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ABSTRACT. We give an overview of the goals and recent progress in the devel-
opment of an enumerative geometry with quadratic forms.



Overview

These notes are taken from a three-lecture series I gave at the BIRS Workshop
“Moduli, Motives and Bundles — New Trends in Algebraic Geometry”, that took
place at Casa Matematica Oaxaca, Sept. 18-23, 2022. It was a very enjoyable
experience being able to interact face-to-face with my fellow mathematicians in the
lovely environment provided by the CMO, especially after the long isolation due to
covid. I would like to thank all the participants for making the workshop a success,
especially the organizers, Pedro Luis del Angel, Frank Neumann and Alexander
Schmitt.

Here is an outline of the talks.

Lecture 1: An introduction to quadratic enumerative geometry

Classical enumerative geometry counts solutions to “geometric problems” in
algebraic geometry that are expected to have a finite number of solutions, or more
generally compute integer invariants of algebro-geometrical objects. Typical exam-
ples include:

e Bézout’s theorem: how many points of intersection are there among n
hypersurfaces of degrees dy,...,d, in P, for example two curves C7, Cy
of degrees d;, do in P2?

e Find a formula for the Euler characteristic of a smooth hypersurface of
degree d in P™

e How many lines are there on a (smooth) hypersurface of degree 2n — 3 in
P, for example, how many lines are there on a smooth cubic surface in
P3?

e How many rational plane curves of degree d pass through 3d — 1 general
points in P??

e How many conics in P? are tangent to 5 general lines?

Usually one looks for an answer to such questions over an algebraically closed
field, where essentially discrete, topological invariants will give at least a first ap-
proximation to an answer. The goal of “quadratic” enumerative geometry is to re-
fine the typically Z-valued answer to an enumerative problem over an algebraically
closed field to an element of the Grothendieck-Witt ring of non-degenerate qua-
dratic forms over a field k£ over which the problem makes sense, in the hope that
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4 OVERVIEW

this finer invariant will give additional information about the set of solutions over
k.

In this first lecture, we will concentrate on the example of the quadratic Euler
characteristic, which has an abstract definition, but is also amenable to concrete
computations, as we will see on Lecture 3.

Lecture 2: Quadratic intersection theory and characteristic classes

Applying the intersection theory of the Chow ring to fundamental classes of
varieties and Chern classes of vector bundles is the main tool used to compute
classical enumerative invariants. More recently, this collection of objects has been
enlarged by the introduction of virtual fundamental classes in Gromov-Witten the-
ory. In this lecture we will introduce the framework needed to construct quadratic
refinements of all of these objects. Here the Milnor-Witt K-sheaves and the sheaf of
Witt groups will play an important role. We will illustrate with some examples, for
instance, the quadratic Bézout theorem, quadratic counts of lines on hypersurfaces
and complete intersections in a projective space, a quadratic Riemann-Hurwitz
formula, and the quadratic Gaufl-Bonnet theorem.

Lecture 3: Computational methods

As they carry more information than the classical Z-valued invariants, the qua-
dratic invariants are often more difficult to compute. In this lecture, we will go over
some of the computational tools that have been developed to enable such computa-
tions. The methods include the development of a calculus of characteristic classes
of vector bundles with values in Witt sheaf cohomology, algebraic computations of
the quadratic Euler characteristics of smooth hypersurfaces in P, and localization
techniques for computing Euler classes and virtual fundamental classes. As a fur-
ther example we look at a quadratic count of twisted cubic curves on hypersurfaces
and complete intersections in a projective space.



CHAPTER 1

Lecture 1: An introduction to quadratic
enumerative geometry

We discuss Euler characteristics from various points of view.

1. Introduction

Intersection theory has a long and interesting history, and is closely tied to
questions of enumerative geometry, that is, the counting of solutions to geometric
problems in algebraic geometry, or more generally, attaching integer invariants to
a given variety or finite collection of varieties.

In this lecture, we look at perhaps the most elementary invariant, the Eu-
ler characteristic. A topological space T" with the homotopy type of a finite CW
complex (say dimension d) has its Euler characteristic

d
XP(T) =) dimgH,(T, Q)
1=0

In fact, one can use dimpH;(T, F') for any field F'. For an algebraic variety X over
C, we have the space X (C), so we have its Euler characteristic

XP(X) = x"P(X(C))

Over an arbitrary algebraically closed field k, we can use instead étale cohomology
with Qg coefficients for a prime /¢ different from the characteristic.

A somewhat more sophisticated definition in the case of a smooth proper scheme
X over a field k is to use a version of the Gauf$-Bonnet theorem.

THEOREM 1.1 (algebraic Gau-Bonnet). Let X be a smooth proper scheme of
dimension n over a field k. Then

XtOP(XE) = degy, Cn(TX/k) = (—1)" degy Cn(QX/k)'

Here T'x;, is the tangent bundle of X, Q. is the sheaf of differentials, ¢, is
the nth Chern class with values in the Chow group CH" (X)), and deg;, is the degree
map

deg,, : CH"(X) — CH’(k) = Z.
One can give a proof using the various versions of the Lefschetz trace formula. We
won’t be going into all these objects in detail, but let’s just list a few useful objects

and their properties. For a detailed discussion of the Chow groups, intersection
products, and Chern classes, see Fulton’s book Intersection Theory [13].
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2. Chow groups and Chern classes

We fix a field k and let Sch/k denote the category of quasi-projective k-schemes,
and Sm/k the full subcategory of quasi-projective k-schemes, smooth over k. A
variety is an integral X € Sch/k. We write dim for dimy,.

X € Sch/k has its group of dimension i algebraic cycles Z;(X), the free abelian
group on the dimension 4 subvarieties of X. The subgroup R;(X) C Z;(X) is gen-
erated by cycles of the form divf, with f a non-zero rational function on some
dimension ¢ + 1 subvariety of X. The quotient CH;(X) := Z;(X)/R;(X) is the
dimension 7 Chow group of X. If X has pure dimension d, we can index by codi-
mension Z(X) := Zy4_;(X), CH(X) = CHy_;(X).

For a dimension 4 subvariety W of X, we denote the class of W in CH;(X) by
Each proper map f : Y — X induces a functorial pushforward map f, :
Z;(Y) — Z;(X) that passes to f. : CH;(Y) — CH;(X). Explicitly, if W C Y is
a dimension 4 subvariety, then, as f is proper, W’ := f(W) is a closed irreducible
subset of X, to which we give the reduced subscheme structure. In case dimW’ =
dimW, we have the induced map on the function fields f* : k(W') — k(W), making
k(W) a finite extension of k(W’). Then

) = 0 if dimW’ < dimW
: kW) s k(W))W if dimW = dimW.

and on the Chow groups, one has f.([W]) = [f«(W)].

If f:Y — X is an arbitrary morphism with X and Y smooth, and W C X
is a codimension 4 subvariety, we say that the cycle-theoretic pull-back f*(W) is
defined if each irreducible component W’ of f~!(W) has codimension i on Y. In
this case, one has Serre’s intersection multiplicity

m(W'; f*(W)) = > (=1) Lo, . (Tory ¥ (k(W), Oy,w))
i>0
where ZOy,W/ (=) is the length of an Oy, y/-module. This is in fact a finite sum, and
m(W'; f*(W)) > 0 (see [32] for these facts). One then defines

FrW) =Y m(W f5(W)) - W'
o

where the sum is over the (finitely many) irreducible components of f~1(W). Let-
ting Zi(X)f C Z%(X) be the subgroup generated by those W for which the cycle-
theoretic pullback by f is defined, one extends by linearity to give the homomor-
phism
f 1 Z24(X)y = Z(Y).

In general, Z!(X) is a proper subgroup of Z*(X). However, the map Z(X); —
CH'(X) is in fact surjective (at least for quasi-projective X), and the partially de-
fined cycle-theoretic pullback descends to

f*: CHY(X) — CHY(Y)
The surjectivity of Z*(X); — CH'(X), and the fact that f* does indeed descend
is a consequence of Chow’s moving lemma (see e.g., [6, §3, Proposition 1], [33]).
Fulton op. cit. gives a different approach to the construction of f* and the descent
property in the general case.
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One has the external product
ZHX) @7, Z0(Y) = Z'"™(X x4 Y)
which descends to
X : CH(X) ®z CH/(Y) — CH™M (X x, Y).
For X smooth, composing X with pullback by the diagonal Ax : X — X x; X
gives the intersection product
U: CH(X) ® CH/(X) — CH"(X)

making the graded group CH*(X) := @?;IBXCHi(X) a commutative, Z-graded ring.
The unit in CH’(X) = CHgimx (X) is the fundamental class [X] = 1- X, and for
f:Y — X, the map f*: CH"(X) — CH*(Y) is a ring homomorphism.

For subvarieties W1, W5 of X that intersect properly, that is, for each integral
component W’ of W1 N Wy, we have

codimx W' = codim x W1 + codim x W,

the intersection product is given by Serre’s intersection formula: let

i O ’
(21) m(le Wa; W/) = Z(_l) EOX,W’ (TOI‘i o (OWMW/? OW2,W/))'
i>0
Then
WAL W] = S (W, 0 Wo; W) - 7]
W/

This follows directly from the definitions of W; X W5 and of A%.

We also have the criterion of intersection multiplicity one: with X, Wi, W5 and
W' as above, let w' € W’ be a geometric generic point. Then m(Wy, Wo; W') =1
if and only if, W7 and W5 are both smooth over k in a neighborhood of w’, and
Tx . is generated (as k(w')-vector space) by the subspaces Ty, . and Tw, .

For f proper, X,Y smooth, we have the projection formula

[ (@) -y) = - fuly)
We have CHy(Speck) = Zy(Speck) = Z. For w : X — Speck proper, we have
the degree map
deg;, := 7. : CHo(X) — CHo(Speck) =Z
Explicitly, if p € X is a closed point, deg,(p) is the field extension degree [k(p) : k.
Each vector bundle V' (locally free coherent sheaf) on a smooth X has Chern
classes '
(V) e CHI(X),i=1,2,...
with f*¢;(V) = ¢;(f*V) for f : Y — X map of smooth varieties. ¢;(V) depends
only on the isomorphism class of V' and ¢;(V') = 0 for ¢ > rank(V'); we set ¢o(V) =
1 € CH(X). Sending a line bundle L to ¢;(L) € CH'(X) defines an isomorphism
c1 : Pic(X) — CHY(X).
In case L = Ox (D) for some divisor D € Z*(X), we have
c1(Ox (D)) = [D] € CH'(X).
The top Chern class ¢.(V) for r = rank(V) is also called the Fuler class and is
given by
(V) = 351 ([X])
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with s1,82 : X — V any two sections. The canonical choice is s; = so = s¢, the
zero-section, but this is not necessary.
The total Chern class ¢(V) := Zgi%k(v) ¢; (V) satisfies the Whitney formula: If

0=V 2V -V"50

is an exact sequence of vector bundles, then ¢(V) = ¢(V")e(V"). Also, for the dual
bundle V'V, we have

ci(VY) = (=)l (V).
Proofs of all these facts can be found in [13].

