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ABSTRACT. For the moduli spaces of Abelian differentials, the Euler character-
istic is one of the most basic intrinsic topological invariants. We give a formula
for the Euler characteristic that relies on intersection theory on the smooth
compactification by multi-scale differentials. It is a consequence of a formula
for the full Chern polynomial of the cotangent bundle of the compactification.

The main new technical tools are an Euler sequence for the cotangent bun-
dle of the moduli space of Abelian differentials and computational tools in the
Chow ring, such as normal bundles to boundary divisors.
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1. INTRODUCTION

The moduli space of abelian differentials PQM, ,, (1) parametrizes Riemann sur-
faces together with holomorphic one forms whose zeros and poles are of a fixed
type u = (mq,...,my). Interest in these moduli spaces stems from the dynamics
of billiards and flat surfaces. This surface dynamics is related to the SLo(R)-action
on moduli spaces of abelian differentials. The understanding of this dynamics has
advanced rapidly, see [EM18|, [EMM15|, [Fil16], [EFW18|, [EMMW20| to mention
just the tip of the iceberg. Recent interest in the moduli space of abelian differ-
entials also stems from viewing them as twisted version of the double ramification
cycle ([HS19], [BHPSS20]).

Research of the second and third author is supported by the DFG-project MO 1884/2-1 and
by the LOEWE-Schwerpunkt “Uniformisierte Strukturen in Arithmetik und Geometrie”.
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In contrast to the dynamics, only very few aspects of the topology of the moduli
spaces of holomorphic or meromorphic Abelian differentials PQM, (1) are cur-
rently known, such as the connected components (|KZ03|, [Boil5]), and partial
information about (quotients of) the fundamental group (|CS20]).

This paper provides several insights into the topology and geometry of PQM, ,, (11).
We give an expression for the Chern classes of the cotangent bundle of the com-
pactified moduli spaces of abelian differentials and a formula to compute the Euler
characteristic of these moduli spaces.

The moduli spaces of Abelian differentials can be thought of as relatives of the
moduli space of curves M, ,, for which the Euler characteristic was computed in
[HZ86| using a cellular decomposition (given by the arc complex) and counting of
cells. Our strategy here is quite different. While the Euler characteristic is an
intrinsic quantity associated to PQM, (), our strategy heavily uses the compact-
ification PEM, ,, (1) constructed in [BCGGM3| and all its properties that make it
quite similar to the Deligne-Mumford compactification M, ,, of M, ,,. Moreover,
our strategy is not available to compute the Euler characteristic ﬂg,n, as it rather
mimics the case of the projective space P¢: The unprojectivized moduli spaces
QMg (1) are linear manifolds and thus the cotangent bundle of PQM, (1) is
governed by the Euler sequence, as in the case of P¢.

Using this strategy we obtain the complete information about the Chern classes
of the (logarithmic) canonical bundle of the compactified moduli spaces of Abelian
differentials, and thus e.g. the x,-genus. A special case, the formula for the canon-
ical class, is particularly easy to state. We recall that the boundary divisors in
PEﬂgm(u) are the divisor Dy, of curves whose level graph has one horizontal node
and the divisors Dr parameterized by level graphs I' € LG (PEM,, ,, (1)) that have
one level below the zero level and no horizontal edges (joining vertices of the same
level). As for the moduli space of curves, the boundary divisors are nearly (in a
sense that we elucidate further down) a product of two lower-dimensional moduli
spaces, corresponding to top and bottom level. Those boundary divisors Dr come
with the integer /r, the least common multiple of the prongs k. along the edges,
see Section for a review of these notions. We let £ = ¢1(O(—1)) be the first
Chern class of the tautological bundle on PEﬂg’n(u) (see Section

Theorem 1.1. The first Chern class of the logarithmic cotangent bundle of the
projectivized compactified moduli space B =P=M, (1) is

(1) «(@plogD)) = N-&+ Y (N =N )r[Dr] € CH'(B),
TeLG, (B)

where N = dim(EM,, (1)) and where N := dim(B{) is the dimension of the
unprojectivized top level stratum in Dr.

To compute the Euler characteristic we need to understand the top Chern class
as we recall in Section [2| along with standard terminology from intersection theory.
To state a formula for the full Chern character we need to recall a procedure that
also determines adjacency of boundary strata. It is given by undegeneration maps J;
that contract all the edges except those that cross from level —¢ + 1 to level —i,
see Section [3.3] and Figure [4] in Section This construction can obviously be
generalized so that a larger subset of levels remains, for example the complement
of i, denoted by the undegeneration map 5?. We can now define for any graph
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I' € LG (B) with L levels below zero and without horizontal edges the quantity
te =TTy ooy

Theorem 1.2. The Chern character of the logarithmic cotangent bundle is

ch(Q%(log D)) = 65~N21 > e (N*N(?L(r))iF* (ﬁ td (NS;;%F))_l)’
i=1

L=0 FELGL(E)

where NF/&E(F) denotes the normal bundle of Dr in DéE(F)f where td is the Todd

class and i : Dr < B is the inclusion map.

We also give closed expressions for the Chern polynomial in Theorem [0.10] both
fully factored and as a sum over level graphs.

To compute the Euler characteristics, we can simplify this expression signifi-
cantly. Moduli spaces of Abelian differentials are not homogeneous spaces and we
should not expect a proportionality between the top Chern class and the Masur-
Veech volume form ([Mas82|, [Vee82]). For comparison we note however that
Masur-Veech volumes of holomorphic minimal strata (where p = (29 — 2)) in each
genus are essentially given by the top &-power ([Saul8]). For non-minimal holo-
morphic strata (that is, if all m; > 0) this top &-power is zero and the Masur-Veech
volume is computed by a product of £€29=! and 1)-classes (JCMSZ20]). The top
&-powers of all levels of all strata — and only these — are combined to give the Euler
characteristic of PQQM, ,,(1). One thus needs the top &-powers for meromorphic
moduli spaces, even if one might be only interested in the holomorphic case. Let
Kt =[], ke be the product of the prongs over all edges of T'.

Theorem 1.3. The orbifold Euler characteristic of the moduli space PQM g (1)
is the dimension-weighted sum over all level graphs T' € LG (B) without horizontal
nodes

s Kr-NJ 1 i
@ xEMa) = (00Y 3 ST e
_ JAw(T)| L1 Jpuw *Br
L=0 reLGL(B) i=0""r
of the product of the top power of the first Chern class € 51 of the tautological bundle
r

at each level, where d[Fi] = dim(Bl[ﬂ) and d =dim(B) = N — 1.

The stratum BIE] at the level ¢ of a graph I' is defined in Section

I © | @ (G @ | G | 22 | 111111

_ L1 _L L _ 55 16 15 _
X(B) 12 40 30 504 63 56

~ie
«|

iz ©6) |G| (42)G3)|&1L1)]6,21)|(22,2) (®)

1169 27 76 188 200 96 187 4671
X(B) | =% 5 5 15 9 5 10 88

TABLE 1. Euler characteristics of some holomorphic strata
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Table[I]gives the Euler characteristics of some strata of holomorphic differentials.
A table of values of top &-powers and more examples are provided in Section
The evaluation of these formulas is performed by a sage package diffstrata that
builds on the package admcycles for computation in the moduli space of curves
(IDSZ20]). Specifically, the evaluation of tautological classes below is performed
using the formula for fundamental classes of strata conjectured in [FP18] and [Sch18]
and proven recently in [BHPSS20| based on results from [HS19]. The algorithms in
this package are explained in [CMZ20].

The Euler sequence. Next we outline the ingredients needed to prove these the-
orems. Recall that for projective space the Euler sequence is the exact sequence

® dim(V)

(3) 0— Q]%’(V) — Op(v)(—l) i) OIP’(V) — 0.

Over the moduli space B = PEM,, (1) this admits the following generalization,
that combines Theorem [6.1] and Theorem- It states roughly that, using the local
projective structure induced by period coordinates, in the interior of the stratum
we indeed have an Euler sequence, if we replace the direct sum in the middle
of the sequence by a local system. This local system naturally extends across
the boundary, but the Euler sequence needs a correction term that we determine
explicitly via a local computation using perturbed period coordinates.

Theorem 1.4. The logarithmic cotangent bundle sits in an exact sequence

(4) OHQ%(logD)(f 3y epr) S K= C—0,
I'eLGy(B)

where C is an explicitly computable sjeaf (see Lemma supported on the boundary
and where the vector bundle KC on B fits into the Fuler exact sequence

(5) 0— K — (H,)" @ O5(—1) =5 05 — 0.
Here ﬁiel is the Deligne extension of the local system of relative cohomology.

This theorem directly implies Theorem To deduce the other two theorems,
we need to exploit further information on the Chow ring of the compactification.

The tautological rings. In Section[§]we define a notion of a system of tautological
rings R®(EM, (1)) inside the Chow rings of the compactifications PEM,, , (1) of
the projectivized strata PQM, (1) that have been constructed in [BCGGM3).
This is the smallest system of Q-subalgebras R*(PEM,, (1)) C CH*(PEM,, ,, (1))
which

e contains the -classes attached to the marked points,

e is closed under the pushfoward of the map forgetting a regular marked point
(a zero of order zero), and

e is closed under the clutching homomorphisms (r, pl* defined in Sectlonl

For the moduli space of curves M ¢ the clutching homomorphisms build a bound-
ary divisor from a product of two smaller moduli spaces, or from just one for the
irreducible boundary divisor that plays the role of our Dy. For multi-scale differ-
entials the situation is more involved. First, to relate Dr to a product of moduli
spaces, we need to allow spaces of disconnected curves and allow to impose residue
conditions since the levels of ' have that property. We define such generalized
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strata and their modular compactification in Section [d] Second, the boundary di-
visors Dr do not admit maps to such generalized strata, since the levels are tied
to one another by a datum of the multi-scale differential, the prong-matchings. We
need to construct a covering space cr : Df — Dr that removes the stacky structure
of Dr, which has two properties. First, there are projection maps pl? from Dy to
generalized strata and second, there are clutching maps (r : Dj — PEﬂgm(u),
that factor as (r = ir o cr into the finite map cr and a closed embedding ir. (The
upper index of D} refers to the use of the simple twist group as in [BCGGMS3| in
the construction of this covering.) We present the basic structure of the tautolog-
ical ring to the make the striking parallels to M, , (as in [GP03] or in |[ACG11])
apparent.

Theorem 1.5. For each p, a finite set of additive generators of R'(PEmg)n(u))
is given by the classes

(6) qr. (ﬁpm’*ai)
i=0

where I' runs over all level graphs for all boundary strata of ]P’Eﬂgm (1) including
the trivial graph and where o; is a monomial in the -classes supported on level i
of the graph T.

The tautological ring contains the rk-classes and all level-wise tautological line
bundle classes Cl"*p[iL*EBl[j] of all level graphs T'.

An algorithm to perform the multiplication of these generators is given along
with the proof of Theorem [L.5] in Section [8] An important technical tool in the
proof is the excess intersection formula (see Proposition which, like the above
formulation of the tautological ring, has large structural similarities with the case of
the Deligne-Mumford compactification. It is useful only if the normal bundles to the
boundary divisors are known. Contrary to the Deligne-Mumford compactification
the normal bundles to the boundary divisors defined by two-level graphs are indeed
bundles, i.e. those boundary divisors do not self-intersect (see Section . Along
with the clutching morphisms we define in Section [£.3] the tautological bundles on
the top and bottom level strata of divisors and their first Chern classes £ and ¢+,
In Section [ we show:

Theorem 1.6. The normal bundle Nr of a divisor Dy € LG1(B) has first Chern
class

M) a(AR) = é(—gg Ca(Lh) H &) in CHY(Dr),

where L. defined in is a line bundle supported on the boundary of Dr where
the top-level stratum degenerates further.

We define tautological rings R®(Dr) of strata using the analogs of the additive
generators @ and as a consequence of the preceding theorem the normal bundle
of each Dr belongs to the tautological ring R®*(Dr).

Organization and strategy of proof. After recalling some background on inter-
section theory in Section[2] we provide the necessary details on the compactification
IF’EMWL(M) in Section |3l Each of the levels of a level graph gives rise to the notion
of generalized strata, that are defined in Section There we also introduce the
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covering of boundary strata that allows a decomposition into a product of levels.
Section |5| provides a dimension count argument that implies the smoothness of all
non-horizontal boundary strata and that is at the heart of a formula for exponentials
of sums of over boundary graphs. This formula allows, together with Theorem [1.6
the passage from Theorem to Theorem Section [6| proves the restriction
of Theorem to the interior of PEM, (1) and Section% proves Theorem
In Section [§] we prove the properties of the tautological ring announced above. In
Section [9] a local calculation at the boundary completes the proof of Theorem
and computations in the tautological ring allows the passage from Theorem to
Theorem [L3

The strategy used here applies to other linear manifolds for which a compactifi-
cation similar to that in [BCGGM3| has been constructed. It is already available
for meromorphic k-differentials for & > 0 (see [CMZ19]) and expected to work for
any affine invariant manifold. The proof of the main theorems should carry over
with very few adaptations. We hope to address these cases in a sequel.

Acknowledgments. We thank Martin Liidtke, Matt Bainbridge, Dawei Chen,
Vincent Delecroix, Quentin Gendron, Sam Grushevsky, and Johannes Schmitt for
inspiring discussions and help with implementation of the algorithmic part of the
project. We are also grateful to the Mathematical Sciences Research Institute
(MSRI, Berkeley) and the Hausdorff Institute for Mathematics (HIM, Bonn), where
significant progress on this paper was made during their programs and workshops.
The authors thank the MPIM, Bonn, for hospitality and support for [SageMath]
computations.

2. EULER CHARACTERISTICS VIA LOGARITHMIC DIFFERENTIAL FORMS

This section connects Euler characteristic to integrals of characteristic classes of
the sheaf of logarithmic differential forms. The following proposition is certainly
well known, but not easy to locate in the literature. We use the occasion to give a
self-contained proof, see also [Fiol7], and recall some standard exact sequences.

Proposition 2.1. Let B be a compact smooth k-dimensional manifold, let D be a
normal crossing divisor and B = B ~ D. Then the Euler characteristic of B can
be computed as integral

(8) X(B) = (~1)* / ex(92 (log D))

B
over the top Chern class of the logarithmic cotangent bundle.

In all our applications, B will be a compact orbifold or proper smooth Deligne-
Mumford stack. We work throughout with orbifold Euler characteristics, and since
then both sides of are multiplicative in the degree of a covering, we can apply
Proposition [2.1] verbatim.

2.1. The compact case and the Riemann-Roch theorem. We start with the
proof of the special case of the main theorem.

Proposition 2.2. If B = B is smooth, compact and k-dimensional, then

(9) x(B) = / (T

B
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We start by recalling some intersection theory. Let £ be a holomorphic vector
bundle on B. Denote by ¢; = ¢;(£) € CH'(B) the ith Chern class of E. Recall
that ¢g = 1 and ¢; = 0 for i > rk E =: r. The total Chern class of £ is the formal
sum ¢(£) =1+ ¢ + ...+ ¢ in CH(B). Splitting formally ¢(€) = [T'_; (1 + o)
into the Chern roots, the Chern character is defined as the formal power series

r 1 r . 1 ,
Ch(E):;exp(aZ) = Z;Zaz = rk(E)+C1+§(Cl—202)+"'

s>0 =1

Furthermore, the Todd class is defined as

r

o 11 1
Wd(EB) = [[ e = 14 s+ (& —
. i 1 exp(—ai) Taatplate) gt

The Grothendieck-Riemann-Roch theorem in the case of a map f: X — Y and
for the special case of that the higher direct images R’f,£ vanish, states that

(10) ch(f.€) - td(Ty) = f.(ch(&) - td(Tx)).

