppose that X is smooth over B. Let W be a cosimplicial
closed subset of X x A% such that each Wy, is a finite union of elements ofXép’q)(e),
and let L = L. Let f: X x A* — A™ x A* denote the map 7 x x id, and let
Ry, C X be the ramification locus of wp x. Then

(1) Each irreducible component of f, ' (fo(W})) different from the irreducible

components of Wy,p(z) is in Xg(’ggc(e —1).

(2) Each irreducible component of W,y N (Rr x AP) is in Xg)(’g)-zl)(e).
3) Suppose that B = Spec K, K a field, and that X is absolutely irreducible
(3) Supp pec K, s y

over K. Let Z be an effective codimension q cycle on X x AP supported

in Wy. Let Z' = 7} x (7L, x«(Z)) — Z. Then Z' is effective, and each
irreducible component of Z' is in Xép’Q) (e —1).
Proof. From Lemma 9.12, CL(W) is in Al yy, hence (i x id)~1(Cp(W)) is in
xga.
If A is a field, the result is the classical Chow’s moving lemma, as adapted in

[19, Chap. II, §3.5]. The result for A a semi-local PID follows from the case of
fields by the same argument as used in the proof of Lemma 9.9. O
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We call a codimension ¢ closed subset Z of X x AP induced if po(Z) C Z’ for
some codimension p closed subset Z’ of AP. Note that, if Z C X x AP is induced,
then (7, x x id)(Z) is an induced closed subset of A™ x AP.

Lemma 9.14. Suppose that A is a field K. Let W be a proper closed subscheme
of X x AP of pure codimension q, and let Z C W be the union of the induced
irreducible components of W. Let L = L,. Then

TL,x X id : WB(z) \ ZB(I) — (7TL,X X ld)(WB(m)) \ (7TL,X X ld)(ZB(m))

18 birational.

Proof. If A C X x AP is a codimension ¢ induced closed subset, so is each irreducible
component of A, hence Z is the unique maximal element of the set of induced closed
subsets of W which are the union of irreducible components of W. If Z’ € A™ x AP
is induced, then clearly (7w, x x id)~!(Z’) is induced, hence, if W’ is an irreducible
component of W, then (rp x x id)(W’) is induced if and only if W’ is induced.
In particular, if W' is an irreducible component of W which is not induced, then
(rr,x x id)(W') is not contained in (7 x x id)(Z). Thus, we may assume that
Z = 0.

Let Wy C X be the closure of the image of W under the projection X x AP — X.
We proceed by induction on the maximum d of the dimension of an irreducible
component of Wy, starting with Wy = 0. Suppose we know our result for d — 1.
Let W’ C W be the union of the irreducible components of W whose projections
to X have dimension at most d — 1, and let W” be the union of the remaining
components.

Let Wy # W, be irreducible components of W. Suppose (7r, x x id)(W7) C
(rr,x x id)(Wa). Since the projection 7y, x is finite, and each component of W has
the same dimension, it follows that (rp x x id)(W7) = (7p, x x id)(Wa).

Suppose a component W{" of W maps to an irreducible component of (7, x x
id)(W’). Then the projection of (wp, x xid)(W7") on A™ is a subset of an irreducible
component of

pam (7, x x id)(W')) = (7, x x id)(px (W),

which is impossible, since pam ((7r, x x id)(W7)) has dimension d, while the com-
ponents of (rr, x x id)(px (W')) have dimension < d.

Similarly, no component W{ of W’ can map via mp x x id surjectively onto an
irreducible component of (7, x x id)(W"). Thus, we may assume that W = W".

We first consider the case p = 0. Let C' be a pure dimension d proper closed
subset of X, let C1,...,C) be the irreducible components of C, and let Z be the
cycle Yi_, C;. By the classical Chow’s moving lemma (or Lemma 9.13(3) for
C={C,....C.}, Z =3 ;Ci), the cycle m] v (7L ,x«(Z)) — Z is effective, and has
no component in common with C. In particular, each component of 7, x.(Z) has
multiplicity one, hence the irreducible cycles 71, x.(C;) each have multiplicity one,
and are pair-wise distinct. Since the multiplicity of 71 x.(C;) is the degree of the
field extension K (z)(C;)/K (z)(rr,x(C;)), this implies that the map C' — 7, x (C)
is K (x)-birational, as desired.

The case p = 0 easily implies the general case, in case the image subset Wy
is a proper subset of X. Thus, we have only to consider the case in which each
component of W dominates X. Fix a K-point z. Suppose that, for all K-points y
in an open subset of X, the fiber W, C y x AP = AP of W over y has an irreducible
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component Z in common with the fiber W,. Then clearly W contains Z x AP,
from which it follows that W contains an induced component, namely, the union of
the conjugates of Z x AP over K. Since we have assumed that this is not the case,
it follows that, for all pairs (z,y) in an open subset U of X x X, the fibers W, and
W, have no components in common. In particular, let  be a geometric generic
point of A™ over K, such that n remains a generic point over K(z). If z and y
are distinct points in 7T21X (n), then (z,y) is a K-generic point of X x X, hence W,
and W, have no common components. Since the fiber of (7, x x id)(W) over n is
the union of the fibers W, over y € ﬁg}x(n), it follows that the map Wﬂ,zlx(

n

(mr,x xid)(W), is K (x,n)-birational (using the reduced scheme structures). Thus
Wiy — (mr,x x id)(W) is generically one to one. Since, by Lemma 9.13(2),
Wk («) is generically étale over (mp, x xid)(W), W — (7r,x xid)(W) is thus K (z)-
birational, completing the proof. g

9.15. Proof of Theorem 7.3. We can now complete the proof of Theorem 7.3; we
use the elegant method of Hanamura [12, §1]. We give the proof for the K-theory
spectra; the proof for the simplicial abelian groups z%(X, —) is similar (but easier)
and is left to the reader. Other than the obvious notational changes, the only other
changes are to use Lemma 9.13(3) instead of Lemma 9.3 to prove the analog of
Lemma 9.16, and to replace the use of Quillen’s localization theorem for K-theory
with our localization results for the cycle complexes found in Theorem 1.6.

It suffices to consider the case of irreducible X. We fix a closed imbedding
i: X — A"

Fix an integer N > 0. We have the cofiber K9 (X, —)N/Kéq)(X, —)n of the
map of N-truncated simplicial spectra KéQ) (X, —)ny — K@D (X, —)y; it suffices to
show that 7, (K@ (X, —)n /K (X, ~)n) =0 for all m < N, and all N > 0.

Let e > 0 be an integer, which we consider as the constant map e : C — N with
value e. Let KéQ) (X, p)(e) be the limit of the K-theory spectra KZ (X, p), with Z a
finite union of W € Xép’q)(e). This gives us the simplicial spectrum Kéq) (X,-)(e)
and the N-truncated simplicial spectrum Kéq) (X,—)(e)n

Since X is affine, each element of X (29 ig contained in an element of X (»9.
Thus, the K-theory spectrum K (@) (X, p) may be defined as the direct limit of the
spectra KW (X, —), as W runs over finite unions of elements of X (79,

For p < N, each W in X9 is in Xép"q) (e), where e is the constant function
with value dimp X + N + 1. Therefore

K9 (X, —)x = K& (X, -)(e)n
Thus, it suffices to show that
(9.6) T (K& (X, ) (e)n /KL (X, =) (e = D ) =0

for all m < N, all constant e with 1 <e <dimp X + N + 1, and all N > 0.
Let Xé’;if)(e) be the subset of Xép’SQ) (€) consisting of those W which map to a
non-generic point of B. Clearly

(9.7) XED () = Up X2V e),

where each union is over the non-generic points of B.
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Let Ké’ﬁ(X, —)(e—1) be the limit of the simplicial spectra K" (X, —), where W
runs over finite unions of elements of Xé%’g)(e) u Xép’q)(e —1). From (9.7), we see
that

KX =)(e = 1) = Ky (X, -)(@(+),

where € : C — N is the constant function e — 1, C(b) = Cp, and é(b) — N is the
constant function e.

Suppose we have shown, for all semi-local regular B, and all smooth affine X —
B, that

(9.8) T (K& (X, =) (e)w /KE)(X, =) (e = ) =0

forallm < N,allewith1 <e <dimg X+ N+1, and all N > 0. Since Xé%g)(e) is
empty if B = Spec K, K a field, this suffices to prove our main result in this case.
In general, this reduces us to showing that

o (KE(X, =)(e = D) /K (X, -)(e ~ 1)) =0

forall m < N, all e with 1 <e <dimp X + N + 1, and all N > 0.

Let W be in Xép’q) (e — 1), and let b be a non-generic point of B. Since the
elements of C are equi-dimensional over B, and since X is affine, each irreducible
component of the fiber W, is a subset of some element of X(p’q Y(e—1). Using
Quillen’s localization theorem, (9.7), and this fact, we arrive at the weak equivalence

K&(X,=)(e = 1)n /K& (X, =)(e - 1)x
NHK(q (X, =) () /KD (X0, =) (e — 1)x

Thus, in order to prove the identity (9.6) for all m < N, all e with 1 < e <
dimp X + N + 1, and all N > 0, it suffices to prove (9.8) (in the cases described
above). We note that (9.8) depends only on the scheme X, not the choice of the
base scheme B, so we may replace B with the integral closure of B in the function
field of X. Thus, we may assume that the generic fiber of X over B is absolutely
irreducible.

Extend e to the map e : iC U {X} — N by e(iC) = e(C), e(X) = 0. As in the
proof of Proposition 9.10, the map

9.9) K& (X, —)(e)n/KS (X, =) (e — 1)
T K (X gy, —)@)n /K (X iy —)(e — 1)n

is injective on homotopy groups.
By Lemma 9.12 and Lemma 9.13, we have the well-defined maps of N-truncated
simplicial spectra
(9.10) KX, =)(e)n N K o (A, —)(e)w
= K& (Xp), —)(e)w,

and similarly with e replaced by e — 1 and C replaced with Cfin. The composition
Is just 77, x o T, X+
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As above, we may write K(clu{x}(A%(m)v —)(e — 1) and ngU{X}(A%(w), —)(e)

in the form Ké())(A’]B(z), —)(e(*)), for suitable choices of sets C, C(b) tand functions
g, é(b). By Proposition 9.10, the cofiber

K)oy By )/ KD, ey (A —) e — 1)

is weakly equivalent to a point, hence, using the factorization of 77 y o7 x. given
n (9.10), we see that

(0.11) K¢ (X, =)(e)n /KX, ) (e = 1)

TL XOTL, X

T K (X, )@/ KE (X, —)(e = Dy
induces the zero map on homotopy groups m,,, m < N.

Lemma 9.16. The map

(912) K (X, =)(e)n /KX, ) (e = 1)n

T —n7 XOTL,Xx

S K (X, )N/ KE (X by, ) (e = Dy
induces the zero map on homotopy groups.

Proof. Let W be a finite union of elements of X (®a) (e), for 0 < p < N, and let
Wiin be the union of the components of W which map to the non-generic points of
B. We assume that W and Wg, form a cosimplicial closed subsets of (X x A*)y
We write f, : X x AP — A™ x AP for the map 77 x x id. Let Wé be the union
of the irreducible components of f,*(f,(W})) which are not in W,; by Lemma 9.3,
the W, form a cosimplicial closed subset W' of X x A%. By Lemma 9.13, each

irreducible component of W} is in Xg(’ggc(e —1).

Let R C X be the ramification locus of 77, x, so R x AP is the ramification locus
of mp,x x id. We let Wg denote the cosimplicial closed subset W N (R x A%).
By Lemma 9.13, each irreducible component of Wg, is in X (p(’q;rcl)(e). Since X
is affine, a sufficiently general collection of complete intersections containing Wg
forms a cosimplicial closed subset W7, such that each irreducible component of Wy,

is in Xg(;zic( 1). Let W” > W7 UW’ be a cosimplicial closed subset of X x A%
(pq)

such that each component of W” is in X (I)Cﬁn(e 1).
For each p, let Z,, C W), be the maximal induced closed subset of W), which is a
union of irreducible components of W,,. Write each Z, = X x Z,. Let Z" be the

closure of the Z}, with respect to the morphisms in ASN: 7" is then a cosimplicial
closed subset of A% containing all the Z,, and with Z// a union of elements of B9

for all p. It is evident that X x Z is a union of elements of Xép D for all p.

Let W* be a union of elements of X, éﬁf)(e — 1) which forms a cosimplicial closed
subset of X x A},. We assume that W) O X x Z]) U Wy, for all p. Let W** be a

cosimplicial closed subset of Xp(,) x A} which is a union of element of Xép -9) (e)
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By Lemma 9.14 and Lemma 9.3, the composition
KO (X, =)n /K (X, =)
TSl pwuwrtuw (X5, /KW X5y =)
N KWUW*UW’ (XB(z)a _)N/KW*UW’UWR (XB(z)a _)N
induces zero on homotopy groups. Thus, the map

9.13) KWW (X, /KW (X, )y Lot

KWUW*UW”UW** (XB(w)a _)N/KW”UW* (XB(w)a —)N-

induces zero on homotopy groups.
Taking limits over W, W”, W* and W** in (9.13) gives the map (9.12), from
which it follows that the map (9.12) induces zero on homotopy groups. [l

proof of Theorem 7.3. Since both (9.11) and (9.12) induce zero on homotopy groups
Tm, m < N, the map (9.9) induces zero on homotopy groups m,,, m < N. Since
we have already seen that the map (9.9) is injective on homotopy groups, it follows

that mm (K (X, —)(e)n /K (X, =) (e = 1)x) = 0 for m < N. O
10. EQUI-DIMENSIONAL CYCLES

The results of §9, suitably modified, easily carry over to the setting of equi-
dimension cycles. We state the main results, and describe the necessary modifica-
tions in the proofs.

10.1. The simplicial spectrum G, (X/B,—). Let X — B be a finite type B-
scheme. From §2.7, we have the simplicial spectrum G,y (X/B, —), and, if each con-
nected component of X is equi-dimensional, the simplicial spectrum G9(X/B, —).

Let C be a finite set of irreducible locally closed subsets of X, such that each

C € C has pure codimension on X. We let (X/B)(Cpéq) be the subset of (X/B),,<q)

consisting of those W such that, for each b € B, each irreducible component of the
fiber Wy is in (X, /) We define the subset (X/B)%pﬁq) of (X/B)(p,q) similarly.

(p,<q)’
Also for a B-scheme Y, we let (Y xp X/B)(Cp)q) (e) be the subset of (Y x g X/B)p.q)

of those W such that each irreducible component of W, is in (Y xp X/ b)f;;q)(e)7
for each b € B.

Taking the limit of the Gy (Y x5 X, p) as W runs over finite unions of elements
of (Y xp X/B)(Cp1<q) gives us the spectrum qu) (Y xp X/B,p) and the simplicial

spectrum qu) (Y xpX/B,—). We similarly have the K-theory spectrum K(Cq) (Yxp
X/B, —) and the simplicial abelian group zg(Y xp X/B,—).
We have the following analog of Theorem 7.3:

Theorem 10.2. Let X — B be a smooth affine B-scheme of finite type, and let C
be a finite set of irreducible locally closed subsets of X. Then the natural maps

G%q)(X/B7 _) - G(q)(X/B7 _)7 K(Cq)(X/Ba _) - K(q)(X/B7 _)7
2(X/B,—) = zy(X/B, ~)
are weak equivalences.

Note that we no longer have the condition that all C' € C dominate B.
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proof of Theorem 10.2. The proof is similar to that of Theorem 7.3; we proceed to
describe the necessary modifications.

We may assume that B is irreducible.

Since the definition of the sets (Y x p X/B)(Cpﬁq) (e) is fiber-wise, the equi-dimen-
sional analogs of Lemma 9.9, Lemma 9.12, and Lemma 9.13, with C an arbitrary
finite collection of irreducible locally closed subsets of X, follow directly from these
results in case B = Spec K, K a field.

Choose for each non-generic point b of B, a finite set of irreducible locally
closed subsets C(b) of the fiber X3, and let e(b) : C(b) — N be a function. Let

(Y x5 X/B)({")(e(+)) be the union of (Y x5 X/B)S,  (e) with the sets (¥ x

,q) (p,a)
X /b) 1) (€(b)), b a non-generic point of B, and let G\ (Y x5 X/B, =) (e(+)) be

the limit of the Gw (Y xp X/B,—), as W runs over finite unions of elements of
(Y xp X/B)f;*;)(e(*)). Making the evident replacements, the proof of the equi-
dimensional analog of Proposition 9.10 follows from the equi-dimensional analogs

of Lemma 9.9 and Lemma 9.12, using the same argument as Proposition 9.10.
As in the proof of Theorem 7.3, it suffices to show that

(10.1) T (K& (X/B, =) (e)n /K (X/B,=)(e = D)n ) =0

for all m < N, where e : C — N is the constant map with value e.

For each non-generic point b of B, let C(b) = Cp, and let e(b) : C(b) — N be the
function e(b)(C') = e + 1.

Since X is affine, each C’ € (Xb/b)gz’bq))(e(b) — 1) is an irreducible component of

Cy, for some C € (X/ B)(sz’bq)) (e), so we have the natural maps of simplicial spectra
KO(X/B,=)(e—1) = K& (X/B,=)(e(x) = 1) = K& (X/B,—)(e).
By Quillen’s localization theorem, the cofiber

KS)(X/B, =) (e(x) — 1) /K& (X/B, —)(e — D

is weakly equivalent to the product over the non-generic points b of B of the cofibers
K80, (X0, =) (e(b) = D /KED) (X5, =) (e(b) = 2)n.

This in turn has m,, = 0 for m < N by (9.6) for B = b, so we need only show that

T (K& (X B, =) (e)n /K& (X/B, =)(e(x) = 1)5) =0

for all m < N. This follows from the argument of Lemma 9.16 and the discussion
after Lemma 9.16, completing the proof of Theorem 10.2. O

10.3. Equi-dimensional functoriality. The construction of pull-back maps for
G(q(X/B,—), for X affine and smooth over B, is now quite easy. Let f:Y — X
be a morphism, with X affine and smooth over B, and Y of finite type over B.
Suppose that Y is irreducible. As is well-known, there is a finite stratification of X
by irreducible locally closed subsets C' such that f~!(C) — C is equi-dimensional.
Let C; be the set of the irreducible components of these C. If Y is not irreducible,
let C; be the union of the Cy,, where f; : ¥; — X is the restriction of f to the

irreducible component Y; of Y. Then, for each W € (X/ B)épf ’Q), each irreducible
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component of (f x id)~1(W) is in Y "9, Thus, the maps
(f xid)" : K{V(X/B,p) — KD (Y,p)
are well-defined, and give the map of simplicial spectra
f* KE)(X/B, =) = KOV, -).
Using Theorem 10.2, we have the well-defined map
FK@O(X/B,—) — KW(Y,-)

in the homotopy category.
Suppose that Y is equi-dimensional over B, and let Y5, be the disjoint union of
the closed fibers of Y. Let Y’ := Y []Yan, and let ' : Y/ — X be the induced

map. If W is in Xéi;q), then each irreducible component W' of (f x id)=1(W) is

in Y9 and each irreducible component of W’ N (Y; x AP) is in Yb(p’Q), for each
closed point b of B. Thus W’ is in (Y/B)®9) . Let Cs/p = Cy, giving the map of
simplicial spectra
fKS (X/B, =) = KW(Y/B,-),
and the well-defined map
f* : K(q)(X/Ba _) - K(Q)(Y/B, _)

in the homotopy category.

Suppose that Y is affine and smooth over B, and that g : Z — Y is a B-morphism
of finite type. Let Y’ be the disjoint union of ¥ with the elements of C,, the closed
fibers of Y and the closed fibers of each C' € Cy, and let f': Y’ — X be the map

induced by f. Let Cs,p 4 denote the set Cy. Then, for each W € (X/B)g;’/q; ,» each

irreducible component of (f x id)~}(W) is in (Y/B)(Cz;’q). This gives us the identity

(gof)'=frog"
in the homotopy category, with
f* : K(q)(X/B7_) - K(q)(Y/B7_)7 g* : K(Q)(Y/B, _) - K(Q)(Z’ _)

the maps defined above. If Z is smooth and affine over B, we make a similar
construction, replacing C, with C,,p, giving the set C;,p /5. This gives the func-
toriality for the maps

f*:K9Y(X/B,-) - KY(Y/B,-), ¢ : K9(Y/B,-) - K9(Z/B, -).

This makes the assignment X — K@ (X/B,~) a contravariant functor from
the category of smooth affine B-schemes to the homotopy category of simplicial
spectra.

Remark 10.4. We have concentrated on the affine case, since, for the case of B
a union of closed points, this suffices to give a general functoriality, using the
Mayer-Vietoris property for the spectra G4 (X, —). The analog of Theorem 7.3
and Theorem 10.2 for X smooth and projective over B is proved exactly the same
way, replacing A" with P", and using the transitive action of the group of elementary
matrices on P” instead of the translation action of A™ on A™ to prove the analog
of Proposition 9.10.
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If Conjecture 2.8 were true, the Mayer-Vietoris property for the G (4) (X, —) would
imply the same for the spectra G4)(X/B, —) which would then lead to a full func-
toriality for X smooth over B, or even smooth over its image.