3. Intersections, Chern classes and enumerative problems

We give some examples to show how this machinery is useful in solving enu-
merative problems.

Bézout’s theorem. Start with the simplest case: two curves in the plane, C7, Cs,
with no common components. Let C; have defining equation F;(Xy, X7, X3), a ho-
mogeneous polynomial of degree d;, so the intersection subscheme C1NC5 is defined
by the ideal (F, Fy), and is a finite set of points. A each point p € Cy N Cy, we
have the intersection multiplicity

m(Cy, Co;p) = Lo, ,Ocincs.p

To explain this, we assume k is algebraically closed and take coordinates so that
p = (1,0,0) € P2. We pass to affine coordinates x; = X; /X, for the open subscheme
Uo = P2\ {Xo = 0} = Speck(z1, 23], so Opz , is the local ring k[z1, 22] (4, 4,)- Let
fi = Fi/Xgi7 so f; is the defining equation of C; N Uy, and (fi, f2)Op2 , is an
(w1, z2)-primary ideal. Thus k[x1,22](y 20)/(f1, f2) is a k[z1, 22](4, o,)-module of
finite length ¢, with £ = dimgk[z1, 22] (2, ,20)/(f1, f2), thus

m(Cy, Co;p) = dimpk([zy, 2] (2, 20)/ (f1, f2)-
We note that, in this situation, Tor?yz’p (Oc, p» Oc, p) vanish for ¢ > 0 and
lo,, ,0cyp ®0,, , Ocyp = dimpk[z1, 22) (2, ,2,)/ (f1, f2),
so our formula for m(C1, Ca;p) agrees with (2.1). Let
Ci-Cy= Y m(Cy,Cyp)-pe Z°(P?).
peCINC:

On the other hand, each F; is a section s; of Opz(d;) and another application
of Serre’s intersection formula gives

57 s0:[P?] = [Ci],
SO
C1 (O]}»z (dz)) = [Cz]

Similarly, we have the section (si,s2) of Opz(d;) ® Opz(d2) and a computation
similar to that for C7 - Cy shows

(81, 52)*80*[P2] = [Cl . 02] S CHZ(]P)Q),

SO

CQ(O]}DZ (dl) D O[pa (dg)) = [Cl . CQ]
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The Whitney product formula says ca(Op2(d1) @ Op2(dz)) = ¢1(Op2(dy)) U
c1(Op2(dy)) and since ¢; : Pic(P?) — CH'(P?) is a group homomorphism, we have

[C1 - Ca] = c2(Op2(dy) ® Op2(da))
= ¢1(Op2(d1)) U ¢1(Op2(d2))
= didy - c1(Op2(1)) - c1(Op2(1))

If we now take dy =dy =1, F; = X3, F» = X5, we have C1-Cy =1-(1:0:0),
50 ¢1(Op2(1)) Uy (Op2(1)) = [1- (1:0: 0)] € CH*(P?), and thus

[Cl . CQ] = d1d2 . [(1 :0: O)]

Applying the pushforward to the point, 7 : P> — Spec k, we have 7, (p) = 1 for all
p € P?(k) and so

> m(Cy,Cy,p) = 7. (Cr - Cy)

peC1NCy
=me(dida - [(1:0:0)])
= dids
which is exactly Bézout’s theorem. The case of n hypersurfaces Hy,..., H, in P"

that intersect in finitely many points is exactly the same: if these have degrees
di,...,dy, then

deg, Hy - Hy, =dy---d,

Lines on a cubic surface Consider a smooth cubic surface S C P, with defining
equation F' € k[Xo, ..., Xs]s. We want to count the lines on S. For this, consider
the Grassmannian of 2-dimensional subspaces of k*, Gr(2,4) (which is the same as
lines in P?), with its tautological subbundle Ey — Gr(2,4) of Gr(2,4) x A%: the
fiber of Ey over a point = € Gr(2,4) representing a 2-plane II in k% is IT C k*. Note
that Gr(2,4) is a smooth proper variety of dimension 4.

The polynomial F' determines a degree 3 polynomial function on each fiber II
of Fs, by restricting F' to II, in other words, F' gives a section sp of Sym?’Eg/ over
Gr(2,4). sp vanishes at x € Gr(2,4) exactly when F' vanishes on the corresponding
plane II, in other words, when the line £, := P(IT) C P? is contained in V(F) = S.
Noting that Sym®EY is a vector bundle of rank 4 on Gr(2,4), we thus have

#{lines in S} = degy, s350.[Gr(2,4)] = degy, c4(Sym>Ey).

where we count each line with the appropriate multiplicity (we can try to apply
the criterion of multiplicity one to see if we are really just counting the number of
lines).

So, we need to find a way to compute Chern classes of symmetric powers.

This is done via the splitting principle, which roughly speaking says that for
computing Chern classes of a functor (like Sym®) applied to a vector bundle, we
may assume that the vector bundle is a sum of line bundles. So take EV = M;® M,.
Let & = c1(M;), then ¢(EY) = c(My) - ¢(Ma), so c1(EY) = &1 + &2, c2(EY) = &1&a.

Sym*EY = MP3 @ M®? @ My & My @ MP? @ M$*,
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o
ca(Sym’EY) = e (M?) - e1 (M{? @ Ma) - e (M @ M3™®) - e1 (M)
= (3&1) - (26 + &2) - (&1 + 282) - (3&2)
= 96162(267 + 265 + 5612)
=966 (2(81 + &)% + &i&2)
=9(£1£)° +18(61&) - (&1 + &)°
= 9¢o(EY)? 4+ 18¢o(EY) - ¢1(EY)2.
The point of the splitting principle is that this identity will hold, even if EV is not
a sum of line bundles.

In any case, we now need to compute the degrees of co(EV)? and co(EY) -
c1(EY)?. Note that an linear polynomial L in Xy,..., X3 gives a section sy, of
EY, so ca(EY) is the class of V(sz). But V(sy) is just the variety of lines in P3
contained in L = 0, which is a P2. Similarly, co(E")? is the class of V(sr) -V (sz/),

in other words, the lines in V(L) NV (L’), which is just a single line if L and L’ are
independent. Thus

dogy e2(EV)? = 1
Also co(EY) - ¢1(EY)? is just the restriction of ¢1(EY)? to V(s1), so
degy(c2(EY) - e1(EY)?) = degy(c1(B))?)

In general, ¢; of a vector bundle V is the same as c¢; of the line bundle det V'
(splitting principle again), so

Cl(E‘\]{»z)Q = cl(det El\]{»z)Q
Finally, one shows that det E‘\ﬁﬁ = Opz(1), so using Bézout’s theorem we have
deg, (c1(det E|\]/p2)2) = degy (c1(0p2(1))%) =1
Putting this altogether gives
#{ lines in S} = degy, c4(EY) =9 + 18 = 27.

If we then want to show that our cubic surface S has exactly 27 lines (over the
algebraic closure k), we need to see that our section sp is transverse to the zero-
section at each point of intersection, and use the criterion of multiplicity one.

This can be done by taking the line ¢ in question to be given by Xy = X; =0,
then writing down the general cubic polynomial F' that vanishes on ¢:

F=Xo-Qo(X2,X3)+ X1 - Q1(X2, X3)
+ X8 Loo(X2, X3) + XoX1Lo1(Xa, X3) + X7 L11 (X2, X3) + C(Xo, X1)

where the @); are quadratic, and the L;; are linear, in X5, X3, and C' is cubic in
Xo,X;. The assumption that F' = 0 is smooth (along ¢) implies that Qo (X2, X3)
and Q1(X2, X3) have no common factor.

Local coordinates on Gr(2,4) near £ are y := (y1, Y2, Y3, ys) corresponding to
the line ¢,, defined by X = y1.X3 + y2X4, X1 = y3 X3 + yaX4; the fiber Fy , is the
2-plane in A* defined by the same equations. Thus, the functions (X3, X4) define
linear coordinates on Ej , for all y, so a k-basis of cubic polynomials in X3, X4 give
a framing for SymBEg’ near /.
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The function F' restricted to Fs , is given by

Y1 - X3Qo(X3, Xa) + y2X4Qo (X3, Xu)
+ Y3 X3Q1(X3, X4) + y4 X4Q1(X3, X4)
+ terms of higher order in the y;.

The fact that @y and @)1 have no common factors implies that the cubic poly-
nomials X3Qo, X4Qo, X3Q1 and X4(Q); are a k-basis of the cubic polynomials in
X3, Xy, ie, these form a framing for Ey near y = 0. Thus dsp(TGr(2,4),¢) is trans-
verse to (Tgr(2,4),0,0) in the tangent space T, ¢ x,—x,—0 at y = 0, X3 = X4 =0 in
the total space of the bundle F5, giving the intersection multiplicity one.

The Gauf3-Bonnet theorem and the Euler characteristic

For X smooth and proper of dimension n, we have c,(Tx/) € CH"(X) =
CHo(X) and thus degy(c,(Tx/k)) = (—1)" degy(cn(Qx/k)) is a well-defined in-
teger. The Gaufl-Bonnet theorem says that this is exactly the topological Euler
characteristic. On the enumerative side, one can compute x*P(X) for X a smooth
degree d hypersurface in P**+! explicitly as follows.

We have the Euler sequence for Tpn+1

O — O[PWH»l — O[Pn«i»l (1)®n+2 — T]PWL+1 — O
which, using the Whitney formula, gives
(Tpnss) = e(Opnia ()P"42) [e(Opnir) = (1 + h)™+2

with h € CH'(P"*!) the class of a hyperplane H C P**!. The tangent-normal
bundle sequence for i : X — P*t! of degree d

0—->Tx — i*T]Pnn+1 — i*Opn+1 (d) —0

gives
(Tx) = i* [e(Tpnsr) [e(Opnin (A))] = *[(1 + B)"2/(1 + dh)]

Taking the degree n component gives

degy, ¢ (Tx) = degy, ixcn(Tx)
= degy, i, i*[h" Y (—1) (" + 2) @’

i+j=n t
n+2\
— (_1)3 ) it
i-i—jZ:n ( v )
degy (i.i"h"™) = degy, (i« ([X] - i"h™)) = deg, (i ([X]) - ™) =d

Here is a table for the Euler characteristic of a degree d hypersurface X in
H_‘D7L+1:

|

\ X" (X)) |
—d? +3d
43— 4d% + 6d
—d* 4+ 5d% — 10d? + 10d
d® — 6d* + 15d° — 20d% + 15d

=l ]S
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Thinking purely topologically, one has the recursive formula for x*°P(X7):
XP(XG) = (n+1)d — (d = Dx"P(X571).