Proof of Proposition[2.2 For a topological proof, see e.g. [BT82] Proposition 11.24].
Using the notations already set up, we give a quick proof if moreover B is Kahler.
From the Borel-Serre identity ([Ful98, Example 3.2.5]) on a k-dimensional manifold

k

n(T) = ch(ZH)ij) - td(Tp)

j=1
and the application

L ch((—1)70)) - td(Tp) = 3 (~1)* (B, )

B >0

of Grothendieck-Riemann-Roch theorem for the map from B to a point we get

/E (Tp) = Y (“1)IR(B,9)) = x(B)

4,520

by the Hodge decomposition. (I

2.2. The non-compact case and log differential forms. We suppose through-
out that D = Uj_;D; is a reduced normal crossing divisor, i.e., with distinct
irreducible components D; intersecting each other transversally. In this situation
ng(log D) is defined to be the vector bundle of rank n with the following local
generators. In a neighborhood U of a point where (say) the first » < s divisors
meet and where 1, ...,z is a local coordinate system with D; = {z; = 0}, then
logarithmic cotangent bundle is defined by

dxr dz,
(11) QL (log D)(U) = <71 m+1xk>

x1 Ty

as an Oz(U)-module. There is a fundamental exact sequence for log differential
forms, namely

(12) 0 — O — QL(log D) — &5_,(i;)«Op, — 0,

where i; : D; — B is the inclusion map. More details can be found e.g. in [EV92,
Proposition 2.3].
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Proof of Proposition[2.1 We first reduce to the case that D has simple normal
crossings, i.e., to the case the the D; are all smooth. This can always be achieved
by an étale covering. Since both sides of are multiplied by the degree under
such a covering, we can assume simple normal crossings. Our goal is to prove

/Ec;c <91§(10gZDi)) = /ECk (Qlﬁ(log D)) —/D1 ck,l(ﬂlDl (log(z DiﬂDl)) ,

The claim follows then from the additivity x(B) + x(D) = x(B) of the Euler
characteristic, Proposition and an application to the preceding identity to B; =
B~ Ui_;Dj.

We consider the inclusion of the boundary divisor D; and deduce from the ideal
sheaf sequence that ¢((i1).Op,) = (1 — [D1])~! and that ¢(Np,) = 1 + ij[Dy].
Moreover the normal bundle sequence 0 — Tp, — i{ Tz — Np, — 0 implies

(13) e(@h,) = i (e(h) 1%[1?1}) .

On the other hand, the sequence gives

(14) (QL(log D)) = ¢(QY)
j=2
and also
1 )
(15) C(QDl(log<; D; le)) = (2 1;[ Dl Ao
Hence comparing with we get
(16) c(%l (log(z D;N Dl))) — iie(QL(log D)) .
i>2

Finally from and from the appropriate version of the sequence we also get

(17) ¢(Qk(log D)) = (Ql <logZD ))

[ i>2

The claim now follows by multiplying this last expression with 1 — [D;], inte-
grating and taking the k-th coefficient, using that [F[D] - c;—1(Q(log D)) =

In ifck_l(ng(log D)). O

3. THE MODULI SPACE OF MULTI-SCALE DIFFERENTIALS

We recall here from [BCGGM3| basic properties of the moduli space of multi-
scale differentials ZM, ,, (1) and its projectivization PEM, (1) that compactifies
the moduli space PQAM,, ,, (1) of projectivized meromorphic differentials. Through-
out we suppose that = (my,...,my,) € Z™ is the type of a differential, i.e., that
Z?Zl m; = 2g — 2. We usually abbreviate B = POM, ,,(1) and B = PEmg)n(u).
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3.1. Enhanced level graphs. To define strata and the ambient space in the mero-
morphic case, we assume that there are r positive m’s, s zeroes, and [ negative m’s,
with r + s+ 1 =mn, ie., that we have m; > --- > m, > my 41 = - =mypps =0 >
Mpgst1 = - = My. Note that m; = 0 is allowed, representing an ordinary marked
point. A pointed flat surface is usually denoted by (X, w,z) where z = (21,...,25)
are the marked points corresponding to the zeros, ordinary marked points, and
poles of w. The sections over Qﬂgm(u) corresponding to those marked points are
denoted by Z;. We denote the polar part of u by & = (myjs41,...,my). The
strata of meromorphic differentials are then naturally defined inside the twisted
Hodge bundle

KMgn(i) = fs (w;c/mw (— > ijj))
j=r+s+1
The strata are smooth complex substacks QMg ,(u) of dimension N =29 —1+n
in the holomorphic case r =n and N = 2g — 2 + n in the meromorphic case.

To each boundary point in D = EM, (1) \ QM (1) there is an associated
enhanced level graph and D is stratified by the type of this associated graph. Here
a level graph is defined to be a stable graph I' = (V, E, H), with half-edges in H
that are either paired to form edges E or correspond to the n marked points,
together with a total order on the vertices (with equality permitted). The graph T
is supposed to be connected here, from Section [§|on its components are in bijection
with the components of the flat surfaces the generalized stratum parameterizes. For
convenience we usually define the total order using a level function ¢ : V(I') — Z,
usually normalized to take valuesin {0, —1,...,—L}. We usually write H,,, = H\E
for the half-edges corresponding to the marked points. Moreover, an enhancement
(in [FP18] or [CMSZ20] this number is called a twist) is an assignment of a number
Ke > 0 to each edge e, so that k. = 0 if and only if the edge is horizontal. The
triple (I, £, {Ke }eep(r)) is called and enhanced level graph. We denote the closure
of the boundary stratum parametrizing multi-scaled differentials (as defined below)
compatible with (I, £, {kc}) by D(r ¢ 1x.}) or usually simply by Dr.

Theorem 3.1 ([BCGGM3)|). There is a proper smooth Deligne-Mumford staclﬂ
PEM,, (1) that contains the projectivized stratum PQMg (1) as open dense sub-
stack with the following properties.

(i) The boundary PEM,, (1) ~ PQMg ., (1) is a normal crossing divisor.

(i) The codimension of a boundary stratum Dy in PEM, , () is equal to the
number of horizontal edges plus the number L of levels below zero.

In particular, the boundary divisors consist of the divisor Dy, (if g > 1) a graphs
with just one horizontal edge and the ("vertical’) boundary divisors indexed by two-
level graphs without horizontal edges. (For holomorphic types p the divisor Dy, is
irreducible and parametrizes graphs with a non-separating edge, but for general p
this divisor is reducible.) We give local coordinates near the boundary divisors in

Section [6.2]

"n the current version of [BCGGMS3| this space is called an orbifold. It is constructed ana-
lytically and then compared to an algebraic Deligne-Mumford stack denoted by PMS,,, a hybrid
object with quotient singularities and quotient stack structure. Since the map ]P’Emg,n(u) —
PMS,, is étale locally an isomorphism or a map [X/G] — X/G, the statement here follows

from [BCGGM3|.
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Note that the boundary strata Dr may be empty for some enhanced level graphs.
Deciding non-emptyness is the same as the realizability question that was addressed
in [MUW17] purely in terms of graphs. The general version taking into account the
residue conditions is stated in the algorithmic part of [CMZ20|. Note that these
boundary strata may also be non-connected, see the discussion of prong-matching
equivalence classes below.

Recall that the construction of PEM,, (1) in [BCGGM3| gives a morphism

PEM, ,(4) =B — P (f*w;/ﬂgm’ Gy S ,uij)> to the projectivised twisted

Hodge bundle over the Deligne-Mumford compactification. The line bundle Oz(—1)
is the pullback of the tautological bundle from there.

3.2. Twisted differentials and multi-scale differentials. The space Eﬂg’n(u)
is a moduli stack for families of a certain collection of differentials, called multi-
scale differentials, and this modular interpretation will be used e.g. in the Section [4]
to define clutching maps and projection maps at the boundary. We will however
refer to Eﬂg’n(u) as a moduli space to stick to the commonly used terminology.
We recall the definition of a single multi-scale differentials, referring for full details
of the definition for families to [BCGGM3]. We will recall further details where
needed.

When referring to prongs we fix a direction in S* throughout, say the horizontal
direction. Suppose that a differential w has a zero of order m > 0 at ¢ € X. The
differential w selects inside the real projectivized tangent space P, = T,X/Rsq
a collection of kK = m + 1 horizontal (outgoing) prongs at ¢, the tangent vectors
R - ¢9/0z in a chart where w = 2™dz is in standard form and where ¢, is
a primitive x-th root of unity. We denote them by P;’”t C P,. The prongs are
equivalently the tangent vectors to the outgoing horizontal rays. Dually, if w has
a pole of order m < —2, then w has Kk = —m — 1 horizontal (incoming) prongs
at g, denoted by P;“t C P,, the tangent vectors Rq - —(£9/0z in a chart where
w=z"dz.

We start with an auxiliary notion of differentials from [BCGGM1]. Given a
pointed stable curve (X, z), a twisted differential is a collection of differentials 7,
on each component X, of X, that is compatible with a level structure on the dual
graph T of X, i.e. vanishes as prescribed by p at the marked points z, satisfies
the matching order condition at vertical nodes, the matching residue condition at
horizontal nodes and global residue condition of [BCGGM]1|. We usually group the
differentials on the components of level i of X to form the collection 7;) and refer
to a twisted differential by n = (1))

A multi-scale differential of type 1 on a stable curve X consists of an enhanced
level structure (T, ¢, {k.}) on the dual graph I" of X, a twisted differential of type
compatible with the enhanced level structure, and a prong-matching for each node
of X joining components of non-equal level. Here the compatibility with the en-
hanced level structure requires that at each of the two points ¢+ glued to form the
node corresponding to the edge e € E(T") the number of prongs of the differen-
tial np is equal to k.. Moreover, a prong-matching is an order-reversing isometry
04 : Pj- — P,+ that induces a cyclic order-reversing bijection oy : P;‘i — P;’Et
between the incoming prongs at ¢~ and the outgoing prongs at ¢*.

Finally we state the equivalence relation on multi-scale differentials used to con-
struct Eﬂg,n(,u). Multi-scale differentials only retain the information on lower
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level up to projectivization. This rescaling of the lower levels is roughly given by
a multiplicative torus 7). More precisely, the group (C*)L(F) acts by rescaling
plainly the differentials on each level. The universal cover CL() — (C*)L() acts
by rescaling the differentials on each level and simultaneously by fractional Dehn
twists on the prong-matching. In fact a subgroup acts trivially, the twist group Twr
that we describe in detail in Section So the action factors through the action
of the quotient Ty = CL/Twr, called the level rotation torus, and two multi-scale
differentials are defined to be equivalent, if they differ by the action of Tt.

The projectivized space PEM, , (1) parametrizes projectivized multi-scale dif-
ferentials, where C* acts by simultaneously rescaling the differentials on all levels
and leaving the prong-matchings untouched.

3.3. Divisors, degeneration, undegeneration. We let LG (B) be the set of
all enhanced (L + 1)-level graphs without horizontal edges. Recall that boundary
divisors of B are Dy, and Dr for I' € LG4 (B). For later use we define

(18) D == Dh+ Z DF
T'eLG1(B)

to be the total boundary divisor. The structure of the normal crossing boundary of
PEﬂgm(u) is encoded by undegenerations. Given a non-horizontal level graph T’
with L + 1 levels, the associated boundary stratum Dr is contained in the intersec-
tion of L boundary divisors Dr, for ¢ =1,..., L and we can describe this inclusion
as follows. View the i-th level passage as a horizontal line just above level —i.
Contract in I" all edges that do not cross this horizontal line to obtain a contraction
map J; : I' = I'; of enhanced level graphs, where I'; obtains a two-level structure
with the top level corresponding to the components above the horizontal line and
the bottom level those below that line. We call this the i-th undegeneration of I'.
This can be generalized for any subset I = {i1,...,4,} C {1,..., L} and results in
the undegeneration map

57;1,.“71% : LGL(B) — LGn(B) s

which contracts all the passage levels of a non-horizontal level graph Dr except
for the passages between levels —iy + 1 and —iy, for those i, € I. For notational
convenience we define 6¢ = dc.

A degeneration of level graphs is simply the inverse of an undegeneration. It is
convenient to have a symbol to express this dual process and we write

(19) r-A o TUA
for a general undegeneration resp. specifically for an undegeneration where the i-th
level is split into two levels.

Remark 3.2. With the convention used here and in all of the rest, the levels of
a level graph with L + 1 levels are indexed by negative integers {0,—1,...,—L},
while the level passages are indexed by positive integers {1,..., L}. This implies for

examples that T YR s equivalent to T' = 5?7“1)(3).

Note the map of graphs d; is only well-defined up to post-composition by auto-
morphism of the enhanced level graph I';. Taking this into account will be important
for intersection theory, see Proposition [8.1
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3.4. Prong-matchings and their equivalence classes. In this section we illus-
trate the amount of combinatorial information encoded in the notion of a prong-
matching, given that we also have to take into account the action of the level
rotation torus. We start with a recurrent example.

Case of a level graph T' € LG1(B), i.e. a divisor Dr different from Dp. Such
an enhanced level graph has |E(T")| edges each of which carries the information of
the prongs, and consequently then there are Kr = [],.. B(I) Fe prong-matchings.
However, this does not imply that locally Dr is a degree Kr-cover of the product of
the moduli spaces corresponding to the upper and lower level. Instead the effect of
projectivization of the lower level on prong-matchings has to be taken into account.
This effect is given by the action of the level rotation group Rr = Z* ¢ C¥ in the
universal cover of the level rotation torus. This group Rr acts diagonally turning
the prong-matching at each edge by one (in a fixed direction). The stabilizer of a
prong-matching is the twist group Twr referred to above. It is isomorphic to /rZ
as subgroup of Rr where

(20) Ir = lem(ke: e € E(I)).

Orbits of Rr are also called equivalence classes of prong-matchings. For divisors
there are gr := Kr/{r such equivalence classes.

For a general level graph A the situation is more complicated and the com-
pactification ]P’Eﬂg’n(u) acquires a non-trivial quotient stack structure that can
be computed as follows. As above, there are Ka = HeeE(A) Ke prong matchings.
Now the level rotation group is Ra = Z%, where the i-th factor twists by one all
prong-matchings that cross the horizontal line above level —i. The stabilizer of
a prong-matching is still called the twist group Twa. However, this group is no
longer a product of the level-wise factors. In fact, for each i € N the twist group
of the level-undegeneration Ds, (a) is a subgroup of Twa and we call the sum of
these subgroups the simple Twist group Twj. The generic stack structure of Da
is given by the product of the action of the group Aut(A) of enhanced level graphs
automorphisms and a cyclic group of order

ea = [Twa : Twil.
The number of prong-matching equivalence classes is
(21) gn = |RA — orbits on the set KA‘ = KA/[RA : TWA] .

These indices can easily be computed using the elementar divisor theorem.

Y,
X0) o
b Y,
X(_l) b<>C( )
C
X(-2) ® Y

FicURE 1. The triangle level graph and a graph with the same
undegenerations
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We discuss a simple case below where Twa # Tw? in preparation for the exam-
ples in Section Finally, we generalize for later use the lcm defined above. We
define lp = Hle fa,; and where we use from now on the notation
(22) gA,i = lcm(,«;e: ec E(F);iz) = E&'(A)

—1

as abbreviation of the one defined in the introduction, where E(I')Z~! are the edges
starting at level —i + 1 or above and ending at level —i or below.

Example 3.3. In the graph A in Figure|[1] (left) there are three edges e1,e and e3
with enhancements a, b and c¢. The group Ra = Z? acts on Z/a ® Z/b & Z/c by
mapping
(1,0) — (1,1,0) and (0,1)— (0,1,1).
Consequently, there are ged(a,b,c) orbits, i.e. that many equivalence classes of
prong-matchings near such a boundary point. The index of the twist group Twa in
R is thus abe/ ged(a, b, ¢). On the other hand, as a consequence of the discussion
in the divisor case, the index of the simple twist group Tw} in Ra is ab/ ged(a,b) -
be/ ged(b,¢). Since A has no level graphs automorphisms, i.e., since Aut(A) is
trivial, we conclude that in this case Da is a quotient stack by a group of order
ged(a, b, ¢) lem(a, b) lem(b, ¢)

2 = .
(23) €A abe

4. CLUTCHING AND PROJECTION TO GENERALIZED STRATA

In this section we define generalized strata where we allow disconnected surfaces
and residues constrained to a residue space $R. This is similar to a discussion in
[Saul9]. More precisely, we show in Section 4.1l how the construction of [BCGGM3]

carries over to this generalized context to give a compactification IP’EM?H(M) of
generalized strata.

The reason for dealing with generalized strata is to be able to work with objects
(like line bundles and Chow rings) on the individual levels of a boundary stratum,
and those might be disconnected and have with residue conditions imposed by the
GRC. We construct in Section [£.2] for each boundary stratum Dr a finite covering
D7 — Dr that admits projections p[FZ] D — B%Z] where Bl[f] are the generalized
strata at level ¢ of Dr.