11. PRODUCTS

Bloch introduced external products on the complexes z9(X, %) in [2, §5]; we use
a variant of his technique to define external products for the complexes z9(X, *)
and the simplicial spectra G (X,—). For smooth X, pull-back by the diagonal
gives us products for the z9(X, *) and the G(? (X, —), which in turn give a product
structure to the spectral sequence (2.9).

Actually, in the case of a base scheme of mixed characteristic, Conjecture 2.8
comes into play here, since the external products can only be defined for a product
of a cycle with an equi-dimensional cycle. Even with this restriction, some use can
be made of the product structure, even in mixed characteristic.

11.1. The bi-simplicial spectra G4 (X, —, —). Let X be a finite type B-scheme.
For each p and p’, let X(,, 4 be the set of irreducible closed subsets W of X x
AP x AP" such that, for each pair of faces F C AP, F' C AP, each component W’
of WN (X x F x F') satisfies

dim(W') = dimp F + dimp F’ +q.

As noted in Remark B.14, we may extend the notations of §B.2 to bi-cosimplicial
schemes. In particular, for U C X x AP x AP | we let My (8) be the exact category
of coherent sheaves on U with vanishing higher Tor’s with respect to the subschemes
UN(X x FxF'), FcA?and F' C A? faces. For U = X x AP x AP, we write
Mx (p,p') for My (9). and let G(X, p,p’) be the K-theory spectrum K (M x (p,p’)).
For W C X x AP x AP’ we define the spectrum with support Gy (X, p,p’) as the
homotopy fiber of the restriction map

K(Mx(p,p)) = K(Mu(9)),

where U is the complement of W.

Taking the limit of the Gy (X, p, p’), where W runs over finite unions of elements
of X(pp,q defines the spectrum G(4)(X,p,p"). These clearly form a bisimplicial
spectrum G ) (X, —, —).

11.2. A moving lemma. Recall the maps
T(g) : A" — AP x A

defined in §9.4. We let GT(X,—,—) be the bi-simplicial spectrum defined as
G(X,—,—), where we use the categories of coherent sheaves on X x AP x A4
which are Tor-independent with respect to all the subschemes X x T'(g)(F), F a
face of A™, in addition to the subschemes X x F x F’. We define the spectrum
with support G%, (X, p, p’) similarly.

We let X(:;p/,q) be the subset of X, s o) consisting of those W which intersect
X xT(g)(F) properly, for all faces F of A™, and let GE’;) (X,p,p’) be the limit of the

GL,(X,p,p'), as W runs over all finite unions of elements of X(Tp o) This gives
us the bi-simiplicial spectrum Ga) (X, —,—), and the natural map

L G,(I;)(Xa_a_) - G(q)(Xv_v_)



44 MARC LEVINE

Lemma 11.3. For each p, the map
L: G@)(X,p, =) = G(X,p,—).
is a weak equivalence.

Proof. Let W be a closed subset of X x AP x AP’ By Quillen’s resolution theorem
[24, §4, Corollary 1], the natural map

Gy (X,p,p") = Gw(X,p,p")
is a weak equivalence (see the proof of [20, Lemma 7.6] for details). Thus, if we
let Ga)!(X, —,—) be the spectrum gotten by taking the limit of the G¥, (X, p,p’),
as W runs over finite unions of elements of X, v, it suffices to show that the
natural map

G%:;) (X=p7 _) - GI’(Z);(X,]Q, _)
is a weak equivalence.

Fix an injective map g : [n] — [p] x [p], let F be a face of AP, and let F’ be the
projection of T'(g)(F) to AP'. Clearly F' is a face of A?.

We identify AP with AP by using the barycentric coordinates (¢1,...,%p), giving
us the action of G := AP on AP by translation. We let G act on AP X AP’ via the
action on AP. Then G - T'(g)(F) = AP x F’, from which it follows that, if W is in
Xpp'.q), and x is the generic point of G, then x - T'(g)(F) is in (B(x) xp X)(T;))p,)q).
The proof now follows by applying Lemma 9.6 and Lemma 9.9, as in the proof
of Proposition 9.10. O

For each p > 0, we have the natural map of simplicial spectra
(111) 77; : G(q) (Xu _) - G(q)(vaa _)u

gotten by composing the identity G ) (X,—) = G(4(X,0,—) with the canonical
degeneracy map G(q)(X,0,—) — G)(X,p, —).

Lemma 11.4. For each p > 0, the map (11.1) is a weak equivalence.

Proof. Let C, be the set of faces of AP. The simplicial spectrum G4 (X, p, —) is
the same as the simplicial spectrum Gfg) (X x AP, —), and the map (11.1) is just the

pull-back via the projection 7 : X x AP — Z. We have the commutative diagram

GEr

(X X AP, =) —— G(g) (X x AP, —)

By Theorem 5.1, 7* : Gg)(X, =) — G(q(X x AP, —) is a weak equivalence, and

by Proposition 9.10, the map ¢ : Gf;’) (X x AP, =) — G(o(X x AP, —) is a weak

equivalence. (Il

For a bi-simplicial space (or spectrum) T(—, —), let T(— = —) denote the asso-
ciated diagonal simplicial space (or spectrum) p — T'(p, p).

We consider G(4)(X,—) as a bi-simplicial spectrum, with (p,p’)-simplices the
spectrum G 4y (Z, p'). The maps 7 : G4y (X, =) — G(¢)(X,p, —) gives the map of
bi-simplicial spectra

™ G(q)(X, —) - G(q)(X, — —).
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Similarly, we have the map of simplicial spectra
7T* . G(q)(X,—) — G(q)(X,— = —).

For each p, let §, : AP — AP x AP be the diagonal embedding. Since d, = T'(g)
for g : [p] — [p] x [p] the diagonal map, we have the natural pull-back map

Proposition 11.5. Let X be a B-scheme of finite type. Then for all ¢ <r
(1) The maps

G(q/r)( = =) = Gm(X, —, ),
LGl (X, == =) = G (X, — = —)

are weak equivalences.
(2) The map 7 : Gq/r) (X, =) = Gq/r)(X, —, =) is a weak equivalence.
(3) The map ©* : G(q/r) (X, ) — Gq/r)(X, = = —) is a weak equivalence.
(4) The map 6* : q/T)( = —) — Gq/r)(X, =) is a weak equivalence.

Proof. Let T(—,—) be a bi-simplicial space. It is a standard result (see e.g. [21])
that the diagonal maps [p] — [p] x [p] induce a homeomorphism |T'(— = —)| —
|T(—,—)|, so, to prove (1), it suffices to consider the map of bi-simplicial spectra.
The result in this case follows from Lemma 11.3 and the standard E' spectral
sequence for a bi-simplicial space T'(—, —):

E;,q =74(T(p, =) = Tp4q(T(—,—)).

The second assertion is proved similarly, using Lemma 11.4.

The assertion (3) follows from (2) and the homeomorphism |T(— = —)| =~
|T'(—, —)| mentioned above. For (4), the map 7* : G(4/,)(X, =) = G(g/r) (X, — = —)
factors through ¢ by a similarly defined map 77, : Gg/r) (X, —) — G(q/r)( =-).
Since 6* o 74 = id, (4) follows from (1) and (3). O

Remark 11.6. Suppose we have indices ¢ > r > s, giving the distinguished triangle
G(T/s) (X, _) - G(q/s) (Xu _) - G(q/r) (X, —) — EG(T/S)(X, —).
It follows from Proposition 11.5 that

G(T/S)(X - _) - G(q/s)(X7 ™ _) - G(q/T)(Xu ) _) - ZG(T‘/S)(X7 ) _)
=)

T T T
Glrys) (X, = Glgys) (X = =) = Gy (Xs = =) = BG40 (X, = =)
G(r/s)( y T = _) - G(q/s)(Xa - = _) - G(q/r)(Xv - = _) - ZC;(r/s)()(a - = _)
and
T T T T
Gl (X, == =) = Ggy)(X, = = =) = Gg)r) (X, = = =) = BG(, (X, — = —)

are distinguished triangles, and the maps of Proposition 11.5 give maps of distin-
guished triangles.
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11.7. External products for G, (X,—). Let X and Y be B-schemes of finite
type, with Y flat over B.

For W a closed subset of X x AP, and W' a closed subset of Y x AP, we let
W x* W' denote the image of W x W’ under the permutation isomorphism

(X X AP) x (Y x AP') = X x YV x AP x AP

We note that, for each C' € X, .y, C' € (Y/B)(p s, each irreducible component of
C x*C"isin (X xBY)(pp r+s); this is an immediate consequence of the formula

dim Z"” = dim Z + dimp Z’

if Z — B, Z' — B are irreducible finite type B-schemes with Z’ equi-dimensional
over B, and Z" is an irreducible component of Z x5 Z’.

The products (C.9) thus give us the natural map of bi-simplicial spectra (in the
homotopy category)

(11.2) XYyt Gy (X, =) A G (Y/B, =) = Grys)(X XY, —, —).

Taking the map on the associated diagonal simplicial spectra gives the map (in the
homotopy category)

(113) &;gy : G(T)(X, —) Ns G(S)(}//B7 —) — G(r+s)(X XpY,—= —).

Here T'(—) As S(—) is the simplicial space p — T'(p) A S(p).
We now apply Proposition 11.5. We have the diagram of weak equivalences

Glrany(X xpY,— =) Gh (X xpY,— =) 2 Gy (X x5 Y, ).

Composing the product (11.3) with 6* 0.1 gives the natural external product map
(in the homotopy category of simplicial spectra)

(11.4) U?(?Y/B : G(T)(X, =) As G(S) (Y/B,-) — G(T+5) (X xpY,—).

Since each irreducible component of C' x* C' is in (X xp Y)(pp rts—t) if C is
in X,y and C" is in (Y/B)(p s—1), or if C'is in X, 4 and C" is in (Y/B) ),
the same construction gives the natural external product map (in the homotopy
category of simplicial spectra)

(11.5)
U;(/;/_/%S/S_t : G(r/r—t)(Xv _) Ns G(s/s—t) (Y/Bv _) - G(r+s/r+s—t) (X XY, _)7

compatible with (11.4) via the evident maps.

Suppose that X and Y are flat over B, and admit ample families of line bundles.
For C € (X/B)p,y and C" € (Y/B)(y s), each irreducible component of C' x* C’
is in (X X Y)(pprts). We therefore have natural products (in the homotopy
category of simplicial spectra)

(11.6) U;’(S/B7y/B : G(T) (XV/B7 —) Ns G(S) (Y/B7 —) — G(T+S) (X X B Y/B7 —).
and
(11.7)

r/r—t,s/s—t

X/B,Y/B

G(r/r—t)(X/Ba _) Ns G(s/s—t) (Y/B7 _)
compatible with the products (11.4) and (11.5).

G(r+s/r+s—t) (X XB Y/Ba _)a
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Proposition 11.8. Let X and Y be finite type B-schemes, with Y flat over B,
and admitting an ample family of line bundles. Then the product (11.4) induces a
product

Ux,v/B : Ta(G () (X, =) @ (G s)(Y/B, =) = Tast(Grt5) (X xB Y, —)).
Similarly, the product (11.5) induces a product
7-‘-a(CJ(r/r—t) (X7 _)) ® 7.rb(G'(s/s—t) (Y/Ba _))

U
L/B) 7Ta+b(G(r+s/r+sft) (X XB Yu _))

In case X is flat over B, and admits an ample family of line bundles, the products
(11.6) and (11.7) induce products

UX/B,Y/B : Wa(G(T) (X/B, —)) X Wb(G(S) (Y/B, —)) — 7Ta+b(G(r+s) (X XB Y/B7 —))

and
Ta(Gr/r—t)(X/ B, =) @ mp(Gs/s—1) (Y/ B, —))
U
—X/BXY/B, 7Ta+b(G(r+s/r+5—t) (X XB Y/B’ _))

These products are graded-commutative and associative (in all cases where the triple
product is defined). Finally, the products (11.5) define a pairing of towers of spectra
(cf. Appendiz D)
Ux,v/B 1 |G (X, =) A G (Y/B, =) = Gy (X xB Y, —).

Proof. We give the proof for the products on G(,; the proof for the products on
G(r/r—t) is exactly the same.

Let T(—) and S(—) be pointed simplicial spaces. We have the natural homeo-
morphism

IT(=) As S(=) = |T(=)IAIS(=)I-
Thus, the product (11.4) induces a map (in the homotopy category of spectra)
Uy g G (X, )N G (Y/B, =) = |G i) (X xB Y, =)

Taking the associated product on the homotopy groups gives the desired product.
Let Z be a B-scheme of finite type, and let

72 : G (2, —==) = G2, — = =); 75 : G{)(Z,— = =) = G{)(Z,— = —)
be the maps induced by the exchange of factors Z x AP x AP — Z x AP x AP,
Since ¢ : GE’;) (Z,—=—-) — G(y)(Z,— = —) intertwines 7z and 7%, and 77 0 § = 4,
we have
(11.8) ot oty =0"01 1.

Suppose that X is also flat over B, and let ty,x : Y xg X — X XpY be the
exchange of factors. It follows from (11.8) and the commutativity of the products
(C.9) that the diagram

|Gy (X/B, =)| NG (Y/B, =) —— |G(5)(Y/B, =)| N |Gy (X/B, =)

L] 5,7
UX/B,Y/BJ/ J/UY/B,X/B

|G (ry)(X x5 Y, )] |Gy (Y x5 X, =)

P
ty x
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is homotopy commutative, which gives the graded-commutativity of the product
Uxy-

The associativity of the products

Ta(G ) (X, =) @ (G (Y/B, =) @ me(G(1)(Z/ B, —))

= Tatbte(Grisr) (X XBY xp Z,-)),

7"'a(GY(r) (X/Bv _)) & 7Tb(GY(s) (Y/B7 _)) & ﬂ-C(G(t) (Zv _))
- 7Ta+b+C(G(r+s+t) (X xpY Xp Za _))a

and

WQ(G(T)(X/B, —)) ® 7Tb(G(s) (Y/B7 _)) ® 77—C(G(75)(Z/B7 _))
- 7Ta+b+c(G(r+s+t) (X xBY xp Z/B’ _))

follows similarly from the homotopy associativity of the products (C.9).

Finally, we verify that the products the products (11.5) define a pairing of
towers of spectra. First of all, the products respect the change of indices maps
Gasp(X, =) — Gg iy (X, —) since the products in the K-theory spectrum K(Z) are
natural in the scheme Z. The compatibility of the products (11.5) with the dis-
tinguished triangles formed from the layers in the tower follows from Remark 11.6
and Lemma C.4. O

Remark 11.9. One has a similar construction of cup products
Gy (X, =) No K(5)(Y/B, =) = Gry6)(X xB Y, —),

etc., using the natural tensor products Mx ® Py — Mxx,y. Similarly, we map
replace G-theory with K-theory throughout, giving cup products

KX, =) Ns K()(Y/B, =) = Kr15)(X xp Y, —),

etc. These products are compatible with the G-theory products, with respect to
the natural transformation K — G; if X, Y and X xpY are all regular, K — G
induces weak equivalences on all the relevant spectra, so we may use either G-theory
or K-theory, as is convenient.

11.10. Cup products. Suppose that X is smooth over B. Let 6x : X — X xp X
be the diagonal embedding. We have the cup products

(11.9) U;’(S : G(T)(X, =) As G(S) (X/B,-) — G(T+S)(X, —)
(1110) UTX/T_t)S/S_t : G(r/r—t) (Xa _) Ns G(s/s—t) (X/Bv _) - G(r+s/r+s—t) (Xv _)
defined by composing the products (11.4) and (11.5) with

6;{ : G(r+s) (X xp X, _) - G(r+s) (Xa _)a

using the functoriality proved in §8.

More generally, let p : Y — B be a B-scheme of finite type, such that each
connected component Y’ of Y is smooth over p(Y’). Since X is smooth over B,
each connected component Z of ¥ xp X is smooth over p(pi1(Z)) C B, so the
functoriality discussed in §8 applies to arbitrary B-morphisms h: T — Y xp X.
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Let f : Y — X be a B-morphism, giving us the closed embedding §; : ¥ —
Y xp X. We define the products
(11.11) Up* Gy (Y, =) As Gy (X/B, =) = Grps) (Y, )
(11.12) U;'/Tft’s/kt PGty (Y =) Ao Gsys—y(X/ B, =) = Glogsyrps—) (Y, —)
by setting

TS . ok r,8 r/r—t,s/s—t _ c¢x r/r—t,s/s—t
Uf = 5fOUY7X/B, Uf = 5fOUY7X/B B
respectively.
If X is affine, we have the cup products
(11.13) U;’(S/B : G(T)(X/B, =) Ns G(S) (X/B,—) — G(T+5) (X/B,-)
(11.14)

U;(//TBitﬁs/57t : G(T/T*t)(X/B’ _) No G(S/S*t) (X/B7 _) - G(r+s/r+sft) (X/B7 _)7
where we use the equi-dimensional analog of §% discussed in §10.3.

Proposition 11.11. (1) Let X — B be a smooth affine B-scheme of finite type.
The product (11.13) gives ®&mo(G ) (X/B,—)) the structure of a bi-graded ring,
graded-commutative in a, and natural in X. Similarly, the product (11.14) gives
&4 (Gyp—t)(X/B,—)) the natural structure of a bi-graded ring, graded-commaut-
ative in a, and natural in X .

(2) Let X — B be a smooth affine B-scheme of finite type, p: Y — B a B-scheme
of finite type, and f : Y — X a morphism. Suppose that each connected component
Y' of Y is smooth over its image p(Y') in B. Then the product (11.11) gives
O (G (Y, —)) the structure of a bi-graded ©m,(Gw)(X/B, —))-module, natural
in the triple (X, Y, f). Similarly, the product (11.12) make ®mq(G 54 (Y, —)) a
bi-graded &4 (G (p/—+)(X/ B, —))-module, natural in (X,Y, f).

(3) Suppose that each point of B is closed, and that X is a smooth B-scheme of
finite type (not necessarily affine). Then

G (X/B, =) =G(X, =), Gsjs—t)(X/B, =) = G(s/5—1) (X, —),
and the products (11.9) and (11.10) make ©mq (G ) (X, —)) and ©7o (G p—1) (X, —))

bi-graded rings, graded-commutative in a, and natural in X .

(4) Under the hyptheses of (1), the products (11.13) define a multiplicative structure
on the tower G, (X/B,—). Under the hypotheses of (2), the products (11.11)
give a pairing of towers G, (X/B, =) NG (Y, =) — G (Y, =) and under the
hypotheses of (3), the products (11.10) define a multiplicative structure on the tower
G(*) (X, —).

Proof. The result follows from Proposition 11.8, together with the functoriality of
pull-back, as discussed in §8 and §10.3. O

Suppose X is an equi-dimensional B-scheme of finite type. The equi-dimensional
G-theory spectra G(4)(X/B—) form the tower
(11.15)
‘e G(pfl)(X/B, —) — G(p)(X/B, —) .. G(dimB X)(X/B7 —) ~ G(X),

giving the spectral sequence

(11.16) E;;,q = Tp+q(Gp/p—1)(X/B, =) = Gp4q(X).
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We have the obvious natural map of the tower (11.15) to (2.1), giving the map of
the spectral sequence (2.3) to the spectral sequence (11.16). In case each point of
B is closed, the spectra G4 (X/B, —) and G(4)(X, —) are weakly equivalent, so the
spectral sequences (2.3) and (11.16) agree.

We collect our results in the following:

Theorem 11.12. (1) Let X be a smooth affine B-scheme of finite type. Then the
cup products (11.10) and (11.14) give a natural associative multiplicative structure
to the spectral sequence (11.16).

(2) Let X be a smooth affine B-scheme of finite type, let p: Y — B be a finite type
B-scheme, and let f :' Y — X be a B-morphism. Suppose each connected component
Y’ of Y is smooth over p(Y'). Then the cup products (11.11) and (11.12) make the
spectral sequence (2.3) (for Y') a natural module over the spectral sequence (11.16)

(for X ).

(3) Suppose each point of B is closed, and let X be a smooth B-scheme of finite
type (not necessarily affine). Then the spectral sequences (2.3) and (11.16) agree,
and the cup products (11.9) and (11.10) give a natural associative multiplicative
structure to the spectral sequence (2.3).

Proof. This all follows from Proposition 11.11 and Lemma D.6. O

Remarks 11.13. (1) If B is a general one-dimensional regular scheme (not necessarily
semi-local), p : X — B a smooth B-scheme, the cup products (11.9)-(11.12) extend
to define cup products on the sheaves p.G ) (X, —) described in §2 (one needs to
assume that X is affine over B for the cup products on p.G;)(X/B,—) to be
defined). The results of Theorem 11.12 extend to gives product structures for the
spectral sequence (2.4), and the sheafified version of (11.16).

(2) The E spectral sequence (2.8) and the (sheafified) F5 reindexed analog of
(11.16) have products as well; one merely reindexes to pass from the E'-sequences
to the Es sequences. Similarly, we get products for the Es spectral sequence (2.9)
and the s reindexed analog of sheafified version of (11.16). As in (1), we need to
assume that X is affine over B in order to have products on the equi-dimensional
spectral sequence.

11.14. Products for cycle complexes. The results of the proceeding section
carry over directly to give external products for the simplicial abelian groups
z¢(X/B,—), cup products for 29(X/B, —) and a multiplication of z7(X/B,—) on
29(X,—). We give an explicit descroption of this product.