To see this, one can use any family of degree d hypersurfaces in P"*!, so we choose
the Fermat hypersurfaces V(X:"+1 X&) ¢ P+, The projection from [0,...,0,1] €
P+l represents V(Z”Jr1 X¢) as a d-fold cover of P", totally ramified along the
hypersurface V(321 , X&) € P™. Thus V(277 X4\ (VX1 XH),0) is a d to 1
covering space of P\ V(31 , X&), so

NP (XE) = XX = d (PR — P (X)),

and since x'°P(P") = n + 1, we have our formula.
Another consequence of the Gaufl-Bonnet theorem is a version of the Riemann-
Hurwitz formula

THEOREM 3.1. Let f : X — C be a morphism of a smooth proper variety X
of dimension n to a smooth projective curve C, giving the differential df : f*wc —
Qx. Suppose that the induced section df : Ox — Qx ® f*wal has isolated zeros
D1, ..., Dr, with multiplicities m1,...,m,. Let X, be a general (smooth) fiber. Then

XtOP(X) _ Xtop(xp) . Xtop(c) + (_1)n . Zmi

Proor. Using the splitting principle one shows that for V' a rank n bundle
and L a line bundle, one has

V®L ch i : )l

Our assumption on df implies that ¢, (2x ® f*wal) =, m;. Also, cl(f*wgl)i =
f*(ei(wz")?) =0 for i > 2 (since C has dimension 1), so

Z m; = degy(cn(2x) + cn1(0x) - f*(e1(Tc)))

Since Qx = T, GauB-Bonnet tells us that
degy(cn(Qx)) = (=1)" degy (en(Tx)) = (=1)"X"*"(X).
Since the normal bundle to X, is trivial, we have
Ox ®0x, =Qx, ®Ox,

so if ¢1(T¢)) = >, nip; with the p; taken so that X, is smooth, we have
cn-1(Q2x) - f*(ar(Te)) ZZXP L(nien—1(Qx,,))
Each of the smooth fibers X, have the same Euler characteristic, so

degy cam1(2x) - £ (e1(T)) = (1) X P (X,) - X7 (C)

Putting this altogether gives the result. (I
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4. Dualizable objects and abstract Euler characteristics

Let (C,®,1,7) be a symmetric monoidal category with symmetry constraint
Ty TRQY = YR,

DEFINITION 4.1. (1) The dual of an object x in C is a triple (zV, 4, ev) with zV
inC,and §:1 = 2z®zY, ev: z¥ ® r — 1 morphisms such that both compositions

s®Id Id
$%1®x&>m®xv®xﬂ>x®1%x

1d®o

vId
V2Vl 22V ererY LY 10V 2V

are identity morphisms.

(2) Suppose x has dual (zV,d, ev) and let f : 2 — z be an endomorphism. Define
the trace Tr,(f) € End¢(1) as the composition

5 ®Id Te,zV
1—>x®xvf—>x®arv—>xv®a:ﬂ>1

The Euler characteristic xc(z) is by definition Tre(Id,).

REMARK 4.2. If z € C admits a dual, we say that = is dualizable.

The dual (zV, 4, ev) of an object z, if it exists, is unique up to unique isomor-
phism. This implies that the trace Tr,(f) of an endomorphism f : z — z, and
Euler characteristic xc(x), for dualizable z, are well-defined elements of End¢ (1),
independent of the choice of dual.

ExampLES 4.3. 1. Let C = k — Vec, the category of k-vector spaces, with
® = ®g, unit k and 7(a @ b) = b® a. Then V € k — Vec is dualizable if and only
if dim;V < oo, the dual is the usual dual vector space, ev: VV @, V — k is the
evaluation map f @ v — f(v),and § : k = V@, VY sends 1 € k to >, e; ® €',
where e, ..., e, is a basis of V with dual basis e',...,e™. The trace is the usual
trace and x (V) = dim;V as an element of Endy (k) & k.

2. For C = graded k-vector spaces, we have a similar story, except that 7(a ®
b) = (=1)4Plp © a, for a,b homogeneous of degrees |a|, [b|. If V = @,V,, then
x(V) =3, (=1)"dim; V,,.

3. For C = D(k — Vec), the derived category, the dualizable objects are the
complexes K, such that the homology H,.(K.) = ®,H,(K,) is finite dimensional
over k and x(K,) = >, (—1)"dim,H,(K.), again as an element of End(k) = k.
Sending a finite CW complex T to its singular chain complex C, (T, k) we see that

X(C.(T, k) = x*P(T)

in k. We have a similar computation for C = D(Ab) and for the integral singular
chain complex C, (T, Z), giving x(C«(T,Z)) = x**P(T) € Z = Endp(aw)(Z).

4. We may take C to be the homotopy category SH of the category Sp of spectra.
SH is symmetric monoidal with unit the sphere spectrum S. Note that Endgy(S)
is the Oth stable homotopy group of spheres, which is Z, and that the dualizable
objects form the thick subcategory generated by the suspension spectra of finite
CW complexes. One recovers the usual topological Euler characteristic as the
categorical Euler characteristic

Xsu(E%T4) = x"P(T).
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One can see this by applying the symmetric monoidal functor C2™8 : SH — D(Z)
sending the suspension spectrum of a topological space T' to the singular chain com-
plex C3"&(T, Z), which induces the identity map Z = Endgu(S) — Endp(z)(Z) = Z.

5. Morel’s theorem and the quadratic Euler characteristic

Morel and Voevodsky have defined a homotopy theory where finite sets in the
classical theory get replaced by smooth algebraic varieties over a given field k. The
replacement of the stable homotopy category is the motivic stable homotopy category
over k, SH(k). This is a symmetric monoidal category with unit the motivic sphere
spectrum Si. The operation of P! suspension, ¥p1, is formally inverted in SH(k).

For each pair of integers a,b one has the associated suspension functor X%°;
for a > b > 0, this is smash product with S4=* A G/’ and for arbitrary (a,b), this
is defined as

Za,b — Za+2N,b+Nz];lN; N >> O

The fact that S* A G,, = P! implies that this is well-defined, independent of N .

To construct the Grothendieck- Witt ring over k, GW (k) one starts with the set
of isomorphism classes of non-degenerate symmetric bilinear forms over k (this is the
same as non-degenerate quadratic forms over k if 1/2 € k). This is a commutative
monoid under orthogonal direct sum, and GW (k) is the group completion, that is
elements are formal differences of non-degenerate symmetric bilinear forms (up to
isomorphism), with the relation a —b = (a L ¢) — (b L ¢).

GW (k) is a commutative ring, with product induced by tensor product of
symmetric bilinear forms: for b : V. xV — k, V' : W x W — k, we have bQ b’ :
(VoW)x (VW) —kwithb®b(vew,v ®w) =bv,v)b (w,w).

We will usually work away from characteristic 2, and so will speak mainly of
quadratic forms.

A non-degenerate form ¢ has its rank, namely, the dimension of the vector
space on which it is defined. Sending ¢ to rank g defines a ring homomorphism
rank : GW(k) — Z.

For u € k*, we have the rank 1 form (u) with (u)(z) = uz?, more generally,
we have the rank n form Y 7 | (u;) with >0 (w;)(z1,...,2,) = Y1, u;x?. Away
from characteristic 2, every quadratic form is isomorphic to such a “diagonal” form.
The hyperbolic form is H(x,y) = z? — y?> = (1) + (—1). For a form ¢, we have
q - H = rank(q) - H. The Witt ring W (k) is defined by

W (k) == GW(k)/(H).

For k algebraically closed, the rank homomorphism is an isomorphism GW (k) =
Z. For k = R, Sylvester’s theorem of inertia says that each ¢ € GW(R) is uniquely
of the form g =a- (1) +b- (—1), a,b € Z, and the signature homomorphism

sig: GW(R) — Z

is given by sig(a- (1) +b-(—1)) =a —b.
Crucial to our discussion is Morel’s theorem [27], Theorem 6.4.1, Remark 6.4.2].

THEOREM 5.1 (Morel). There is a natural isomorphism

GW(IC) = EndSH(k) (Sk)
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Each smooth proper variety over k, X, defines a dualizable object ¥X3? X in
SH(k) [16], Corollary 6.13], so one has the associated Euler characteristic

X(X/k) := xsu(k) (851 X4) € Endsgp) (Sk) = GW(k)

If we assume that k has characteristic zero, or if we invert p if k has characteristic
p > 0, XU, is dualizable for all smooth U, so the definition of x(X/k) extends
to arbitrary smooth U over k. Under the same assumptions, x(X/k) extends to
the Euler characteristic with compact support, x.(Z/k) for arbitrary finite type
k-schemes, with x(X/k) = x.(X/k) for X smooth and proper.

The formal properties of categorical Euler characteristics and additional struc-
tural properties of SH(k) yield a number of properties of these Euler characteristics:
For u € k*, let (u) denote the rank one form (u)(x,y) = uxy.

o X(ZX/k) = (—=1)*((-1))" - x(X/k)
e If Z contains a closed subscheme W with open complement U, then

Xe(Z/k) = x(U/k) + xc(W/k)

If Z and W are smooth, and W has codimension ¢ in Z, then

X(Z/k) = x(U/k) + {(=1)*x(W/k)

e If F — B is a fiber bundle with fiber F', locally trivial in the Nisnevich
topology, and E, B and F' are smooth, then

X(E/k) = x(B/k) - x(F/k)

e For X a smooth k-scheme, we have ranky(X/k) = x*P(X). If k = C,
this says ranky(X/C) = x*P(X(C)). If k = R, we have sigy(X/R) =
P (X (R)).

e Suppose X is cellular: there is a stratification § = X_1 C Xg C ... C
X, = X with X; C X closed of dimension i, such that X, \ X;_; is a
disjoint union of affine spaces A%. Then CHY(X) is a free abelian group
of finite rank for each j, and letting ry = Y rankCH? (X), r_ =

Zj odd rankCH’ (X), we have

j even

X(X/k) =7y - (1) +r - (1)

For example

n

X(B"/k) = (=1)!

=0

e Let Z C X be a smooth closed subscheme of a smooth k-scheme X, of
codimension ¢ and let X be the blow-up of X along Z. Then

c—1

X(X k) = x(X/k) + (Y _(=1)) - x(Z/k).

i=1

Since the rank n form Z?;()l(fl}i comes up a lot, we denote this by n..
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6. A version for K

The GauBl-Bonnet theorem is quite flexible, one can replace the Chow groups
of algebraic cycles with another theory with similar formal properties. One such
theory is the Grothendieck group of vector bundles Ky(X).