4.1. The compactification of generalized strata. We start with the definition
of strata in the generality that we need. First, we allow for disconnected surfaces.
Throughout p; = (M4 1,...,Min,) € Z™ is the type of a differential, i.e., we require
that Z?;l m;; = 2¢; — 2 for some g; € Z for ¢ = 1,...,k. For a tuple g =
(g1,---,9k) of genera and a tuple n = (nq,...,ny) together with g = (u1, ..., pr)
we define the disconnected stratum

k
(24) QMg n(p) = HQMgi;Ni (1) -

i=1
The projectivized stratum PQMg (1) is the quotient by the diagonal action of
C*, not the quotient by the action of (C*)*.

Next, we prepare for global residue conditions. Let H, C UF_ {(i,1), - (i,n;)}

be the set of marked points such that m;; < —1. Now consider vector spaces
R of the following special shape, modeled on the global residue condition from
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[BCGGM1]. Let A be a partition of H, with parts denoted by A*) and a subset A
of the parts of A such that

R = {r = (rij)(.j)en, € CHr  and Z ri; =0 for all AR )\m}~
(i,5)EX)
The subspace of surfaces with residues in 9 will be denoted by QM2 (u) and we

will refer to them as generalized strata, too.
To compute e.g. dimensions it is convenient to define the residue subspace

k k
(25) R = ][R c][c"
i=1

i=1
of differentials of the generalized stratum QMg (1), where [; is the number of
negative entries in ;. Here R; is the vector subspace cut out by the residue theorem
in the ¢-th component in the space generated by the vectors r; ; for each (4, j) with
m; ; < —1. When writing R N R we consider the intersection inside Hle Chi.

Remark 4.1. The dimension of the generalized stratum QM?n(u) 1

k
(26) dim(QMZ , (p) = (Z 2g; +n; — 1> — (I —dim(RNR)),
i=1

where I =) 1; is the total number of poles, i.e., marked points with m; ; < 0.

We claim that the construction in [BCGGM3| can be carried out for disconnected
surfaces and for surfaces with an assigned residue subspace. We only have to replace
in the definition of the twisted differentials (X = (Xy)vev(e),n = (M)vev(a))
compatible with an enhanced level graph I' the global residue condition by the
following condition. We construct a new auxiliary level graph r by adding a new
vertex vya to I' at level oo for each element A*) € Ay and converting a tuple
(i,7) € A® into an edge from the marked point (i, ) to the vertex vy ).

e %i-global residue condition (R-GRC). The tuple of residues at the poles
in H, belongs to 58 and for every level L < oo of I and every connected
component Y of the subgraph f> 1, one of the following conditions holds.

i) The component Y contains a marked point with a prescribed pole that
is mot in Agy.
ii) The component Y contains a marked point with a prescribed pole
(i,7) € Hp and there is an r € R with r(; ;) # 0.
iii) Let g1,...,qs denote the set of edges where Y intersects f:L. Then

b
> Res,~nu-(q,) = 0,
j=1

where v~ (g;) € I_..
This differs from the global residue condition in [BCGGM1I] only in the subdivi-
sion of cases in i) and ii). As for the normal GRC (see [MUW17]),the R-GRC also
has an algorithmic graph theoretic description, see [CMZ20].

Proposition 4.2. There is a proper smooth Deligne-Mumford stack PEM?H(M)
containing PQM?n(u) as an open dense substack with the following properties:
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(i) The boundary ]P’Eﬂ:n(,u) N QMZE (w) is a normal crossing divisor.
(ii) A multi-scale differential defines a point in PEH?H(M) if and only if it is
compatible with an enhanced level graph ' that satisfies the R-GRC.

(iii) The codimension of a boundary stratum Dr in PEﬂzn(u) is equal to the
number of horizontal edges plus the number L of levels below zero.

Proof. The residue spaces matters only for the existence of modification differentials
needed for gluing. In [BCGGM1|, Lemma 4.6] their existence for each component Y
as in the global residue condition was shown in case iii). This lemma also covers
case 1), since we can impose a residue at that marked point to ensure that the total
sum equals zero. Since fR is a vector space, this can still be done in case ii).

The smoothness and the normal crossing divisor properties follow from the same
reasoning as in [BCGGM3|. We leave the straightforward verification of those many
hidden claims of the proposition to the reader. ([

Again, as in the usual situation, also the divisors Dr of generalized strata may
be disconnected or empty.

Example 4.3. To illustrate the Pi-global residue condition we consider the gen-
eralized stratum B = P (QMg3(—2,-2,2) x QMg (-2, —2,1,1))™ where the
special legs are given by the first two marked points of the first component and the
first two marked points of the second components, i.e.,

H, = {(17 1)? (27 1)’ (17 2)7 (2’ 2)}’

and the residue space is given by the the partition

A= {{(1,1),(1,2)},{(2,1), (2,2)}}}.

This means that
R = {ray+raz =0, 7@ +rez = 0}C C*,

and R is the subspace defined by the residue theorem on each of the two components,
namely
R = {T(lvl) + 7"(2,1) = O, 7’(172) + ’I"(272) = 0}
By Remark 4.1, the above generalized stratum has dimension 1. We want to show
that the SR-GRC implies that there is only one 2-level boundary divisor in the
compactification defined in This divisor is given by the 2-level
graph with the 4-marked component on level 0 and the other component on level —1.
The only two possible level graphs that could occur are the 2-level graph I'y
described above and the 2-level graph I's where the two components are inverted.
Consider the auxiliary level graphs I'y and I'; needed in order to check the R-GRC
given in Figure [2| Tt is easy to see that condition (iii) of the R-GRC implies that
the graph I'y is illegal since both residues on the genus 0 component with the single
zero of order 2 on the top level are zero, and this cannot happen.

4.2. Level projections and clutching. Consider a boundary stratum Dr given
by an enhanced level graph I'. It parameterizes multi-scale differentials, a dif-
ferential on each level together with a prong-matching. However, there are no
well-defined projection morphisms to the generalized strata on each level. E.g. Dr
might have generically trivial quotient stack structure and the generalized strata
on its levels might have everywhere trivial stack structure, and yet special points
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FIGURE 2. Auxiliary level graphs I'y (left) and T, (right) for the
boundary strata I'; and T's (in the dashed boxes)

of Dr have non-trivial quotient structure. A graph I' with two edges and two levels
degenerating to a triangle (Figure [1} left) provides an example. This is due to the
fact that the equivalence relation in the notion of multi-scale differentials involves
the twist group, which in the presence of edges across multiple levels intertwines
what happens at the levels. Our goal here is to define a cover of Dr that has such
projection maps.

To define the generalized strata at the levels of Dr we let (gl nl? ulil) for
i = 0,...,—L be the discrete parameters genus, number of points and type at
level i and let Y be the residue condition imposed at level i. These residue
conditions are constructed via the SR-GRC described before. Our goal is:

Proposition 4.4. There exists a stack D7, called the simple boundary stratum of
type I that admits a finite map cr : Di — Dr and finite forgetful maps

i s i R i
(27) pp : Df — BIU = PEMg(i pia (,u[ ])

for eachi=0,...,—L.

We denote by pr = H;:LO pg] the product of all level projections. In the case
that Dr is a divisor we will also denote the two projections by

R ol
pr i Dp— Bl = PEMur or (') and pi: Df — B = PEMo. .0 (ph).

With the help of the finite coverings cr and the inclusion of the boundary strata
ir : Dr — B, we have now the clutching maps maps (r = ir o ¢r at our disposal
in order to define the generators of what we will be defined as tautological ring,
appearing in Theorem

The strategy of proof of the proposition is to construct Df as a cover dominat-
ing the local covers of neighborhoods of more degenerate boundary strata, following
the strategy already used in [Mumg83|. We do not attempt to analyze whether D},
is smooth, but the covering we construct is branched at worst over the boundary
divisors (hence locally over the coordinate axis, since the boundary is normal cross-
ing), so D} has at worst Cohen-Macaulay singularities (Proposition 2.2 in loc. cit.),
which allows us to perform intersection theory as in loc. cit. The objects of the
construction are summarized in the following diagram that we now explain.
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Usn —=— D3

For any level graph A which is a degeneration of I' we let Un C Dr be the open
subset parametrizing multi-scale differentials compatible with an undegeneration
of A. In particular Ur C Dr is the complement of all boundary strata where I'
degenerates further. These Ua are covered by open subsets of the projectivised
Dehn space [BCGGM3,, Section 12], which is given as set by

(28) PED, = ( [T (We(m)/Ts) /TWA) JC*,
| R 1 ERYAN

where 20, (IT) is the space of prong-matched twisted differentials compatible with
a Twi-marking [BCGGM3|, Section 5 and 8|, where the (simple) twist groups are
defined in Sectionand where T35 = C*( /Tw$; is the simple level rotation torus,
a finite cover of the level rotation torus defined there. The complex structure of
this Dehn space is provided in loc. cit., which at the same time exhibits this space
as the quotient stack of the projectivized simple Dehn space

(29) P=pi = ([ (Wpm()/Tit)/Twh ) /C".
sl A

We define U — Ua to be the cover induced locally by the covering P=DX — PEDa
and moreover by labelling the edges of the ’ambient’ graph I, killing automorphism
that permute these. The first step is well-defined since we work on strata undegen-
erating A and the passage to the simple twist group defines a cover independently
of the chosen auxiliary Teichmiiller marking.

Since the edges of I" are labelled for points in UX and since the equivalence rela-
tion in is defined level by level, we may decompose the differentials parameter-

ized by UX according to the levels of I'. In this we we obtain maps p?’m :UR — Bl[f]

such that the product map plé =11 p?’[i] is a finite cover of an open subset Br a

of the product of level strata Br =[], Bl[f].

The last step is to define a covering dominating all the c/. For technical reasons
we first define the ’generically simple’ intermediate space D§’, that removes the
stack structure over the open subset Ur (if there is) just as above, by passage
to the simple covering and marking edges. The maps U — Dr factor through
this D§°, defining an ’intermediate’ open substack U, Finally, we take D to
be the normalization of DE’ in a Galois field extension of the function field of DE’
that contains all the extensions defined by U{ — Dg. (If Dr happens to be
reducible, we perform the construction on each connected component. Actually,
the U} still have a stack structure due to automorphism of the underlying stable
curves. The details how to construct the covering with this caveat are in [Mum83,
Section 2b].) This space comes with a forgetful map cp : Df — Dr that factors
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as cr = c?‘ o ga : (7A — Ua over the preimages of Un. We may now define

pg] = p?’m oga, since the ﬁA for all degenerations I'~»A cover Dj.. This completes

the proof of Proposition[{.4)

4.3. Push-pull comparison. Let I' € LG (B) be a level graph. Several recursive
computations in the sequel are performed on the level strata Bl[ﬁ and we want to
transfer the result via p[i]—pullback and cp-pushforward to Dr. This section provides
the basic relations in this push-pull procedure. The degree of cr seems difficult to

compute. In applications we only the following relative statement.

Lemma 4.5. The ratios of the degrees of the projections in Proposition [].4) is

(30) deg(pr) _  Kr

deg(er) | Aut(T)| 4p
Proof. The degrees can be computed at the generic point, where both maps fac-
tor through gr. The degree of ph is the number of equivalence classes of prong-
matchings, which is Kr/[Rr : Twr]. The degree of ck is the index [Twr : Twy] -
| Aut(T")|. The claimed equality

(31) deg(pr) _ deg(pk) _ 1 Ky _ Kr
deg(er) deg(ck) | Aut(T") [Rr : Twp] | Aut(T)| 4p
follows from the definition of the simple twist group. O

Next we compare codimension 1 boundary classes on the strata Dr € LG (B)
and on their level strata BI@ in order to pull back tautological relations. We use the
symbol [Dr] to denote the fundamental class of the substack of B parameterizing
multi-scale differentials compatible with a degeneration of I'. Let ¢ € Z<y.

Consider a graph A € LGl(BI[f]) defining a divisor in Bl[f]‘ We aim to compute its
pullback to Df and the push forward to Dr and to B. Recall that in D}, the edges
of I" have been labeled once and for all (we write I' for this labeled graph) and that
the level strata Bl[ﬁ inherit these labels. Consequently, there is unique graph At
which is a degeneration of I'f and such that extracting the levels i and i — 1 of At
equals A. The resulting unlabeled graph will simply be denoted by A. (Recall
fromthat 5?—1‘-4—1) (A) =T.) On the other hand, the procedure of gluing
in and forgetting labels is not injective. For a fixed labeled graph I'! we denote
by J(I'f, 3) the set of A € LGl(Bl[f]) such that A is the result of that procedure.
Obviously the graphs in J(I'T, 3) differ only by the labeling of their half-edges.

Lemma 4.6. The cardinality of J(I'T, ﬁ) is determined by
[T A)] [ Aut(B)] = [Aut(A)]-| Aut(D)].

~

Proof. Consider the map ¢ : Aut(A) — Aut(T") induced by the undegeneration
6?—1'-5-1) of the (—i + 1)-th level passage of A. For an element in the kernel, the
graph T is fixed, so we may as well label it. Thanks to these labels, extraction of
the levels ¢ and 7 — 1 now defines a graph A € LGl(Bl[ﬂ) and the restriction map
Ker(p) — Aut(A) is an isomorphism. To determine the cokernel of ¢ we use the
labels given by I'f and a degeneration At labeled except for the edges interior to
that pair of levels. After restriction to the levels ¢ and i — 1 the elements in the
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image of ¢ act trivially. The resulting bijection of Coker(y) and J(I'f, A) proves
the result. (]

We now determine the multiplicities of the push-pull procedure. Recall from
the definition of ¢r ;, for j € Z>;.

Proposition 4.7. For a fired A € LGl(B[Fi]), the divisor classes of Dz and the
clutching of Da are related by
| Aut(A)]

-cp|Dx| =
()] Au() TPal =

f 7], %
S p[Dal.

(32)

in CHI(Dl‘i) and consequently by

| Aut(A)]

_ |Aut(A)]
(33) TAut(T)] A1 DRl =

On lil*1
deg(cr) la - cr (i [Dal)

in CH'(Dr).

Proof. If suffices to show the first equation, the second follows by taking cr .. Since
the two sides are supported on the same set, it suffices to verify the multiplicities.
Since near the divisors under consideration both sides are pullback via gz this can

be done by computing the ramification orders of the finite maps cé and pé over
the divisor Dz and over DA = Da % Hj £ B[FJ] respectively.

We start with c?. There, passing to the equivalence relation by the torus 7¢
gives a covering of degree [Twr : Twp], both at a generic point and over Dx.
Adding the markings on the edges of T" gives | Aut(T")| additional choices at a generic
point. Over Dz only the automorphism in image of the map ¢ (as in the proof of
Lemma can be rigidified by adding the marking. This image has cardinality
| Aut(A)|/| Aut(T')| and thus the ramification order is the reciprocal of the factor
on the left hand side of .

Next we consider the map plé. Since in [] j Bl[f I"and thus also on D the half-
edges that form the edges of I' are labeled, graph automorphism do not contribute
to branching. However, after adding the prong matching for I', the orbits of the
—i + 1-st component of the integer subgroup ZX+!1 c CLH! of the level rotation
torus change. In DA (and in Da) the orbit has size £a, while in D} the orbit has
size { A,y Since the prongs of edges of A are acted on, too. Since this component
of the level rotation torus is not present at a generic point and since all other
components have the same effect at a generic point and over Da, we conclude
that the ramification order is the reciprocal of the factor on the right hand side

of . O

Next we compare various versions of the £-class on boundary strata. A first
definition is by a local description. Consider a level i € {0,..., —L} of a boundary
stratum Dr and recall that it is a moduli space of multiscale differentials compatible
with a degeneration of I'. We define the line bundle C’){f] (=1) on Dr as follows. On
open sets where I' does not degenerate further, it is generated by the i-th component
ne) of the multi-scale differential. If I' degenerates to I'1 the level ¢ splits up into

an interval ¢ to i — k of levels, then the local generator of O{ﬂ (—1) is the multi-scale

components 7);) for the top of these levels. We let §1[f] = 01(01@(71)) and write &
for the top level contribution.
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Remark 4.8. Since stable differentials on a boundary stratum are zero on all levels
apart from the top one, we have & = ¢|p,.

Proposition 4.9. The first Chern classes of the tautological bundles on the levels
of a boundary divisor are related by

(34) ch&! = pp€gw  in CH'(D).

