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Definition 2.3.1.1. A Milnor-Witt cycle premodule M (also written: MW-cycle premod-
ule) is a functor from J; to the category Ab of abelian groups with the following data
(D1),..., (D4) and the following rules (R1a)...., (R4a).

D1 Let ¢ : (E,?g) — (F,7F) be a morphism in §;. The functor M gives a morphism
O« :M(E, Vg) > M(F, %F).

D2 Let ¢ : (E,7g) — (F,7F) be a morphism in § where the morphism E — F is finite.
There is a morphism ¢@* : M(F,Qp ) +7F) — M(E,Qg jx +7E)-

D3 Let (E,7g) and (E,#f) be two objects of Fi. For any element x of K (E, ),
there is a morphism

Yo :M(E,Yg) = M(E, #t + VE)

so that the functor M(E,—) : U(E) — Ab is a left module over the lax monoidal
functor KMV(E,—) : (E) — Ab (see [Yet03, Definition 39]; see also remarks
below).

D4 Let E be a field over &, let v be a valuation on E and let ¥ be a virtual projective
O,-module of finite type. Denote by ¥ =¥ ®¢, E and ¥,(,) = ¥ ®¢, K(v). There
is a morphism

3y : M(E, ¥) = M(k(v), =N+ Fie())-

Rla Let ¢ and y be two composable morphisms in §;. One has

(Yo @)s=yio00,.

R1b Let ¢ and y be two composable finite morphisms in §. One has

(o) =¢*oy™.

Rlc Consider ¢ : (E,7g) — (F,?F) and y : (E, 7g) — (L, ?1) with @ finite and y sepa-
rable. Let R be the ring F ®g L. For each p € SpecR, let ¢p : (L, 1) = (R/p, Vz/p)
and y, : (F,%F) — (R/p,7g/,) be the morphisms induced by ¢ and y. One has

Yot = Z (@p)" 0 (Wp)x-

peSpecR

R2 Let ¢ : (E,7¢) — (F,7F) be a morphism in Fy, let x be in K™Y (E, #%) and y be in
KMV (F,QF x+#"F) where (E,#) and (F,#}.) are two objects of .

R2a We have .0 % = ¥y, (v) © Px.
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R3e Let E be a field over &, v be a valuation on E and u be a unit of v. Then

dyo Yiu] = Ye[m © dy and
(9\, O }/n = }/n ©) 8\;.

Rda Let (E,7f) € 3 and let © be an endomorphism of (E, 7 ) (that is, an automorphism
of 7£). Denote by A the canonical map” from the group of automorphisms of #% to
the group KMV (E.0). Then

O« =No) : M(E, V) = M(E, Vg).
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