DEFINITION 6.1. Let X be a (finite-type, separated) scheme over a field k.
Ko(X) is defined as the free abelian group on isomorphism classed of vector bundles
(locally free coherent sheaves) on X, modulo relations of the form [V] = [V']+[V"]
for each exact sequence

0>V -V -=V"=0
of vector bundles on X. Tensor product of locally free sheaves defines a commutative
ring structure on Ky(X) with unit [Ox]. For f:Y — X a morphism of k-schemes,

sending a locally free sheaf V on X to the pullback f*V on Y descends to a ring
homomorphism f* : Ko(X) — Ko(Y).

For example, sending k-vector space V to its dimension defines an isomorphism
Ky(Speck) = Z.

We now restrict to smooth k-schemes. The pushforward for a proper map f :
Y — X is defined by taking finite resolutions by vector bundles of the higher direct
images P; . — R'f.V and then taking the alternating sum f,[V] := i (—1)"H [P, ).
This gives us the degree map

degr : Ko(X) = Z

for 7 : X — Spec k smooth and proper over k by degt (z) := 7, (x) € Ko(Speck) =
7.
The Euler class of a rank r vector bundle p: V' — X has the explicit form

T

(V)= (-)AVY]

i=0
since s,Ox has the resolution as the Koszul complex
0= AP VY 5. .. 5 A VY 5 p VY I 5,05 =0

and R's,Ox =0 for 5 > 0. Thus

(V) = 3 VY] = SNV,
i=0 i=0
For the case of the tangent bundle on X of dimension n, we get

n

en (Tx) = ) (-1)[%].

i=0
Since RImy.(Q) is the k-vector space H’(X, Q% ), the Gau-Bonnet theorem
gives

PP (X) = degl (K (Tx)) = Z (=) dim, H (X, Q%) € Z = Ko(Speck),
i,j=0
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7. Computing the quadratic Euler characteristic

The definition of x(X/k) is very abstract, so except perhaps for cellular va-
rieties, it is not clear how to compute it. The motivic version of Gau-Bonnet
theorem is valid in a wide range of contexts; the most general version is due to
Déglise-Jin-Khan [7, Theorem 4.6.1]. A consequence of their motivic Gau-Bonnet
theorem is the following.

THEOREM 7.1 (Levine-Raksit [25]). Let X be a smooth proper k-scheme of
dimension n. Let qnqqg be the quadratic form on @, HI(X, Qﬁ(/k)[P— q] induced by
the cup product map

HI(X, 9% ) @ H" (X, Q% F) - H"(X, Q%)

followed by the canonical trace map given by Serre duality
Trx : H"(X,Q’}(/k) — k.
Then x(X/k) € GW(k) is the class of gnag-
We will discuss the main ideas in the proof of this result in the third lecture,

and we will also see how to make the computation of x(X/k) quite explicit for X
a smooth hypersurface in a projective space, using the Jacobian ring.






CHAPTER 2

Lecture 2: Quadratic intersection theory

We introduce some basic notions about a quadratic refinement of intersection
theory and characteristic classes.

1. Introduction

We have seen that the Chow groups, with their intersection product and the
Chern classes of vector bundles, gives a path to computing enumerative invariants
for geometric problems over an algebraically closed field. Here we refine this to a
setting where the invariants live in the Grothendieck-Witt ring. This gives infor-
mation on enumerative problems over the reals by taking the signature, and other
invariants of quadratic forms, such as the discriminant, gives information over other
fields.

2. Milnor-Witt K-sheaves

There is a rather sophisticated description of the Chow ring of a smooth variety
X as sheaf cohomology:

(2.1) CH™(X) = H"(X,KM)

where KM is the sheaf of Milnor K -groups. For a local ring R (with infinite residue
field), KM (R) is the tensor algebra on the group of units R* modulo the Steinberg
relation

KM(R) = (R)®* /(u®1—u|u,1—uecR*)

KM(R) = ®,>0KM(R) is a graded ring with multiplication induced from the
multiplication in the tensor algebra. This construction extends to a sheaf of graded
rings K on a scheme X with stalk at z € X KM(Ox ,); note that KM = OF and
K is the constant sheaf Z. The identity is known as Bloch’s formula; this is
the classical identity

H'(X,0%) = Pic(X) = CH'(X)

for n = 1; for n = dimi X, this was proven by Kato [18, [§0, Theorem], and in
general by Kerz [20, Theorem 7.5] (assuming the base-field has more than a certain
finite number M,, of elements). The main point is to show that X} admits a flasque
resolution of the form

0= KM 5 @, voin KM (k(2) D @pexio KM (k(z)) S ...

o . o .
= Gpexn-nin T (k(T)) = Bpexmindy (k(z)) =0

19
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with X (@ the set of codimension ¢ points of X, so

H™(X, M) = coker[® e x o K1 (k(2)) 2 @pexon KT (k(x))]

= coker[® ¢ x(n-1 k(x)* dv, BrexmZ]

= CH"(X).

See [18] §3, Theorem 1], [34] Theorem 6.1], [8, Proposition 4.3], [20, Theorem 1.3]
for the successive stages in the proof of this result.

The quadratic refinement, the Chow-Witt groups, were first defined by Barge
and Morel [3]. Later one, Hopkins and Morel (see [27] §6.3] defined the Milnor- Witt
K -groups, which lead to a definition of the Chow-Witt groups completely parallel
to Bloch’s formula.

Following Hopkins-Morel, for a field F, KMW(F) is the graded, associative
Z-algebra defined by generators and relations

e Generators:
— [u] in degree 1 for u € F*
— 7 in degree -1.
e Relations:
— [u]n = nu] for all u € F*
— [u][l —u] =0 for u,1 —u e F*
= [w] = [u] + [v] + nu][v]
— let h:=2+n[-1]. Thenn-h =0

Morel [26] shows that the KW (F) extend to define a Nisnevich sheaf of graded
rings MW on a smooth k-scheme X, or even on the category of smooth, separated,
finite-type k schemes, Sm/k. Here is a resumé of some of the first properties of
this construction.

PROPOSITION 2.1. Let X be a smooth k-scheme.

1. Let GW, W denote sheaves of Grothendieck- Witt rings, resp. Witt groups, on X.
There is natural isomorphism KY™W = GW and for n < 0 a natural isomorphism
MW >y,

2. The element 1 defines a global section of KMV and KMW /(n) = KM.

3. Let T C GW be the kernel of the rank homomorphism. Then for all n > 0, the
surjection KMW — KM has kernel ZnH1.

4. The assignment X — lerlVI)V(V extends to a sheaf on Sm/k: Let f 1Y — X
be a morphism of smooth k-schemes. There is a natural pullback map of sheaves
[ RN = K, with (fg)* = g™ f*. The items (1)-(3) are natural with
respect to f*.

3. Chow-Witt groups and Witt sheaf cohomology

DEFINITION 3.1. Let X be a smooth k-scheme. For n > 0, the nth Chow-Witt
group CH (X)) is defined as
CH'(X) = H™(X,KMW)

o, we have the map Eﬁn(X) — CH"(X), with
kernel and cokernel arising from H*(X,Z"*!), which gives the new “quadratic”
information. The pullback maps f* : f_llC%)V(V — ICQ/[,W for f: Y — X induces

Via the surjection KMW — KM
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pullbacks f* : cH" (X) — é‘ﬁ"(Y) compatible with the pullbacks f* : CH"(X) —
CH"(Y). There are also pushforward maps for proper maps, but here we need to
introduce a new ingredient: orientations and twisting.

Given an invertible sheaf £ on X, we can form the twisted version GW(L) of
GW, this being the sheaf of quadratic forms with values in £ (instead of in Ox).
GW(L) is a GW = K}V module by multiplication, and we can define the twisted
Milnor-Witt sheaf by

KM (L) = KMV @y GW(L)

We can think of a section of KMW (L) as locally in the form s - \, with s a section
of KMW and X\ a nowhere zero section of £, with the relation

s+ (uA) = ((u) - 5) - A
for u a unit.
DEFINITION 3.2. The L-twisted Chow-Witt groups are defined by
CH"(X; L) = H"(X,KMW (L))

There is a Gersten-type resolution of the Milnor-Witt sheaves, which gives an
interpretation of the Chow-Witt groups as “cycles with coefficients in the Grothendieck-
Witt group”. This is called the Rost-Schmid resolution and looks like this (d =
dika)

0= K" = Grexo KYW (k(x)) 9, Do x KMV (k(z); det ™ m, /m?) o
D B KM (k(x); det ™" my /m2) &
2 e x@n KM (k(x); det ™ my/m2) & @, v KM (k(x); det ™ my /m2) — 0

See [26] and [11], 12] for details. Looking at the terms in degree n — 1,n,n + 1,
N
ones sees that an element x of CH (X)) is represented by a finite formal sum

> 47
j

where the Z; are codimension n subvarieties of X, ¢; is in GW(k(Z;),detN),
and Nj is the restriction to Speck(Z;) of the normal sheaf (Zz, /I%j)v. There is
the coboundary condition 9(3_; q; - Z;) = 0, living in the twisted Witt groups of
codimension one points of the Z;s, and all this is modulo the boundary of elements
of the twisted KMW of generic points of codimension n — 1 subvarieties. One
should think of these relations as a quadratic version of the divisor of rational
functions, but, as X, = 0, there is no analog in the Chow groups of the additional
“coboundary condition” that one has for the Chow-Witt groups.

Since (u?v) = (v), we have canonical isomorphisms

CH™(X; L ® M®?) = CH"(X; L)

For f:Y — X a proper map of smooth varieties of relative dimension d, and £ an
invertible sheaf on X we have the pushforward map

fo HP(Y, KM (wp @ f5L)) — HP4(X, KMY (L))
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Here wy is the relative dualizing sheaf wy := wy/, ® f*w;(}k, and wy /= Qg};’,‘gy is

the sheaf of top degree differential forms (similarly for wx ;). This gives

fo: CH'(Y,wp ® f°£) — CH' (X, £)

One can view this extra twisting by wy; as an analog of the introduction of the
relative orientation sheaf needed to define proper pushforward for cohomology of
unoriented manifolds.