Proof. Comparing local generators, we obtain a collection of isomorphisms
A AL ,
cr *OB[F“(—H = (pp ) o (-1)
compatible with restrictions to undegenerations. The ga-pullbacks of this collection
of maps gives the isomorphsm on D{, and then we take the first Chern class. [

We will continue the study of the tautological ring in Sections [7] and [§] using
local descriptions near the boundary introduced along with Section [6]

5. THE STRUCTURE OF THE BOUNDARY

In this section we show that the non-horizontal boundary divisors Dr are smooth.
More generally we show that if a collection of non-horizontal divisors intersects, then
there is a unique order on this collection such that i-th divisors appear as the i-th
2-level undegeneration of an intersection point.

In the sequel it will be convenient to assume that the 2-level graphs have been
numbered once and for all, say as LG1(B) = {I'y,...,I'y}. Note that that the
intersection of two divisors, say Dr, and Dr,, consists a priori of the sublocus D14
of unions of Dy, for A € LGo(B) with 61(A) =T'; and d2(A) = I'y, and the sublocus
Doy, which is the union of Dy for A € LGo(B) with §;(A) = T'y and d2(A) = T'y.
The notation generalizes to any number of levels. We define the suborbifold

L
(35) Di,..i, € (D,
j=1

consisting of all D, with A € LG (B) such that 0;(A) =T, forallj =1,..., L and
we refer to this by the ordered set [iy,...,ir], called the profile of the boundary
stratum. We denote by & = Z(B) the set profiles of B and by & those of
length L. The language of profiles is used mainly in this section and then again
in Theorem while elsewhere we usually work with set of level graphs. The
sage package diffstrata makes fully use of the notion of profiles and the following
proposition.

Proposition 5.1. If ﬁjLlepij is not empty, there is a unique ordering o € Symy,
on the set I = {iy,...,i5} of indices such that

L
Doy = () Dr,, -
j=1

Moreover if iy, = iy for a pair of indices k # k', then D;,, ;. = 0.

Remark 5.2. In general the intersection of boundary divisors D, () is not irre-
ducible, i.e., it consists of boundary strata associated to different enhanced level
graphs, see for example the 3-level graphs in Figure
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The preceding proposition also gives a useful relation. Suppose two divisors Dr,
and Dr, meet in a boundary stratum Da. Two situations may occur. Either
91(A) = T'y and 02(A) = 'y or vice versa. In the first situation, A arises from
degenerating the lower level of I'y. We phrase this by saying that 'y goes under
I'y and write I's < I';. A priori, this notion might depend on the enhanced level
graph A. But the preceding proposition implies that it does in fact not depend
on A.

The proof of Proposition uses dimension estimates and the following lemma.
We define

d?" = dim(B") for all A € LG (B),

where B/[f] is the projectivized substratum at level p € {0,...,—L} of Dy defined

in Pr0p081t10n Note that the sum Z oldy d” +1) = N = 1 4 dim(B) is the
unprojectivized dimension of the stratum.

Lemma 5.3. The dimensions of the levels of a boundary stratum Dy and the
boundary divisor Ds, (ny given by its k-th undegeneration are related by

k—1 L—-1
o —p -1 [—p]
dék(A)—k—l—kZdA . dy ()_L—l—k+ZdA .
p=0 —

Proof. The follows directly from the description of undegeneration, see [BCGGM3)].
O

Proof of Proposition[5.], Assume that, after reordering, N~ ; D; is not empty, and
that Dy is a component of Dy, 1. Assume furthermore that there is a permutation
o € Sj, such that also Dy(1), .. s(1) is non-empty, containing a component Djo.
Now, by definition

61(A?) = d,1)(A) = Dr,,, -

By we can then write the dimension of the top component of Dr, and
Dr,,, in two different ways, namely

o 1 (1)-1

dY = d = (1) -1+ Z vl

o(1)—1
o _ 4ol
dp) = dyr = —1+ Z dl

By substituting the first expression into the second one we obtain

o 1 (1)-1 a(1)—1

dgel =o(l)—1+0'1) -1+ Z dE\—UP] + Z d[A—p]
p=0 p=1

which simplifies to

o~ H1)-1 o(1)—

0=0(1)—1+01(1) -1+ Z a7+ Z d“’

This implies that o(1) = 1. By induction we get that o = id.
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In order to prove the second statement assume by contradiction that the orbifold
D;, .. i, is non-empty, with 7; = 45 for 1 < £ < L. Let D be a component of

D;,....i, - Then by [Lemma 5.3 we get
k—1
sy = dy =k—1+3 di7.
p=0
This implies that k = 1, which is already a contradiction. 0

6. EULER SEQUENCE FOR STRATA OF ABELIAN DIFFERENTIALS

The characteristic classes of the tangent bundle to projective space P(V) of a
vector space V' are conveniently computed using the FEuler sequence

(36) 0 — Dby — Opy (=)@ ™) =5 Opyy — 0.

Our main computational tool uses the affine structure of strata to provide a similar
Euler sequence on the compactified strata B = PEM, ,, (1)

Theorem 6.1. There is a vector bundle K on B that fits into an exact sequence
(37) 0— K — ()’ ® Op(-1) = 05 — 0,

where ﬂiel is the Deligne extension of the relative cohomology, such that the re-
striction of K to the interior B is the cotangent bundle Q.

An explicit description of local generators of K is part of the proof in this section.
We will have set up the tools to describe K intrinsically in Theorem [9.2

We will define the evaluation map ev in the course of the construction. The
construction happens first over the open part and then the finite covering charts
that exhibit PEM, ,, (1) locally as quotient stack.

6.1. Over the open stratum. Recall that moduli space of Abelian differential
have an affine structure given by period coordinates. Concretely, for a pointed
flat surface (X,w,z) we denote by Z = {z1,...,2.4+s} the zeros and by P =
{Zr4s+1y--.,2n} the poles among the marked points, thus including marked or-
dinary points in Z. By [HM79] or [Vee86] (see also [BCGGM2]) integration of the
one-form along relative periods is a local biholomorphism and thus provides local
charts of QM, (1) in the vector space

V = Vixws =H(X\PZC).

The changes of charts are linear, in fact with Z-coeflicients. This makes the pro-
jectivization B into a (PGLy,PY~1)-manifold.

We denote by "Hrlel the local system on B with fiber the relative cohomology
V = H (X \ P,Z;C) and recall that N = dim(V) = dim(B) 4 1. Recall that the
fiber of Op(—1) at the point (X,w,z) is the vector space generated by w. We thus
obtain the evaluation map

ev: (Hi)" ® Op(—1) = Op, 7®w'—>/w
Y

by integrating the one-form.
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Proposition 6.2. There is a short exact sequence of vector bundles on B

0— Qf — (H-)@0p(-1) =5 0 —0

rel

that locally on a chart PV is given by the standard Euler sequence.

Proof. Let 7 : B — B be the universal cover of B. Consider the developing
map dev: B — P(V), which is a 7 (B)-equivariant local isomorphism. We use
the sequence on the standard charts of P(V') and we claim that its dev-pullback
descends to an exact sequence B.

To justify this, consider paths {a;}}¥,; that form a local frame of (HL,)V. Let
{a;}}, be the corresponding local coordinates and {da;} the local frame of Q}P(V).
On the open subset Uy = {ar # 0} C P(V) the monomorphism of the Euler

sequence is given by

a; .
(38) daiH(ai—iak)@)w, i=1,.. k.. ..N,
ay
where w is the representative of the line bundle with fak w = 1. The pull-back
sequence gives rise to an isomorphism of short exact sequences

0 — dev* (Q];,(V)) 5 dev (VY @ Opy (—1)) — dev*(Opgy)) —— 0

B F F

0 — 7(Qf) —— 7 (HL)Y @ 7" (0p(-1)) —F— 7*(0) ——— 0
Each vector bundle appearing is provided with a canonical 71 (B) action and the
vertical maps are isomorphisms of m (B)-vector bundles. The first vertical map is
an isomorphism since the developing map is a local isomorphism and 7* (%) = Q%
for every i. Since the evaluation map is m (B)-equivariant, so is the kernel. Hence
the short exact sequence passes to the quotient by the action of 71(B) and yields
the claim. (]

6.2. Coordinates near the boundary. Coordinates near the boundary of the
moduli space Emg,n(u) are perturbed period coordinates ([BCGGM3, Section 11]
or [CMZ19, Section 3]) that we now illustrate in typical cases that exhibit all the
relevant features. The reader is encouraged to read this subsection in parallel with
the subsequent one, where the Euler sequence is extended step by step to these
boundary strata.

Case 1: only horizontal nodes. Suppose that the level graph I" consists of k > 1
horizontal edges only, all of them must necessarily be non-separating. At a smooth
point near Dr the relative homology can be grouped into

e the vanishing cycles «; for ¢ = 1,...,k around the nodes,

e loops B; symplectically dual to «;, and

e paths 71, ..., vN_2r completing the above to a basis of relative homology.
Coordinates in a chart of Eﬂg’n(u) near Dr are given by the periods ¢; = f% w,
by a; = faiw and by the exponentiated period ratio g; = exp(2mib;/a;) where
b = |, 5, W- To provide charts of the projectivization B we fix a; to be identically
one.
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Case 2: two levels, only vertical nodes. For concreteness, we suppose that
in the 2-level graph T' € LG;(B) there is only one vertex on each level and for
concreteness, say, with three edges ej, ez, es joining the two vertices. Suppose
moreover that there is no marked zero on lower level. (If there is such a marked
point on each level, the loops (; below have to be replaced by relative periods
across the level, leading to similar constructions.) At a point close to Dr the
relative homology can be grouped into

e loops B through e; and ez and B2 through ey and eg,
e loops a; and as, the vanishing cycles corresponding to e; and e,
e paths 'ygo], . ,751] forming a basis of the relative homology on top level,

e loops %—1]’ ey l[i:l} forming a basis of the homology on bottom level,

for some dy, d; € Z, see also Figure
On the other hand, the surfaces on the boundary stratum Dr have a basis of
relative homology that can be grouped into

e relative periods EZ joining the marked points at the upper ends of the edge
e; to the upper end of the edge ez for i = 1,2,
e loops a; around the poles at lower ends of e; for 1 = 1, 2,

e paths %0]7 . ﬁc[l%] forming a basis of the relative homology on top level,
e loops %_l], e ﬁl[i:” forming a basis of the homology on bottom level.

FIGURE 3. Cycles in Case 2, near the boundary stratum and at
the boundary stratum

From this description it is apparent that d; is related to the projectivized and
unprojectivized dimensions of the level strata previously introduced by d; = Nl[f I_
2 =dll —1.

The main statement about perturbed period coordinates [BCGGM3|, Section 11]
is that on the one hand, coordinates near the boundary are given by the periods
on the boundary surfaces and on the other hand, periods with and without tilde
are nearly the same after appropriate rescaling. To make this statement concrete,
let k; be the enhancements corresponding the edges e; and let £ = lem(k1, K2, K3)-
Near our current boundary divisor Dr the universal family of curves has a (univer-
sal) family of differentials w and £ is chosen so that rescaling 7_q) = tiéw(_l) is
holomorphic and generically non-zero for a coordinate with Dr = {t = 0} locally
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(IBCGGM3, Section 12]). At each point p € Dr we find a non-zero n-period on
lower level, say the period along "7[_1], and choose ¢t and thus 7 so that f:y[_l] n=1.

A chart of Emg)n (1) near p is then nearly the product of a neighborhood of the
irreducible components (Xg,w) and (X7,n) of the fiber over p in their respective
strata of meromorphic differentials. Here, 'nearly’ refers to the fact that, because of
prong-matchings, it is a ¢-fold cover fully ramified over ¢ = 0, and moreover, because
of enhanced level graph automorphisms, it is a quotient stack by the subgroup G
of S3 that exchanges edges with the same enhancement.

Coordinates on this chart are then given by ¢ and the periods

b = [U(O) (i=1,2), 7 =/~77(71) (i=1,2),

51[0] = [[0] Tl(0) ('L: 17"'7d0)7 gi[il] -/~[71] (-1 (i:2”"’d1)'

i Vi

To provide charts of the projectivization B we simply fix one of the periods on top
level, say 6{10], to be identically one. (If dy = 0 we take by = 1 instead.)

In each sector near the boundary, the perturbed period coordinates are related
to the w-periods by

bi::/wwl;i ai::/w:tzri
o

(39) i
cgo] ::/ w ~ G, cgfl] ::/ w = gy,
(o] (-1
i i
(0]

where ~ indicates that the difference is O(t). The difference stems (for c; ') from
the fact that the w in the universal family is not just the deformation of the twisted
differential (7o), 7(~1)) in the fiber over p in its product moduli space, but blurred
by some modification differentials. For the b; there is an additional error in the
same order of magnitude due to a choice of a nearby base point in the plumbing
construction.

Case 3: two levels, additional horizontal nodes. This is a mixture of the
previous two cases. To see the effects, we assume that we are in the situation
of Case 2, with one horizontal node and thus additionally a pair of cycles al/
and V! with j = 0 or j = —1 depending on the level where the horizontal node
is attached.We may then uniformly write the periods all = [ 5 and bl =
J i1 1l(j)- The additional coordinates are all and the exponentiated period ratio

Case 4: three levels, three nodes. This is the generalization of the triangle case
(Figure [1|left), with edges replaced possibly by multiple strands, say k; strands for
the edge e;, including the case k; = 0 for missing edge (as the long edge in Figure
right). Let ¢; be the lem of the enhancements on the edges starting at level 0 and
{5 the lem of the edges ending at level —2, as defined in .

A point p € Dr on the corresponding divisor is given by meromorphic differential
forms (X 0y, 7(0y), (X(=1),M(=1)), (X(—2),M(—2)) together with prong-matchings. We
denote by ﬁlm for j =0,-1,-2 and ¢ = 1,..., N; paths of the relative homology
of the surfaces. (There are no global residue conditions in this example.) We may
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suppose that f:Ym ney = 1 for j =0, -1, -2 to fix the scale of the ;) on lower level
and for j =0 to fix an open subset of the projectivization.

A chart of Emg,n () near p is then nearly the product of a neighborhood of the
irreducible components (X;y,7;)) where j = 0, —1,—2 of the fiber over p in their
respective strata of meromorphic differentials. Slightly abusing notation we call
the universal differentials over these neighborhoods also 7(;). A coordinate system
for the neighborhood of p € B is given by functions ¢; and ¢, that correspond
to rescalings of the two levels together with the functions E{ij b= f:n[j] ) for j =
0,-1,—2and i =2,...,N;. In particular No + N_; + N_s = N.

To give the relation of these coordinates to nearby periods, note that the univer-
sal differential w over Eﬂgm(u), has by construction the property that the periods

of w on bottom level agree with those of tflt?n(_g), the periods on level —1 of w

differ from those of ¢! n(-1) by functions that decay like t1¢52 and periods on top

level of w differ from those of 7y by functions that decay like tfl. Here, as we have
illustrated in Case 2, the loops around the nodes corresponding to the k1 + ko + k3
edges can be treated as residues and thus as periods on the level at the lower end
of the edge, while the loops through those edges (denote previously by ;) can be
treated as relative periods on the highest level that the loop touches.

6.3. The Euler sequence on the Deligne extension. Recall that the Deligne
extension of a local system on B is a canonical extension to a vector bundle on B
admitting an extension of the Gauss-Manin connection to a connection with regular
singular points ([Del70]). In this section we want to extend the Euler sequence

across the boundary to construct . For this purpose we exhibit local generators

—1
of the Deligne extension H,, of HL,, extend the map ev and determine its kernel

in each of the cases as we discussed perturbed period coordinates in Section [6.2
adopting notation from there.

Case 1: only horizontal nodes. A basis of (ﬁiel)v consists of the cycles ay, . . ., ag

and 71, ..., YN—2x that extend across Dr, together with the linear combinations

~ 1
i = Bi — ——log(gi)oy
i = Bi— 5 og (i)

designed to be monodromy invariant. Since the family one-forms w extends across
Dr to a family of stable differentials, the definition

—~ 1 1
; = ——1 ; = b — —1 Ja; = 0
ev(f; ® w) /ﬂw 57 0g(q;) /aw i 5 og(qi)a;
extends the definition of ev in the interior and gives a well-defined holomorphic
function. To check the surjectivity of ev we can use any of the periods that extend
across Dr. We claim that the kernel of ev is on the chart U with aq =1

(40) K = <dq1/q1, das,dqa/qe, . .., dag, dqx/qr, dci, . . ., ch_2k>
as Op-module. In fact, using the definition in the interior one checks that
b; 2mi b;
(41) dq;/q; = dlog(q;) = d (27ri> o (@- — —ai) ®w
i a; a;

is mapped to a local generator of (ﬁiel)v ® Op(—1) since the functions a; do not
vanish near such a boundary point. Moreover dg;/q¢; is mapped to the kernel of ev
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by the preceding calculation. For the other elements these claims follow as in the
interior.