Let z1s(X xpY,—,—), 21, (X x5 Y,—,—) be the bisimplicial abelian groups
with

ZTJrS(X XB Y,p,p/) = Z[(X XB Y)(p,p/,r-i-s)]v
Zzlrs(X XB Kpap/) = Z[(X XB Y)a,p’,r+s)]'

The external product

Ur)fy/B : ZT(X, —) Ns ZS(Y/B, —) — ZTJFS(X xBY, _)



K-THEORY AND MOTIVIC COHOMOLOGY OF SCHEMES, I 51
is given by the zig-zag diagram

8
gX,Y/B

2(X, =) Ns 25 (Y/B, =) ——= zp4s(X xp Y, — = =) « 7, (X xp YV, — = —)
L Zr-l—s(X XB K _)~
Here z45(X xpY,— = —) and 2], (X xp Y, — = —) are the associated diagonal

simplicial abelian groups, ¢ is the inclusion, and §* is given by the pull-backs via
the diagonal maps

dx0: X xY xAP - X xY x AP x AP,

The proof of Proposition 11.5 shows that the map ¢ is a weak equivalence.

Since the product in Ky with supports is compatible with cycle intersection
products via the cycle class map (this follows from Serre’s intersection multiplicity
formula), the maps

clg 1 Ggrq-1)(X, =) = 2g(X, =) clg: Gig/q-1)(Y/B, =) = 2,(Y/B, —)
respect the products.

11.15. Products for cycle complexes. Using the Dold-Kan correspondence, we
have products for the complexes z,(X, *), z4(Y/B, *) associated to the simplicial
abelian groups z,(X, —), z,(Y/B, —); these two products thus give the same result
on the homotopy/homology under the Dold-Kan isomorphism. We proceed to make
the product on the complexes explicit.

Let z,45(X X B, * = %) be the complex associated to the simplicial abelian group
zrys(X X g, — = —). Explicitly, the external product

&;ng D2 (X %) ® 25(Y/B, %) = 2oy s (X X B, % = %)

is given by the formula

Ry (W W) = > sgn(g)[id x T(g1) x T(g2)]"(W x" W’).
9=(91,92)

To explain the formula: The sum is over all injective order-preserving maps g =
(91,92) : [r+s] — [r] x [s], and T'(g1) : A" — A" T(ge) : A™ — AS are
the maps defined in §9.4. To define the sign sgn(g), we will define a permutation
o(g) of {1,...,r + s}, and set sgn(g) = sgn(o(g)). To define o, we first iden-
tify {1,...,7}[I{1,...,s} with {1,...,r + s} by sending ¢ € {1,...,7} to ¢ and
je{l,...,s} to r+ j. Define a second bijection of {1,...,7}[[{1,...,s} with
{1,...,7+s} bysending i € {1,...,r+s}ttog1(4) € {1,...,r} if q1(: = 1) < g1 (¢),
and to g2(7) € {1,...,s}if g2(i—1) < g2(7). The composition of these two bijections
gives the permutation o(g).
Via the Dold-Kan correspondence, the product

(11.17) Ung/B 220 (X, %) @ 25(Y/B, %) — 2p45(X Xp Y, %)
is then given by the zig-zag diagram

rs
|Z|X,Y/B

2o (X, %) ® 25(Y/B, %) Zrrs(X xp Yk =%) <= 28, (X xp Y, % = %)

O s (X X5 Y %)
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In particular, suppose we have z = Y .nW; € z.(X,p), 2/ = Ej m;W; €

zs(Y/B,p') such that each W; x’ W/ is in (X xp Y)(T;) o rts)- Then &;’(Sy/B(z@)z’)
lands in the subcomplex 2, (X xp Y, * = %), giving the formula:
(11.18) zUxyp 2 =Y _sgn(g)(id x T(g))* (pisz - phsz’)

g

with T'(g) : A”" — A" x A® the map defined in §9.4.
The formula (11.18) shows that the cycle products (11.17) agree with the prod-
ucts defined in [2, §5] and [9, §8].

12. LAMBDA OPERATIONS

We give a construction of natural A-operations on the K-theory version of the
tower (2.1), which endows the spectral sequence (2.3) with A-operations in case X
is regular. The idea of the construction is essentially to build up from case of an
affine scheme X = Spec A to the general case using the Mayer-Vietoris property
of K-theory, the case of Spec A being handled by identifying the identity compo-
nent of K (A) with BGL'(A) and using Quillen’s method to construct the lambda
operations via representation theory; our approach follows the technique for the
construction of a natural special A-algebra structure for the relative K-groups with
support KV (Y, D1,...,D,) given in [18, Corollary 5.6].

We will first give the argument for the following model result:

Theorem 12.1. Let X : A — Schp be a cosimplicial scheme such that each X ([p])
is of finite type over B and has a B-ample family of line bundles, and let W be a
cosimplicial closed subset of X. Then the graded group QBPKZV (X)) has the structure
of a special Ko(B)-A-algebra, natural in W and X .

Afterwards, we will indicate the modifications necessary to remove the condition
that B be affine, and give an extension to cover the hyperhomotopy groups of the
associated presheaf f.X" (X) on B, where f : X — B is the structure morphism.
We begin with some preliminary material.

12.2. Let S* be the category of pointed simplicial sets. As in §6.3, let (J§ be the
category of non-empty subsets of {1,...,n}, with morphisms the inclusions, and
let 0 < 1 > * be the category associated to the partially ordered set 0 < 1 > x,
i.e., there is a unique morphism 0 — 1, a unique morphism * — 1, and no other
non-identity morphisms.

12.3. Let T : Ord°® — S be a simplicial space. We may restrict T to the subcate-

gory Ordﬁf_’j of Ord having the same objects, but with the morphisms [p] — [¢] being
the injective order-preserving maps, giving the functor 7" : Ordy};
Eljv of Ord;y; with objects [p], 0 < p < N, and the

— & of T™. Define the geometric realization |T™| of

— §. Similarly,
we have the full subcategory Ord

restriction Ty : Ord§1§v°p

T'™ as one defines the geometric realizations |T), i.e., the quotient of ]_[p T, x Ord,,

mod the relations (¢, g(z)) ~ (g(t),z) for z in Ordy, t in T}, and g : [¢] — [p] a map

in Ordiy;. Restricting to p, ¢ < N gives the geometric realization |Tji\?j| of Tji\]}lj.
We have the natural maps

T = |T]; TN = T
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realizing |T'| as a quotient of |T™| and |T\"| as a quotient of |Ty]|.
Lemma 12.4. The map |T™| — |T| is a weak equivalence.

Proof. This follows from [28, Proposition A.1], noting that a simplicial space (i.e.,
a bisimplicial set) is always good in the sense of [28]. O

By Lemma 12.4, we have the formula

(12.1) o (|7]) = limm, (| T0]).
N

The advantage of replacing Ord with Ord="mi is that Ord="mi is a finite category,
i.e., the nerve of the category Ord="mi has only finitely many non-degenerate
simplices.

12.5. Affine covers. Let f : X — B be a cosimplicial scheme of finite type over
a noetherian scheme B, and let W be a cosimplicial closed subset of X. Let
j:U:=X\W — X be the inclusion.

We note that, since each injective map g : [¢q] — [p] in Ord is split, the induced
map g : X([q]) — X([p]) is a closed embedding. Thus, if I/ is an affine open cover
of X([N]) and g : [q] — [N] is injective, then the pull-back open cover g~ (U) is
an affine open cover of X ([g]). Let U([g]) be the canonical refinement of the covers
g~ YY), as g runs over all injective maps [q] — [N] in Ord, i.e., ifU = {Uy,...,U,},
and ¢1,. .., gnm are the injective maps [g] — [N], then the elements of U([g]) are all
open subsets of the form ﬂjj\ilgj*l(Uji). In particular, ([q]) is an affine open cover
of X ([q]) for each ¢ < N, and is functorial in [¢] over Or

Similarly, taking an affine refinement V of the induced open cover j;,l(l/{) of
U([N]), and performing the same construction, we have the affine open cover V([q])
of U([g]), functorial in [g], and with a natural refinement pq : V([q]) — j; " U([q]))-
Using the degeneracy maps in Ord, we may replace ¢ with a finer affine cover,
and assume that the set of elements in g=(U), for g : [p] — [N] injective, is
independent of the choice of g. Similarly for V. Thus (allowing some of the open
sets to be repeated or empty if necessary) U([N]) and U ([p]) have the same number
of elements for each p < N, and similarly for V([N]) and V([p]).

Suppose that U([N]) has n elements Uy,...,U,, and V([N]) has m elements
Vi,...,Vm. By repeating elements of U ([/N]) and reordering, we may assume that
n = m and that the refinement py includes V; into j;,l(Ul-). Similarly, choose
for each p an ordering of the n = m elements U?, ..., UP of U([p]), and use an
ordering on the n elements V,... VP of V([p]) so that p, is the inclusion of V/*
into j, 1 (U?).

2

dSNinj'

Since the category Ordiﬁv is finite, one easily shows that we may further refine

U and V so that the assignments

p—=U(p)); p—V(p])

extends to a functor from Aijv to open covers, i.e., for each injective g : [p] — [q],
we have a choice of a permutation oy of {1,...,n} such that U € X (g)~"(U? @)

v
and that o4, = o405, and similarly for V (with the same oy).
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12.6. Functorial covers. Define the category Ordiﬁv x (O§)°P to have objects the
set of pairs ([q],I), with ¢ < N and with I C {1,...,n}, I # (, where a morphism
([g], I) — ([p], J) is a pair consisting of a morphism ¢ : [¢] — [p] in Ordiﬁv, and an
inclusion of sets J C 04(I). Composition is induced by the composition in Ordijv,
and by combining a pair of inclusions J C o,(I), K C op(J) into the inclusion
K C opg(I), using the identity ory = opoy.
For I Cc{1,...,n}, I #0,let
U(la))r = Nies U}
We have the functor
U : Ord;;" x(05)° — Schp

sending ([q], I) to U([q]);. If J C T C {1,...,n} are non-empty, we send U([g]); to
U([q]).s by the inclusion. If g : [q] — [p] is injective, send U([q])r to U([p])s, (1) bY
the map X (g). The inclusions U([q])r — X ([¢]) define the natural transformation

ey U — X op.
Similarly, we have the functor

V:Ord= % (05)°P — Schp

inj

and the natural transformation
ey :V— (X\W)op;.

12.7. K-theory and the plus construction. Since the \-operations are not sta-
ble operations, we use the K-theory space QBQPx of a scheme X rather than the
full K-theory spectrum. We will denote the K-theory space of X by K(X); since
we will be using this construction only in this section on A-operations, there should
be no confusion with the use of the same notation for the K-theory spectrum of X
in the rest of the paper.

For each ¢, we have the functor

KU(lg) : O — S7,

with K (U([g]))(I) the K-theory space of the open subscheme U([g]);. We have the
similar construction with V replacing Y. This gives the functors

K(U) : Ord=Y 08 — Sp, K(V): Ord: x02 — Sp,

inj inj
and the natural transformations
a K(X,—)yopr = KU), e : K(X\W, =)y op1 — K(V).

For a B-scheme Y, let K((Y/B) denote the image of Ko(B) in Ko(Y). fWisa
finite open cover of Y, we let Ko (Y, W/B) denote the subgroup of Ky (Y) consisting
of the classes of vector bundles E such that the restriction of E to each W € W is
in Ko(W/B).

Let A([g])r be the ring of functions on U([¢q]);. We have the plus-construction
BGLT(A([g])7). There is a natural weak equivalence of BGL™'(A([q])r) with the
connected component of 0 in K (U([q]))r (see [10]).

Let

BGL* U([g))) x Ko(t((a))/B) : Of — S
be the functor I +— BGLT(A([q])1) x Ko(U([q])1/B), giving the functor

BGL" (1) x Ko(U/B) : Ord=NPxOp — S*.

inj
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We similarly have the functors
BGL*(V(la)) x Ko(V(la])/B) : Of — S

and
BGL* (V) x Ko(V/B) : Ord=NPxOp — S*.

inj

The maps p, define the natural transformation of functors
p* i K(U) — K(V); p*:BGLY(U) x Ko(U/B) — BGLT(V) x Ko(V/B).
Define the functors
KU, V) : Ord=NPxOp x (0 <1 > %) — S,

inj

(12.2) BGL* (U, V) x Ko(U,V/B) : Ord=NPx8 x (0 < 1> %) — S*

by setting h
KU, V)(0)=KU), KU,V)1)=K(V), KU,V)(*x)=x*, KU, V)(0<1)=p"

and K(U,V)(* < 1) the inclusion of the base-point; we define BGL™' (U, V) x
Ko(U,V/B) analogously.
It follows from [18, Theorem 5.3] that the homotopy limit of K (U([q])) over
0 is, via €y(lq), Weakly equivalent to K(X([g])), and the homotopy limit of
BCGLT (U([q])) x Ko(U([q])/B) over 03 is weakly equivalent to the disjoint union of
the connected components of K (X ([¢])) corresponding to the subgroup

Ko(X([a]),U([a])/B) € Ko(X([a]))-

We have the analogous facts for the functors K (V([q])) and BGL™ (V([q])) x Ko (V([q])/B),
with X ([g]) replaced by X ([q]) \ W([q]).
We have thus proved

Proposition 12.8. The homotopy limit of K(U,V)([g]) over Of x (0 < 1 > )
is naturally weakly equivalent to the space KW (X([q])). The homotopy limit of
(BGLT (U, V)x Ko(U,V/B))([q]) is weakly equivalent to the union of connected com-
ponents of KW 94) (X ([q])) corresponding to the inverse image of Ko(X ([q]),U([q])/B)
by the natural homomorphism

Ky V(X ([q])) — Ko(X([q]).

<N <N
i "x0g is cofibered over Ordg;; 7,

where, given a morphism ¢ : [p] — [¢] in Ordflj\h’p, and an I € Of, we take

g«([p], I) = ([q], 04(I)), with the cobasechange morphlsm (g,1d) : ([p), I) — ([q], 04(1)).
In fact, Ord=1 P xO2 is cofibered over Ord=°P is strictly cofibered over Ord=> P

inj inj inj ’
since we have the identity h.og. = (hg)., rather than merely a natural isomorphism

hy o g« = (hg)..
Extending by taking the product with 0 < 1 > % makes I := Ord=" P 02 x 0 <

inj

1 > * strictly cofibered over Ord="°P. Now, let F : I — S be a functor, and let

inj
F([q]) : OF x 0 < 1> « denote the restriction of F to [¢|xj x 0 < 1 > . Define
FibF([g]) to be the homotopy limit of F([¢q]) over 0§ x0 < 1 > *. The cobasechange
morphisms over g : [q] — [p] define the morphisms FibF'(g) : FibF([q]) — FibF([p]).

Since I is strictly cofibered over Ord=°P, we have the functoriality FibF(g) o

inj

FibF(h) = FibF(gh), giving us the functor
FibF : Ord;; " — 8.

inj

12.9. Homotopy fibers. The category Ord:;
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12.10. The proof of Theorem 12.1. We can now assemble everything to give
the proof of Theorem 12.1. o

By the identity (12.1), it suffices to show that 7, (|K" (X, —)}’|) has the struc-
ture of a special Ky(B)-A-algebra, natural in W, X and N.

Let I be a small category. A functor C : I — S is called finite if C(i) has only
finitely many non-degenerate simplices for each 7 € I. The category of functors I —
S has the structure of a simplicial model category (see [18, Appendix A]), so we may
speak of cofibrant, fibrant, or bifibrant functors. We let BGL™ (U, V) x Ko(U,V/B)*
be a bifibrant model of BGL™ (U, V) x Ko(U,V/B).

Let I = Ordiijv(’pmﬂg x (0 < 1> ), and let ST denote the category of functors
I — 8. For X,Y € ST, we let [X,Y] be the set of homotopy classes of maps
X =Y. We let S§ be the full subcategory of finite X : I — S. By [18, Theorem
4.5], the functor

[, BGL™ (U, V) x Ko(U,V/B)*] : SL, — Sets

has the natural structure of a functor to special Ky(B)-A-algebras. In addition, by
[18, Lemma 4.1] the bifibrant object BGL™Y (U, V) x Ko(U,V/B)* is a filtered direct
limit of subfunctors X, : I — 8*, with X, € Sén.

We have the space FibX,([g]), defined as the homotopy limit of the functor

Xala) : 05 x (0< 1> %) — 8",

and the functor FibX, : Ord
tion of FibX,.

Let T(BGLT (U, V) x Ko(U,V/B)*) be the similar construction applied to the
functor BGLT (U, V) x Ko(U,V/B)*. If we apply the Ko(B)-M-algebra structure on
the functor [—, BGLT (U, V) x Ko(U,V/B)*] to the inclusion maps

ia: X — BGLY (U, V) x Ko, V/B)*,

we have maps \?(i,) : Xo — BGLY(U,V) x Ko,V /B)*, satisfying the special
A-ring identities, and compatible, up to homotopy, with respect to the maps in
the directed system {X,}. Applying the functor I'(—) gives an up to homotopy
compatible family of maps

I'(\(iy)) : T(X4) — D(BGLY (U, V) x KoU,V/B)*).

Since BGL™ (U, V) x Ko(U,V/B)* is the direct limit of the X,, this gives us maps

SN, S. Let I(X4(U,V)) be the geometric realiza-

inj

m,(T(BGLY (U, V) x KoU,V/B)*))
7 (T(A (6a))) + *
TG, o (D(BGLY (U, V) x Ko(U,V/B)Y)),
making 7. (D(BGLT (U, V) x Ko(U,V/B)*)) a special K(B)--algebra.

Using the naturality of the Ko(B)-)M-algebra structure on [—, BGLT(U,V) x
Ko(U,V/B)*], we may pass to the limit over the open covers (U, V); using the weak
equivalence of (BGL™ (U, V) x Ko(U,V/B))(]q]) with the various connected compo-
nents of K" (4)(X([g])) described in Proposition 12.8, this gives . (|K"W (X))
the desired special Ko(B)-A-algebra structure. One shows in a similar fashion that
the Ko(B)-A-algebra structure on 7. (|K"W (X)}I\}JD for * > 0 is independent of the
choice of open covers U and V. For details on this point, we refer the reader to the
proof of [18, Corollary 5.6].
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The naturality of the Ko(B)-A-algebra structure on [—, BGL™ (U, V) x Ko(U,V/B)*]
gives us the desired naturality in W, X and N, completing the proof of the theorem.

Remarks 12.11. (1) Let W’ C W be cosimplicial closed subsets of a cosimplicial
B-scheme X; we suppose that each X([q]) is of finite type over B and admits an
ample family of line bundles. We have the homotopy fiber sequence

KY'(X) = KV(X) — K"\ (X \ W),
inducing the long exact sequence of homotopy groups
(12.3) = V(X)) - KY(X) - KWW - KV (X)) -

Then the A-operations given by Theorem 12.1 are compatible with the maps in this
sequence.

Indeed, we have the natural homotopy equivalence of K w’ (X) with the iterated
homotopy fiber KW' (X)* over the diagram

K(X) K(X\W)

l l

K(X\ W) —— K(X\ W)\ W) = K(X \ W).

The naturality of the lambda-ring structure on [—, BGL™] with respect to change
of categories implies that the A-operations for KV ' (X) and KV /(X ) agree, and
that the A-operations for K XV,(X )x are compatible with the long exact sequence of
homotopy groups resulting from the above diagram. Since this is the same as the
sequence (12.3), our claim is verified.

(2) Suppose that B is a noetherian scheme (not necessarily affine). By replacing
B with an affine open cover V := {Vi,...,V,,}, replacing the affine cover U with
affine covers U; of X xgV;, i =1,..., m, replacing the parameter category L} with
Of x 0§, and making the evident modifications to the construction given above,
we may remove the condition that B is affine from Theorem 12.1.

(3) Let f : X — B be the structure morphism. Let ¥V = {V4,...,V;,} be an
open cover of B. Suppose we have, for each I C {1,...,m}, a cosimplicial closed
subset W of f=1(V7), such that W; N f~1(V;) C Wy for each I C J. Sending
Ic{1,....,m} to |KW1(f=*(V1))| gives the functor

(K™ (fH Vi)l - OF — S™.

Adding in the OF*-variable to the construction of A-operations on 7. (K" (X)) given
above extends the special Ko(B)-M-algebra structure on 7, (K" (X)) to a special
Ko(B)-A-algebra structure on . (holimg [K"=(f~1(V4))]).

Take the base B to have Krull dimension < 1, and let V; = Spec (Op,,) for
points by, bs of B. Then the fiber product V; x g V5 is a local scheme, from which it
follows that the homotopy group m,(B; f, K? (X, —)) is the direct limit of the ho-
motopy groups , (holimg K@D (f~Y(V,),—)n), where we take V = {Vi,...,V;,}
a finite Zariski open cover and N > n + m + 1. Thus, we have constructed a
natural special Ko(B)-A-algebra structure on 7, (B, f.K(@ (X, —)). The same con-
struction gives a natural special K((B)-A-algebra structure on the homotopy groups
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7n(B; f.K(@/9t7) (X, =), and, by (1), the A\-operations are natural with respect to
the maps in the long exact homotopy sequence associated to the cofiber sequence

f*IC(q”)(X, -)— f*IC(‘Z)(X, -) — forctalatn) (X, -).