For a rank r vector bundle p : V' — X with zero section s : X — V, we have

ws, =detV
giving the pushforward
so.: CH(X) = CH™ " (V,p* det ™' V)
and the Euler class
e(V) i= s*s0.(1x) € CH (X, det ™' V).
For px : X — Speck smooth and proper of dimension n we have the quadratic
degree
— —n —0
degy, := px« : CH (X,wx/;) — CH (Speck) = GW (k)
An orientation for a vector bundle V — X is an isomorphism p : det ™'V =»
wyx ® L®? for some invertible sheaf £. Given an orientation on a vector bundle
V of rank n = dim;X, we have deg,(e(V)) € GW(k) defined by applying the

composition

—-—"Nn

CH' (X, det™1 V) £ CH (X, wx®L82) 2 CH (X, wy ) 2% CH (Spec k) = GW (k).

to e(V).
The surjection XMW — KM extends to a surjection KMW (L) — KM, giving
the map

CH (X, L) — CH"(X)

In another direction, the isomorphisms XMW (£) — W(L) for n < 0 are compatible
with multiplication by 7, xn : KMW (L) — KMW (L), so extends to a map

xnV MWL) = W(L), N >>0
giving the map
CH (X, L) — H"(X,W(L))

One has the functorialities for H™ (X, W(L)) similar to those for the twisted Chow-
Witt groups, and the two comparison maps

CH™(X) « CH (X,L) — H™(X,W(L))

are compatible with f* and f.. For the case of the degree maps, we have the
commutative diagram

CH"™(X) +—— CH (X, wx ) — H"(X,W(wx/x))

lde%k J‘Té—ék Jdegk

T+ GW(k) —— = W(k)
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for X smooth and proper of dimension n over k, with deg,, the pushforward to the
point,
degy, := px. : H*(X, W(wx,)) = H(Speck, W) = W (k),

and with 7 : GW (k) — W (k) the quotient map.

Noting that an element of x € GW (k) is determined by rank(z) € Z and 7(z) €
W (k), it is often easier to work with the somewhat simpler Witt sheaf cohomology
if one is mainly interested in “quadratic part” of enumerative invariants. Here are
some examples.

Quadratic Bézout theorem This was first discussed by McKean [19]; we give
here a slightly different treatment.
The global part is very simple

PROPOSITION 3.3. Let V — X be a vector bundle of odd rankr. Then eV (V) €
H"(X,W(det™ ' V)) is zero.

The Euler class is multiplicative with respect to direct sums (or exact se-

quences), SO

e’ (®;L;) =0
for line bundles L;. However, for the quadratic Bézout theorem, one also needs
the quadratic analog of the intersection multiplicities. This can be supplied by the
Euler class with support and the purity theorem.

Let V — X be a rank r vector bundle, s : X — V a section and Z C X a closed
subset containing the locus s = 0. Then e(V) := s*s0.(1x) € H"(X, KMW (det ™' V))
lifts canonically to the Euler class with support ez(V,s) € Hy(X,KMW (det™" V).

The purity theorem is the following

THEOREM 3.4. Suppose i : Z — X is the inclusion of a smooth subvariety Z of
a smooth variety X of codimension ¢, and let L be an invertible sheaf on X. Then
the pushforward i, : HP=¢(Z, K}V (i*£L @ w;) — HP(X,KMW (L)) factors through
an isomorphism

i HP(Z, KV (" L @ wy) = HY (X, KV (L))
via the forget the support map HY (X, IC(]I”W(E)) — HP(X, ICéV[W(E)).

To apply this to Bézout’s theorem, take our two curves C1, Cs defined by sec-
tions F; : P2 — Op2(d;) and with C1 N Cy = {p1,...,pr}. Let Z = {p1,...,p,}.
The section s := (Fy, Fy) of V' := Op2(dy) @ Op2(dz) gives the Euler class with
support
ez(V,s) € Hz (B I3 (Opz (—di—da)) = @, H® (pj, GW(Op2 (—d1 —d2) R )@k (p;))
Now suppose that —d; —ds is odd, and recall that wpz = Op2(—3). Then GW(Op2 (—d; —
d2) ® wys') =2 GW, and we have

ez(V,s) = Hm(Fl,anpj) € ®;GW(p;)
J

defining the quadratic intersection multiplicity m(s1, s2,p;) € GW(p;). Using the
functoriality of pushforward, and the fact that the pushforward for p; — Speck is
the trace map Try(,.)/x : GW(k(p;)) — GW(k), we find

degy (e(V) = 3 Trage)w (M F1, P, ;)
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But since "V (V) = 0, this says that 7(deg,(e(V))) = 0 in W (k), that is,
degy(e(V)) =m - H € GW(k).

Comparing with the classical Bézout theorem via the rank map, we know that
m = dydz/2, which is an integer, since exactly one of dy,dy is even. This gives us
the quadratic Bézout theorem.

THEOREM 3.5 (McKean [19]). Suppose we have plane curves Cy,Cy C P% of
degree dy, do, with no common components. Suppose in addition that dy + dg is odd

Then dd
> Trip,) e ((Fy, Fa, pj)) = % -H
J

To round things out, it would be nice if we had a more explicit description of
the quadratic intersection multiplicity. This is given by a quadratic refinement of
the formula

m(C1, Cy,p) = dimpOp2 , /(f1, f2)

where (f1, f2) are local defining equations for C, Cs near an intersection point p.
For this, we need to make clear how our (canonical) isomorphism wpz =2 Opz (—3)
gives rise to the isomorphism GW(Opz(—d; — d2) @ wg') = GW.
The isomorphism wpz & Opz2(—3) is given by choosing the global generator for
wp2(3) to be the differential form

Q = XodX,dXs — X1dXodXs + X2dXod X,

so we have Opz(—3) = wp2 by sending a local section A of Opz(—3) to the local
section A-Q of wpz. This gives the isomorphism Opz (—d; —dg +3) = wﬂjzl(—dl —ds)
similarly. Writing —d; — d2 + 3 = 2m, we have the isomorphism

¢ Op2(m)®? 55 win! (—dy — do),

and a distinguished local section of w]l;l(—dl — dg) is a section of form ¢(A\?) for A
a local section of Opz(m).

Take p = p; for some j and let L = L(Xo,X1,X2) be a lincar form with
L(p) # 0. Choose local parameters t1,t, generating m, C Op2 , such that

(LBFd2 . qty A dty) ™t
is a distinguished local section of w]PTQI(—dl —dy) and let f; = F;/L% € m,. Choose
ai; € Op2,, so that
fi = anty + agpts

and let e be the image of det(a;;) in O, = Op2,,/(f1, f2). Op is a Artin local ring
with residue field k(p), so the surjection O, — k(p) admits a (non-unique) splitting,
making O, a finite dimensional k(p)-algebra.

The following result comes from work of Scheja-Storch [35], Kass-Wickelgren
[17], and Bachman-Wickelgren [2].

PROPOSITION 3.6. 1. e is independent of the choice of the a;; and generates
the socle of J as k(p)-vector space.

2. Let ¢ : Oy, — Ek(p) be a k(p)-linear form with ¢(e) = 1. Then m(F1, Fa,p) €
GW (k(p)) is represented by the quadratic form qss associated to the bilinear form
bss(z,y) = L(zy),

that is qss(x) = £(x?).
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EXAMPLE 3.7. The simplest case is when C; and C5 intersect transversely at p
and p is a k-point, so O, = k. In this case, the image of a;; in J is just (9f;/0t;)(p),
so e is the determinant of the Jacobian matrix (0f;/0t;)(p), and ¢sg is the rank
one form (1/e) ~ (e).

Exercise Assume that at p, using coordinates (z,y) and a certain L gives a distin-
guished local section of w]PTgl(—dl —dy) at p, and that f; = F;/L%. Compute the
quadratic intersection multiplicity at p = (0,0) € Spec k[z, y] for the given (f1, f2)

a. (f1,f2) = (z,3y)

b. (fi, f2) = (2, 9?)

c. (f1,f2) = (y — 2%, y* — 2%

d. (f1, f2) = (ya*,y* — 2?),

Lines on a hypersurface

As for the Chow group, one can compute the quadratic count of the number of
lines on a hypersurface X C P" of appropriate degree d by computing the degree
of the Euler class of Sym?(EY), where Ey — Gr(2,n + 1) is the tautological rank
2 subbundle of the trivial rank n + 1 bundle. Since dim;Gr(2,n+ 1) = 2n — 2 and
Sym?(Ey) has rank d + 1, the condition on d is d = 2n — 3. In this case Sym?(EY)
has even rank 2n, so one has the possibility of a non-zero Euler class. We need to

check the orientation condition.
One has the Euler sequence for Gr(2,n + 1):

0— E®Ey) — Og}"é,nﬂ) ® B5 = Tar(2ne1) — 0

det E5' = Ogy(2,n41)(1) with respect to the Pliicker embedding, and det E, ® EY is
trivial, so we have

det TGr(Z,n+1) = OGr(2,n+1) (7’L =+ 1)7 War(2,n+1) = OGr(27n+l)(_n - 1)

We can compute det Sym?(EY) by using the splitting principle again: If EY =
Ml D Mg, then
Sym®(Ey) = &L MP"™" @ My

> d(d+ 1))

.
det Sym(BY) = (My @ M) 1 = O, (A

Since d = 2n — 1, this is Og(2,n+1)((2n — 3)(n — 1)) and so
det ™ Sym*(EY) = warzns1) ® Ocriznsn((n —1)% +1)%2
which gives the orientation condition. We thus have
e (Sym(EY)) € H*%(Gr(2,n + 1), W(det™ " Sym?(Ey)))
= H>7(Gr(2,n + 1), W(War(2,n41)))

so we have
degy, (™ (Sym®(Ey))) € W (k).

To compute this, we use the following general result
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THEOREM 3.8 ([22] Theorem 8.1]). Let V. — X be a rank 2 vector bundle.
Then for d odd

W(Sym?V) = dlle(V)41/2 ¢ HY(X, W(det ™" Sym?V))
Here d!!=d-(d—2)---3-1.

In our case, we have
W (Sym(EY)) = dle(EY)" € H*2(Gr(2,n+ 1), W(Ocrznsny(n — 1))

Wendt [38] has computed the intersection ring of H*(Gr(2,n + 1), W(x)) and

shows that
degy (™ (By)" ™) = (1) € W(k)
so
degy, (e” (Sym?(EY))) = d!l - (1) € W (k).
If we let Ni(n) = degy(can_2(Sym**3(EY))) € Z, then we have the full qua-

dratic degree

degy (e7V (Sym*(Ey))) = dlt - (1) + (H € GW()

For the case of the cubic surface in P3, we have
deg,, (“W (Sym®(EY))) =3 (1) + 12- H € GW(k)

This recovers the first such computation, by Kass-Wickelgren, who used a more
explicit computation of the Euler class via the quadratic local multiplicities.