Case 2: two levels, only vertical nodes. We first work in the special case near a
boundary divisor D where I' has three edges as in the case discussed in Section [6.2

A basis of (ﬁiel)v consists of the cycles al,ag,'ygo], e 772?)],%_1]7 - 775[1:1] that
extend across Dr, together with the linear combinations
(42) Bi = Bi —log(t)(ai + (a1 +a2))  (i=1,2)

that are monodromy invariant since turning once around the divisor acts by si-
multaneous Dehn-twists around the core curves of the three plumbing cylinders.
Sending cycles that extend across Dr to their w-integrals and letting

v(Bi®w) = /Biwlog(t)(/ainr/Qﬁmw) (i=1,2)

extends the definition of ev in the interior and is well-defined since the function
log(t) (2 Jo, @9+ Josta w) = O(t’log(t)) is bounded near Dr and Jo,w— [z wis
bounded as well.

Obviously on the chart with c[lo] =1 the kernel of ev is

Ker(ev) = <’Y¢[O] - cEO]'yP] (i=2,...,dp); a;— amgo] (i =1,2);
(43)

W =T =1, d); Bl (= 1,2)>

where E is the integral of B\Z We claim that via the identification of periods in
this kernel is precisely the image of

K = (d&),... de), dby,dby, t'at/t, t'ady . dtad Y, ttdr, tdr, )

under the map ‘ First, since we used the coordinate 5{11] to fix the scaling
on the bottom level, the differential form (t‘dt/t = dc[fl] is mapped to 7%71] —

6[1—1}%0]' Then from , we see that tde{i_l] is mapped to a linear combination of

*yl[_l] — Cg—l}%o} and the previous generator for any i > 2. Similarly tdr; maps to

a; — WP] and a linear combination of the previous generators. In the second step

we consider the generators that correspond to top level. The form d&io] does not

quite map to %[0] — CEO]’YP] because of the presence of modification differentials, but
the difference is a linear combination of the differential of some n-periods that we
have shown already in the first step to belong to Ker(ev). Similarly, the image of
db~i and B; — Bw{o] is differentials of periods on lower level (from , to compare
with db; and from ([42)).

We now rename and regroup the generators of K in a form that generalizes to
other level graphs. Since the -periods become relative periods and since the a-
periods for the edges joining the levels are simply residues appearing on lower level,
we may name the set of all periods on top level by E{io] for 1 <7 < Ny and those on

bottom level by E{f” for 1 <4 < Nj. Then the above argument gives that
(44) K = (d&y),....de\, t'dt/t, t'dey . ttdey ).
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Case 3: two levels, additional horizontal nodes. We mix the conclusion of
the two previous cases. If the horizontal node is at the top level, then

(45) K = (d&),....deY , da, dg/q, t'dt/t, t*d2y), ... t'dey ),
while in the case of a horizontal node and the bottom level

(46) K = (d&,....dd\)  ttar/t, thach L tdel Y, thda, thdg/q) .

Case 4: three levels, three nodes. We can adopt here from Case 2 the argument
the aj-periods corresponding to the graphs become residues and the monodromy-

invariant modifications B\J of the dual §;-periods have ev-images that tend to the
Bj-integrals. We claim that thus Ker(ev) is the image of

K = (d&y),... dey thdty [ty ¢ dey L ¢ dey ]

(47)
ez dty [ty t0t2de ey

under the map . We justify this, starting at bottom level. The differential form
A@ ) = At t) = 0t dty Jty + 6t dt [t €K,

since it is mapped to %72] — 0[172]%0], which in analogy with belongs to the

natural basis of Ker(ev). Next, the form dt‘!¢52 dEg_g] map to a linear combination
of the elements 7[_2] - CE_Q]VP] in the natural basis of Ker(ev) and the previous

i
generator.
We next proceed to the middle level. There, the form 01th dty /t1 is not quite
[71]) because of the presence of modification differentials. It thus does

not quite map to the basis element %[_1] - E_”%O] of Ker(ev). But the difference

c
is a combination of elements that we have already shown to belong to K. As a

equal to d(c

combination of this form and d(E{fQ]) we now have thflt? dts/ts € K. Considering
the remaining form dcg_l] from periods on middle level, and then all the form chO]
for ¢ > 2 on top level identifies the remaining elements listed in K with elements
of Ker(ev), up to the effect of modification differentials, which produce differentials
of periods already shown to belong to /.

The notation
J
(48) tr = [I67 jeN
i=1
will be convenient here and in the sequel.

Proof of Theorem[6.1 Continuing the argument as in the preceding cases, we see
that near a point p € Dr the elements

o tr;1dt;/t;, for every level —j,
e the t;-multiples of differential forms associated to periods on level —j

o i) qu_j] / q,L_j] for every horizontal node with parameter g on level —j

freely generate IC. g
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7. THE NORMAL BUNDLE TO BOUNDARY STRATA

In this section we provide formulas to compute the first Chern class of the normal
bundle Nt = Np,. to a boundary divisor Dr. We will encounter here and in the
sequel frequently the top level correction line bundle

(49) cf = oo ( Y (3.D3)
A€LGy (B)
5o (A)=r"

on Dr that records all the degenerations of the top level of T'.

Theorem 7.1. Suppose that Dr is a divisor in B corresponding to a graph T €
LGy(B). Then

1 ,
(50) aMr) = (=& —allr) +&) in CH'(Dr).

r

In case the graph I' contains an edge e (which is automatic if the ambient stratum

parameterizes connected curves, but often not satisfied in the generalization to
higher codimension strata below) there is an alternative expression for the Chern
class of the normal bundle, that gives a comparison to the situation in the moduli
space of curves. Let e* be the half edges that form the edge e.

Proposition 7.2. The first Chern class of the normal bundle Nt of a boundary
divisor Dr is

e 1
(51) C1(NF) = _ZF<¢6+ +’(/J6—> - E Z f&a&r[Dﬁ].

A€LGE (B)

as an element of CH'(Dr), where LGgye(B) is the set of 3-level graphs in LGS (B)
where the edge e goes from level zero to level —2 and where ax » € {1,2} is the

index such that the a&F—th undegeneration ofﬁ is not equal to T'.

We say that LGge(B) are the 3-levels graphs where the edge e becomes long. We
give direct proofs of both expressions for the normal bundle. The equivalence of
the statements follows from an application of the relation in Proposition below.

Proof of Theorem[7.1. We consider over the boundary stratum Dr the line bundles
Ly = (91[9](—1) ® L] and Ly = (’){:11(—1) where the tautological bundles on the
levels have been introduced in Section [£:3] Roughly the content of the theorem is
that the ratio of local sections of these line bundles is the function ¢7, which is also
the ¢p-th power of a transversal coordinate. For the precise statement we compare
the cocycles defining the line bundles Efl ® Lo and lef,

We start by considering the open subset of Dr where I' does not degenerate
further. A local section of £ ® Ly is the ratio of two relative differential forms,
thus a function on the base, that we may compute as u = fal N1/ fom 70y for
some paths a; at level —1 and ag at level 0. Here oy can be taken as (usual) relative
cycle, and for ay we might have to use a path starting and ending at points near the
upper ends of connecting nodes, as in the definition of perturbed period coordinates
in [BCGGM3|, Section 11]. We consider a nearby coordinate patch where now the

ratio is u = & =1 / a5 10) for some new cycles related to the original ones by
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a base change a3 = a3 + 71 and ag = ag + 7o in the homology of the upper and
lower level subsurfaces respectively. One computes that

. 14+
u=u-g Y where x = / noy/ | Moy and y = / 77(71)// n(=1)
+£L' Yo (e 7)) Y1 Qp

In particular these z,y are local functions on the upper and lower level strata.
On the other hand, by construction (of the perturbed period coordinates) the
fr-th power of a transversal coordinate is given by

t?r = g = / 77(_1)/ (77(0)—’_5(0))’
aq @0

where (g is the modification differential at level 0 constructed in [BCGGM3, Sec-
tion 11] and where the «; are as above. Again a nearby coordinate patch is given
by s = f&i -1/, 070(77(0) + &(0)) with cycles as above. The main point now is
that & is divisible by s by construction, and so its contribution vanishes in after
s-derivation and setting s = 0, so

aJs
s
showing that the cocycles from ﬁfl ® Lo and J\/‘I(fF agree on the subset under con-
sideration.

If the bottom level degenerates or in case of horizontal degenerations of I'; the
above claims remain valid without modification, if we take a; to be a period that
does not go to lower level. If the top level degenerates into two levels (without
loss of generality, higher codimension degenerations do not affect the first Chern
classes), the above cocycle comparison is valid verbatim, if all pairs of level indices
are shifted from (0,—1) to (—1,—2), that is, if we compare the periods of a form
on the middle level with the periods of a form at bottom level. Since the multi-

l+y u

52 = =
(52) s=0 1+ =z w’

Y28
scale differential on the middle level is ¢;>! times a top level differential at the

intersection with D3, the sections of we are locally comparing with are sections of
Ly = (9{9](—1) ® L] as we claimed. O

Sketch of proof of Proposition[7.4 We let m. = ((I')/k.. In M, consider the
divisor D, corresponding to the single edge e and denote by N, its normal bundle.
With the same symbol we denote also the pullback of this normal bundle under
the forgetful map Dr — D.. We claim that (at least outside a subvariety of
codimension two) there is a short exact sequence of quasi-coherent Op,.-modules

(53) 0— N - N, — Qpr — 0

where the coherent sheaf Or is supported on the set LG;E(B) and this sheaf is
given by

(54) o= B O /15"

& )
A€LGE (B)

where a = Az p as above and where Ip is the ideal sheaf of the divisor Dz C Dr.
This claim obviously implies the proposition.

To prove it, we use the local description of the universal family over Eﬂgyn(u)
given by the plumbing construction described in Section 12 of [BCGGM3|. At a
boundary point that is precisely in the intersection of divisors Dr, we let m.; =
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lp,/ke. Then the construction states in particular that the universal family is
constructed using the plumbing fixture

L(e™t)
Ve = {(u,v) €A uw = H tlm”}
i=L(e™)
at the node corresponding to the edge e, where u and v are coordinates on the
surfaces at the upper and lower end of the edge and where L(e*) denotes the levels
at the edges of the edge. A local generator of N, is 9/9f if wv = f is a local
equation of the node. On the other hand, a local generator of N is 9/9(t;" ")
if ' is the undegeneration of the i-th level at the point under consideration. (In
particular, me = m,; in this situation). This follows from the form of perturbed
period coordinates. This implies that at a generic point of Dr (and more generally
whenever the edge does not become long) the natural map N{" — Np is an
isomorphism. At the remaining points,

L(e™)
0 me, 0O
_— = t. 7 I —+ .-
of J_zg,) Tt )

JF#i

where the suppressed tangent vectors vanish when restricted to Dr. Since t; are the
defining equations of divisors DA where the edge becomes long, this implies .
O

Example 7.3. Consider the stratum PQM, 5(a1, az, as, as, —b) with a; > 0 and
b=+424 > a; > 0. We study the ’cherry’ divisor I' (see also [BCGGM3| Sec-
tion 14.4]) with one vertex on top level, carrying the unique pole, and two vertices
on lower level, carrying the first two and the third plus forth point, respectively.
The vertices on lower level are each connected to the top level by a single edge,
denoted by e; and ey respectively. The enhancements are given by k1 = a1 +ag+1
and kg = a3z + a4 + 1. Hence ¢r = lem(kq, K2).

We compute the degree of the normal bundle using either of the two edges. Note
that the boundary divisor Dr has two intersection points with other boundary
strata, where e; and e; become long edges. Neighborhoods of these points are
quotient stacks by a cyclic group of order m; = fr/k;. To see this, say where e;
becomes long, we check that Tw} = (Z@® k17 and Twp = ((0, k1), (k2, —K2)), hence
the index is mq, as claimed.

In this example, the bundle N, has degree zero when pulled back to Dr, since
Dr is contracted when mapped to Mo 5. Applying the theorem, we get

1 Ko 1

deg(N™) = 0— ——, hence deg(N)=
ma K2 mima

and using es we arrive at the same conclusion.

Our next task is to identify the normal bundle as sum of two contributions from
the top an bottom level via push-pull through the level projections and clutching
maps. For this purpose we define

(55) Lpr = OB;( 3 eADA)
A€LGy(BY)

Lemma 7.4. We have pl—L*ﬁBFT = L] .
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Proof. We sum the first equation in Propositionover all A € LG1(By). Each A
will appear for all graphs in J(I'T, ﬁ) as discussed at the beginning of Section
However thanks to Lemma[4.6] this factor cancels with all the automorphism factors
in that proposition to give the statement we claim. (I

The lemma obviously implies

1
Ty _ T
ci(Lyp) = m *Crx Pr Cl(£3;)~
Since the tautological bundles on top and on bottom level have a pullback de-
scription by Proposition we have shown that there exist v € CHI(BI—': ) and
vt € CH'(B{) such hat

(56) vp == c1(Nr) = cr. (pT)*uFT + e (pl)*yﬁ.

The normal bundle computation has a generalization to an inclusion jr y: Dr —
Dy between non-horizontal boundary strata of relative codimension one, say defined
by the L-level graph II and one of its (L + 1)-level graph degenerations I'. This
generalization is needed in Section [§] for recursive evaluations. Such an inclusion is

obtained by splitting one of the levels of II, say the level ¢ € {0,—1,...,—L}. We
define
57 £l = op, ( 3 e&ﬂ.HDﬁ) for any i€ {0,~1,...,~L},

rla

where the sum is over all graphs A € LGpo(B) that yield divisors in Dp by
splitting the i-th level, which in terms of undegenerations means 6C, (A =T.
With the same proof as above, simply shifting attention to level ¢ of II, we obtain:

Proposition 7.5. For I1 U (or equivalently 592-“(1“) = II) the Chern class of
the normal bundle Nru = Np,./p,, is given by

1

(g e+ ) i cHN(Dr).
lr (—it1)

(58) caNrn) =

With the same proof as in Lemma [7.4) we obtain

_ o pld _
Bl[j] = CI“CF where ﬁBl[j] = OBl[f]( Z . éADA>.
AELGl(Bl[j])

59) pllc

We can thus write the normal bundle as a sum of bundles that are cp-pushforwards
of pullbacks from Bl[f] and from Bl[f ~U Wwe express this by saying that the normal
bundle is supported on the levels i and i — 1 (for i € Z<y).

We need some compatibility statements for pullbacks of normal bundles to more
degenerate graphs. We start with auxiliary bundles, whose pullback we need, too.

Lemma 7.6. LetI' € LGL(B) and let T u A be a codimension one degeneration
of T obtained by splitting the level i € {0,...,—L}. Then for every j € {0,...,—L}

U g
5 &) = { D i<
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and
a ,cg]), if >
o () = qa (27 i<
o (L) + el =i

Proof. For the cases j # i, the claim is obvious since level ¢ is untouched in the
degeneration from I' to A. If ¢ = j then the second claim follows from

i (e (20)) = j*&r< 3 €A7_j+1[DA]+€&_j+1[D3]>
[5]

DA, A£A
- a ('Cg]) ta (ngu) + 43,111 WNpy /D)
() 0 (6] + (o ()
= o (L) 4 el el

The case 7 = ¢ for the first claim about pulling back &

le I follows directly from the

definition of O{J](—l) by local generators. Alternatively one can compute it by
applying the relation . If the chosen marked point is supported on the j-th
level of 37 the calculation is straightforward. If the marked point A is supported
on the (j — 1)st level of 8, then A appears among the boundary terms of .
Pulling back makes the normal bundle appear, and thus 521 in the formula from
Theorem The remaining boundary terms of can be grouped into those
where h ends up at level j — 1 or j — 2 after pulling back to A. These groups cancel
with the remaining two terms of the normal bundle. O

As a consequence of the preceding lemma and Theorem we obtain:
Corollary 7.7. Let T' € LG (B) and let A be a codimension one degeneration of
the (—i+1)-level of T, i.e. such that T = 6C(A), for somei e {1,...,L+1}. Then
E&j c1 (N£/5E(£)>, forj <1

E&jﬂ c1 Ng/é(gjﬂ)(&) otherwise.

j*&p (EF:j @ (Nr/(sg(r))> =

8. THE TAUTOLOGICAL RING

In this section we give the precise definition of the tautological ring and prove
Theorem We define the tautological rings of strata as the smallest set of Q-
subalgebras R*(EM,, (1)) € CH*(EM, (1)) which

e contains the i-classes attached to the marked points,

e is closed under the pushfoward of the map forgetting a regular marked point
(a zero of order zero), and

e is closed under the maps (p,*p[i]V* defined in Proposition for all level
graphs IT".