Theorem 12.12. Let f : X — B be a reqular B-scheme of finite type, B a reqular
scheme of Krull dimension < 1. Then the spectral sequence (2.9) admits Adams
operations vy with the following properties:

(1) The vy, are natural in the category of smooth B-schemes.

(2) The vy are compatible with the Adams operations 1 on K.(X) given by
[18, Corollary 5.2].

(3) On the E2*'-term H?(X,Z(—q)), ¥y acts by multiplication by k.

The analogous statements hold for the associated mod n spectral sequence.

Proof. We give the proof for the integral sequence; the proof for the mod n sequence
is essentially the same.

It follows from Theorem 12.1 and Remark 12.11(3) that we have the structure of
a Ko(B)-A-algebra on . (B; f.K@ (X, —)), natural in ¢, and, for X smooth over B,
natural in X. Also by Remark 12.11(3), we have the structure of a special Ko(B)-A-
algebra on 7, (B; f,K(9/9+1) (X, —)), and the resulting A-operations are compatible
with the long exact sequence

= (B KT (X, ) = (B £.E9 (X, )
— 70 (B; £V (X, ) — ma (B LTV (X,2) —

Since the Adams operations in a special A-ring are group homomorphisms, this
proves (1) and (2). For (3), it follows from [20, Corollary 7.6] that the cycle class
map

o f KW (X, ) - fZ9(X, -)
is a weak equivalence. The map cl? factors through the sheaf of simplicial abelian
groups
p = fumo (KW (X, p)),
so it suffices to take B semi-local, and to show that the Adams operation 9y acts
on the image of Kéq/qul)(X,p) in 29(X,p), and acts by multiplication by k9. For

this, it suffices to show that vy acts on the image of Kéq/q+l)(X,p) in 29(X x AP),
and acts there by multiplication by k9.

Let Z be a regular B-scheme of finite type, let K@ (Z) be the limit of K (Z),
as W runs over all codimensions ¢ closed subsets, and let K(4/9+1)(Z) denote the
cofiber of

K@th(z)y - K9(2).
It is well-known that the cycle class map gives an isomorphism
?: KWath(z)y - 29(Z).

By the Adams-Riemann-Roch theorem [8, Theorem 6.3], the vy, act on K (9/9t1)(Z)
by multiplication by k9. Taking Z = X x AP, we have the natural map

K¢ (X, p) — KU (X % A),
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compatible with the v, and the commutative diagram

K" (X p) —— KT (X x A

cqu/ Jclq

29(X,p) —— 29(X x AP).

This completes the proof of (3), and the theorem. O

13. COMPARISON OF FILTRATIONS

Let X be a regular scheme, essentially of finite type over a one-dimensional
regular base. The spectral sequence (2.9) gives rise to the filtration Ff;- K, (X) of
K, (X), with F§K,(X) the image of m, (K (X,-)) in K, (X). In analogy with
the situation for Ky, we call this filtration the homotopy coniveau filtration. We have
the gamma filtration FyK,(X), gotten from the structure of K, (X) as a Ko(X)-
A-algebra. In this section, we give a comparison of Fyjo Ky, (X) with F Ky, (X).

13.1. The Friedlander-Suslin theorem. Let F : Ord®® — S be a pointed sim-
plicial space. For fixed n, we have the n-cube Ordiy;j/[n] of injective maps [—] — [n]
in Ord. Let F(A™, 0") be the iterated homotopy fiber over (Ordinj/[n])°P of the
functor

Fn : (Ordinj/[n])(’p — 8,

f
[l = [n] = F([p))-
In [6], Friedlander and Suslin construct a natural map
(13.1) O, : F(A™,0") — Q"|F|.

If F' is N-connected, then ®,, induces an isomorphism on 7, for m < N and a
surjection for m = N.

Let sk, F' denote the n-skeleton of F, and |sk, F'| the geometric realization. The
map ®,, factors through the canonical map p,, : Q"|sk, F| — Q"|F| via a natural
map ¢, : F(A™, 0) — Q"|sk, F|. In particular, if we have a map A : sk, F' —
skn+rF', then the diagram

.
mi(F'(A",0")) —— Tt (| F7]) Tt (Skn o[ F'])

~| lA*

m(F(A",0")) 5 Tnti (|F']) === Tn1i(sknr| F|)

commutes for all 7 < r.

Ezamples 13.2. (1) Let K (X, p)[r] denote the rth delooping in the spectrum K (X, p),
ie, K(X,p)[r] is BQ"Pxxar, with Q"Px xar the r-fold Q-construction on the ex-
act category Pxxar of locally free coherent sheaves on X x AP. Taking the appro-
priate limit of homotopy fibers gives the rth delooping K (@ (X, p)[r] for the spec-
trum K(9(X,p). Taking F(p) = K9 (X, p)[r] gives the space K@ (X x A" X x
9™)[r]. Since K@ (X, —) is an Q-spectrum, we have the natural weak equivalence
QN (K@ (X x A", X x 0™)[M]) with QN "M K@ (X x A" X x 9)[0] for all N > M,
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giving us the spectrum K@ (X x A™, X x 9"). The Friedlander-Suslin construction
thus gives the natural map of spectra

B, KX x A", X x §") — Q' KD (X, ).
The method of construction of A-operations in §12 gives A-operations for K é‘n (X%

A™ X x 0™) (see [18] for a detailed construction). By the comments above, the
A-operations on KI()Q) (X x A", X x 0") and on m,4,(K@(X,~)) are compatible
via the map ®@,,.
(2) Let K@ (X x A™ X x 9") be the presheaf of spectra on Xz, given by U
K@ (U x A™, U x ") Since ®,, is natural in the simplicial space F, the map of (1)
gives the map of presheaves of spectra

D, KX x A", X x ") — QKD (X, -)|.

As in (1), the map on hypercohomology induced by ®,, is compatible with the
respective A-operations. In addition, we have the commutative diagram

(13.2) K,(,‘{)(X x A" X x 0™) — Tomn (K D(X, -)))

l l

H-™(X, KD (X x A" X x 0")) — H-™"(X,K9(X-)),

n

where the vertical arrows are the canonical maps.
(3) Let F(—;—) : Ord®® x Ord°® — S be a bisimpicial space. We may construct
the simplicial spaces p — F(A™ 9™;p), and p — Q"|F(—;p)|, which we denote
by F(A™,0™;—) and Q"|F(—)|, respectively. We may then apply the Friedlander-
Suslin construction degreewise, giving the map of simplicial spaces
D, : F(A™,0";—) — Q"|F|(-).

Applying this to the bisimplicial spectrum K (9 (X, —, —) gives the map of simplicial
spectra

@, KD(X x A", X x 9" —) — QK@D (X, —; —)|
and the map of presheaves on Xz,,.

D, KD(X x A" X x 9" —) — QKD (X, —; —)|.
As above, the homotopy (hypercohomology) of these objects have A-operations,
and the maps ®,, respect the A\-operations.

As mentioned above, the map ®,, : F(A™,0") — Q"|F| is an isomorphism on

homotopy groups of sufficiently large degree. We need a slight improvement of the
bounds described above in the special case of the simplicial spectrum K (@) (X, -).

Lemma 13.3. For each n > 0, the map

(13.3) d, KX x A", X x 0") — m, (KD (X, -)))

induced by the map (13.1) is a surjective map of Ko(X)-A-algebras.

Proof. We have already seen that d,, is compatible with the respective A-operations,
so it suffices to prove the surjectivity.

We let A™ denote the collection of faces t; = 0,7 =0,...,n — 1 of A", giving us
the relative K-theory spectra K (@ (A" A™) with deloopings K (@ (A" A™)[r].
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Restriction to the face ¢,,4+1 = 0 gives us the homotopy fiber sequence

KO(X x A" X x 9" ) [r] » K@ (X x A" X x A"HH)[r]
— K@D(X x A" X x 0™)[r]
Using the simplicial degeneracies, it is easy to show that
(KD (X x A" X x A" D)[r]) =0
for ¢ < r, giving the surjection
0: 7 (KD(X x A", X x 9")[r]) = mr_1 (KD (X x A" X x 9"+ [r]).
The map @ is induced by a map of spaces
0: QKD (X x A", X x 9™)[r] — KD(X x A" X x 9" )[r].
The map © is in turn induced by the inclusion of categories
Ainj/[n] = Ainj/[n +1]
given by composition with the injective map
53 ¢ [n] = [n+ 1],
o (i) = 1.

The naturality of the maps ®,, thus implies that we have the commutative diagram

mo(K(D (X x A", X x 0™))

T (K@ (X x A", X x 0)[r]) —— 1,1 (K@ (X x A™1, X x §1)[r])

@nl l<1>n+1

Tt |K(q) =) 7Tn+r(|K(q)(Xv_)[r]|)

o (|K @ (X, -)])

Since the space K@ (X, p)[r] is r — 1 connected, the map ®,,;; is surjective, hence
the map (13.3) is surjective. O

13.4. Relative Ky. We now study the relative Ky group Ko(X x A™ X x 9")

and the group with support K(()Q) (X x A", X x 9"™). We briefly recall some of the
constructions used in [17] to which we refer the reader for further details.

If we have a scheme Y and a closed subscheme D, we may glue two copies
of Y along D, forming the double Y ][], Y. More generally, if we have n closed
subschemes D, ..., D,, we may iterate this procedure, forming the n-fold dou-
ble [[,, Y/D,, which is naturally a quotient of 2" copies of Y. Indexing these
copies by the set {0,1}", the gluing data is given by identifying Y;, .. i;—o,. i, with
Yi,,.. . i=1,.i, along D;. We have the closed subschemes D;, being the union of the
components Y;, . ;. with i; = 1. We identify Y with the copy Yj.... 0, giving the
identity

Y ND; =D;.
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The n double covers [[,, Y/D. — [1,,_; Y/D.x; give a splitting 7 to the natural
map

Ko(J[Y/DwiDr,.... Do) = Kn(J] Y/ D0).

The collection of closed subschemes D1, ..., D, is called split if there are maps
pi:Y =D
splitting the inclusions D; — Y such that pjp, o p; = p;p, o p; for each i # j.

We recall the homotopy K -theory K H, of Weibel [44], which we may apply in
the relative situation. There is a canonical transformation of functors K,, — K H,,
for all m > 0. If T is K,,-regular for all m < p, then K,,(T) — KH,,(T) is an
isomorphism for all 0 < m < p.

We recall the following result:

Theorem 13.5 (Theorem 1.6 and Theorem 1.10, [17]). Suppose that Y is smooth
over a regular noetherian ring R, and D1, ..., D, form a relative normal crossing
divisor on'Y . Suppose further that there are elements f1,... fr of R, generating the
unit ideal such that the restriction of D1, ..., Dy, to Y\ {f; = 0} is split for each i.
Then the natural maps

Ko(J[Y/Ds: Dy, ..., Dy) — Ko(Y; Dy, ..., Dy)
Ko(J[Y/Ds: Dy, ..., Dy) = KHo(J[ Y/Dsi D1, ..., Dy)

Eo([Jv/D.) — KHy([] Y/D>)

(the first map induced by the restriction to Yy, o) are isomorphisms.

As our primary example, take Y = X x A™ D, = X x 9™. Since 0" is locally
split on the affine scheme A", we may apply Theorem 13.5 in this case, or more
generally to any subset of the D,.

Lemma 13.6. Suppose that X is smooth over a regular noetherian ring R. For
Y=XxA" D, =X x 9", the canonical maps
Ko(X) % Ko(J] v/D.).  Kol]] Y/Dus Do, ..., Du) = Ko(]] Y/D2)
n+1 n+1 n+1
induce an isomorphism
Ko([]Y/D.) = Ko(X) @ Ko(] [ Y/Dui Do, ..., D).

n+1 n+1

If we make Ko(X) @ Ko([1,,4,Y/D«;Do,...,Dn) a ring by
(z,y)(@',y) = (zz,p""y + p"ay)),
the above isomorphism is an isomorphism of rings.
Proof. By the excision property of K H-theory, restriction to Yy . 0.4,.=1,0,...0 gives
the isomorphism
(13.4) KH,,(D,;D,NDy,...,D,ND,_1) 2 KH,,(Y;Do,...,Dr_1)
for all m and all 0 < r < n. The homotopy property for K H-theory gives
KHm(Y, Do, ceey Drfl) =0
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for 1 <r < n. Thus, the long exact sequences

.. = KHy([[Y/Ds; Do, ... Dy) = KHy (][ Y/Dsi Do, .., Dr1)
n+1 n+1
— KHy(Dy; D NDoy..., Dy NDpq) — ...

give us
(13.5) KH, (][ Y/Ds; Do, ..., Dn) = KHp(] ] Y/Ds; Do)
n+1 n+1
Now, [I,,,,Y/Ds is the double of [],Y/D.>; along the closed subscheme D

given as the union of the subschemes Dy C Y, . j,.:
[1v/D. = A1v/Ps0) [T Y/Des0):
n+1 n D n
With respect to this description, Dy is the component (I],Y/D,>1)1. Thus, we
have the split exact sequence
0 — KHp ([ Y/Dui Do) = KHn([[ Y/Ds) = KHn([[Y/Diz1) — 0.
n+1 n+1 n
Using (13.4) and (13.5) gives the isomorphism
KH,([]Y/D.) 2 KH, (][] Y/Dsi Do..... D) & KHn (][ Y/ Dix).
n+1 n+1 n
Repeating the argument with []

gives the isomorphisms

KHn([]Y/Dex1) = KHu([] Y/Dix2)

n—1

n—r41 Y/Di>r, 7 > 1, replacing Hn+1 Y/D.

N KH,,(Y).

This together with Theorem 13.5 completes the proof of the first assertion.
For the assertion on the product structure, it suffices to show that yy’ = 0 for
v,y € KHo(I1,.1Y/D«; Do, ..., Dyn). We have the isomorphisms

KHo(J] Y/Du;Do,.... Dn) = Ko(X x A", X x 0") = K, (X),
n+1

compatible with the various products (induced by the structure as A-rings). Since

the A-ring product on K, (X) is zero [13], all products in K Ho(],,,, Y/Dx«;Ds)
are zero. 0
The Ko(X) A-algebrastructure on K Ho(],,,, Y/Dx«)and K Ho([1,,,; Y/Dx«;Ds)

defines the respective y-filtrations.

Proposition 13.7. Suppose that X is smooth over a regular ring R, and let Y =
X xA™ D, =X x0". Then

FiRo(J] Y/D.) = FSKo(J] Y/Dwi Do, - .., D) @ FIKo(X).
n+1 n+1
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Proof. Take x € F}Ko([],,, Y/Dx), and write x = p*xo + x1, with 2o € Ko(X)
and z1 € Ko([], 4, Y/D«;Do,...,Dpn), via the splitting of Lemma 13.6. Then z
is in F'Ko(X), and we have

k
V(@) = p ¥ (o) + Y p " (w0)y (1)
=1
€ FFKo(X) @ FFKo(JY/D; Do, - .., Dn).

This, together with the product structure on Ky given by Lemma 13.6, gives

FiRo([] Y/D.) € FAKo(J] Y/Dws Do, ..., Dn) @ FIKo(X).
n+1 n+1
Since the other containment is obvious, the proposition is proved. O

13.8. A patching lemma. Before passing to the proof of our main theorem com-
paring the ~-fitration and the spectral sequence filtration, we need a simple technical
lemma

Lemma 13.9. Let Ay be a commutative domain, with quotient field F'. Let R and
A be localizations of Ag. Let G = Hiv:1 SL,,. Let g = (g1,...,9n) be in G(A),
g =(91,---,9%) bein G(R). Suppose that each g; is in the subgroup of elementary
matrices Ep,(A) C SL,, and similarly, each g, is in E,,(R). Then there is a
morphism

h:A%L — Gp
such that

(1) haixo is the constant map with value idg.

(2) hoxar is the extension to F of a morphism hy : Ay — G4
(3) hixa1 is the extension to F of a morphism hg : Al — Gg
(4) h(O, 1) =9 h(17 1) = g/'

In addition, let fi,...,fr : Y — H =[], Gra(ki,n;) be morphisms of an Ao-
scheme Y to a product of Grassmannians, and let W1, ..., W, be closed subschemes
of H. Suppose that g - W; is fj-flat for each j (after extending scalars to Q).
Suppose further that R is semi-local and that each residue field of R 1is infinite.
Then one can choose g’ € G(R) satisfying all the above conditions and such that,
after extending scalars to R, g' - W is fj-flat for each j and W; is F;-flat for each
j, where Fj : Y x A — H is the morphism

Fi(y,t) = h(t,1)"" - f;(y).

Proof. Let €} be the n; X n; elementary matrix with ij-entry s. To construct h,
we may write
o i,si i,sil r_ i,s/li i,s/Tf
Gi =€ €l G =€ et
To save the notation, we take the row and column indices the same for each ¢, using

the convention that ef* =id if i > n; or j > n;. Let s’ : A}, — A}, be the map
, - . p
si(x,y) = y((1 — x)s} + xs7),
and define h; : A% — SL,,, be the morphism

) _ 4si(zy) i,8% (z,y)
hi(z,y) = et el .
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Letting h : A%Z — G be the product of the h; clearly satisfies (1)-(4).

B b8 o that gisa
X 2171 tnJn

geometric generic point of SLy,, over F, if the s} are independent geometric generic
points of A! over F: just choose a way of row-reducing the generic n; x n; matrix
with determinant one to the identity matrix, and add extra terms if necessary so
that one can also write g in the desired form. It is then clear that, with this choice
of elements §/, the maps f; and F; have the desired flatness properties. Since the
choice of elements {s]} which fail to satisfy the flatness conditions clearly form a
finite union of locally closed subsets of AN, and since the finitely many residue
fields of R are infinite, we may specialize the §] to elements s] € R for which the
desired flatness conditions are met. 0

For the last assertion, we may take the products g :=e

We will need a few more simple constructions in the proof of our main theorem.
Let X be a regular scheme. Recall the sheaf of simplicial specta (@) (X x A™; X x
0™, —) described in Example 13.2(3). Forgetting the support gives the natural map

KX x A™; X x 9", =) — K(X x A™; X x 9", —);
since all the faces of X x A™ are regular, the homotopy property for K-theory implies

that the natural map (X x A™ X x 9") — K(X x A™; X x 9"; —) induces a weak
equivalence of presheaves. Thus, we have the natural map on hypercohomology

(13.6) HY (X, KD (X x A™; X x 9", —)) —» HY (X; K(X x A™ X x 9").
for each V.

We define the simplicial spectrum K ([, ; Y/D., —) by taking K9([,,., Y/D.,p)
to be the limit of the spectra KW ((I],,,, Y/D.) x AP), where W is a closed subset
of (I1,,+1 Y/Dx) x AP such that the intersection of W with each copy X x A™ x AP
inside ([],,,; Y/Dx) x AP is in X (P29 For each open subsecheme U of X, we
make the same construction, replacing X throughout with U. This gives us the
presheaf of simplicial spectra k(%) (g1 Y/Ds, =) on Xzar.

We may apply the constructions of section 13.4 to (9 (L s1 Y/ D, =), as fol-
lows: Using the structure of the n+ 1-fold double of [ ], ,, Y/ D, we have the split-
ting IC(‘I)(]_[”_H Y/D,,—) — K@ (41 Y/Ds; Do, - .., Dy, —) to the natural map
KD (1,41 Y/Ds; Do, ..., Dy, —) = KD(],,, Y/Dx,—). Combining this with the
restriction map (@ (i1 Y/Ds;Dos - .o, Dy =) — K9 (Y,D,,—) gives the natu-
ral map

(13.7) v HY (X, K] Y/D., —)) = BY (X, K9V, D., -)).
n+1

Theorem 13.10. Suppose that f : X — B 14s smooth over a reqular noetherian
one-dimensional scheme B. Then the image of HO(X, K9 (X x A™; X x 9", —)) in
HO(X; (X x A™; X % 9™)) contains the image of FIKo(X x A™; X x 0").

Proof. . Write Y = X x A", D, = X x 9", and let z be an element of FYKo(Y'; D).
By Proposition 13.7, we may lift z to an element Z of FYKo(]],,, Y/Dx).

Since X is regular, X admits an ample family of line bundles. Since [],,; Y/D.
is an affine X-scheme, ][, ,,Y/D. also admits an ample family of line bundles.
From this it is easy to see that each vector bundle £ on [], ,, Y/D. is isomorphic
to a pull-back bundle f*&, where f : Y/D, — H is a B-morphism, £ is a vector
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bundle on H, and H is a B-scheme of the form Hj\[:l Grp(kj,n;) for some integers
kj, n; and N.
In fact (see for example [7]),

Ko(][Y/D.) = lim Ko(H),
n+1 fl, ., Y/Di—H
where the limit is over maps of [ [, , ; Y/ D« to B-schemes of the form vazl Grp(kj,n;).
Thus
FiRo([] v/D.) = lim FIKo(H),
n+1 il Y/Di—H

Y/ D, to B-schemes H of the form vazl Grp(kj,n;).
Y/D, — H a morphism of

where the limit is over maps of [ ], , ;
We may therefore assume that Z = f*n for f : []
this form, and n € FYKo(H).