REMARK 3.9. An amusing but as yet unexplained fact is that this “quadratic”
count ng := d!! is comparable with the classical count Ny of the the number of lines
on a degree d = 2n — 3 hypersurface in P” via the following

log Ny

d~>oo 1og nq

To see this, one has the following formula for N, := deg(cqy1(Sym®Ey)):

= 27)!
By Ny 2o % Hd i

T 1<i1<...<i,p <35 7= 1

Il
<

This follows by first using the splitting principle to give the expression

a
[

2

capr (SymEy) = [ ((d = 2i)ca + i(d — i)c})
=0

where ¢; := ¢;(Ey ), or

car1(Sym?EY) = (d!l)? Z (1) /27 20 3 H i5( < 2@"

1< <. <, <45 J= 1

The degree of ¢s"/77c2" is the degree of Gr(2,r +2) with respect to the Pliicker
embedding, and the Schubert calculus tells us that this is the number of ways of
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filling in a 2 x r matrix with the integers 1,...,2r, increasing in both rows and in
all columns. By the “hook-length formula” (see e.g. [14, Formula 4.12]) this gives
r 2r)!
deg {HHD/2=T g2r _ (2r)

N
In an appendix to the article by Griinberg-Moree [15] on the asymptotic prop-
erties of the numbers Ny, Zagier rewrites Ny as an integral
2 a0 [ t?
d p \/_w¢d()(1+t2)2

where
d—1

d=1 2
2 1 + (d—gl) t2
t) = — 4 <.
This enables us to compare the asymptotics for the classical count Ny and the
quadratic count d!!. The formula (3.1]) gives the inequality

log(Ng)

2< log(d!!)

In the other direction, we have
2

o0 t [o ]
S — 242 2dt =4
([m@@“+ﬂyﬁ< + z 2t

giving the upper bound
8
log(Ng) < log(;) + (d + 1) log(d).
Similarly, we have
2log(d!!) > log(d!) > d(log(d) — 1)
so (with C := log(£))

log(Ng) < C + 2log(d!") + d + log(d).

Thus ( ) o
log(Ny4 2 2
2 2
< Tog(@) = g T log(@) —1 " d(1 = (log(d)) )’
and hence
log(Na)
m

d—oo log(ng)
Thanks to Kirsten Wickelgren for pointing out the paper [I5] and to Sabrina
Pauli for discussions on this topic.

4. Quadratic Gau3-Bonnet and the quadratic Riemann-Hurwitz
formula

The motivic Gaufl-Bonnet theorem gives as special cases
THEOREM 4.1. Let X be smooth and proper over a field k. Then
X(X/k) = degy (7" (Tx i) € GW(k)
and the image w(x(X/k)) of x(X/k) in W (k) is given by
m(x(X/k)) = degy,(e" (Tx/1)) € W (k)
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Note: This says in particular that x(X/k) = m- H for some integer m if dimy X
is odd.

We will say a bit about the proof in Lecture 3. A consequence is a quadratic
version of the Riemann-Hurwitz formula

THEOREM 4.2. Let f: X — C be a morphism of a smooth proper k-scheme X
of dimension n to a smooth projective curve C. Suppose that the induced section
df : Ox — Qx ® f*wgl has isolated zeros pi,...,p, with quadratic multiplicities
m; € W(k(p:)). If n is odd, we suppose in addition that wc = L®? for some
inwvertible sheaf on C. Then

m(x(X/k)) = Z Tri(pyui € W (k).

Since det(Qx ® f*wal) =wx @ ffwg", our assumption that we = L% if n is
odd says that we have the orientation condition needed to define the local quadratic
multiplicities
m; =€) (Ax®f*wg', df) € H (X, W(wx®f*w"™)) = HJ (X, W(wx)) = W (k(p;))

The proof follows the same idea as for the classical case: one computes the
quadratic degree deg;e"” Qx/k® f*wg/lk) as »; Try(p,) /s and then uses

PROPOSITION 4.3. Let V be a rank r vector bundle on a smooth k-scheme X
and let L be a line bundle on X. If r is odd, we suppose that L = M®? for some
line bundle M. Then

VL) =eV(V)e H (X, W(det ' V) = H* (X, W(det (V@ L)))

One also has an explicit formula for the m; using the quadratic form on the
local Jacobian rings J(df )p,:

J(df)p; = Ox p,/(-..,0f/Ot;,...),

with respect to suitably chosen coordinates tq,...,t, at p;. In fact, take p = p; a
point with df = 0. Let ¢ = f(p) and let t € my C O¢ 4 be a local parameter. Let
Z1,...,2, € m, C Ox,, be local parameters. If n is odd, we let p : L% - we

be the chosen orientation, and we assume that the local generator dt of wc 4 is of
the form p(\?) for A a local generator of £ near q. Let g = f*(t) € m,, giving the
partial derivatives dg/0x;, i = 1,...,n. Let J(f,p) = Ox ,/(0g9/0x1,...,0g/0x,)
and choose elements a;; € Ox , with

89/3@ = Z Q5T 5
j=1

Let ess € J(f,p) be the image of det(a;;). The fact that df has an isolated zero at
p implies that J(f,p) is an Artin k-algebra, so contains the residue field k(p). Let
¢: J(f,p) = k(p) be a k(p) linear map with ¢(egs) = 1 and define the quadratic
form q?i on J(f,p) with values in k(p) by

g7 (x) = ((z”).
Then the local Euler class m{"W = ¢SV (Qx @ frwg',df) € GW(k(p)) is repre-

i
sented by ¢75. This type of formula for the local indices appears in [17] and is

systematically developed in [2].



4. QUADRATIC GAUSS-BONNET AND THE QUADRATIC RIEMANN-HURWITZ FORMULZA9

Exercise

Suppose X and C' are both smooth curves and f : X — C a finite cover. Take
p € X and suppose we have local parameters x at p and ¢ at ¢ := f(p) such that
f*(t) = ux™ for u € O)Xgp a unit. Suppose that n is prime to the characteristic
and that dt satisfies the appropriate orientation condition. Compute the quadratic
multiplicity eS™ (Qx ® frwgt,df) € GW(k(p)).






CHAPTER 3

Lecture 3: Computational methods

We discuss computing the quadratic Euler characteristic via Hodge cohomology
and the Jacobian ring, as well as using normalizer localization to compute degrees
of quadratic Euler classes.

1. Introduction

As they carry more information than the classical Z-valued invariants, the qua-
dratic invariants are often more difficult to compute. In this lecture, we will go over
some of the computational tools that have been developed to enable such computa-
tions. The methods include the development of a calculus of characteristic classes
of vector bundles with values in Witt sheaf cohomology, algebraic computations of
the quadratic Euler characteristics of smooth hypersurfaces in P, and localization
techniques for computing Euler classes and virtual fundamental classes. As a fur-
ther example we look at a quadratic count of twisted cubic curves on hypersurfaces
and complete intersections in a projective space.

2. The motivic Gauf3-Bonnet theorem and computations of the
quadratic Euler characteristic

In this section, we will explain a bit about the motivic Gauf3-Bonnet theorem
and its proof, and then discuss some computational methods. For the first topic,
we need a bit a background about the motivic stable homotopy category SH(k) a
field k.

SH(k) is a triangulated, symmetric monoidal category, with product A and
with translation functor g1 := — A S*. G,,-suspension g is also invertible and
Pl-suspension Yp: is the same as X1 %g,, = Xg, Yg1. One defines the family of
suspension operations

a,b .__ ya—byxb
LRSS Vi

We have the category of pointed spaces over k, Spc, (k), this being the category
of pointed simplicial presheaves on Smy, with the Yoneda embedding Smj; —
Spc, (k) sending X to the representable presheaf X, of sets, with an added base-
point.

A Pl-spectrum € is a sequence of pointed spaces over k, (€, &1, ...) together
with “bonding maps”

€p : E[Plgn — 5n+1

As an example, if we start with some X € Spc,(k), we have the P!-suspension
spectrum

DR(X) = (X, Spd,... S5 (X),...)

31
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with €, the identity map Spi X% X = £27' X', This gives rise to the P!-suspension
spectrum functor

$%(-) : Spe, (k) — SH(k); X — DXX.
in particular, we have X2 X, € SH(k) for each X € Smy, but also objects such as
Y X/X\ Z for Z C X an arbitrary closed subset. The unit for the smash product

A is the motivic sphere spectrum Sy := ¥*°Spec k.
Each £ € SH(B) defines a bi-graded cohomology theory on Spc, (k) by setting

E¥P(X) := Homgp(p) (S5 X, 2*PE),

giving the functor

4" . Spc, (k)°P — Ab.
For X = X, this is usual £-cohomology, £%°(X), and for X = X/X \ Z, this gives
the £-cohomology with supports Eg’b(X ), with the long exact sequence

L EXN(X) 5 EMN(X) o £ (X \ 2) D £a (X)) L

We usually work with commutative rings £ in SH(k), with unit u : S — £ and
product £ A E — £. This makes £**(X) 1= @,,,E¥?(X) into a bi-graded ring with
unit 1§ € £99(X), 1x := p% (u), px : X — Speck the structure map.

We will work with two special types of £ in SH(k): the oriented spectra and
the SL-oriented spectra; these “simplify” the £-cohomology in the following way.
There is a canonical isomorphism

BE(AT x X/(AT\ {0}) x X) 2= 327X,

giving the canonical isomorphism, for V' — X the trivial rank r vector bundle on
X

5a+2r,b+7‘(v) ~ ga,b(X)

Ov
If € is oriented, one has canonical and natural isomorphisms

E5TIT(V) o E7(X)

for arbitrary V. — X (r = rankV). If £ is SL-oriented, one has canonical and
natural isomorphisms

a+2r,b+r Pv.p a
E (V) =5 E7N(X)

for each isomorphism p : det V.= Ox (if such exists). An oriented theory is also
SL-oriented, and the isomorphism ¢y, is independent of p.

DEFINITION 2.1. Let £ be an SL-oriented spectrum. L — X a line bundle
on X € Smy. Let £ be the invertible sheaf of section of L. Define the L-twisted
&-cohomology by

Ea’b(X;ﬁ) — S(t)zLJr2,b+1<L)

Note that £**(X; L) = £°(X) if £ is oriented.

An SL—orienteEiv theory & admits proper pushforward maps similar to those
we have seen for CH: given a proper morphism f : Y — X in Smy, of relative
dimension d, and £ an invertible sheaf on X, we have

fo i EVY, F L @ wy ) — 47204 (X L),
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with (gf)« = g« f«, and a projection formula if £ is a commutative ring spectrum:
fo(f*(z)-y) = - f.(y). Thus, we also have Euler classes e (V) € £27" (X, det™ V)
for V.— X a rank r vector bundle

€ (V) = s"s0x(1x)

for s : X — V any section. For £ oriented, we have f, as above, without needing
any twists, and in addition to the Euler class, we have all the Chern classes cf (V) e
E2(X), with c£(V) = €& (V) for r = rank(V).

For details on oriented and SL-oriented theories, we refer the reader to [I], [2]
§4.3], [25] §3], [29], B0].