Our goal is to provide additive generators of this ring and show that the main
players, normal bundles and the logarithmic cotangent bundle have Chern classes
in this ring. The main tool is the excess intersection formula that allows to compute
the intersection product of boundary strata, possibly decorated with -classes.
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In fact, there are two definitions of other (refined) tautological rings. One option
is the refined ring R} (EM, ,, (1)) that is closed under all the clutching morphisms

L]
ref

¢refplil* that distinguish the components of boundary strata that are reducible due
to inequivalent prong-matchings. Obviously, R*(EM, (1)) C Re(EM, (1)) C
CH®*(EM, ,,(1)). There is an analog of Theorem replacing in the additive
generators the inclusion maps ir of reducible boundary strata by the inclusion
maps of irreducible components. The proofs below can be adapted to that setting.

The second option is to include Dy, or equivalently clutching morphism for hori-
zontal nodes into the definition of the tautological ring Rf(EM,, ,, (1)) (and not dis-
tinguishing inequivalent prong-matchings, although one could obviously do both).
Obviously R*(EM,, (1)) € Ry(EM, (1))

In order to express ¢1(905) we need Dy, so we need to work in Rf(EM, ,,(1)).
However, one of the main points of this section is that the Chern polynomial of the
logarithmic cotangent bundle belongs to the smallest of the natural candidates for
a tautological ring. It seems interesting to decide which of the two inclusions of
tautological rings defined above are strict.

8.1. Excess intersection formula. Suppose we are given two level graphs A; and
Ao without horizontal nodes and the corresponding inclusion maps iy, : Dy, —
EM, () into a compactified stratum. For a class o € CH*(Dy,), we want to
compute i} ia, «a as the push-forward from the maximal-dimensional boundary
strata in the support of Dy, N Dy,, in terms of an a-pullback and normal bundle
classes encoding the excess intersection of Dy, and Dj,. We say that a level graph
IT is a (A1, A2)-graph if there are undegeneration morphisms p;: II — A, i.e. edge
contraction morphisms with the property that there are subsets In, and Ip, of
level passages of II such that d7, (II) = Ay and 47, (II) = As. (Automorphisms
of A;, i.e. the stack structure of Dp, stemming from permuting the edges requires
the distinction between §’s and the p;’s.) We call Il a generic (A1, As)-graph, if
IRI N 122 = (). The intersection formula will use the inclusion maps as indicated in
the diagram

T, A5

Dn Dy,

J{jHJH liAQ

DA1 L) ]P)Emg,n (lu‘)

Proposition 8.1. For any o € CH®*(Dy,) we can express its push-forward pulled
back to A1 as

Sk s . i .
(60) Ryine0 = i (o, i)
I
where the sum is over all generic (A1, A2)-graphs I1. In this expression
T -
VAinn, = H 11,68, (11) (Vék(H))
k’GIAl mIAz

is the product of the pull-back to Dy of the first Chern classes of the normal bundles
of the divisors containing both Dy, and Dy, .

Proof. By the excess intersection formula ([Ful98, Proposition 17.4.1]) we have

to show that the fiber product F, n, = Da, Xpzjz () Pa, is the coproduct
g.n
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D = ][ Dn over all generic (A, Ag)-graphs IT and to identify the excess normal
bundle.

First we define a map ¢ : D — Fa, a, via the universal properties of the coprod-
uct and the fiber product. It is the map induced by the inclusions ji , : Dir — Da,,
for each generic (A1, Ag)-graph II.

To give a converse natural transformation on objects we take a family parameter-
ized by Fa, a,, .. a pair of a family (X1, n;) of multi-scale differentials compatible
with an undegeneration of A; and a family (X5, n,) compatible with an undegen-
eration of Ay. If we forget the differentials, we can construct a family of pointed
stable curves (X, z) over some stable graph II, which is generic as a (A1, Ag)-stable
graph (see [GPO03| or [SZ18]). We make II into a level graph by declaring a vertex vq
to be on top of vy if this holds for either of their images in A; or in As. Compati-
bility of the fiber product ensures that this definition is consistent. This definition
moreover ensures that IT is (A1, Ag)-generic in our sense of enhanced level graphs.
The construction of X moreover exhibits a bijection of its f-relative components
(relative to the structure morphism f to the base) with the f-relative components
of X} (and also those of X3). We can thus pull back the differential 7; on each of
those components of X' (or we could pull back 72) to a collection of differentials n
on X. To see that this indeed defines a twisted differential compatible with II, only
the global residue conditions requires a non-trivial verification. By definition of
(A1, As)-genericity and because of the unique ordering of profiles shown in
for each level —i of IT there is an index j € {1,2} and a level —i’ of A; such
that the connected components of the subgraph of II above level —¢ are in natural
bijection with the connected components of the subgraph of A; above level —i'.
This implies the global residue condition. The enhancements of the edges II are
given by the identification of the edges with those of A; and A in the first step of
the converse construction. In the same way we provide (X, z,n7) with a collection of
prong-matchings and pull back the rescaling ensembles as in [BCGGM3,, Section 7]
to complete the construction of a family of multi-scale differentials compatible with
an undegeneration of II. The converse natural transformation on morphisms is
simply the map constructed for families of pointed stable curves.

The excess normal bundle is in general given by E = ji y Na, /N a,, where
the normal sheaves appearing are the normal sheaves of the morphisms i, and
jm,A,- Since by the non-horizontal boundary strata are smooth and
simple normal crossing, the previous normal sheaves are vector bundles and they
are given as the direct sum of the pull-back of the normal bundles of appropriate

divisors. More specifically Ny, = @Z_L:(/l\l)/\[(;i(/\l) and N a, = Diert N, my- This
2
implies that E is the direct sum of the the normal bundles of the levels common to

both A; and Ay (pulled back to Dr) and thus its top Chern class is as claimed in
the proposition. O

At the expense of introducing more notation, the excess intersection formula can
be generalized in two ways. First, the ambient space might be a boundary stratum
associated to a codimension L-level graph I', as summarized in the diagram

j, A
Dn N Dy,

lﬁn,Al leg,r

jAL,T
Dy, —— Dr
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of inclusions. In this situation we define V&m Ag)r B0 be the product of the pull-
back to II of the Chern classes of the normal bundles Np/r, where I ranges over
all codimension 1 non-horizontal degenerations I'” of I" that are common to A; and
As. As above, we denote appropriate pullbacks of this product by the same letter.
The excess intersection formula then reads

(61) JA,, DIAg e = ZiH,Al,* (Vg\lﬂAz)/F 'jE,A,,Oé) )
IT

where the sum ranges over all (Aq, Ag)-graphs II.

In the more general case that the level graphs A; also have horizontal nodes,
there is an obvious generalization of this proposition. A general undegeneration
of boundary graphs is given by a pair § = (dyer, Onor) consisting of a level unde-
generation dyer as in Section [3.3] and an undegeneration of horizontal nodes dpoy.
One defines II to be a (A1, Ag)-graph if there are undegenerations §; such that
0;(IT) = A4, for i = 1,2. Such a a graph is generic if the vertical undegenerations
are generic as above and, moreover, if the horizontal contractions are generic in
the usual sense of M, (see |GPO03] or [ACG11, Chapter XVII]). We leave it to
the reader to adapt the previous proposition and the subsequent argument to the
general context.

8.2. Relations in the tautological ring and the proof of Theorem
Before concluding the proof of Theorem we need some relations in the tauto-
logical ring. These relations are essentially known, but we restate them here for
convenience and to justify a version for the spaces PEH:H(M), i.e. possibly dis-
connected, with residue conditions, and for multi-scale differentials rather than on
the incidence variety compactification. Recall the notation of for gener-
alized strata, where the (¢, 7)-th marked point is the j-th marked point of the i-th
surface and has order m; ; € Z.

Proposition 8.2 ([Saul8, Theorem 6(1)]). The class & on B = PEﬂ:n(u) can
be expressed using the -class at the (i,j)-the marked point as

(62) § = (mij+Dvauj — > (D]

re LG, (B)
where (i’j)LGl(E) are two-level graphs with the leg (i,7) on lower level.

The fact that our Dr record prong-matching equivalence classes makes up for
the difference between our formula and the one appearing in [Saul8], since the
kp-factor appearing in loc. cit. become ¢r = kr/gr in our formula.

Proof. We expand the argument given in |[Chel9 Proposition 2.1] including the
boundary terms. Let 7 : X — B be the universal family and S; be the image of the
section given by the i-th marked point. The evaluation map gives an isomorphism
of 7*O(—1) and wy 7 outside the locus S; and the lower level components of
the boundary divisors. Consider the construction of the universal differential over
EM, (1) in [BCGGMS3, Section 12], in particular in the plumbing fixture (12.6)
of loc. cit. The difference of t-powers at the two branches is just /r in our notation,
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and all this is unchanged in the presence of a GRC R. We we deduce that

(63) T = alwyp) — Y miSi— Y, oA,

i=1 TELG, (B)
where X7 is the lower level component in the universal family over the divisor
Dr. We intersect both sides with S; and apply m.. Using 7.(S?) = —1; and
T (WX/E - S;) = 1y, this gives the claim. O

We need a similar generalization of another relation of Sauvaget to our framework
that will be needed for the final evaluation of top degree classes (see the end of
Section [9] and [CMZ20])). Consider a generalized stratum defined by a residue
condition R as defined in Section [I.1] Suppose we remove one element from the
set Am constraining the residues in the definition of R. We denote this new set
by Mgy, and QR the new set of residue conditions. Two cases might occur. Either
IP’EM?H(/L) = IP’EM?EI(/L) or PEM?H(M) C PEHZ{;(M) is a divisor. We consider
the second case here and note that this condition is equivalent to S := RNMR C
So := RN MRy is codimension one (rather than the two being equal), where R
is the space of residues defined in . Consider now a boundary stratum Dr
in PEM?;(;L). For each level i of Dr and any GRC R containing Ry, we define
the residue condition Rl induced by R to be the residue condition given at level
by the auxiliary level graph Iz as defined in Section created with the help of
the auxiliary vertices of . For the top level we write /T for the induced residue
condition on top level. It can be simply computed by discarding from the parts Ag
all indices of edges that go to lower level in Dr.

Proposition 8.3 ([Saul8| Proposition 7.6]). The class of the stratum ]P’Eﬂzn(u)
with residue condition R compares inside Chow ring of the generalized stratum

B = PEM?ZI(“) to the class & by the formula

(64)  [PEMu.(w) = ~¢ — > &) - > (Dl

FELGml(E) FELGLQ:{(E)

where LG (B) are two-level graphs with Rr NRT = RrNRy , i.e., where the GRC
on top level induced by R does no longer introduce an extra condition and where
LG1n(B) are two-level graphs where all the legs involved in the condition forming
R\ Ro go to lower level.

Proof. Consider that map s : Op(—1) — Sp/S to the constant rank one vector
bundle, mapping a points (X,w) to the (equivalence class mod S of the) tuple
of residues of w, which defines point in Sy. The vanishing locus in the interior
of B is by definition ]P’Eﬂzn(u), and in usual period coordinates we see that the
vanishing order is one there. To understand the boundary contribution, consider
first boundary divisors neither in LGT (B) nor in LGy % (B). For those, being in the
vanishing locus of s is a non-trivial (divisorial) condition, and thus this locus is of
codimension two and irrelevant for the equation. It remains to justify the vanishing
statement and the vanishing order for the other divisors. Any section of Ox5(—1)
decays like tfr near lower level components by construction of the compactification
in [BCGGM3| Section 12|, where ¢, is a transversal coordinate. Consequently, any
Dr € LGy 9 (B) is in the support of the cokernel of the map s, with multiplicity ¢r.
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For Dr in T’ € LG (B) the residues at the poles going to level zero are zero (mod S)
all along Dr by definition. Transversally, they become non-zero with the growth
of the modification differential (see the construction in [BCGGM3| Section 11]),
since the modification differential must be generically non-zero on Dr if SR imposes
a non-trivial condition generically on the stratum, but none along Dr. Since the
modification differential scales with tfr this proves the claim on the multiplicity
of Dr in this case, too. ([

We are now ready to prove that the tautological ring is finitely generated by the
additive generators displayed in Theorem

We let B(0) = PEM,, ,,,(11,0), in comparison with the usual B = PEM,, ,, (1).
There is a forgetful map 7’ : B(0) — B given by forgetting the marked point and
contracting edges to vertices that have become unstable, while preserving the level
structure on the remaining vertices. Note that, in contrast to My 41 — My,
the map 7’ is not the universal family 7 : X — B. The difference is apparent
at points where the natural map B(0) — ﬂg,nﬂ has positive dimensional fibers,
e.g. at the cherry divisors (see [BCGGM3|, Section 14.4]) with one regular marked
point. There is a P! worth of cherries, while the image in the universal curve is just
a point.

Proof of Theorem[I.5. We let R% Q(E) be the vector space spanned by the classes

¢r, ( ]_[;:LO(F) p¥]7*ai ), where «; is a monomial in the -classes supported on level
of the graph I', where I' € LG(B) ranges among all level graphs without horizontal
nodes. Obviously this is a finite dimensional v ector space since for any stratum p
there are only finitely many level graphs, and for each of them there is a finite
number of monomials that give a non-zero class.

By our definition of the tautological ring of the moduli space of multi-scaled
differentials, clearly of R}, (B) C R*(B).

We show now that R}/ (B) is actually a subring of the tautological ring, i.e., that
it is closed under the intersection product. We prove this by iteratively applying
the projection formula and the excess intersection formula . In the first step, for
any two classes a; € CH*(Dj,;) the projection formula and Proposition imply

in, « (1) -in, w(a2) = ZiAl « (041 I, A (V}\Tlmb : jﬁ,A2a2))
(65) .

Zin,*(y/lgmm Sifia, (1) - i, (02))

v

where the sums are over all generic (A1, Ag)-graphs II. The excess intersection
class V}?m A, 18 given by pull-backs of normal bundles of divisors. By repeatedly
applying we see that the pull-back of the class of the normal bundle
of a divisor is given by the class of the normal bundle of Dy in a codimension
one undegeneration. The shape of such a class was computed in . By using
the compatibility expressed in between level-wise tautological line classes and
the tautological line classes on the level strata, together with we
see that the classes of these normal bundles are given by 1-class contributions and
boundary contributions given by codimension one degenerations of II. If there are
no boundary contributions, then we are done since we obtained an expression in

terms of elements of R}, (B) supported on II. If this is not the case, we can apply
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the same projection formula and excess intersection formula argument as before
to these boundary contributions. (Now we have to use the more general excess
intersection formula with ambient II). This process has to terminate since
the dimension of the boundary strata appearing in the excess intersection factor is
decreasing, so at some point the excess class contribution will be trivial. Hence we

have shown that R} (B) is a subring of the tautological ring.

In order to show that R}, (B) is equal to R*(B), we need to show that R$,(B)
is closed under pushforward of clutching morphism and under pushforward of the
map which forgets a regular point. The first statement is clear. We now argue
inductively on the dimension of B, starting with the obvious case dim(B) = 0.
We may assume by induction hypothesis that the 7’-pushforwards of elements in
R3, (EI(O)) are in R}/ (E/) for any stratum B of dimension less than the dimension
of B.

We first show that 7/ (Cr.ot]) € R}g(E) for any graph I' with at least two
levels. Let ¢ be the level of I" that contains the n+1-st marked point. For Wﬁ to be
non-zero we need the component containing the n—+1-st marked point to be positive-
dimensional (taking GRC into account). Let I be the level graph obtained from T
by forgetting this point and contracting edges to unstable vertices, preserving the

level structure otherwise. There is thus a well-defined projection map (7’ NLERE

B(O)E] — BI[fJ of generalized strata. Recalling that 1,41 = pj¥n+1 by our general

abuse of notation we find W;(C[‘,*ngi]i) = (1 +Dp ((W’)Ef]zbfbii) By induction we

know that (W’)E] Yot e R}g(Bl[ﬂ) and since the collection of rings R%,(-) iialready
known to be stable under (- .pf,, we conclude that w;(gp*i/JZﬁ) € R}, (B).