Suppose at first that B = Spec R, where R is a semi-local ring with infinite
residue fields. In [17, proof of Theorem 2.3|, we have shown that, if T is a closed
subscheme of codimension > ¢ of such an H, there is a closed subscheme T’ C H
such that [Or] = [Or/] in Ko(H), and such that the projection of f*[Or] to

KHy([]Y/Dw;D1,..., Do) = Ko(Y; D.)
n+1

lands in the image of Kéq) (Y; D,). To see this, let G = vazl SL,, /R, which has H
as a homogeneous space. One takes T’ = g-T', where g is a suitably general element
g € G(R), and uses an elementary extension of Kleiman’s transversality result [16]
to show that the projection of f*[Or] is in fact in the image of K(()Q) (Y; D.,); one
need only take g so that g-T is flat with respect to all subschemes of the form X x A"
inside [[,,,, Y/D.. Since G(R) acts trivially on Ko(H ), it follows that [Or] = [Or/]
in Ko(H). Since FIKo(H) is contained in the topological filtration i, Ko(H) by
[8, Theorem 3.9 and Proposition 5.5], and since Fil, Ko(H) is generated by the
classes [Or] with codimT > ¢, the theorem follows in this case, using the usual
tricks with norms in case R has some finite residue fields.

In general, using norm tricks, we have assume that any given finite set of closed
points of B have infinite residue fields. We may also assume that B is irreducible.
As above, we may assume there is a closed codimension ¢ subscheme T of H such
that n = [Or] in Ko(H). Take a closed point x in B, and let R be the local ring of
x. We may assume that k(z) is infinite. Let g € G(R) be such that g - T is flat
with respect to all the faces Xr x A" inside [, Yr/DR«.

Next, we may spread out the above construction to an affine open neighborhood
U = Spec A of x in B, so that ¢ is in G(A), and g- T4 is flat with respect to all the
faces X4 x A" inside [],, .| Yr/Dax. Write g = (g1,...,9n), with g; € SL,, (A).
Localizing A if necessary, we may assume that each g; is a product of elementary

matrices:
by .
gi:lleiaaja; i=1,...,N,

a

n+1

with each \{ € A.

Now let R’ be the semi-local ring of the finitely many points x1,...,z of
B\ Spec A. We may assume that each residue field of R’ is infinite. Let F' be
the quotient field of R’. By Lemma 13.9, there is a ¢’ € G(R’) and a morphism
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h: A% — Gp such that g} is in E,,(R’) for each i, and the conditions (1)-(4) of
Lemma 13.9 are satisfied. In addition, we may choose g’ and h so that
(1) ¢"-Tr is flat with respect to all the faces X/ x A" inside [],,,; Yr//Dpr..
(2) T is flat with respect to all the faces A' x X g/ x A” inside A' <[], . Yr/Dp-,
via the map

¢: A x [ Yr/Dr. — H
n+1

(t.y) = h(t, )7 f(y).
This gives us the following data: We have the subscheme f!(g-T) of [,1 Ya/Das,
the subscheme fr'(g' - T') of [, 1 Yr'/Drr+, and the subscheme ¢~'(T) of A! x

[,41 Yr/DF«. These are all subschemes of finite projective dimension, with re-
spective K Hy-classes

[Of;l(g-T) = falOy.1]
[Of;(g/.T) = fr[Og.1]
[Og-1(1y] = " [Onr 7]
In addition, letting io, i1 : [[,,,; Yr/Dr« — A' x [, Yr/Dp. be the 0-section
and 1-section, respectively, we have
i o (D) =g Dpy iy o (D) =fg - T)r.
In particular, if we take a finite resolution £ — Op by vector bundles on H,

we have the resolutions f3(77-1E4) — Op-1(g.1y, fr/(75-1€5) — Of-1(y1) and

¢*Er — ¢*(Or), where 7, denotes translation by ¢ on H.

The data

(fa(7g-1E4), [R(Tg1ER), ¢"ER)

gives an element of H*(X, K(D(]],,,, Y/D.,—)); applying the map (13.7) gives an
element of H(X, K9 (Y, D,, —)). Mapping to H°(X, (Y, D)) by (13.6) gives the
element T of HO(X, K(Y, D.)). To complete the proof, it suffices to see that T is
the image of f*n in HO(X,K(Y, D.)).

To see this, define maps

(I)FZAl ><A1>< HYF/DF*—)HF

n+1
Fa c Al x HYA/DA* — Hy
n+1
FR' ZAl X HYR’/DR'* —>HR/
n+1

Dp(ty,ta,y) = hlta, t1) " f(y)
Fa(t,y) = h(0,t)~" - f(y)
Fri(t,y) = h(1,6)"" - f(y)

Replacing X with Al x X gives us the sheaf of simplicial spectra on X, (Al x
[, Y/D,—). The data
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defines an element of HO(X,C(A' x [],,,,Y/D,—)). Passing to H°(X,K(A! x
Y,A' x D,,—)) and then to HO(X,KC(A' x Y,A' x D,)) as above, we have the
element T" of HO(X,KC(A! x Y, A' x D,)). From the properties of &, it is clear that
the restriction of TV to 1 x Y is T, and the restriction to 0 x Y is the image of f*n
in H°(X, K(Y, D.)).
Using the homotopy property of K-theory, we see that the pull-back
p* HO(X,K(Y,D,)) — HY(X, KA x Y,A' x D,))

is an isomorphism. Thus T equals the image of f*n in H°(X, (Y, D.)), completing
the proof. O

Corollary 13.11. Let X be a scheme which is a localization of a smooth scheme
of finite type over a reqular one-dimensional scheme B. Then

Ffic Kn(X) D FIK,(X)
for all n and q.

Proof. By Proposition 11.5, the natural map K@ (X, —) — K@ (X, —, —) is a weak
equivalence. Combining this with the Friedlander-Suslin map, we have the natural
map

3@ HOX, KX x A", X x 9" —)) — H (X, KD (X, -)).

Taking ¢ = 0, the homotopy and Mayer-Vietoris properties of K-theory yields the
isomorphism K, (X) = H "(X,K(X,—)). Thus, we have the natural map

B, HO(X,K(X x A", X x ")) — K,(X).

This gives us the commutative diagram

(Pn
HO(X, KD (X x A", X x 0"; —)) —— FKn(X)

HO(X, (X x A", X x ")) ——=— K, (X)
T |
FIKo(X x A", X x ") _ % FIK,(X)

By Lemma 13.3, the bottom horizontal arrow is surjective. By Theorem 13.10, the
image of a contains FJKo(X x A", X x 9"), which proves the corollary. O

14. COMPUTATIONS

In this section, B is a regular noetherian one-dimensional scheme. If X — B is
a B-scheme of finite type, we say dim X < d if each irreducible component X’ of
X has dim X <d.

Lemma 14.1. Let f : X — B be a finite type B-scheme. Then CHy(X,p) =0 for
all p < 0.

Proof. In case B is semi-local, we have CHy (X, p) = H,(24(X, %)), which gives the
result immediately, since z,(X,p) =01if p < 0.



K-THEORY AND MOTIVIC COHOMOLOGY OF SCHEMES, I 69

Let Z be a finite set of closed points of B. We have the localization sequence

. — CH,(f7}(2).p) — CH,(X,p) — CH(f(B\ Z).p)
— CH,(f~(Z),p—1) — ...

Since
CHy(f7'(2),p) = ®2c2CH,(f 1 (2), D),
the map
CH,(X,p) — CH(f~(B\ Z),p)

is an isomorphism for p < 0. Let 1 be the generic point of B. Taking the limit over
Z, we have the isomorphism

CHy(X,p) — CHy(X,;,p) =0
for p < 0, completing the proof. O

Lemma 14.2. Let f: X — B be a finite type B-scheme with dim X < d. Then

(1) CHy(X,p) =0 for all ¢ > d.

(2) CH4(X,p) =0 for all p #0.

(3) CH4(X,0) = z4(X), the isomorphism induced by the inclusion of zq(X) =

za(X,0) into zq(X, *).

(4) CH4—1(X,p) =0 for allp #0,1.
Moreover, if X is reqular and dimX = d, then CHy4_1(X,0) = Pic(X), and
CHy-1(X,1) = I'(X,0%). The first isomorphism is induced by the inclusion
zd-1(X) = 24-1(X,0) into zq—1(X,*), and the second by the map sending u €
(X, 0%) to the graph of the rational map (2, —%=) : X — Al

1—u? u—1

Proof. Let X1,..., X, be the irreducible components of X having dimension d. We
have

2¢(X,p) C 2pyq(X x AP) =0 for ¢ > d
24(X,p) = zpra(X x AP) = Z7,

with generators the cycles X; x AP. The differentials in z4(X, %) alternate between
the identity and the zero map, which proves the assertions (1)-(3) in case B is
semi-local.

Let n be the generic point of B. Taking the direct limit of the localization
sequences

CH,(f~(Z),p) — CHy(X,p) — CHy(f 1 (B\ Z),p) —

for Z a finite union of closed points of B reduces (1)-(4) to the case of B a single
point; this completes the proof of (1)-(3). Using localization on X and the vanishing
(1) we similarly reduce (4) to the case of X = Spec F', F' a field, in which case we
have

F* p=1
0 p#1

by [2, Theorem 6.1]. The isomorphism F* — CH'(F,1) is induced by sending
u# 1€ F* to the point (=, -%-) € AL

1—u? u—1

CH_,(F,p) = CH'(F,p) :{
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If X is regular and irreducible of dimension d, and Z C X is a proper closed
subset with complement U, we have the localization sequence

0= CHd_l(Z7 1) — CHd_l(X, 1) — CI{d_l(U7 1) — CHd_l(Z, O)
— CHy-1(X,0) —» CHy—1(U,0) — 0

Taking the limit over all Z (we can take Z to be pure codimension one) gives the
exact sequence

0— CHy_1(X,1) — CHy_1(k(X),1) = k(X)* 2 z4_1(X)
— CHy-1(X,0) — 0

As in the case of smooth quasi-projective varities over a field, one can check directly
that 0(f) = xdiv(f), giving the isomorphisms

CHy_1(X,1) 2T(X,0%); CHg_1(X,0) = Pic(X).
O

Lemma 14.3. Let f : X — B be a finite type B-scheme. Then CHy4(X,p) =0 for
p+q<0.

Proof. Using localization as above, we reduce to the case B = Speck, k a field.
Since z4(X, p) is a subgroup of zp44(X x AP), the result in this case is obvious. O

Proposition 14.4. (1) Let f : X — B be a finite type B-scheme with dim X < d.
Then the terms E;yq in the spectral sequence (2.4) are zero in the following cases:
(i) p+¢<0,
(i) p>d,
(iii) p=d and q # —d,
(iv) p=d—1andqg#1—-d,2—d,
(v) 2p+¢<0.
Also, By _y = 24(X). The terms E7 , in the spectral sequence (2.8) are zero in the
following cases:
(i) q odd.
(i) p+¢ <0,
(iii) ¢ < —2d,
(iv) g = —2d and p # 2d,
(v) g=—-2d+2 and p#2d—2,2d— 1,
(vi) 2p+¢ <0,
and B3y oy = za(X).
(2) Suppose that X is reqular, dim X = d. The terms E5'? in the spectral sequence
(2.9) are zero in the following cases:

i) q odd.

)

) ¢>0,

) ¢=0 and p#0,

) g=-2andp+#1,2,
(vi) 2p+¢>2dim X.

In addition, we have

E§0 = 20(X), B3 ™2 = Pie(X), Ey~2 =T(X,04).
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Proof. Since

E},=CHy(X,p+q), E2,=CH_,»(X,p+q), EY"=CH 7*(X,—p—q),
this follows from Lemma 14.1, Lemma 14.2 and Lemma 14.3. O
Theorem 14.5. Let f : X — B be a regular finite type B-scheme with dim X = d.
Then
(1) FgE K, (X) = R, (X) =
(2) For n > 2, FAi.K,(X) = F?K, (X) K, (X). In addition, FoK1(X) =
Flel(X) = K1 (X).
Proof. We first prove (1). Since F{T" 1K, (X) C FAE K, (X) by Corollary 13.11,

it suffices to verify the vanishing of Fgé"HKn(X ). This follows from the vanishing
of EL7% for p — ¢ > dim X (Proposition 14.4(2)(vi)), and the truncated version

HP(X,Z(~q/2) —2q>r .
qu = . = 71'—;D—q(K'( )(X, =)
0 otherwise

of the spectral sequence (2.9). This proves (1).

For (2), the identity F2K,(X) = K,(X) for n > 2 is a theorem of Soulé [29,
§5.2, Théorem 4(iv)]; the identity Fj K(X) = K1(X) follows from the definition
of F}K.(X) as the kernel of the augmention K,(X) — Ko(X) — H°(X,Z). The
corresponding identities for Fyjq follow from the inclusion Fy K, (X) C FfjoKn(X)
of Corollary 13.11. |

Let 0 <a < q<b, k> 2 be integers, and let

ni(a,b) = [] k=K, n7%ab)= ][] ni(a.b),

a<i<b q<r<b
i#q
n=%(a,b) = gcdnfq(a,b)7 n(a,b) = n=’(a,b).
k>2

It is easy to check that a prime I divides n(a,b) if and only if [ < b —a+ 1, so
inverting n(a, b) is the same as inverting (b — a + 1)!.

Lemma 14.6. Let 0 < a < b be integers, and let M be a Z-module with a collection
of commuting endomorphisms ¥y, k= 2,3,.... Let

MDD ={me M |[r(m) =kim, k=2,3,...}, a < qg<b.

(1) Suppose that M has a decreasing filtration F*M, x > 0 such that
(i) Yu(FIM) C F1M for all k and gq.

(ii) ¥ = xk? on griM.

(iii) F**'M = 0.

(iv) FeM = F°M.

Then M ® Z[m] = @Z:a(M ® Z[

®qZT(M ® Z[(b—a+1)!]> q) forr=a,...,b.

(2) Suppose that M has two decreasing filtrations Fi'M C FyM, both satisfying

(i)-(iv). Then

m])( ) and F"M & Z[m] -

n=9(a,b)F§ M C F{M
for all q.



72 MARC LEVINE

Proof. We first prove (1); we write nj for n{(a,b), etc, and we may assume that
M is already a Z[m] -module. Replacing M with F" M reduces us to proving
the statement for M. Choose an integer k > 2, and consider the operator

= H Y — kiid
a<1<b
i#q

on M ® Z[n ]. Clearly I} = (I1%)2, TI¥ sends F™'M ® Z[-L -] to zero, and maps
M® Z[nl—k] into FIM ® Z[nk], hence the projector II¥ deﬁnes a map sk : griM ®
Z[%] — F1M ® Z[nik] which is ¢-equivariant for all I. It is easy to see that s¥ is
a splitting of the quotient map FIM ® Z[ni] —griM ® Z[nik], hence

- an (It () = 1

forallz € M ® Z[%] and all [ = 2,3,.... From this, we see that
(14.1) (MRZ[END = sk (@M@ Z[L]); a<q<b.
FoerM@Z[ ] we have
1/)1(1_1];(:17)) =9z, 1/11@(1_151(:6)) = kz,
from which it follows that
Uiy — 1k
I, (z) =TI ().
From this and (14.1), we see that (M ® Z[-- ])(‘J) and (M®Z[nil])(q) have the same
image in M ® Z[n s L1 namely (M ® Z[nk, m])(q).
This compatibility of the subspaces (M ® Z[nk])(q) for different k implies that
(a) ) 1An@
MW @ Zl5-] = (M @ Z[5-])"
for eack k. This implies that
_ b
M = Equajw(q)7
as desired.
For (2), the map njII} sends FI M to zero and maps M into FM. The map
njisy gives a quasi-splitting of FlM — griM, i.e., the composition
griM 2R FIN s gy M
is njid. Assume by induction that
(™ EI C BT
and take x € FYM. Then nfz — (n{I1¢)(x) is in F{*" M, hence
(ngY)F{ C FY,
and the induction goes through. Since this holds for all £ > 2, we have
n=4(a,b)F} M C FyM,
as desired. O
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We let N, be the ged of the integers k9(k" — 1) k = 2,3,.... It is easy to see
that N, , divides [(r + 1)!]9; in particular, for s > r + 1, gcd(Ng,r, s!) involves only
primes <7+ 1.

Theorem 14.7. Let X be a regular B-scheme with dim X = d. Then (with refer-
ence to the spectral sequence (2.9)):
(1) For each r > 1, Ny ,.d5? = 0.

(2) Writing as usual E?, =29 = ZP:=24 /BP:=24 both EL21/7P=24 qnd BP9 have
finite exponent. Letting N™ be the exponent of EL~21/Z8-24 and N¥'? the expo-
nent of B2;729, we have

dim X —p+q—1 q—2
P.q P.q
NPT News NPT No-r
r=1 r=1
_ -2 : -2 _
For p = 2q, we have Z2;~24 = EY ™1, In particular, EY ™7 = EB=24 after

inverting (¢ — 1)!(dim X — p+ ¢)! (or inverting (¢ — 1)! if p = 2q).

(3) After inverting (dim X + n — 1)!, the group K,(X) is a direct sum of the k?
eigenspaces for vy (forn >1):
K (X)) = @920 T Kon(X) [t
The filtration FjjcKn(X) induced by the spectral sequence (2.9) is given by
F ()| _ im X e, ()@

1 1
(dimXJrnfl)!] g=m [(dimX+n71)I]'

For n =0, the same holds after inverting dim X!

(4) Suppose that B is semi-local. For n > 1, we have

n=9(2,dim X + n) o Kn(X) C FIK,(X) C FioKn(X)
for all ¢ > 3; for n > 2 we have

FaoKn(X) = F2E,(X) = Ku(X),
and forn =1,
FioK1(X) = FYK1(X), Facki(X) = FyK1(X) = Ki(X).

For n =0, we have

n9(1,dim X + n)Fi Ko(X) C FIKo(X) C FfiKo(X)
for all ¢ > 1.

(5) For n > 1, we have isomorphisms

CHY(X, n)]

1%

Kn(X)@]

1 1
(dimx+n—1)!] (dimX+n—1)!]'

For n =0, we have isomorphisms

CHY(X)[72y) = e Ko(X) [ 2,

and

CHq(X)[m] = KO(X)(q)[diniX!]'
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Proof. By Theorem 12.12 we have

q+r gp.q D, —2q
kKTdy, g = ko dy, Ly
_ gps—2q
=dy47 oYk
— 1.q.P4
- k d2r+17

ie., k1(k" —1)d5? | =0, proving (1). (2) follows from (1) and Proposition 14.4(2),
noting that EL 24 = E»=24 for ¢ =0, 1.

For (3), the filtration F}j-K,(X) on K, (X) admits Adams operations, with 1y,
acting on gri;o Ky, (X) = EZ"2¢72¢ by k%d (Theorem 12.1). By Theorem 14.5, we
have (for n > 2) gri;oK,(X) =0 for ¢ < 2 and for ¢ > dim X + n; Lemma 14.6(1)
gives the desired splitting of K, (X) after inverting (dim X +n — 1)!. For n = 1,
we may split off the term E21’72 = I'(X, 0%) by the determinant mapping, and
apply the same argument to F3~K1(X). For n = 0, we may split off the factor
Eg O — g 9(X,Z) by the rank homomorphism, and use the same argument to split
FicKo(X).

For (4), the theory of A-rings tells us that 1y, acts by k?d on grd K,,(X) (see e.g.
[1, Proposition 5.3]). From [29, §5.2, Théorem 4(iv)], we have the same splittings
for gr! Ky and gr K as described above for grijc; this with Lemma 14.6(2) proves
4).

The assertion (5) follows from (2) and (3). O

Theorem 14.8. Let X be a finite type B-scheme which is a closed subscheme of a
regular B-scheme of finite type (e.g., X quasi-projective over B). Then the spectral
sequence (2.4) degenerates at E', after tensoring with Q.

Proof. Suppose X is a closed subscheme of a regular finite type B-scheme f:Y —
B. We may suppose Y is irreducible; let d = dimY. Let Y)((p’Q) be the subset of
Y (P9 consisting of those W which are subsets of X x A? C Y x AP. We have the
evident identity

dimY —
X(pﬁq) = Y)(cp q)-

Let Gg?) (Y, p) be the limit of the spectra Gy (Y, p), as W runs over finite unions

of elements of Y)((p 9 The exact functor

(ix xid). : Mx(p) = My (p)

induces the natural map
. dim Y —
ix-(p) : G (X.p) = GX™ V(¥ p),
which, by [20, Proposition 7.7], is a weak equivalence, naturally in p. Thus, letting

Gg?imyfq) (Y, —) be the simplicial spectrum p — Gﬁ?im Yoo (Y, p), we have the weak
equivalence

Xk C G(q) (X, —) - Gg?imY—q) (Yv _)a
functorial with respect to gq.
Replacing G-theory with K-theory, we form the simplicial spectra Kgg) (Y, —);
since Y is regular, Quillen’s resolution theorem [24, §4, Corollary 1] tells us that
the evident map

K@, ) - a@(v,-)
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is a weak equivalence. Forming the presheaves g§?> (Y,—) and ICg?) (Y,—)onY in
the evident fashion, we have the weak equivalences in Hot(Y")

ixGaimy—q) (X, =) = G (Y. =) = KL (Y. -).
Thus, the spectral sequence (2.4) for X is isomorphic to the spectral sequence
associated to the tower
o LR, =) = LR (Y 2) = = LR ) ~ LG,

Here f : Y — B is the structure morphism.