We can now state a version of the motivic GauB-Bonnet theorem. Recall that
X(X/k) € GW(k) is defined by taking the categorical Euler characteristic

XsH(k) (Xpi X+) € Endspr) (Sk)
for the dualizable object X35 X of the symmetric monoidal category SH(k), and
then using Morel’s theorem, giving the isomorphism GW (k) = Endgp()(Sk)-
Here is the version of the motivic Gaufi-Bonnet theorem appearing in [25].

THEOREM 2.2. Let £ be an SL-oriented ring spectrum with unit u : Sy — &,
and let px : X — Speck be a smooth proper k-scheme. Applying u to x(X/k) €
Endgnr) (Sk) gives u.(x(X/k)) € EVO(k) = Homgpi(x) (S, €). Then

u. (X (X/k)) = pX*<e£(TX/k))

This is a special case of a more general result, applicable to arbitrary commu-
tative ring spectra &£, due to Déglise-Jin-Khan [7].

SKETCH OF PROOF OF MOTIVIC GAUSS-BONNET. Let so : X — Tx/;, be the
zero-section. We have the Thom space Thx (T'x/x) := Tx/x/Tx /i \ s0(X) and the
map sx : X — Thx(Tx,;) given by so : X — T'x;, followed by the quotient map
Tx/k — Thx (Tx/k)-

The proof relies on the following facts:

e For mx : X — Speck smooth and proper of dimension d over k, the dual
of B X4 is mxuThx (—Tx/k) := Tx# X 'x/k(Sx) [16] Corollary 6.13].

e Let Ay : X — X xj; X be the diagonal morphism, with normal bundle
Na . The Morel-Voevodsky purity theorem [28, Theorem 3.2.23], and the
canonical isomorphism Ax.(Tx/x) = Nay, gives the isomorphism

ThX(TX/k) =2 X X X/(X X X \ Ax(X))
in He(X).
These allow one to rewrite the endomorphism x(X/k) € Endgpr(Sk), defined
as the composition (with = X0 X )
Sk 2 rerY 2 gV @ 2 Sk,

as the following composition

Sk W—X) Wx#Thx(—Tx/k) B—X> Z%?X+ ﬂ——x> Sk
Here % : Sp — mx4Thx(=Tx k) = (X3 X4)Y is the dual of the natural map
Tx : Lps X1 — Sy induced by mx. The map Sx is mx# applied the composition

s Tx/k (sx)

n=Tx/k (SX)) »—Tx/k (ThX(TX/k)) ~ 2 Tx/e 3 Tx/k (Sx) =S
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See the proof of [25] Lemma 2.15] for details.
Let £ be our SL-oriented spectrum. The Thom isomorphisms ¢y, extend to
virtual bundles, giving the Thom isomorphism

G—Tx ) E2 N X wx/n) = EXY(Thx (=Tx i)
One then shows that
¢7TX/IC (65 (TX/k') = 5;((1)()
Since the pushfoward map mx,. : E2(X;wx k) — E%0(Sy) is the composition
(T%)* 0 d—1y,,, we thus have
(e (Txsr)) = (1) (B% (1%)) = (7x © fx o wx)* (w),
which, by our factorization of x(X/k) is exactly u.(x(X/k)). See the proof of [25]
Theorem 5.3] for details. O
ExAMPLES 2.3. Take px : X — k smooth and proper of dimension n.

1. & = HZ representing motivic cohomology. HZ is an oriented ring spectrum and
HZ7Z*"(X) = CH"(X). The unit map ugz : End(Sy) — HZ°(k) is the rank map
rank : GW(k) — Z, and we thus have
rank(x(X/k)) = unz. (X(X/k)) = px. (e (Tx/1)) = degy (e, (Tx k)
in other words, rank(x(X/k)) = x*P(X).
2. £=HZ representing “Milnor-Witt motivic cohomology”, HZ is an SL-oriented
——2n,n —n
ring spectrum and HZ — (X,£) = CH (X;L). ug; induces the identity map
——0,0 ——n
GW(k) = End(Sg) - HZ (k) = CH (k) = GW(k), so

X(X/R) = g, (X(X/K)) = dege (7 (Tx 1)
3. H*(—,W) is represented by the SL-oriented ring spectrum EM(W,) via
EM(W,)**(X; £) = H* (X, W(L))
and we thus have

m(X(X/k)) = ummow, )« (X (X/k)) = degy (€™ (Tx k)
where 7 : GW(k) — W (k) is the canonical surjection.
4. & = KGL, representing algebraic K-theory KGL**(X) = Ko,_o(X). KGL is
oriented and ukgr« induces the rank map GW (k) — Z, so

X'P(X) = rank(y(X/k)) = ukcr:(X(X/k)) = px« (€™ (Tx/1))

The pushforward in Ky is defined by taking the derived pushforward of coherent
sheaves, then taking a resolution by locally free sheaves. For p: V — X a rank r
vector bundle, with 0-section sg : X — V, we have sp.(1x) = s0«(Ox ), which has
the Koszul resolution

0= APV = ... = ANp'V — ... = p VY = 50.(0x) =0

where V is the sheaf of sections of V, so

K (V)= (—1)[AVY]

Jj=0
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and
dimX
pxa (" (Txp)) = > (1) dimp H' (X, QX/k)
i,j=0
Thus
dimX
XP(X) = 3 (= 1) dimy H (X, 9 ).
i,j=0

For X a C-scheme, this identity also follows from classical Hodge theory:
H”(X((C),C) = @p-&-q —nH (X QZ)D(/(C)

Let n = dim; X. We have the k-bilinear form b
b9 e, HY(X, ) — 1] x @i HY (X, QX/k)[ —i] =k
defined by composing the product
HI(X, Q) — i) x H' 56, Q0 D)l — 4] H™ (X, Q% 5)
with the canonical trace map
Trx e H"(X, Q%) — k,

and is zero on other factors. Here H'(X, QJX/k)[ —i] is the object of the category of

graded k-vector spaces consisting of H*(X, /k) supported in degree i — j. Since
the commutativity constraint on graded k-vector spaces is defined by 7, 4(a ® b) =
(—l)deg(a) deg(t)p @ g, the bilinear form b"% is symmetric, giving us the associated
quadratic form ¢"¥ on @, ;H'(X, Q]X/k)[ i], and its class [grdg) € GW ().

THEOREM 2.4 (L.-Raksit). x(X/k) = [¢"®] € GW (k)

ProoF. We apply the motivic GauB-Bonnet formula to £ = K@, the ring
spectrum representing hermitian K-theory (K-theory of quadratic forms). The
unit map induces the identity

GW (k) = Endgpx)(Sk) = KQ"°(k) = GW(k)

Let n = dimyX. From work of Calmés-Hornbostel [4], the (derived) pushforward
s0«(T'x /1) is represented by the Koszul resolution of the sheaf so.(T'x/) (as for
K-theory), with quadratic form induced by the exterior product

— N — "l @k PP L0 — i) = prwx el
s0 eXQ(Ty 1) = stso.(Txi) is given by & *QX/k[ i) with quadratic from induced
by
— A= D li] @k QX/k[ — 1] = wxyk[n]-
The pushforward py, (e (TX/k)) then given by &; ;HI (X, QX/k)[ j], with qua-
dratic form induced by that of eX@(Tx /), using Serre duality:

HI(X, Q)i — 3 @ H™ 9 (X, Q5 )G — i] —— H™(X, Q% ;)

hd Trx/n
qhds
k.
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REMARK 2.5. Serre duality says that Try/, o (—U —) identifies H'(X, Q7 Y /k)
with the dual of H" (X, Q?(/i) so ¢"% is a sum of hyperbolic forms for i +j < n
andi+j=mn,i <7,

q; jg HZ(X Qx/k)[ ] & H" Z(X Qx/k)[ ]] —k
and in addition, in case n = 2m, the form

wlo,  H™(X, Q%)) — k.

Qn,m -

Thus, letting
bryp == dimgH' (X, Q)+ Y dimgH'(X, Q% ),
i+j<n i<j,i+ti=n
we have
bryp - H € GW (K if n is odd,
(X k) = § (&) i s odd,
[@m,m] + bhyp - H € GW(k) if n = 2m is even.

Applying 7 : GW(k) — W (k), we have

0 e W(k) if n is odd,
[gm,m] € W(k) if n=2m is even.

T(X(X/k)) = {

3. Explicit computations for a hypersurface

Except for cellular varieties, this cup product on Hodge cohomology is not easy
to compute explicitly. For hypersurfaces however, the primitive Hodge cohomology
is computable algebraically via the Jacobian ring.

DEFINITION 3.1. Let F € k[Xy, ..., X,+1] be a degree d homogeneous polyno-
mial. The Jacobian ring J(F') is
J(F) = k[X07 n+1}/(aF/aX0,,aF/aXn+1)

If the zero-subscheme Xp := V(F') is smooth over k and d > 2 is prime to the
characteristic of k, then J(F) is a graded Artin ring, that is, a finite dimensional
k-algebra. J(F') has highest non-zero degree (d — 2)(n + 2), and the component
J(F')(4—2)(n+2) (the socle) has dimension one over k. There is a canonical choice
of generator for J(F)(q—2)(n+2), the Scheja-Storch element ess, defined as follows:
write (non-uniquely!)

n+1
8F/8XZ = Z G,in]
i=0
for homogeneous a;; of degree d — 2. This gives us the n + 1 x n + 1 matrix (a;;)
and egg is the image in J(F') of det(a;;). It turns out that egg is uniquely defined,
independent of the choice of the a;;. Let Trgg : J(F) — k be the k-linear map
sending J(F), to zero for e # (d — 2)(n + 2) and mapping esg to one.
We have the (non-degenerate) quadratic form

gss : J(F) = k,qss(x) = Trgs(z?).

Going back to work of Carlson-Griffiths, the Jacobian ring of F is closely related
to the so-called primitive Hodge cohomology of the hypersurface X := V(F).
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For L a line bundle on some smooth Y over k, we have the 1st Chern class

ALYy e HY(Y, Q%,/k) defined as dlog([L]), with [L] € H(Y,0%) the cohomology
class defining L and dlog : O3 — Q%//k the map dlogu = du/u.

We recall that the Hodge cohomology of ]P’Z‘F1 is computed as
n 0 fora#b
(]P +1 QPWH) { 7é

k-h* fora=b,
where h := ¢!'%(Op.+1(1)) is the hyperplane class in HY(PPH Q;,LH)

DEFINITION 3.2. Leti: X — IPZ“ be a smooth hypersurface; we assume that
the characteristic of & does not divide the degree of X. We have the pushforward
map
1
HIX, 0%, — HO P02 )
which is an isomorphlsm for p+q # n. The primitive Hodge cohomology H* (X, Q% / k) prim
is defined to be the kernel of 7.