Second, in order to treat the case when I is the trivial graph, we consider the
commutative diagram

—7 fn Wi
]P)‘:'Mg,n—H (:u7 0) i> Mg,n—i—l

J{ﬂ'/ J{WTVFI

— A A fn AA
]I”:Mgm(u) —— My,

where 7’ and 7,1 are the maps forgetting the last point and f,+1 and f, are the
maps forgetting the twisted differential. Recall that the Arbarello-Cornalba class
kA€, which is defined to be the m,;-pushforward of the a + 1-th power of the
first chern class of the relative log-cotangent bundle of , 1, satisfies the dilation

equation k2C = (m,41)«(¥21]). From the above diagram we then get

Faka® = fa(mnea)(nf) = m(fop(Wint).

Recall that we abuse notation and identify ¢ and s-classes in CH*(B) with their
pull-back from ﬂgyn. We have thus shown that the special version of the dilation
equation 7} (¢)21]) = kA€ also holds in CH*(B). We thus only need to show that
kAC € RS, (B). Let now 7 : X — B be the universal family and recall that the
(Mumford-Morita-Miller) k-classes are defined by k, = m.(c1(ws)?*!). Since the
difference between r, and x2C is given by a sum of powers of 1)-classes, if we can
show that kg is in R}, (B), we also show that x2C is in the same ring, which is our

goal. Recall that [Xf] is the lower level component in the universal family over the
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divisor Dr. From we deduce that

n a+1
Kg = Ty (W*f + Zmisi + Z éF[XIJ'])
i=1 [ELG (B)
is a linear combination of terms of the form §p7r*(Sf7‘ [T[X+]°r) with p+b;+> per =
a + 1, since the sections S; are disjoint. The {-powers are tautological by Proposi-
tionand so we only need to study the m,-term. Let i: Dy := ﬂr:cF>0,ieFi Dr —

B be the inclusion of the intersection of boundary divisors where the i-th marked
point is on the bottom level, which the image of the support S* [[[X#]°" under
m. Leti: Xy := ﬂF:CF>O_i€FL XIJ- — X be the corresponding inclusion in the total
space of the family. Let jor : Dy — Dr and ;0711 : Xy — Ar the inclusions into
codimension one divisors. Finally let o; be the section of the i-th marked point and

abusively also its restriction to Dr and to Dy.
Suppose that b; > 0. Then using o} SF = (—Q/Ji)af(S’f*l) we find

m. (S0 [T = maoieo ( S E 1))

F (=)t ot (R HJOF N
(=) (H o: (6eNE)
= (=) 1*(H;0FNCF Y,

which is in R$,(B) by Theorem 7 If b; = 0 the expression 7. ([]p[X7F]") is
the m—pushforward of a sum of tautologlcal generators supported on non-trivial

boundary strata and we have already shown before that they belong to R} g(B ).

Since we have shown that R} Q(E) is a subring of the tautological ring closed
under clutching and m-pushforward, it has to be the same as the tautological ring
by minimality.

We finally show the last statement of the theorem, namely that the ir, of the
level-wise tautological classes §I[f] and the k-classes are tautological. For the &-
classes, it is enough to notice that by Propositionthe class & pli can be expressed
as a linear combination of a -class and boundary classes, so it is tautological
on Bm by the main statement of the theorem that we just proved. Since the

tautological rings are closed under clutching morphisms, also the class (r, p[ i pli
r

is tautological. Notice that this is, up to constant, the same as ip.( 1U) Finally,
the r-classes are tautological since we have previously shown that they belong to
R$,(B), which we have proven to be the same as the tautological ring. O

9. THE CHERN CLASSES OF THE LOGARITHMIC COTANGENT BUNDLE

In this section we relate the logarithmic cotangent bundle to bundles whose
Chern classes can be expressed in standard generators. We will first prove in The-
orem [0.2] a restatement of Theorem [I.4. We will then complete the proofs of the
remaining main theorems of the introduction, Theorem and Theorem
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The first step is a direct consequence of the Euler sequence ([37).

Corollary 9.1. The Chern character and the Chern polynomial of the kernel IC of
the Euler sequence are given by
N-1
— § _ i
ch(K) = Nef—1  and ¢(K) = ;0 <l)§ .

Proof. The result follows from the properties of the Chern character and the Chern
polynomial, together with the fact that all higher Chern classes of the Deligne
extension H,., vanish. Indeed the Chern classes of a logarithmic sheaf are given
in terms of symmetric polynomials of residues of the logarithmic connection (see
[EV86, B3]) and the Deligne extension is defined such that all these terms are zero,
since the residues are given by nilpotent matrices. (See also the discussion around
[ACG11] Theorem 17.5.21].) O

The second step relates the kernel of the Euler sequence to the vector bundle we
are actually interested in. We will use the abbreviations

(66) €5 = QL(logD) and Lp = (’)E( 3 eFDF)
IeLG:(B)

throughout in the sequel.
Theorem 9.2. There is a short exact sequence of quasi-coherent Ox-modules
(67) 0—E Ly - K—=C—0

where C = @FeLGl(B) Cr is a coherent sheaf supported on the mon-horizontal
boundary divisors, whose precise form is given in Lemma[9.4) below.

Proof. We start analyzing the injection claimed in (67). As in[Section 6} all local
calculations happen on the finite covering charts of P=M, , (11). At a generic point

of a divisor Dr the vector bundle £ ® Egl is generated (using the notation of
Case 2 of Section by <ted6{20], .. ,tedé{]?,i, tdt/t, tédE{;l], ... ,tldE{A?l”). It is
hence obviously a subbundle of the kernel K as given in . Similarly, at the
intersection point of L divisors different from Dy, the vector bundle £ ® 1:;1
is generated by the elements t[p, dé{j_i] and trpydt;/t; for j = 2,...,N; and for
i = 0,---,L, where recall that t;p; = HiL=1 tf" was introduced in . This is
obviously a subbundle of K as given in proof of Theorem In the presence of a

horizontal edge, this argument still works, see the form of the cokernel in Case 1
and Case 3 above. The precise form of C is isolated in several lemmas below. [

To start with the computation of C, we will also need an infinitesimal thickening
the of the boundary divisor Dr, namely we define Dr o to be its fp-th thickening,
the non-reduced substack of EM, ,, (1) defined by the ideal Ifsrr. We will factor the
above inclusion using the notation

. . . jF,- iI‘,o _
I =1re%Jre: Dp — DF). — B.

We need three more bundles. First, we recall from the definition of the
line bundle £ and we define Ly , = (jr.)-Ly - Second we need the analog of €,
but as a bundle on Dr. Since the projections are defined only on D} rather than
on Dr we cannot define this bundle as a p"-pullback, but we need to define it by
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local generators. That is, we define & to be the vector bundle of rank N — 1

on Dr with generators dcg-O] as Op.-module at a generic point of I' with the usual

coordinates from . At a point where the top level degenerates, into say k levels,

it is generated as Op.-module by the differentials dcg-fz] of level-wise periods and

by dt;/t; for i =0,...,k — 1. Third, we define 5;. = (jr,e)«(ER)-
Lemma 9.3. There is an equality of Chern characters

lr—1

ch((ira)s(ELe @ (£50)7) = eb((r) (D ANF 7 2 &l @ (£5)7)).

j=0

Proof. If Fr is a vector bundle on Dr and Fr.e = (ir,e)«(Fr) is its push-forward
to the ¢p-thickening, we consider the exact sequences

Ik
0= I Fre = Zh Fr.e — (jr,e) (I,ﬂi ®op fp> —0, k=0,....0p -1
Dr

Notice that Zr Fr.e =0.

We specialize to Fr = & ® (L£{)~! and compute the Chern character of its
push-forward to the thickening via the previous sequences. The statement then
follows from the identification ZF,_ /IkDi1 = NE7% and from the fact that (ipe). is
exact, since ir o a closed embedding. O

The cokernel of can be described using the bundles we just introduced.
Lemma 9.4. The cokernel of is given by

(68) C= P Cr where Cr = (ire)(Ele®(LE,)7H).
IeLG, (B)

Proof. Recall that local generators of I had been given in the proof of
At a generic point of the boundary divisor Dr, there is a map of coherent sheaves
K — (ire)«(&, ® (£],)"") which is given in terms of the generators by
tldt/t s 0, by t'de 1 0, and by dei’ — dZ\) mod ¢* for all j. The kernel of this
map is obviously £ ® Egl.

In a neighborhood U of the intersection of L boundary divisors Dr,, labeled so

that I'; is the i-th undegeneration, we recall the shorthand notation [ = Hle tfi
and we assign for every level —i € {0,..., L}

tmdts/ts — t[i]dts/ts mOdtfrll, S CFi+1
(69) tra dgg-751 =1l dgg-is] mod tffll, € CFi+1

—s —s —s —s L
tmdq,[C ]/q,[C ]»—>tmdq,[C ]/q,[c ] modt;' ', €Cr

i+1

for all s =0,...,7 and all j and k. Again, this map is designed so that the kernel
isép® £§1|U. A local computation of transition functions shows that these maps
glue together. O

The proof of Theorem[9.9. is completed by the two preceding lemmas. ([
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Proposition 9.5. The Chern character of the twisted logarithmic cotangent bun-
dle Ep ®£§1 can be expressed in terms of the twisted logarithmic cotangent bundles
of the top levels of non-horizontal divisors as

-1 3 ; T 71 (L—erfrali)
ch(€p® Ly ) = Net -1 — Z ir, (ch(&p ) -ch(Lp)™ —F—=
FeLG (B) c1 (M)

Proof. First, by Corollary [9.1| we have ch(K) = Nef — 1. Second, from the se-
quence we get

(70) ch(ép ® LZ') = ch(K) — ch(C).

From the additivity of the Chern character we get ch(Cr) = ®rerq, ) ch(Cr). We

now aim to apply and the Grothendieck-Riemann-Roch Theorem
to the map f = ir, a smooth embedding. The contribution of the Todd classes

simplifies, since the normal bundle exact sequence
0— Tp. = itTg > Nr =0

implies td(Tp.) - td(Nr) = td (i T5) = i td(T5). If Fr is a vector bundle on Dr,
we can thus simplify and get

Ch(ip’*./—"p) = i["*(Ch(.FF) . td(TDF)) . td(Tg)_l = ir’*(Ch(C) -td(TDF) llf td(TE)_l)
= ir,*(Ch(]:F) . td(./\/'p)il) .
Using the previous remark and Lemma [0.3] we get
lr—1

ch(Cr) = (ir)*(z ch(&f) - ch(Ly) ™" - ch(Np) ™ td([NrD‘l) :
§=0
fr—1 e—J Cl(NF)(l — e m(Nr))
_ . Ch(ETY - ch(L£T)-1.
= jz:(:) L3 < h(gr) h(ﬁr) C1(NF) )

Canceling terms in the telescoping sum and substituting back the previous expres-
sion in gives the proposition. (Il

From this proposition we get some concrete expansions.

Proof of Theorem[I.1] Since the first Chern character is the same as the first Chern
class, by extracting the first degree parts from the expression given in
tion 9.5| we compute the left hand side to be

Ch1(83®£;31) = Cl(gB)—i-(N—l) Z KF[DF}
reLG;(B)
and the right hand side to be
NE— D briea (N = D[lp]) = Né— Y7 eo(NY —1)[Dr].
I'eLGq(B) r'eLGq(B)

By comparing the two expressions, we get the claim. [

In order to translate Proposition into a formula that can be recursively
evaluated, we compare the bundle SII to the analogous object
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on the top level of the divisor Dr for I' € LG (B), where D BT is the total boundary
of the generalized stratum By , including the horizontal divisor.

Lemma 9.6. We have
T,x *
(71) pr\ SBIT = CF glj
Proof. The statement can be checked on the local generators. Indeed recall that
the generators of SF as introduced before Lemma are dc[ I at a generic point

of Dr, and dcg- 1 and dt;/t; for i = 0,...,k — 1. Note that even though the map
cr is branched at the preimage of {t; = 0}, say given by {; = 0}, the pullback of
the standard generators dt;/t; of the log cotangent bundle are proportional to the
standard generators di;/t;. We can apply the same argument for the finite degree
map p' x p*, and check that the pull-back of the local generators of £ BT coincide
with the previous ones. [

For the inductive proof we introduce the following shorthand notation. Let
P = ch(&p) H e~ rlPrland Pgr = ch(EBFT) H e talbal
I'eLG, (B) A€ELGy(B])

be the Chern characters of the logarithmic cotangent bundles twisted by a boundary
contribution and let

(72) Pl = ch(&l) - ch(£f)™ = ch(&l) J e =Pl
ra
In these terms, Proposition reads
(73) Pg = (Nt —1) = Y ip, <€pP§ td(J\/li@eF)’1> .
I'eLG;(B)

We set d541(I") = {-}, the only graph with one level corresponding to the open
stratum B, for I' € LG (B), to make boundary terms well-defined in the sequel.
In particular N(;';+1 (T)=N.

Proposition 9.7. The twisted Chern character Pg is given by

(74) Z Z Nél(r)e )irs (H Erztd( Ii@/?nzp> 1>~

L=0 T€LG.(B)

Proof. We prove the formula by induction. For one-dimensional strata (N = 2) the
formula is , since P is trivial then. We claim that by induction hypothesis

1
(75 Z > (Vi pyetslor = 1)z (H —lR;t (Nﬁ/scl ) )

L=0A€LGp41(B)
Sp41(B)=r

holds in CH*(Dr). We insert this formula into (73)). Note that for the degeneration
of arbitrary codimension appearing in [75| we have

fx
(o) Tara W) = e (W5 )
by splitting the degeneration into codimension one degenerations and applying suc-
cessively Corollary in the case § L_H(ﬁ) =TI'. An application of the push-pull
formula now gives the expression in the proposition.
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To prove the claim, note that the induction hypothesis directly implies that

N-2 L -1
(1) Pop = 3 > (Ve —1)ia (H —laitd (Nf/e?”zm) )
=1

L=0 A€LGL(B])

in CH*(BI—':). We now pull back this equation and our claimed equation to Df: and
compare. Agreement in Dj implies the claim, since we are working with rational
Chow groups throughout. The agreement follows from the comparison of the normal
bundles in the argument of the Todd classes, which in turn is a consequence of the

comparison results |[Proposition 4.9 and . (]

Corollary 9.8. The Chern character of the logarithmic cotangent bundle is

= If Z (Nt;[l(F)e5 ) (LFH grltd( S/af(rrl))>_1>

L=0 FeLGL (B)
_ L pld
where Lr =Y, | Lp

The subsequent simplifications of this formula are based on the following obser-
vation. Suppose that ' — ar is an assignment of a rational number to every level
graph I' € LG (B) for every L with the property that if L > 1 then

L
(78) ar = Ha(gi(p)
i=1

is the product of those numbers over all undegenerations to two-level graphs. We
use the abbreviation ar ; = as,(r).

Lemma 9.9. For a collection of ar satisfying the identity

exp< Z GF[DF> =1+Z Z CLFI]_"*(th f/(s(éu))_l)
)

reLG, (B L=1T1cLGL(B)
holds in CH*(B).

Proof. The proof shows that this equality holds in fact if we restrict to any subset
S C LG1(B) on the left hand side and if we restrict on the right hand side to the
sum of those I' € LG (B) such that all their two-level undegenerations belong to S.
The proof now proceeds by induction over |S|.

For |S| = 1 this is the identity exp(ar[Dr]) = 1 + apip . (td(NVE~*)7!) that
follows from the adjunction formula ifir .« = ¢1(NTr) - @ and the relation between
the generating series of the exponential and the Todd class.