Let 2% (Y, p) be the subgroup of z%(Y, p) consisting of those cycles supported on
X x AP CY x AP, forming the simplicial abelian group z% (Y, —), and the presheaf
of simplicial abelian groups Z% (Y, —). As above, we have

iX*ZQ(Xv _) = Z}d{imY—q(Y, _),

and we have the weak equivalence of the cofiber f*ng?) Y,—)/ f*ng?H) (Y, —) with
the sheaf of simplicial abelian groups f,Z% (Y, —) on B.

The special Ky(B)-A-algebra structure given by Theorem 12.1, together with
Remark 12.11, gives Adams operations v, for the spectral sequence

0 ~
By o(Yx) = Tpig (B o 2R (Y. =) = g (Bs LK) (Y, =) 2 Gy (X)),
As in the proof of Theorem 12.12, we can compute the action of 13 on the E!

terms through the action of 95 on Kép/pfl)(Y x APT4) where the action is known

to be multiplication by kP by the Adams-Riemann-Roch theorem [8, Theorem 6.3].
Taking k = 2, we see that the differentials df? on E} (Yx) ® Q are zero for all p,
q and 7. This completes the proof. |

Remark 14.9. As in Theorem 14.7, if one has a bound on the embedding dimension
of X, one gets more precise information on the primes one needs to invert to force
the various differentials in (2.4) to vanish.

Corollary 14.10. (1) Let f : X — B be a finite type B scheme which is embeddable
as a closed subscheme of a reqular finite type B-scheme, and suppose dim X < d.
Let m < d be an integer. Then the map

induced by the tower (2.1) is injective for all n.

(2) Let f :' Y — B be a regular B-scheme of finite type, m > 0 an integer. Then
the inclusion

T (B; .G (Y, 2) @ Q = Gn(Y) ©Q = Kn(Y) ©Q
identifies 7, (B; f.G"™ (Y, —)) @ Q with the subgroup GBquKn(Y)g) of Kpn(Y)®Q,
where Kn(Y)g) is the k9-eigenspace of Y on K,(Y) ® Q.
(3) Let Y be as in (2). The map
(B3 £GP (Y, =) = Ga(Y) = Kn(Y)

is injective for n = 0, split injective for n = 1, and an isomorphism for n > 2.
Similarly, the map

7"'n(lg; f*g(l)(K _)) - Gn(Y) = Kn(Y)
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is split injective for n = 0 and an isomorphism for n > 1. The cokernels are as
follows:

(1) m =2, n =0, coker = Pic(Y) @ 2°(Y).

(2) m =2, n=1, coker = I'(Y, O0%).

(3) m=1,n=0, coker = 2°(Y).

Proof. For (1), we may truncate the tower (2.1) to end at ¢ = m, giving the spectral
sequence

E;,q(Xa m) = mpiq(B; f*Zp(Xa =) = Tpiq(B; f*g(m) (X,=)); p<m,

which is evidently a sub-spectral sequence of the spectral sequence E(X,d). Since,
by Theorem 14.8, the spectral sequence E(X,d) degenerates at E' after tensoring
with @, the same holds for the truncated spectral sequence E(X,m), whence (1).

The proof of (2) is similar, using the spectral sequence (2.9) together with the
fact that iy acts by k? on EY? (Theorem 12.12).

For (3), first take the case m = 2; we may assume that Y is irreducible. We
use the spectral sequence (2.9), which we denote by E**(Y), and the truncation
E**(Y,2). The only F5 terms in the full spectral sequence E**(Y') which don’t
appear in the truncation E**(Y,2) are

Ey°(Y) = HO(Y,Z(0)), Ey *(Y) = H'(Y,Z(1)), By *(Y) = H*(Y,Z(1)).
Since d, maps EP'9 to EPT™4- "1 there are no differentials in E**(Y") which involve
these terms. Thus ER4(Y) = E24(Y, 2) for all (p, ¢) which occur in E**(Y, 2), which
proves the injectivity, and identifies the image of 7, (B; f.G® (Y, —)) in K, (Y") with
the subgroup F2K,, (Y), where F* is the filtration induced by the spectral sequence
E**(Y). This also shows that 7, (B; f.G® (Y, —)) — K,(Y) is an isomorphism for
n > 2.

Similarly, the map 7, (B; f.GM (Y, -)) — K,(Y) is injective, and an isomor-
phism for n > 1.

Sending n € N to the free sheaf O} defines a splitting to the rank homomorphism
Ko(Y) — Z, which gives the splitting to the injection mo(B; £,.GM (Y, —)) — Ko(Y);
this also gives the splitting of Ko(Y)/F2Ko(Y) as Pic(Y) @ Z. Similarly, sending a
unit u to the class in K7 (Y") given by the automorphism xu of Oy gives a splitting
to the determinant mapping

EA(Y) — HO(Y,K1(Y)) = H(Y, O),
and gives the splitting of the injection 71 (B; f,GP (Y, =)) — K1 (Y). O

14.11. Codimension one. We have already seen that the codimension one case
is somewhat simpler; we continue with this theme.

Lemma 14.12. Let f : X — B be a B-scheme of finite type, with dim X = d.
Then the natural map

ﬂ-n(G(d—l)(Xa _)) - ﬂ-n(Bv f*g(d—l)(Xv _))
is an isomorphism for all n. Similarly, the natural map
Hp(za-1(X, %)) = H™"(B; fu Za-1(X, %))

is an isomorphism for all n.
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Proof. We first consider the G-theory. It suffices to show that G4_1)(X,—) has
the localization property, i.e., for each closed subset Z of X, the sequence

(14.2) Ga-1)(Z, =) 25 Ga1)(X, =) 25 Ga-1y(U, -)

is a homotopy fiber sequence, where U = X'\ Z. For this, note that, if W C U x AP
is in U(p,<4—1), then the closure W of Win X x AP is in X(p,<d—1)- Indeed,
an irreducible subset W of U x AP is in U, <q—1) if and only if W contains no
subscheme of the form U x v, v a vertex of AP. Since this property is clearly
inherited by W, our assertion is verified. It then follows from Quillen’s localization
theorem [24, §7, Proposition 3.1] and [20, Proposition 7.7] that the sequence

Ga1)(Z,p) 25 Gra_1)(X,p) 2% Gla_1y (U, p)

is a homotopy fiber sequence for each p. This implies that (14.2) is a homotopy
fiber sequence.

The proof for the cycle complexes is similar: The discussion above shows that
the restriction X, <4_1) — U, <q—1) is surjective, giving the exact sequence

0= z@a-1)(Z,p) = 2(4—1)(X,p) s 2(a—1)(U,p) — 0,
and the distinguished triangle

Z(d,l)(Z, *) E Z(d—l)(Xa *) J—U> Z(d—l)(U7 *)
g

Let X — B be a smooth B scheme. We consider the spectrum G (X/B, —).
Let u # 1 be a global section of 0%, and let Z(u) C X x A! be the graph of the

rational map
1 U

( , ): X — Al

l—vw u-1
It is clear that Z(u) N (X x (1,0)) = Z(u) N (X x (0,1)) = 0, hence the sheaf O,
determines a point Oy, of G (X/B,1), with
This gives us the canonical map

OlZ(u) : (517 *) — |G(1)(X/B7 =),
and a corresponding class [O(,)] in m (GM (X/B, —)).
Lemma 14.13. Let X — B be a smooth B-scheme.
(1) Sending u to [Oz(y)] defines a group homomorphism
7x (X, 0%) — 7Tl(G(l)(*X/B7 =)
natural in X.
(2) The composition
D(X,0%) = m(GW(X/B,-)) = m (G (X, -)) = K1 (X)

is the canonical map I'(X, O%) — K1(X).

(3) Suppose dim X < 1 and that B is either affine, or quasi-projective over a field.
Then the composition

w2 (G (X/B, =) — ma(GM (X, -)) = G2(X) = Ka(X)
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18 surjective.

Proof. For (1), let u and v be units on X. Let I(u,v) C X x A? subscheme defined
by uvtg + uty + to = 0. One checks directly that

8 ' (Uu, v)) = Z(u), 67 (I(u,v)) = Z(wv), &5 (I(u,v)) = Z(v),

giving a homotopy of the composition Olz(v) * Olz(u) with OlZ(uv)' This proves (1).
For (2), the assertion is natural in X — B, so it suffices to take B = SpecZ,
X = SpecZ[u,u1]. In this case, the map I'(X, 0% ) — K1(X) is an isomorphism,
with inverse the determinant map K1(X) — I'(X, O%).
Identifying (A, (1,0), (0,1)) with (P*\ {1},0,00) via the map (1—t,t) — (t—1:
t), Z(u) is sent to the graph I'(u) of the morphism (1 : u) : X — P!, restricted to
P\ {1}. Let A =P\ {1}. We have the resolution

0—Z— Oxxa— Orw —0;
the map
(143) X(’U,XQ—Xl/Xo—Xl)ZOXXA — T

is an isomorphism. On X x 0 and X X co the map Z — O is an isomorphism; on
X x oo this agrees with the restriction of (14.3) and on X x 0 the two isomorphisms
differ by the automorphism xwu. Tracing through the weak equivalence K(X) —
G(X, —) gives (2).

For (3), since X is smooth over B, the assumption dim X < 1 implies that either
B is a point, or that X — B is étale. If the first case, we have

GY(x/B,-)=GcW(x,-)

and the result follows from Corollary 14.10 and Lemma 14.12; in the second, we
may replace B with X.

Let W be in B®2), Then either W — B is equi-dimensional, or W maps to a
closed point b of B. In the second case, W is an element of bV, Thus, if F is a face
of AP/ and W’ is an irreducible component of W N (B x F'), then either W’ is equi-
dimensional over B, or W’ is codimension one on bx F for some closed point b. Since
B is either affine or quasi-projective over a field, W is contained in a W* € B(®1),
Thus, the map G (B, —) — G (B, —) factors through G (B/B, —), hence, we
need only show that mo (G (B, —)) — Ko(B) is surjective.

Let n be the generic point of B, and let ng’Z) be the subset of (") consisting of

those W whose closure in B x AP are in B®2). We let G®)(np, p) be the limit of

the spectra Gy (n,p), as W runs over finite unions of elements of 7)](3 2), Similarly,

for U C B open, let Ug’z) be the subset of U®?) consisting of those W whose
closure in B x AP are in B(®?), giving the spectrum G (U, p).

Using Quillen’s localization theorem [24, §7, Proposition 3.1], we have the ho-
motopy fiber sequence

I1 ¢ ®.p) - G (B,p) - G2 (Us,p),
be B\U
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Forming the simplicial spectrum G (Up, —) in the evident manner, we have the
long exact sequence

ST 69bEB\UTrQ(C;(l) (bv _)) - 7.['Q(C;@) (Ba _))
— m (G (Up,-)) = &ym (GD (b, —)) = ... .
Taking the limit over U gives the long exact sequence
(14.4) ... = @&ym (G (b, -)) — m(GP (B, -))
— (G (5, —)) — @ym (G (0, -)) — ...,

where the sum is over the closed points of B. We have a similar sequence for the
sheafs on B

(14.5) ... = @&ym (G (b, —)) — ma(B;id.GP (B, —))
— 7T2(G(2) (n,—)) — @bm(G(l)(ZL =) —...

and the evident map of (14.4) to(14.5).
We consider the truncated version of (2.9)

ES = HP (0, Z(=q/2)) = 7—p—q(G® (n,=));q < —4.
The only term with —p — ¢ = 2 is H?(B,Z(2)), giving the isomorphism
(G (5, -)) = H(B, 2(2)) = CH(k, 2).
By [23] and [36], the map

1 vV—U v 1 uU—v u

)\(u’u):(l—u’(u—l)(v—l)’v—l)_(l—v’(u—l)(v—l)’u—l)

gives an isomorphism of K2/ (k) with CH?(k,2), and the composition

K (k(n)) 2 CH2(n,2) = m(GW (n, -)) — Ka(n)

is the usual isomorphism induced by cup product K;(n) ® K1(n) — Ka(n).
For u,v € k(n)*, let s (u,v) C B x A? be the closure of the graph of the rational
map
1 v—u v

(1—u’ (u—1w-1)v—-1
and let s_(u,v) C B x A? be the closure of the graph of the rational map

): B — A?,

1 U—v U
(l—v’(u—l)(v—l)’u—l

One checks that s (u,v) and s_(u,v) are in B2 if 4 # v and div(u) and div(v)
have disjoint support in B.

Using the bilinearity of symbols {u,v} € K2 (k(n)) and the Steinberg relation,
one shows (see e.g. the result of Tate [22, Lemma 13.7]) each element x € K2 (k(n))
can be written as a sum of symbols,

): B — A2

T
r= Z{Ui,vi}; ui,v; € k(n)*,
1=1



80 MARC LEVINE

such that div(u;) and div(v;) have disjoint support for each ¢ = 1,...,r. Since
{u,u} = {u,—1} and {-1,-1} = {¢t, -1} — {—t,—1} for all t € k(n)*, we may
assume that u; # v; for all 7. Thus, the map

mo(GP (05, —)) — m2(GP (0, -)) = K3 (k(n))
is surjective. Using the map map of (14.4) to(14.5) described above, we see that
m(G® (B, -)) = m(B; P (B, -))

is surjective. By Corollary 14.10(3), the map m2(B; G (B, —)) — Ka(B) is surjec-
tive, which completes the proof. g

APPENDIX A. BASIC CONCEPTS

A.1. Spectra and related notions. We set out some basic notations; for details
on the fundamental constructions, we refer the reader to [34] and [14].

Let Ord denote the category of finite non-empty ordered sets. We write [n]
for the set {0,...,n} with the standard ordering; Ord is equivalent to the full
subcategory with objects [n], n =0,1,.... Let S denote the category of simplicial
sets, and Sp the category of spectra. Let T be a topological space, or more generally,
a Grothendieck site. We have the category PreSp(T') of presheaves of spectra on T.
If P is a property of spectra, we say that P holds for a given presheaf of spectra G if
P holds for the sections G(U) for all open U in T', and similarly for maps or diagrams
of presheaves. For example, a map f : G — H is a weak equivalence of presheaves if
the map on sections over U is a weak equivalence for each U. We say that P holds
stalk-wise if P holds for the stalks G, for all x € T, and similarly for morphisms or
diagrams. We let Hot(T") denote the homotopy category of PreSp(T"), localized
with respect to stalk-wise weak equivalences. By [14], Hot(T) has the structure of
a closed model category.

We have the hypercohomology functor H"(T'; —) on Hot(T'). If G is a presheaf
of spectra on T, then H" (T, G) is defined by taking a globally fibrant model G — G
of G, and then setting H*(T,G) := 7_,(G(T)). We sometimes write , (T, —) for
H~"(T,—). Similarly, if g : T — T’ is a map of topological spaces (or sites), we
have the object Rg,G in Hot(7") defined as the image of g.G. This yields the
natural isomorphism H" (7", Rg.G) =2 H"(T,G), and the natural map ¢g.G — Rg.G.

A simplicial spectrum is a simplicial object in the category of spectra. This
yields the notion of a presheaf of simplicial spectra on a topological space T'. The
geometric realization functor G(—) +— |G(—)| sends simplicial spectra to spectra.
We say that a property P holds for a simplicial spectrum G(—) if P holds for the
geometric realization |G(—)|, and similarly for maps and diagrams. These notions
extend as above to presheaves of simplicial spectra. In addition, we define the
hypercohomology functor on the category of presheaves of simplicial spectra by
taking the hypercohomology of the presheaf of geomtric realizations.

The functor sending an abelian group to the associated Eilenberg-Maclane spec-
trum extends to a functor from the derived category of abelian groups to the ho-
motopy category Hot(pt.); we have a similar functor from the derived category of
sheaves of abelian groups on T to Hot(7T'). Via this functor, the two notions of
hypercohomology agree.

We conclude this section by recalling a special case of result of Thomason on
presheaves of spectra which satisfy the Mayer-Vietoris property.
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Proposition A.2 (cf. [35]). Let T be a noetherian topological space of finite Krull
dimension, let G be a presheaf of spectra on T, and let G — G be a globally fibrant
model. Suppose that G satisfies Mayer-Vietoris, that is, for open subsets U, V of
T, the diagram

G(UUV) —— G(U)

| |

GV)——G(Unv)
is homotopy cartesian. Then G — G is a weak equivalence of presheaves.

Remark A.3. (1) As a consequence of Thomason’s Mayer-Vietoris theorem, we have
the following statement: Let G be a sheaf of spectra on T" which satisfies Mayer-
Vietoris. Then, for all open U C T, the natural map =, (G(U)) — H™"(U,G) is an
isomorphism.

(2) Thomason’s theorem has a relative version as well. Let f: T — S be a map of
topological spaces. For s € S, we have the stalk of T over s, js : Ty — T, defined
by
Ts:= lim U.
UDfH(s)

For a presheaf G on T, let G; = jG. Suppose that, for each s € S, the presheaf G, on
T, satisfies Mayer-Vietoris. Then the natural map f.G — Rf.G is an isomorphism
in Hot(S). Indeed, if G — G is a globally fibrant model of G, then j*G — j*G is
a globally fibrant model of jiG. By Thomason’s theorem, jiG — j;‘é is a weak
equivalence of presheaves on Ts. Since f.Gs = j*G(Ts) and f*g~5 = j;g(Ts), the
map f.G — f.G is a stalk-wise weak equivalence on S.

APPENDIX B. G-THEORY AND K-THEORY OF COSIMPLICIAL SCHEMES

Definition B.1. Let Y : Ord — Sch be a cosimplicial scheme. We say that Y is
of finite Tor-dimension if
(1) For each injective map ¢ : [r] — [n] in Ord, the map Y(g) : Y" — Y™ has
finite Tor-dimension.
(2) For each surjective map ¢ : [r] — [n] in Ord the map Y(g) : Y™ — Y™ is
flat.
If f:Y — X is a morphism of cosimplicial schemes, and P is a property of
morphisms of schemes (e.g. flat, quasi-projective) we say that f has the property
P if fP: YP — XP has the property P for each p. We often consider a scheme
B as a constant cosimplicial scheme, so we may speak of a cosimplicial B-scheme
Y — B.

B.2. G-theory of cosimplicial schemes. For a scheme U, let My denote the
category of coherent sheaves on U, and Py the full subcategory of locally free
sheaves. For an exact category £, we have the K-theory spectrum K (&), defined
in degree n + 1 via Waldhousen’s multiple Q-construction: K(€),4+1 = N"Q"(E).

Let Y be a cosimplicial scheme, and let U C Y™ be an open subset. We let
My (9) be the full subcategory of My with objects the coherent sheafs F which
are Y (g)-flat for all morphisms g in Ord.
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Remark B.3. For a morphism of schemes f : Y — Z, we have the pull-back functor
i Mz — My. Given a second morphism g : Z — W, there is a canonical
natural isomorphism 6 , : f*og* — (gof)*, which makes the assignment ¥ +— My
into a pseudo-functor. By a standard method (see e.g. [24]), one may transform
this pseudo-functor into a functor (on any given small subcategory of schemes) by
replacing the categories My with suitable equivalent categories. We will perform
this transformation without explicit mention, allowing us to assume that Y — My
is a functor. In particular, if Y is a cosimplicial scheme, then for each g : [r] — [n] in
Ord, the functor Y (g)* : My« (9) — My+(0) is exact, hence the assignment p —
My (0) extends to a simplicial exact category My (9). Similarly, the assigment
p — Pyr extends to a simplicial exact category Py .

Definition B.4. Let Y be a cosimplicial scheme. We let K (Y") denote the simplicial
spectrum p — K (P(Y?)), and G(Y) the simplicial spectrum p — K(My»(9)).

As for schemes, the spectrum G(Y') is contravariantly functorial for flat mor-
phisms of cosimplicial schemes, and K (Y") is contravariantly functorial for arbitrary
morphisms of cosimplicial schemes.

We now extend these definitions to theories with supports.

Definition B.5. Let Y be an N-truncated cosimplicial scheme, 0 < N < oo, and
let W, C Y? be a closed subset, for each p, 0 <p < N. We call W a cosimplicial
closed subset of Y if the collection of complements U? := Y? \ W,,, form an open
N-truncated cosimplicial subscheme of Y.

Clearly the intersection of a family of cosimplicial closed subsets is a cosimplicial
closed subset. Thus, if Y is an N-truncated cosimplicial scheme, and we are given
closed subsets W), C Y}, there is a unique minimal cosimplicial closed subset w
of Y containing all the W,; we call W the cosimplicial closed subset generated by
the collection {W,}. One can rephrase the condition that a collection of closed
subsets {W, C YP} form a cosimplicial closed subset of Y as: for each morphism
g : [p] — [g] in Ord, we have

Wp D Y(g)_l(Wq)-

Lemma B.6. Let Y be an N-truncated cosimplicial scheme, 0 < N < oo, and for
each p, let P, be a subset of the set of irreducible closed subsets of Y,. Suppose
that, for each g : [p] — [q] in Ord, p,q < N, and each C € P,, each irreducible
component of Y (g)"'(C) is in Py. Let {W, C Yy, p = 0,...,M < oo} be a
collection of closed subsets such that each W), is a finite union of elements of Pp.
Let W be the cosimplicial closed subset of Y generated by the {Wp}. Then W, is a
finite union of elements of Pp.