Explicitly, H?(X, Q’;(/k)pmm Oforp+q#mn,and for p+q =n and p # q,
HI(X, Qx/k)lmm = Hi(X, QX/k:) If n = 2r is even and p = r = ¢, then
H"(X, Yy ),) = H' (X, Q%)) prim © k- i*h".
If n is odd, then
H*(X, Q% ) )prim = Sptq=nt (X, Qx/k)

Together with Simon Pepin Lehalleur and Vasudevan Srinivas, and building on
work of Carlson-Griffiths [5] and other, we relate the natural cup product/trace
pairing on Hodge cohomology to the quadratic form ggg on the Jacobian ring.

THEOREM 3.3 (Levine-Pepin Lehalleur-Srinivas [24]). Let X C PP be a
smooth hypersurface of degree d > 2.

There are canonical isomorphisms
g J(F)d(q+1)—n—2 — H1 (X Q§7k)pmm
such that, for A € J(F)qq+1)—n—2, B € J(F)am—q+1)—n—2
Trx (Yq(A) Utpn—q(B)) = (=d) - 4s5(AB)

COROLLARY 3.4. Let X C ]P’ZJr1 be a smooth hypersurface of degree d > 2 with
inclusion i : X — ]P’”H; we assume that the characteristic of k does not divide d.
Let qhdg be the restriction of qss to &g OJ( )a(g+1)—n—2 C J(F). Then

(d) + (—d) - ¢%9 + 5-H ifnis even

x(X/k) = {<_d> hdg n+1 CH if n is odd

PrROOF. We have the orthogonal decomposition of @y, H?(X, Q% /k) with re-
spect to the trace form as

©p, (X, Q?(/k) SpreH (X, Q’;’(/k)l Op—o H (X, Qi/k)
If n is odd, the summand @7'_ H (X, QX

X/k) is (n+1)/2- H and the first summand
is (—d) - 2% by Theorem E
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r=0.pmHP (X, ng/k) is (n/2)H, and, with respect to the

pairing (a,b) = Trx (a Ub) we have the orthogonal decomposition
H"(X, QX/k) =k i"h" - K H™ (X, %) ) prim.-

Since TrX((i*h’“) ) = degh™ - X = d, the first term contributes the factor (d) and
the sum @4 q—n H9(X, Q% Nk contrlbutes the factor (—d) ~qg‘é9 by Theorem

If n = 2r is even, &

REMARK 3.5. If n is odd, then qggg = (b,/2) - H, where

by =Yy dimHY(X,0% ),
ptq=n
and thus <—d>qg‘ég = (bn/2) - H as well. Indeed, the perfect pairing on J(F),
(r,y) = Trss(xy), identifies J(F)y(g4+1)—n—2 With the dual of J(F)gm—q+1)—n—2,
and since n is odd, there is no ¢ with ¢ =n — q.

REMARK 3.6. There is also version of Theorem for hypersurfaces in a
weighted projective space, see [24] Theorem 4.5]. Anneloes Viergever [37] has
extended Theorem to the case of a smooth complete intersection X C ]P’ZJ“”
defined by r homogeneous polynomials, all of the same degree.

4. An example and some exercises

Take n = 2m even and X C P"*! a smooth degree d hypersurface defined by
F =3,a;X? (a generalized Fermat hypersurface). We assume that d is prime to
the characterlstlc‘ Then

J(F) :k[XO""vXn+1]/((Xg_1 Xz—i-})

and

ess = H aid"+2X6172 XZ+%
The interesting part of qg‘ég is in degree (d—2)(m+1) (the other degrees contribute
a hyperbolic term). Two monomials [, X;*, [[; X}" bi of degree (d —2)(m +1) have
product a non-zero multiple of egg if and only ifa;+b; =d—2foralli. Ifd
is odd, then one of a;,b; is > d — 1, so one of the monomials is already zero in
J(F). If d = 2e is even, the only non-zero contribution comes from the monomial
A=) Xe1. Since

QSS(A) _ 1/dn+2

we see that ¢he = (], ai/d"*?) +b- H ~ ([[,a;) + b- H for some non-negative
integer b, and thus

X(X/k) = (d) + <—d'Hai> +a-H

for some positive integer a.

Exercises Let k be a field of characteristic # 2.

1. Compute x(X/k) for X = V(F),

i. F= aOXS’Xl + aleXQ + CLQX23X3 + CL3X§X0 S k[Xo, . ,X3]
i F=Y7  aX}—TI, Xi € k[Xo, ..., X3]

i, F =\ X3+ X} + X3+ X3 — (X0, Xi)? € k[Xo, ..., X3]
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with the constants chosen (in k) so V(F') is smooth over k.

2. Let A = (ai;) € Mp42,nt2(k) be a symmetric matrix with non-zero determinant
6 and with n even. Let
n+1
F(Xo, .. ,Xn+1) = Z ainin
i,j=0
and let V(F) = X. Show that x(X/k) = (2) +(—26) + (n/2)H. Hint: use that fact
that a quadratic form over k can be diagonalized.

5. Localization in Witt-sheaf cohomology

Torus localization is a powerful technique for computing degrees of character-
istic classes. The basic idea is to endow a (smooth) k-scheme X with an action
by a torus T = G}, and apply the Atiyah-Bott localization theorem (in this set-
ting proven by Edidin-Graham [10]). First one needs to define the T-equivariant
Chow groups. Following Totaro [36] and Edidin-Graham [9], this is done using
an algebraic approximation of a contractible space ET on which T acts freely, and
then defining CH}.(X) := CH*(X x ET/T) (roughly speaking). Each T-equivariant
vector bundle V' — X defines a vector bundle V' x ET/T — X x ET/T and thus
has Chern classes

¢; (V) € CHp(X)
Taking X = Speck, a T-equivariant vector bundle is just a representation p: T —

Auty (V) on some k-vector space V. Letting z; = c¢f'(m;), where 7; : T — G, =
Autg (k) is the character given by the ith projection, we have

CH*(BT) := CH}(Speck) = Z[z1, ..., xy)
One can also define CHY (X) = CHE™ " (X).

THEOREM 5.1. Leti: XT — X be the inclusion of the fived points. Then there
is a non-zero homogeneous polynomial P € Z[x1,. .., x,)q for some d > 0 such that

iv: CH(XT) = CHT(X)
is an isomorphism after inverting P.

Allied with this is the Bott residue theorem, which says, for an equivariant
vector bundle V' — X, we have

icf V) /em(Ni)) = ¢ (V)

after inverting perhaps a larger P. Here m is the codimension of X7 in X and N;
is the normal bundle.

We would like to apply this to computations in equivariant Witt sheaf coho-
mology, but there is a problem: H*(BT,W) = W(k), concentrated in degree 0, so
the equivariant Euler classes e (;) are all zero. Inverting a polynomial P as above
would just be inverting 0, leading to the valid but uninteresting identity 0 = 0.

Instead, we use a slight enlargement of G,,, namely, let N C SLs be the
normalizer of the torus

Gm{<é t91> |t 0} C SLs.
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N is generated by this G,,, together with an additional element

o (01).

Let e € H?(BN, W) be the Euler class of the rank two vector bundle associated
to the representation N C SLy C GLs. Then

H*(BN,W)[1/¢] = W (k)[e, 1/e].

In fact H*(BN,W) is almost W (k)[e], except there is one extra element ¢ €
H°(BN,W), which we won’t care about.

Replacing T with N™, we have a nearly direct analog of the Atiyah-Bott lo-
calization theorem and the Bott residue formula. Unfortunately, the localization
will in general kill the (very interesting) two-primary torsion in W (k), but will at
least let us get at the signature information coming from total orderings on k. For
details, we refer the reader to our paper [21].

With Sabrina Pauli [23], we have applied this to compute the quadratic counts
for twisted cubics on hypersurfaces and complete intersections in a P". One has the
closure H,, of the locus of smooth twisted cubics in a suitable Hilbert scheme. H,,
is a smooth projective variety of dimension 4n, with universal bundle p : C,, — H,,,
and universal map q : C,, — P™. As in the case of lines, we have the locally free sheaf
Em.n = P+q*Opn(m), whose Euler class counts the twisted cubics on a hypersurface
of degree m. Since &, , has rank 3m + 1, the condition for finiteness is

3m+1=4n,
for example, a quintic in P*. There are additional orientation conditions:
n=0 mod2, m=1 mod 4;
there are similar numerical and orientation conditions for complete intersections of
multi-degree (mq,...,m,). Using the equivariant machinery, we developed an al-

gorithm for computing the signature of degy (€"V(&,,.,,)), which yields the following
table of examples.

[ n [ degree(s) | signature | rank |
4 (5) 765 317206375
51 (3.3) 90 6424326
10 (13) 768328170191602020 | 794950563369917462703511361114326425387076
11| (3,11) 4407109540744680 31190844968321382445502880736987040916
11 (5,9) 313563865853700 163485878349332902738690353538800900
11 (7,7) 136498002303600 31226586782010349970656128100205356
121 (3,3,9) 43033957366680 3550223653760462519107147253925204
12| (3,5,7) 5860412510400 67944157218032107464152121768900
12| (5,5,5) 1833366298500 6807595425960514917741859812500

Here is another table (both tables kindly generated by Sabrina Pauli) that looks at
the asymptotics of the count over C (rank) vs. the count over R (signature).
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n | degree(s) signature rank | log(rank)/log(signature)
4 ) 765 317206375 2.948106807
5 (3,3) 90 6424326 3.483614515
10 13 7,68328E+17 | 7.94951E+41 2.342692717
11 (3,11) 4.40711E415 | 3.11908E+37 2.396679776
11 (5,9) 3.13564E+14 | 1.63486E+35 2.429131369
11 (7,7) 1.36498E+14 | 3,12266E+34 2.440340737
12 (3,3,9) 4.3034E+13 | 3.55022E+33 2.460812682
12 (3,5,7) 5.86041E+12 | 6.79442E+31 2.493133706
12 (5,5,5) 1.83337TE+12 | 6.8076E+30 2.51425973
13 (3,3,5,5) 2.51455E+11 | 1.47998E+29 2,558690964
13 (3,3,3,7) 8.03807E+11 | 1.47694E+30 2.534143421
141 (3,3,3,3,5) | 34474614120 | 3.2204E+27 2.610478
15 | (3,3,3,3,3,3) | 4725144720 | 7.014155+25 2.671580138
17 (11,11) 5.6486E+28 | 8.16894E4-67 2.362002804
17 (9,13) 9.62195E4-28 | 2.36638E+68 2.359088565
17 (7,15) 4.92716E429 | 6.16951E+69 2.350426005
17 (5,17) 8.57205E+30 | 1.84302E+72 2.336188936
17 (3,19) 6.7189E+32 | 1.09541E+76 2.31635201
16 21 5.07635E+35 | 5.40713E+81 2,28908285

Questions Does lim,,_,, log(rank)/ log(signature) exist? Is it equal to 27
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