Proof. Clearly W, is the union of the Y (g)~'(W,), as g : [p] — [g] runs over all
maps in Ord with ¢ < M. Since this set of maps is finite for each p, the assumption
on the sets P, and W, implies the result. O

Definition B.7. Let Y be a cosimplicial scheme, and let W be a cosimplicial
closed subset of Y, with open complement j : U — Y. We let Gy (Y) denote the
homtopy fiber of j* : G(Y) — G(U), and we call Gy (Y) the G-theory spectrum
with supports in W. Similarly, we define the K-theory spectrum of Y with supports
in W, KW (Y), as the homotopy fiber of j* : K(Y) — K(U).
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Let f : Y — X be a morphism of cosimplicial schemes and W a cosimplicial
closed subset of X. The maps f*: K(X) — K(Y) and f*: K(X \W) - K(Y \
F~1(W)) give the map of spectra f* : KW (X) — K/ "W)(Y). Similarly, if f is
flat, we have the map f* : Gw(X) — G¢-1w)(Y). These pull-back maps satisfy
the functoriality (g o f)* = f* o g*, when defined.

Using the contravariant functoriality for flat morphisms, we may form the pre-
sheaves on Y :

KY(y): U~ KV ()
Gw(Y): U~ Gwnu(U).
We conclude this section with some comparison results.

Lemma B.8. Let Y be a cosimplicial scheme of finite Tor-dimension, such that
each Y is quasi-projective over Y°. Let U C Y™ be an open subscheme. Then the
inclusion My (9) — My induces a weak equivalence K (My(0)) — K(My).

Proof. Let Y;j; be the disjoint union:

Yigj = H Y

g:[r]—=[n]

where the union is over all injective order-preserving maps ¢g. The maps Y (g) :
Y" — Y™ define the map ¢y, : ¥jj; — Y. Since each map in Ord has a factorization
91092, with go surjective and g; injective, it follows that F is in My (9) if and only
if F is flat with respect to the projection ¢y : Yiny Xy» U — U. By assumption, vy
has finite Tor-dimension, say Tor-dimension < d.

Since Y™ is quasi-projective over Y9, Y™ is isomorphic to a locally closed sub-
scheme of IP’% for some N. Let Y™ O Y" be the closure of Y in P%, let F be
the extension of F to a coherent sheaf on Y, and let ¢ : Y — YV denote the
projection.

For M sufficiently large, the natural map ¢*q.F(M) — F(M) is surjective.

Iterating, we form a resolution of F:
0—-Pi—Pij1—...oPy—F—0

with P; of the form ¢*Q; for some coherent sheaf Q; on Y, fori =0,...,d—1, and
P4 the kernel of Py_1 — Py_o. As the unique map [r] — [0] is surjective, Y is flat
over Y for all . Thus, the sheaves P; are (y-flat for each i =0,...,d—1. Since ¢y
has Tor-dimension < d, it follows that Py is also (y-flat. Restricting the resolution
P. to U thus gives a finite resolution of F by objects in My (9); applying Quillen’s
resolution theorem completes the proof. O

Remark B.9. Most of the properties of the K-theory and G-theory of schemes
extend immediately to cosimplicial schemes, using the fact that a map of simpli-
cial spectra which is a term-wise weak equivalence is a weak equivalence on the
geometric realizations. For instance:

(1) Let Y be a regular cosimplicial scheme (all Y? are regular). Then the
natural map K(Y) — G(Y) is a weak equivalence.

(2) Let f: E — Y be a flat map of cosimplicial schemes such that each fiber
of fP: EP — Y? is an affine space. Then f*: G(Y) — G(E) is a weak
equivalence.
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Indeed, for (1), since Y? is regular, it admits an ample family of line bundles.
Thus, each coherent sheaf on Y? admits a finite resolution by locally free coherent
sheaves. It follows from Quillen’s resolution theorem [24, §4, Corollary 1] that the
inclusion Py» — My» induces a weak equivalence K (Py) — K(My). The result
follows from this and Lemma B.8.

The proof of (2) is similar, using the homotopy property to conclude that
G(YP) — G(EP) is a weak equivalence for each p, and then using Lemma B.8.

B.10. Projective push-forward. Let f : Y — X be a projective morphism of
cosimplicial schemes. For an open subscheme U of Y? with complement T, let
V = XP\ fP(T),let U' = (fP)~1(V) and let j : U' — U be the inclusion. We define
£ My — My as the composition

J* rr
My — My == My.

We let My (9)s be the full subcategory of My (9) consisting of coherent sheaves
F with RV fPF = 0.

Definition B.11. Let f : Y — X be a morphism of cosimplicial schemes. We call
f Tor-independent if, for each g : [p] — [¢] in Ord, the diagram

ya Y (9) vr

fql lfp

4y xP
X X(g) X

is cartesian, and Tor?xp (Oxa,0y») =0 for j > 0.

Lemma B.12. Let f: Y — X be a projective morphism of cosimplicial schemes
of finite Tor-dimension. We suppose that X is quasi-projective over X° and that f
is Tor-independent.

(1) Let U C YP be an open subscheme. Then the inclusion My (9); — My (9)
induces a weak equivalence K(My(0)s) — K(My(9)).

(2) Let U' C Y9 be an open subset with U' C Y(g)"'(U). Then Y (g)* :
My (0) — My (0) sends My (0)f to My (0)

(3) Let U C YP be an open subscheme with complement C, and let V = XP \
f(C). Then f¥ sends My (9)s to My (9).

Proof. Take F be in My (9)s, and take g : [¢] — [p] in Ord. If £* — Oxa — 0
is a finite resolution of Oxq by locally free Oxp-modules, then fP*E* — Oyq — 0
is a finite resolution of Oy« by locally free Oyr-modules. Thus, we may compute
Tor9Y” (Oyq, F) as the sheaf homology of F® fP*E*; as F is Y (g)-flat, this complex
is a finite resolution of F ® Oy« by elements of M7(0)s. This implies that Y (¢g)*F
is in My (0)y for all g, proving (2).

Furthermore, we may apply f¥ to the acyclic complex F® fP*€* — FR0Oyq — 0,
yielding the acyclic complex fY(F @ fP*E*) — f2(F @ Oyq) — 0. Since the natural
map

TFQE — fI(F @ T
is an isomorphism, the natural map

fPF @ Oxa — fP(F @ Oya)
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is an isomorphism as well; since f(F @ fP*E*) — f£(F ® Oyq) — 0 is acyclic, this
shows that ffF is Y (g)-flat for all g, proving (3).

For (1), f is projective, so, for some N, we can factor fP as a closed embedding
Y? — XP x PV followed by the projection X? x PV — XP. Let Oy»(1) be the
restriction of O(1) to Y?, and let F be in My (). Since the pull-back Oy (1) of
O(1) to (fP)~1(V) is fr-ample, and j* is exact, a sufficently high twist F(n) of F
is in My (9) . On the other hand, we have the free coherent sheaf £ := p1.O(n) on
XP and the surjection pf€ — O(n). Taking the sheaf-Hom into O(n) and restricting
to U gives the exact sequence

0— Oy — OMn)—K—o0,

with K locally free (M is the rank of £). Tensoring this sequence with F yields the
exact sequence in My (9),

0—F— Fn)™ - F —0.
If there is an integer L > 1 such that R/fF(F) = 0 for j > L, then clearly

RIfP(F1) =0 for ¢ > L — 1. Since R/ fF(G) = 0 for ¢ > N, and for all coherent
sheaves G on U, it follows that F admits a resolution

0—-F—>Gy—...- Gy —0

with each G; in My(0)s. The lemma thus follows from Quillen’s resolution theorem
[24, §4, Corollary 1]. O

Let f:Y — X be a projective Tor-independent morphism. By Lemma B.12(2),
we may form the simplicial exact category p — My»(9)s. Taking the K-theory
spectrum yields the simplicial spectrum G(Y);. By Lemma B.12(1), the natural
map G(Y); — G(Y) is a weak equivalence. By Lemma B.12(3), the functors
2 My»(0)f — Mx»(0) define an exact functor of simplicial exact categories
fe: My (0)y — Mx, giving the map f. : GY); — G(X).

More generally, if W is a cosimplicial closed subset of ¥ with complement U,
and if V' C X is the complement of f(W), the same costruction as above gives the
commutative diagram

GX)——
The top vertical arrows are weak equlvalences, and G(U)y is the K-theory spec-
trum of the simplicial exact category p — Myr(0)s. Letting Gw (Y)s denote the
homotopy fiber of G(Y'); — G(U)y, we have the diagram
Gw (V) < Gw(V); L5 Gy (X).
As ¢ is a weak equivalence, this diagram defines the map f. : Gw (Y) — G (X)
in Hot(pt.). Taking the associated presheaves of spectra on X2, | we have the map

fo i 26w (Y) = Graw) (X)
in Hot(X?).
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Lemma B.13. Let g : Z — Y, f :' Y — X be projective Tor-independent
morphisms of cosimplicial schemes, let W be a cosimplicial closed subset of Z,
and let W" = (f o g)(W). Suppose that X, Y and Z are all of finite Tor-
dimension, and that X is quasi-projective over X°. Then (f o g)x = f« 0 g« as
maps (f°0¢°).Gw(Z2) — Gwr (X) in Hot(XO).

Proof. Tt is evident that f o g is projective and Tor-independent, so the statement
of the lemma makes sense. Let W/ = g(W), let U = Z\ W,V =Y \ W'. Let
Muyr(0)g,rog be the intersection of Myr(9)foq and My»r(9)y in My»(9), and
define Mz»(0)g,fog. The same argument as for Lemma B.12(2) implies that the
Muyr(0)g,rog define a simplicial exact subcategory of My»(9), and similarly for
the Mzr(0)g,foq. Letting G(U)g, rog and G(Z)g, roq be the associated K-theory
simplicial spectra, and Gw (Z)4, roq the homotopy fiber of G(Z)4 rog — G(U)g,f0g,
the same argument as for Lemma B.12(1) shows that Gw(Z2)g,;oq — Gw(Z) is a
weak equivalence.

Additionally, the map g% sends My»(9)g,f0g to My»(9)s and Mzr(0)g,fog to
My»(9), giving the map g. : Gw (Z2) g, rog — Gw (Y)4, evidently compatible with
the map g : Gw(Z)y — Gw (Y).

Consider the diagram

Gw(Z) g fog —— G (Y), .

m If*

G (X)

We have the canonical isomorphisms of functors 67 : ff o g¥ — (f? o g?).. These
isomorphisms, via [24, §2], give a homotopy of f.og. with (fog)., and this homotopy
is natural in the base-scheme X, with respect to flat morphisms. This gives us the
desired identity (f 0 g)« = f« o g« in Hot(X?). O

Remark B.14. The notions and constructions described above extend without trou-
ble to multi-cosimplicial schemes. For example, if Y is a bi-simplicial scheme, we
have the full subcategory My».a(9) of Mys.« consisting of coherent sheaves F
which are Y(g)-flat for all g : [a] x [b)] — [p] X [g]. Via the functors Y (g)*, the
assignment (p,q) — Myr.q(9) forms a bisimplicial exact catgory; taking the K-
theory spectrum yields the bisimplicial spectrum G(Y): (p,q) — K(My».a(9)). If
Y is of finite Tor-dimension and Y?:? is quasi-projective over Y0 for all p, ¢, then,
as above, the map K(My».q(0)) — K(Myr.a) is a weak equivalence for all p, g.

B.15. Compatibilities. We discuss the compatibility of pull-back and projective
pushforward.

Let f : Y — X be a morphism of cosimplicial schemes. For U C XP, let
M{,(a) be the full subcategory of M (9) with objects the fP-flat coherent sheaves

in My (9). Clearly M/ (8) contains Py

Lemma B.16. Let f : Y — X be a Tor-independent morphism of cosimplicial
schemes of finite Tor-dimension. Suppose that X is quasi-projective over X0,
(1) Let U be an open subscheme of XP for some p. Suppose that XP is reqular.
Then the inclusion Py — /\/l[f](a) induces a weak equivalence K(Py) —
K(M7(9)-
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(2) Let U C X be an open simplicial subscheme. Then the categories Mép (0)
form a simplicial exact subcategory of M x(9).
(3) Let U C X be an open simplicial subscheme and let V = f=Y(U). For F

in M, (9), fP*F is in M{,, ().
Proof. (1) follows from Quillen’s resolution theorem, as in the proof of Lemma B.8.
The proof of (2) is the same as for Lemma B.12(2). For (3), let g : [q] — [p] be a
map in Ord. Since F is fP-flat and f is Tor-independent, we have the identity
Tor}}p(fp*]:, Ovyaq) = fp*TorfUp (F,0Oupq) =0,
which proves (3). O
Proposition B.17. Let

7Ly

fi I

Z—5 X
be a cartesian square of finite type cosimplicial B-schemes, with X regular, and
with [ projective. Suppose that f and g are both Tor-independent, that X is quasi-

projective over X° and that Z is quasi-projective over Z°. Let W be a cosimplicial
closed subset of Y, and let W' = g=*(f(W)). Suppose that, for each p, we have

Tor{*" (Oy»,0z) =0;  j > 0.
Then g* f. = flg'*, as maps fOKV (V) — ¢°GW'(Z) in Hot(X").

Proof. To clarify the statement of the proposition, the composition g* f, is defined
by the diagram

PR (V) = 25w (V) L5 02G ) (X) < g2KT M (X) £ g0k (2) = ¢2Gw(2),
and flg™* is defined by the diagram

KW (V) L5 (£0 0 g0k T) — (10 0 0°)uGyrm1(w)(T)] 2 ¢2Gw (2).
For an open subscheme U of Y? U, let Py s = My (9)s N Py. We note that:
(1) Let U C Y be an open cosimplicial subscheme. Then, for each g : [p] — [¢],
the pull-back Y (¢g)* maps Pya ¢ to Py ¢.
(2) Let U be an open subscheme of Y? with complement C, and let V =
X\ fP(C). The functor f¥ sends Py s to MY, ().
(3) The inclusion Py,y — Py induces a weak equivalence K (Py,s) — K(Pu).
(4) Let V' = (¢’")~1(U). Then the functor (¢'?)* sends Py, s to My (9) .
(5) Let U be an open subscheme of Y and let F be in Py, ;. Then the natural
map gP* fPF — fPg'P*F is an isomorphism.
(1) follows from Lemma B.12, as does the fact that ff maps My (0)y, a fortiori
Pu, s, into My (9). For the rest of (2), we have the identity

(B.1) Tor)V (fPF,G) = TorSV (F, f7*G)

for all coherent sheaves F on U with RIfFF = 0, ¢ > 0, and all quasi-coherent
sheaves G on V with Torff" (Ou,G) = 0, ¢ > 0. Since Oy» and Oz are Tor-
independent over Oy», it follows from the above identity that f£F is gP-flat for F
in Py, ¢, finishing (2).
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The proof of (3) is similar to the proof of Lemma B.12(1). The proof of (4), it
follows from our assumptions that, for each g : [¢] — [p] in Ord, Oz« and Oy» are
Tor-independent over Ox» (using (g? oY (¢))* to make Ozq an Oxr-module). The
proof of (4) and (5) is essentially the same as the proof of Lemma B.12(2): compare
gP* fLF and f.Pg'P* F by taking a finite locally free (quasi-coherent) resolution £, —
Oz of Oze as a Oxp-module and comparing the resolution fI(fP*€, @ F) —
fPg'P*F of fiPg'P*F with the resolution &, ® fPF — gP* fPF of gP* fP F.

Thus, if W is a cosimplicial closed subset of Y with complement U, we have the
simplicial exact category p — K (Py . Let K" (Y); denote the homotopy fiber of
K(Pys) — K(Pu,s), giving the weak equivalence K" (Y); — KW (Y). Similarly,
for V.= X\ f(W), we let G (X)9 denote the homotopy fiber of K(M%(9)) —
K(M7,(9)), and we have the weak equivalence Gy (X)? — G yw)(X).

By (1-4), we have the diagram

KW(Y), — Ko7' 0V(T)

| |

Grw)(X)? —— Gwi(2),

which commutes up to the natural homotopy given by the natural isomorphism
9 f« — fig"™ of (5). This, together with the weak equivalences we have already
noted, completes the proof. O

ApPPENDIX C. PRODUCTS

C.1. Products in K-theory. We recall Waldhausen’s construction [39] of prod-
ucts for the K-theory spectra.

Let € be an exact category. One may interate the Q-construction on &, forming
the k-category Q*(£). The nerve of Q*(€) is naturally a k-simplicial set. Wald-
hausen has constructed a natural weak equivalence NQ¥(E) — QN Q*+1(€).

A bi-exact functor U : & ® & — &3 induces the map of a + b-simplicial sets

U NQ (&) x NQ° (&) — NQ T (&3).

Since 0® M and N ® 0 are canonically isomorphic to the zero object of £3, we have
the natural homotopy equivalence of the restriction of U to Q(£1) x 0V 0 x Q¥(&2)
to the 0-map. In fact, we may replace the & with equivalent categories having a
unique zero-object, in which case the map U uniquely factors through

(C.1) U: NQYE) ANQY(E) — NQUHP ().
In particular, the diagram
(C.2) K(&) A K(E) =QQ(E) AQQ(E) = Q*Q2(&) — K(&s)
defines a product map
(C.3) K(&)NK(E) 2 K(&)

in the homotopy category of spaces. Doing the same for the iterated Q-construction
gives the product in Hot(pt.).
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C.2. External products in G-theory. Let X — B, Y — B be finite type B-
schemes, with Y flat over B, and admitting a B-ample family of line bundles. Let
My be the exact category of coherent sheaves on Y which are flat over B, and let
G(Y/B) denote the K-theory spectrum K(My,g). Since Y is flat and finite type
over B, and admits an ample family of line bundles, each coherent sheaf on Y admits
a finite resolution by sheaves in My ,p. Thus, the natural map G(Y/B) — G(Y)
is a weak equivalence, by Quillen’s resolution theorem [24, §4, Corollary 1].
Since the tensor product

®: Mx @ My/p = Mxxpy
is bi-exact, the construction of products in §C.1 gives the natural product of spectra
Uxy/p: G(X)NG(Y/B) — G(X xgY).

More generally, let f: Z — X, g : W — Y be flat morphisms of finite type B-
schemes, with W flat over B, and admitting an ample family of line bundles. We
have the commutative diagrams

(C.4) 0-16(xX) A ta(y/B) Y 0-1G(2) A0-1G(Y/B)
id/\g*l lid/\g*
£ Aid

O1G(X) AQIG(W/B) LES 071G(2) A QLG (W) B)

(C.5) 026X x5 V) Y 0262 x5 V)

(idxg)*l (idxg)*l

id)™
0-2G(X x5 W) Y 02612 x5 W)

The natural maps (C.1) give the map of diagram (C.4) to diagram (C.5).

Let D7 be the diagram (C.4), together with maps of the one-point space * to
the three terms other than Q7 'G(X) A Q7 'G(Y). Define Dy to be the similar
construction for the diagram (C.5). Let Fib(f), Fib(g) denote the homotopy fibers
of f and g. We have the natural map

7 : Fib(f) A Fib(g) — hoﬂm D;.
Composing 7 with the map
p: ho{l_im Dy — ho{l_im Do
gives the natural map
holim U : Fib(f) A Fib(g) — holim D.
As an example, let C C X, ¢/ C Y be closed subsets, j : U — X,i:V =Y

the respective complements. The Mayer-Vietoris property for G-theory gives the
natural weak equivalence

o :Fib(Q2G(X xpY) = Q?G(U x Y U X x V)) — holim Ds.

The above construction thus gives the natural map (in the homotopy category of
spectra)

(C.6) Q*2u§§/’/3 QT Ge(X)AQ T G (Y/B) = Q 2Gexe (X x5 Y).
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Taking Q2 thus gives the gives the natural map (in the homotopy category of
spectra)

(C.7) USS s Ge(X) AGor(Y/B) = Goxer(X xpY).

C.3. Products for cosimplicial schemes. The map (C.7) has a stronger func-
toriality than that of a functor to the homotopy category. In fact, the map (C.6)
is defined via a “zig-zag diagram” in the category of bi-simplicial spectra, with the
wrong-way morphisms being weak equivalences. Each of the terms and morphisms
in this diagram is functorial in the tuple (X, C,Y, C"), so the product (C.7) extends
to define products on the appropriate homotopy limit or colimit, in case we replace
(X,C) and (Y, C’) with functors from some small category to pairs of schemes and
closed subsets.
Specifically, let X and Y be cosimplicial B-schemes. Suppose that:

(C.8)

(1) X and Y are locally of finite-Tor dimension.

(2) X? is quasi-projective over X° and Y? is quasi-projective over Y, for all

.
(3) Y? is flat over B, for all p.
(4) Y° admits a B-ample family of line bundles.

Let My»,(0) be the full subcategory of My»(0) consisting of the B-flat sheaves.
As above, the inclusion My»,p(9) — My»(9) induces a weak equivalence on
the K-theory spectra. We form the simplicial simplicial spectrum G(Y/B): p —
K (Mys)5(0).

Following Remark B.14, we have the bi-simplicial spectrum G(X xgY): (p,p’) —
K(Mxvx,ya(0)). The bi-exact pairing of exact categories

(S MXT—' (3) X Myq/B(a) — MXT—')(BYQ (3)
yields the map of bisimplicial spectra
UX,Y/B : G(X) VAN G(Y/B) — G(X XB Y)

Under our assumptions on X and Y, it follows from Remark B.14 that the
inclusions M x»(9) — Mxo», Myq/B — Myq and Mxpyx,va(0) = Mxoxgya
all induce weak equivalences on the associated K-theory spectra. Thus, given
cosimplicial closed subsets C C X, C' C Y, we have the natural map of bisimplicial
spectra

U: Gc(X) Ns Geor (Y/B) — GCXC’(X XB Y)
Taking the associated diagonal simplicial spectra yield the map of simplicial spectra
(C.9) USS 1 Ge(X) As Gor(Y/B) — Goxer (X xp Y).

The associativity and commutativity of the tensor product similarly implies that
the product (C.9) is associative and commutative in Hot(pt.).

Lemma C.4. Let X and Y cosimplicial B-schemes satisfying (C.8). Let C; C
Cy C X, C' CY be cosimplicial closed subsets. Let U = X \ Cy. Then the products
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(C.9) define a map of distinguished triangles
(Gcl (X) Ns Gor (Y) — G02 (X) Ns Gor (Y) — GCQQU(U) Ns Geor (Y)
— EGCI (X) Ns Gc/(Y))
= (Geyxe'(X xpY) = Goyxer (X xpY) = Geynvyxer (U X Y)
— EGCGC/(X XB Y))

Similarly, if C C X and C; C C) C'Y are cosimplicial closed subsets, let V =
Y \ C{. Then the products (C.9) define a map of distinguished triangles

(Go(X) As Gor(Y) = Go(X) As Gey (V) = Go(X) As Gegnv (V)
— EGc(X) Ns GC{ (Y))
— (Gexo(X xBY) = Goxey(X x5Y) = Goxeynvy(X x V)
— ZGCXC{ (X XB Y))
Proof. The argument for the second map of distinguished triangles is similar to
that for the first, and is left to the reader. To prove the result, we may replace
the simplicial spaces * As * with the bisimplicial spaces * A x, and the simplicial

spaces Gaxc(Z x pW) with the bi-simplicial spaces G axc(Z x gW). The necessary
commutativities, except for the commutativity of

Geunu(U) AGer (V) 224 $Ge, (X) A Ger (V)

Gconvyxor (U X Y) — YGeo o (X xpY),
then follow directly from the naturality of the products in K-theory. We proceed
to check this last commutativity.
The boundary map 0 : Go,ny (U) — LGe, (X) may be described as the compo-
sition
Go,nu(U) = Fib(G(U) — G(U\ C2)) — G(U) — Cofib (G(X) — G(U))
~ YFib (G(X) — G(U)) = ¥G¢, (X).

The boundary map 0 : G(c,nvyxc (U X Y) — EGc, xc(X xp Y) has a similar
description. Thus, we need only check the commutativity of the two diagrams

Fib (G(U) — GU\ C2)) A Ger (V) —— 5 G(U) A G (Y)
Fib (GUXC’(U X Y) — G(U\C2)><C’((U \ Cg) X Y)) E— GUXC’(U X Y)

and

G(U) A Ger(Y) —— Cofib (G(X) A Ger (Y) — G(U) A Ger (Y))

GUXC’(U X Y) — Cofib (GXXC’(X X Y) — GUXC’(U X Y))
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where the products on the homotopy fiber and cofiber are the canonical ones induced
by the products on the individual terms, using the naturality of the product in K-
theory. The commutativity follows directly from this definition of the product. [

C.5. Variations. We have concentrated on the product in G-theory, as this re-
quires the most care. Replacing the categories M_(0) and M_,(0) with P_, one
constructs external products for K-theory of cosimplicial schemes. Due to a lack
of Mayer-Vietoris for K-theory in general, one needs to restrict to regular schemes
in order to have external products for the K-theory of cosimplicial schemes with
support.

Suppose we have projective morphisms f : X — X', g: Y — Y’. We have the
full subcategories

./\/lxp(a)f C Mxp(a),
Mya;p(0)g C Mya;p(0),
MXPXByq(a)fXg C MXPXBYQ(6)7

respectively defined by requiring that R/ f, = 0, Rig. = 0 or R/(f x g). = 0 for
j > 0. Making this replacement, we have the maps of simplicial spectra G¢(X)f —
Ge(X), Ge(Y/B)y — Ge/(Y/B) and the map of bisimplicial spectra Geoxer (X x
Y)fxg — Goxe (X xY), which are all term-wise weak equivalences if X and Y
satisfy the conditions (C.8).

C.6. Naturality. We conclude with a discussion of the naturality of the external
products.

Proposition C.7. Let X and Y, X' and Y’ be cosimplicial B-schemes which
satisfy the conditions (C.8). Let C be a cosimplicial closed subset of X and D a
cosimplicial closed subset of Y.

(1) Let f : X — X" and g : Y — Y’ be projective morphisms and let C' = f(C),
D' = g(D). Then the diagram

Ge(X); AGp(Y/B)y —— Goxp(X x5 Y)fxy

| [0

Gc/(XI) AN GD/(YI/B) U—) GC’XD’(X/ X B Y/)

commutes (in the homotopy category).
(2) Let f : X' — X and g: Y' — Y be flat morphisms, and let C' = f=1(C),
D' = g=Y(D). Then the diagram

Ge(X)AGp(Y/B) —— Goxp(X x5Y)

f*/\g*l l(fxg)*

Gc/(X/) /\GD/(Y//B) U—>GC/><D/(X/ X B Y’)

commutes (in the homotopy category).
(3) Let f : X' — X and g : Y' — Y be morphisms, and let C' = f=1(C),
D' = g=Y(D). Suppose that XP and Y9 are regular for all p and q. Then
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the diagram

Ko(X)ANKp(Y/B) ——— Kexp(X x5Y)

f*/\g*l l(fxg)*

GCI(X/) /\GD/(Y//B) U—)Gc/xD/(X/ X B Y/)

commutes (in the homotopy category). If X' and Y’ are regular, the same
holds with G theory replaced with K -theory.

Proof. (2) and (3) follow easily from the naturality of the products for the K-
theory spectra of exact categories, and the existence of the canonical isomorphism
iR 56 =2 (fr x fo)*(F K G), for morphisms of schemes f; : X; — Y;, and
coherent sheaves F; on Y;, ¢ = 1,2. For (1), we first note that the map g. :
Gp(Y/B) — Gp/(Y'/B) is really defined. To see this, just note that a sheaf F
on a B-scheme p : T — B is flat over B if and only if p.F is a torsion free sheaf
on B, since B is regular and has Krull dimension at most one. Thus, the functor
g« : My»(9)g — Myn(0) sends My»,p(0)y to Mymw,p(0). (1) then follows as
above from the natural isomorphism f1,F; X fo.Fo = (f1 X f2)«(F1 B Fa) for
morphisms of schemes f; : X; — Y;, and coherent sheaves F; on X,;, i =1,2. ([l

APPENDIX D. SPECTRAL SEQUENCES

In this appendix, we briefly recall the construction of the spectral sequence
associated to a tower of spectra

(D.1) Xi=...2Xp—...=> Xnv_1— Xn,
and describe how a multiplicative structure on the tower leads to a multiplicative

structure on the spectral sequence

D.1. The spectral sequence. Given a tower of spectra (D.1) and integers b <
a <0, let X,/ denote the cofiber (in the category of spectra) of the map Xp — X,.
For b <V’ < a < d/, we have the evident map pg/pa//pr © Xap — Xar . For each
integer r > 1, define

Epq = Im(ﬂ'erqXp/p—r - 7Tp+qXp+r—1/p—1)'

The cofibration sequences X,_1/,_r—1 — Xp/p—r—1 — Xp/p—1 and X, _1/p_o —
Xptr—1/p—2 = Xpir_1/p—1 give rise to the commutative diagram

(D.2) Tp+qXp/p—r

|,

P,q
Tpt+qXp/p—r—1 —— Tpt+qXp/p-1 —— Tprq—1Xp_1/p—r—1

| |

TptqXptr—1/p—1 — Tptq—1Xp—1/p—2

|

Tpq—1Xpir—2/p—2
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Defining 0 @ mp4qXp/p—r — Tptrq—1Xppr—2/p—2 to be the evident composition,
the commutativity of the diagram shows that ¢ descends to a map dj, , : E, , —
;7T,q+r71'
The standard arguments used in the construction of a spectral sequence of a
filtered complex (see e.g. [30]) are easily modified to show that the data {dj, :
E .= E .4 4r_1} defines a spectral sequence of homological type

(D.3) E} (X)) = mpiq Xpjp—1 = Tprg XN
which we will refer to as the spectral sequence of the tower X.. The E°° term is
given by

Ex, = grgprquN,

where F,m, Xy is the image of 7, X, in m, Xn.

D.2. Convergence. In general, the spectral sequence (D.3) is not convergent.
However, it is easy to see that (D.3) is strongly convergent if for each n, there
is an M with 7, X, =0 for p < M.

D.3. Multiplicative structure. Recall that a pairing of spectral sequences E =
{E) »dy .}, BN = {E),,d; } into a spectral sequence £ = {E]",d}  } is given
by maps
. ! 1/
U Ez:,q ® Eprﬂq’ - Ep-T-p’,q+q’
with d"(a U™ b) = d"(a) Ub+ (—1)PT9a U" d"(b). In case E = E' = E”, we call the
pairing a multiplicative structure on E; we call a multiplicative structure associative
if the evident associative holds for the various products E) , ® E, ., @ E, v —
E;+p/+p” ,a+q’+q""
Definition D.4. Given towers X, X, and ”/, a pairing of X,, X/ into X', written
U: X, AXL — X7,
is given by a collection of maps in the stable homotopy category
Ua/b,ar st = Xasp A sz//b/ - Xé’+a//b+b/
satisfying
(1) The maps U, /4 ./« are compatible with the change-of-index maps, X, ,, —
Xe/d, X;,/b, — X(':,/d,7 in the stable homotopy category,
(2) For each set of indices a > b > ¢, a’ > b' > ¢/, the maps U, /, ./, define a
map of distinguished triangles

(Xb/c/\X(;//b’ — Xa/c/\X(;’/b/ — Xa/b /\X(/z//b' — EXZ)/C/\X;//Z)’)

" " " "
- ( a’+b/b'+c - Xa’Jra/b’Jrc - XaJra’/ber’ — X a’+b/b’+c)

and
(Xa/b A Xl/)’/c/ — Xa/b A\ X(Il//c/ — Xa/b A X(/z//b' — EXa/b AN Xl/)’/c/)

- (X(/l/-l-b’/b-‘rc’ - Xl;/’-i-a/b-i-c’ - Xl;/-i-a’/b-i-b’ - E*thlz/-rb’/b-rc')
We call a pairing U : X, A X, — X, a multiplicative structure on the tower X,. We

say that a multiplicative structure U : X, A X, — X, is associative if the evident
associative holds for all the various double products X/, A Xorjpr A Xorjpr —

Xa+a/+a”/b+b’+b“ .
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Remark D.5. The maps in the distinguished triangles above are 9 Aid @ X,/ A
X('l,/b, — ZXb/c/\X;//b/ and 7o (idAO )or 1 : Xa/b/\X(/l//b/ — EXa/b/\Xé//c,, where
d: X — XXy and 0 : X(’l,/b, — EXé//C/ are the maps in the distinguished
triangles

Xb/c - Xa/c - Xa/b - E)(b/c
Xl;’/c’ i Xa’/c’ — Xa//b’ — EXb’/c’
and 7 : Xq/p A ZXé//c' — XX A XZ;,/C, is the canonical isomorphism.

In particular, a pairing of towers U : X, A X, — X! induces maps for the
associated spectral sequences

r ' r /r
. —
U Ep,q ® Epﬁq/ p+p’,q+q "

Lemma D.6. Let U : X, A X, — X! be a pairing of towers. Then the products
U By @By — B induced by the pairing U define a pairing of spec-
tral sequence E @ E' — E". In particular, a (associative) multiplicative structure
U: X« A X, — X, defines a (associative) multiplicative structure on the spectral

sequence {E]  }.
Proof. The pairing of towers U : X, A X, — X! gives us maps

. ’ "
U: ﬂ-nXp/p—l ® ﬂ-mXp’/p’—s — 7Tn+mXp+p’/p+p/—l’

X / "
Ui mnXp/p—s @ WmXp’/p’*l - 7T"‘”"Xﬁoer’/erlo’*1’

. / "
Ut tnXp/p—s @ TmXps s = TnamXp gy jpypy oo

for each s > 1.
From the definition of the maps U", we see that it suffices to show

17 arg (@UD) = 35 (@) Ub+ (—1)P 0 ULy ()

for a € mppq(Xp/p—1), b € Tpiq(Xp/p—1), where the maps 0" are those in the
diagram (D.2), and the maps 9’ and 9" are defined similarly with respect to the
towers X and X

Let B = Xy o1, B = Xppp1s F = Xy1pp o1, B = X, | B =

!/ A !/ " __ 1 [/ " [/
Xp'/p'—l’ o= Xp’—l/p'—r—l’ ET = Xp-i-p//p-i-p/—r—l’ BT = Xp+p’/p+p’—1’ =
X/ The various products define a map ® of the tower

p+p'—1/p+p' —r—1°
FANF - XANF' xFAX -— XAX—BAB

to the tower
* —> FI/ — XI/ — BI/,

in the homotopy category. Since U is a pairing of towers, ® defines the map of
distinguished triangles formed by taking the appropriate cofibers with respect to
F A F’ in the first tower,

(D.4)

F/\B’><B/\F’—>X/\X’/F/\F’—>B/\B’LEF/\B’><EB/\F’

l l Ul XUop; +EUop2j(

F// X// B// EF//
8" .
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Following Remark D.5, we see that

Ox = (O Aid, 7o (id A D) o1 1h).

Since the exchange of factors S7+T™ & SMASM — §MAGN o §MAN induces multipli-
cation by (—1)"t™ on m, 4, (S™T™), the lemma follows from the commmutativity
of the diagram (D.4). O

Remark D.7. Let X be a scheme. Since all the weak equivalences used in this section
arise from finite functorial zig-zag diagrams, all the constructions and results of this
section extend without change to towers of presheaves of spectra on X.

[1]

REFERENCES

M. F. Atiyah and D. O. Tall, Group representations, A-rings and the J-homomorphism,
Topology 8 (1969) 253-297.

S. Bloch, Algebraic cycles and higher K-theory, Adv. in Math. 61 (1986) n. 3, 267-304.

S. Bloch, The moving lemma for higher Chow groups, J. Algebraic Geom. 3 (1994), no. 3,
537-568.

S. Bloch and S. Lichtenbaum, A spectral sequence for motivic cohomology, preprint 1995.
S. Bloch and A. Ogus, Gersten’s conjecture and the homology of schemes Ann. Sci. Ecole
Norm. Sup. (4) 7 (1974), 181-201.

E. Friedlander and A. Suslin, The spectral sequence relating algebraic K-theory to motivic
cohomology, preprint (1998).

W. Fulton, Rational equivalence on singular varieties, Publ. Math. IHES 45 (1975) 147-167.
W. Fulton and S. Lang, Riemann-Roch algebra, Grundlehren der Mathematischen Wis-
senschaften, 277. Springer-Verlag, New York-Berlin, 1985.

T. Geisser and M. Levine, The Bloch-Kato conjecture and a theorem of Suslin-Voevodsky,
preprint (1998).

D.R. Grayson, Higher algebraic K-theory II (after Daniel Quillen), Algebraic K-Theory,
Lecture Notes in Math. 551, Springer, Berlin-New York, 1976.

D.R. Grayson, Weight filtrations via commuting automorphisms, K-Theory 9 (1995), no. 2,
139-172.

M. Hanmura, Mixed motives and algebraic cycles II, Max-Planck-Inst. fiir Math. preprint
series 106 (1997).

H.L. Hiller, A-rings and algebraic K-theory. J. Pure Appl. Algebra 20 (1981), no. 3, 241-266.
J. F. Jardine Simplicial objects in a Grothendieck topos. Applications of algebraic K-
theory to algebraic geometry and number theory, Part I, I (Boulder, Colo., 1983), 193-239,
Contemp. Math., 55, Amer. Math. Soc., Providence, R.I., 1986.

B. Kahn, The Quillen-Lichtenbaum conjecture at the prime 2, preprint (1997).

S. Kleiman, The transversality of a general translate, Comp. Math. 28 (1974) 287-297.

M. Levine, Bloch’s higher Chow groups revisited, K-theory Strasbourg 1992, ed. C. Kassel,
J.L. Loday, N. Schappacher, 235-320. Astérisque 226, Soc. Math. de France, 1994.

M. Levine, Lambda operations, K-theory and motivic cohomology, Algebraic K-Theory, ed.
V. Snaith, 131-184, Fields Inst. Communications 16, 1997.

M. Levine, Mixed Motives, Mathematical Surveys and Monographs, 57. American Math-
ematical Society, Providence, RI, 1998.

M. Levine, Techniques of localization in the theory of algebraic cycles, preprint (1998).

J.P. May, Simplicial objects in algebraic topology, Van Nostrand Mathematical Studies,
11, D. Van Nostrand Co., Inc., Princeton, N.J.-Toronto, Ont.-London 1967.

J. Milnor, Introduction to algebraic K-theory, Annals of Mathematics Studies 72,
Princeton University Press, Princeton, N.J. 1971.

Yu. P. Nesterenko and A.A. Suslin, Homology of the general linear group over a local ring,
and Milnor’s K-theory, Izv. Akad. Nauk SSSR Ser. Mat. 53 (1989), no. 1, 121-146.

D. Quillen, Higher algebraic K-theory. I, Algebraic K-theory, I: Higher K-theories (Proc.
Conf., Battelle Memorial Inst., Seattle, Wash., 1972), 85-147. Lecture Notes in Math. 341,
Springer, Berlin 1973.



K-THEORY AND MOTIVIC COHOMOLOGY OF SCHEMES, I 97

[25] J. Rognes and C.A. Weibel, Two-primary algebraic K-theory of rings of integers in number
fields, preprint (1997).

[26] J. Rognes and C.A. Weibel, Etale descent for two-primary algebraic K-theory of totally
imaginary number fields, preprint (1998).

[27] J. Roberts, Chow’s moving lemma. Appendix 2 to: Motives, by Steven L. Kleiman. Algebraic
geometry, Oslo 1970 (Proc. Fifth Nordic Summer School in Math.), 89-96. Wolters-Noordhoff,
Groningen, 1972.

[28] G. Segal, Categories and cohomology theories, Topology 13 (1974), 293-312.

[29] C. Soulé, Opérations en K-théorie algébrique, Canad. J. Math. 37 (1985), no. 3, 488-550.

[30] E.H. Spanier Algebraic topology. McGraw-Hill Book Co., New York-Toronto, Ont.-London
1966

[31] A.A. Suslin and V. Voevodsky, Singular homology of abstract algebraic varieties, Invent.
Math. 123 (1996) 61-94.

[32] A.A. Suslin and V. Voevodsky, Relative cycles and Chow sheaves, Cycles, Transfers and
Motivic Homology Theories, ed. V. Voevodsky, A. Suslin, E. Friedlander. Ann. of Math
Studies, Princeton Univ. Press (to appear).

[33] A.A. Suslin and V. Voevodsky, Bloch-Kato conjecture and motivic cohomology with finite
coefficients, Cycles, Transfers and Motivic Homology Theories, ed. V. Voevodsky, A. Suslin,
E. Friedlander. Ann. of Math Studies, Princeton Univ. Press (to appear).

[34] R.W. Thomason, Algebraic K-theory and étale cohomology, Ann. Sci. Ecole Norm. Sup. (4)
18 (1985), no. 3, 437-552.

[35] Thomason, R. W.; Trobaugh, Thomas. Higher algebraic K-theory of schemes and of derived
categories. The Grothendieck Festschrift, Vol. III, 247-435, Progr. Math., 88, Birkh&user
Boston, Boston, MA, 1990.

[36] B. Totaro, Milnor K-theory is the simplest part of algebraic K-theory. K-Theory 6 (1992),
no. 2, 177-189.

[37] V. Voevodsky, Triangulated categories of motives over a field, Cycles, Transfers and Motivic
Homology Theories, ed. V. Voevodsky, A. Suslin, E. Friedlander. Ann. of Math Studies,
Princeton Univ. Press (to appear).

[38] V. Voevodsky, The Milnor Conjecture, preprint (1996).

[39] F. Waldhausen, Algebraic K-theory of generalized free products. III, IV. Ann. of Math. (2)
108 (1978), no. 2, 205-256.

[40] M.E. Walker, Weight one motivic cohomology and K-theory, preprint (1998).

[41] M.E. Walker, Weight zero motivic cohomology and the general linear group, preprint (1998).

[42] M.E. Walker, Adams operations for bivariant K-theory and a filtration using projective lines,
preprint (1997).

[43] M.E. Walker, Motivic complexes and the K-theory of automorphisms, Ph.D. thesis, Univer-
sity of Ill., Urbana-Champagne (1996).

[44] C.A. Weibel, Homotopy algebraic K-theory, Algebraic K-theory and algebraic number theory
(Honolulu, HI, 1987), 461-488, Contemp. Math. 83, Amer. Math. Soc., Providence, RI, 1989.

DEPARTMENT OF MATHEMATICS, NORTHEASTERN UNIVERSITY, BOSTON, MA 02115, USA
E-mail address: marc@neu.edu