For |S| > 2 this follows from the uniqueness of the intersection orders shown in
Proposition and induction. We give details for |S| = 2, leaving it to the reader
to set up the notation for the general case. Let I'y € LGl( ) for k = 1,2 and
abbreviate Dy = Dr,, Ny = ¢1(Nr,), ix = ir, and ji = jar, for any graph A
with dx(A) =Ty for k = 1,2. We denote by [1,2] this set of 3-level graphs. Then
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by (76)
Z iAv*(Cl(NA/5§(A))I_161(NA/ég(A))y_l) = Z iA7*(jTNf_1j§N2y_l)

A€(1,2] A€(l1,2]
= Z il,*(i’{([Dl])‘"”‘ljl,*i;‘/\fé"l) = [DyJ* 7" Z i, 0, 35N !
A€(1,2] A€(1,2]

= [Di])" i NYTH = [Di)" - (Do)
Taking the generating series over this expression proves the claim. O

Proof of Theorem[I.3. In order to deduce this theorem from Corollary we in-
troduce shorthand notations for the products of inverse Todd classes, namely for
any I' € LG (B) we let

L
(79) Xr (/\ff;éfgr’) D oand Xp = IT xr.:,

and

® i\
Xawr = th( r/é“m)
icIC

if ' = §;(A) is the undegeneration keeping only the level passages in I of A. Now
the argument of Lemma with /r playing the role of ar and with both sides
restricted to degenerations of a fixed I' € LG (B) gives

N-1
exp(Lr) = e"p< > ér[Dr]> =1+ > Y lajar«Xar),
reLGE ,(B) L'=L+1 AeLGT,(B)

where LG}, (B) are the graphs with L’ levels below zero that are degenerations
of I". We inject this formula into the right hand side of Corollary Since

ir« (o, (Xavr) - Xr) = ia.(Xa)
by the projection formula and equation , we obtain

N-1
Ch(gg) = Z(—l)L Z <N61(F —1) Z Z gAiA,*(XA)~
L=0 reLG.(B) L’=L AeLGY,(B)

It remains to sort this expression as sum over £aia «(Xa). Since each A € LG/ (B)
appears in the expression of each I' with 6;(A) = T, its coefficient in the final
expression of ch(£g) is (defining min({@}) =L +1)

I T I
Z (_1)\ l. (N5min(1)(A)6§B — 1) — 8B . Z (—1)| |N5mm(1)(A)

Ig{l,»--,L’} Ig{l,--~,L'}
" (N—N(STL/@)) ;

where the disappearance of (— in the first equality and the cancellation in the
second equality stem from canceling the contributions of pairs under the involution
IT—TU{L'YifL'gTland I — I\{L'}if L' €l O

)\I\+1
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In preparation for the next theorem we switch to the language of profiles in-
troduced in Section [5| and recall that the notation depends on the choice of the
numbering of LG1(B) = {I'1,...,Tax}. We claim that Theorem can equiva-
lently be restated as

N-1
(80) ch(€p) = €7 - Z Z (N - NT) H (efu[Du] _ 1) .

L=0 [j1,...iL]€ZLL 1=1

To see the equivalence, it suffices to expand the product and to use Propo-

sition [b.1] about the uniqueness of the order of letters in a profile. Note that we

cannot replace &, by LG (B) in 7 as this would give wrong multiplicities.
We abbreviate the difference of dimensions rpr; = N — IV, (;T ) and write rp =

Hle rr4. 1t is useful to remember that rp,; = Zf:i—&-l NI = Z]L:H_l(d[*j] +1)
is the sum of the unprojectivized dimensions of the lower levels. If we work with
profiles and the elements of LG;(B) are numbered, we write r; = rr, and /; = fr,.
We can now state an additive and a multiplicative decomposition of the Chern

polynomial.

Theorem 9.10. The Chern polynomial of the logarithmic cotangent bundle is

(81)
N1 (_1)\10\,,",
C(SB) = H H H (1+£+Z€]1[D]1]) "
L=0 [j1,...,jL]€ 2 IC{1,...,L} iel

N-1 L L L
. N — Zi:l ki\ ok BWEDY i~ K ki—1
S (S (VR T (B
L=0T€eLGL(B) k i=1
where k = (ko, k1,...,kr) is a tuple with kg > 0 and k; > 1 fori=1,...,L and
where vr; = ¢; (NF/(;;:(F)), For L = 0 the exponent r;, is to be interpreted as N.

Proof. We first deduce the first line from (80). We compute the degree-d-part of
its interior product to be

L
. . 1 c d
3 45;1D5,] _ - - _Tl ,
=TT (e )], = a2 CTer i)
i=1 I1¢{1,...,L} il
On the other hand, recall from [ACG11] p. 586] that the Chern polynomial is given
in terms of the graded pieces of the Chern character by

c(€p) = exp(Z(—l)dil(d - 1)!chd(53)) .
d>1
Using the generating series of the logarithmic function, we then obtain the first line
of the statement by combining the previous two expressions.

In order to pass to the second line, we first show that the first line formally fits
with Lemma We want to replace the two exterior products over all L and
profiles &, by all subsets of the integer interval [[1,..., M]] without altering the
value of the product. For this purpose we claim that for each element of &2} the
interior product

P= I (+e+> gm0 e

IC{1,...,.L} iel
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considered as an element in the polynomial ring isin 1+ D1 - -- Dp,-Q[¢, Dy, ..., Dg].
This claim implies that the additional products give zero in the Chow ring and
considering the profiles as subsets of [[1, ..., M]] rather than as ordered tuples is no
loss of information thanks to Proposition To justify the claim we may assume
r;, = 1, since the claim persists when raising to an integral power. For L =1 the
claim is obvious and for the inductive step one replaces & successively by & + ¢;, Dy,
to see that P — 1 is divisible by D; for all ¢ # k.

Now we are in the situation to apply the image of the formula of Lemma [9.11]in
the Chow ring. To match the second line of the lemma and the theorem we define
for tuple k = (ko, k1,...,kn) as in the lemma the integer L to be the number of
entries k; that are positive. Consider a summand k = (ko, k1, ..., kas) in the second
line of the line, and say that i1,...,ir are those indices where the entries k;, are
positive. Then the contribution of this summand to the second line of equals
the contributions of the (possibly empty) set of level graphs in D;, N---N D;, to
the second line of . O

Lemma 9.11. In the polynomial ring Q[¢, D1, ..., Dyl the identity

11 I1 (1+§+Z€jiDj,;)(7l)”G"N“

lj1sesdn]C{1,..., M} IC{1,...,.L} icl
(52 N-SM &k l Nl M g
_ Z —Zi:1 i gko . H ngi _Zj>i J (&Di)ki
ko : k;
k =1
holds, where k = (ko,k1,...,kn) is a tuple of non-negative integers, and where

Ny:=300  NED and N = Ny = 3200 NI,

Proof. We proceed by induction, M = 0 is the binomial expansion. The effect of
the passage from from M — 1 to M is given on the left hand side by replacing
NEM-DI with NI=OM=DI 4 NI=MI i all those factors where j;, < M, and by
multiplying by the factors where j;, = M, i.e. by multiplication with

C
H (1+5+DM—|—Z€jiDji)(71)\I | N ()

[FARER jp—11€{1,....M—1} el

r (=)L M k)
R T gt

[G1s---» Jr—11€41,..., M—1} el

Applying the induction hypothesis with NI=(M =Dl replaced by NI-(M-DI NI=M]_
kar gives the claim. O

The following step concludes the proof of all main theorems.

Lemma 9.12. Suppose that ar € CHy(Dr) is a top degree class and that cior =
H;ZLO(F) p{f]’*al- for some a;. Then

—L(I)

Kr /
AT = T Q; .
/DF DT [ Awt(D) [ 13 Bl
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Proof. We have

1 . deg /
o = — Cpl &y = (78
/Dr "7 deg(er) /DF Fer) = Fegler H Bl

and the claim follows from by Lemma [4.5] O

Proof of Theoreom[I.3 By Proposition it is enough to compute the top Chern
class cq(€p), where d = dim(B) = N — 1. We investigate for each L and each I' 6
LG (B) the contribution of the second line of in Theorem [9.10] to cd EB)

suffices then to show that the expression inside the ir . is equal to N\ ]_[Z 0 (EF )dM

Note that by [P 5| the first chern class of the normal bundle Nr sty
is supported on the levels fi + 1 and —i of I'. Considering the bottom level we
deduce that if the summand k contributes non-trivially to the top Chern class cq4,
then we must have k; > dl¥) 4+ 1 so that the vr, p-power is large enough for its
binomial expansion to contain a top &-power for the bottom level. On the other
hand, for the binomial coefficient in front of it to be non-zero we need rr ;. > kr,
which is equivalent to ky < < d¥ 4+ 1. So in fact k; = dlX + 1 the binomial
coefficient is one, and we have to select from the expansion of VF " the term that
does not contribute to level —i — 1. Since the top entry of the bmomlal coefficient
is rr; — ZJLN kj =14+ N; + Z ;(dV) + 1 — k) we can inductively repeat this
argument for all levels and deduce k; = dUl + 1 for all j>1and kg = dl%. The
only non-trivial factor is now Ny! that stems from the first binomial coefficient in
the second line of . The final shape of the statement follows then directly from
[Proposition 4.9| and [Lemma 9.12] after noticing that the ¢ coefficients cancel. [

10. EXAMPLES: GEOMETRY AND VALUES

In this section we explain how to evaluate top degree classes, we provide ex-
amples illustrating the geometry at infinity of the compactification Emg,n (1) and
examples of our formulas for the normal bundles, the Chern polynomials and the
Euler characteristic.

10.1. Evaluation of top ¢-powers. First of all we explain how to evaluate the
expression in Theoreom see [CMZ20] for many algorithmic details. We only
need to explain how to evaluate fgﬁd, i.e. top powers of £ on generalized strata.

Suppose that B = PQM, 1(2g—2) is a stratum parametrizing connected surfaces
with a single zero. Then the generating series of top £-powers is given by a simple
power series inversion that arises in the computation of Masur-Veech volumes, see
[Saul8] and |[CMSZ20, Theorem 3.1], and Table [2] for some values.

Suppose that B = PQM, ,, (1) is a stratum parametrizing connected surfaces of
holomorphic type, i.e., with all m; > 0 and with n > 2. Then fB ¢4 =0 by [Sauls,
Proposition 3.3].

It remains to explain how to evaluate f§§d top powers of £ on meromorphic
generalized strata. First of all, we write £ with the help of Proposition as a
1-class and boundary strata. The product of such objects, which are standard
generators as in [f] of the tautological ring, can be rewritten as a sum of standard
additive generators via the algorithm explained in the proof of more
specifically in the part in which we show that R} (7) R*(B) is a ring. Now that

we have rewritten £ in terms of standard addltlve generators, by m it
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only remains to explain how to evaluate a top-dimensional standard generator, i.e.
the top power of a t-class, on a generalized stratum B. Since ¢-classes are pulled
back from M, ,, we can use a push-pull argument and express

/E W = /M . ([B])

where 7 : B — Mg’n is the forgetful morphism and where we used as always the
abuse of notation v; = 7*(1);).

If we can express the class 7. ([B]) in terms of the standard generators of M, ,,
we can use the sage package admcycles in order to obtain a number.

If B is a stratum parameterizing meromorphic differentials on connected sur-
faces without residue conditions, the class 7. ([B]) was computed in [Saul9] and
[BHPSS20], and the algorithmic task can be performed again by the sage pack-
age admcycles, which implements the algorithm based on the formula in [Schl18]
and [BHPSS20].

If the stratum B is more general parametrizing differentials on disconnected
surfaces and with residue conditions, we first of all use repetitively Proposition[8.3]to
write the class of B into the associated stratum without residue conditions in terms
of additive generators of the stratum with not conditions. We then reduced to the
computation of the class 7, ([B]) in the case that B has no more residue conditions,
but is potentially disconnected. If B is disconnected then actually . ([B]) is zero.
In fact, since we can scale the differentials on the components independently, the
fiber dimension to a product of Mgi,m is positive and by definition of push-forward
we get the zero class.

o (0) (2) (4) (6) (0,0,-2) (2,-2)
fE fdim(B) i o % 5§§’8058 ) o 19382?200 1 *é

I (1,1,-2) | (4,-2) | (3,1,-2) | (2,1,-3) (5,-3) | (8,—-2,—-2,-2)
fre™ | 0 |- o | E | W

TABLE 2. Integrals of top &-powers for some connected strata

For the subsequent examples we present some cases where we can directly eval-
uate the top &-power for meromorphic strata in genus 0 and genus 1.

Proposition 10.1. The integrals of the top &-power are given (a;,k > 0)
for B = IP’QO_,n+1(—2—Zai,al,...,an) by /5%72 = (—1—2@1-)"_2,
B i=1

i=1

for B = Pa(~k k) by [ ep = FTDE-D

for B = PQs(—k—1,1,k) by | & =———.
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Proof. The first statement follows easily from Proposition [B:2] which in this case
implies £ = (=1 —>_""; a;)¢1. Indeed there cannot be any divisors which have the
pole on lower level. Hence

n

/Bgn_2 - (_1 - ;ai)n_Q /Mo,n+1 ?_2 B (_1 - Zai)n_2.

=1

The second statement follows immediately as the previous one, since again there
cannot be divisors where the pole is on lower level. Hence

_ 2 _
[e=-t-n [ mompm=-EE=

where we used |[CC14}, Proposition 3.1] for the computation of m.([B]).

For the proof of the last statement, notice that there can only be one non-
horizontal divisor D3 which has the pole on lower level (see for the full
boundary description). Using Proposition we find then & = —ky; — D3, which

ylelds
/B
—

~ [y k) = (-1 [ konDa ko)
B B
(_1/24+k2/M m([B) - 4?) = (K~ 1)/24

1,3

again by the computation in [CC14, Proposition 3.1] of the class of the class . (B)
of the stratum in M 3. O

10.2. The minimal stratum PQMs5 1(2). This stratum is small enough so that
we can show all the level graphs, including those with horizontal nodes and their
adjacency in Figure [l The picture shows the dual graphs of stable curves in the
boundary of this stratum, the top level is on top of each graph. The number in
the vertex denotes the genus, a black dot corresponds to genus zero. The numbers
associated to the legs are the orders of zero. In this stratum, all interior edges have
enhancement k. = 1, so the discussion of prong-matchings is void here. There are
only three graphs without horizontal nodes, in fact |LG1(B)| = 2 and |LG2(B)| =
1, where B = PQM, 1(2) as usual. Taking into also account the entire stratum
and the stack structure of the banana graphs, and using the values of top £-powers
from Section we get
5 ~1 1 -1 11 1

(D7 x(B) =4 g +0+2 50 +2 500 L= 55
as in the table in the introduction, in accordance with the fact that this stratum is
a 6-fold unramified cover of My and x(M3) = —5i5.

10.3. The stratum PQM; 3(—k — 1,1, k). This example illustrates the quotient
stack structure at the boundary of the smooth compactification that result from
prong-matchings, i.e., from points with Twr # Twi.. We have chosen a genus-one
stratum with a simple zero, since the projection to M; > provides an alternative
way to compute all invariants in this case. We label the points z1 (pole), zo (simple
zero) and z3. The boundary divisors here are Dy, and five more types of divisors,
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I

g U==14d

N4
Q. =\

FIGURE 4. Level graphs appearing in the boundary of QMo 1(2).
Graphs corresponding to components of the same dimension are in
the same row (divisors in the first row, points in the bottom row).
The lines connecting the graphs symbolize degeneration.

namely there are the divisors

-k -1 k-1
\. 0
a—1 b—1
Dla* () D2: k+1 ) DS* -2 )
—a —1 —1-—b
A kel 1o, kel
Lk ko1

where a,b > 1 and a+b = k+1. Here Dy o = Dy 41— and if k is odd, the middle
divisor Dy (541)/2 has an Z/2-involution. Moreover, there are the divisors

—k—-1 1 o
S !
a —1 b —1
Dy = —k , Dso = —a’—l()—l—b/
\
L k

wherea’ € {1,...,k—1} and b’ = k—da’. Again, D5 o = D5 _o with an involution
on Ds /o if k is even. The local exponents are

b o = lem(a,k+1—a), by =k+2, l3=1, {4 = k=1, U5, =lem(a’,k—a’)
and the dimensions of the top level components are
N =1, N =2 N =2 N =1, N =2.
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FIGURE 5. The intersection behavior of the boundary in the stra-
tum PQM; 3(—4,1,5). The figure has to be considered as quotient
by the elliptic involution that interchanges Dy ; with Dy 4 and Ds 3
with D5’3 etc.

We abbreviate Dy = % 22:1 D4 and D5 = % 22;11 Ds .

The local geometry of the boundary divisors. We give a summary of the
boundary points and intersection behaviour of the boundary divisors listed above.
We start with the boundary divisors that map to the interior of M o under the
map to M ; forgetting the second point. These are represented by the thin lines
in Figure [5| while thick lines are mapped to the point at infinity of M; ;. The
divisor D3 is simply a copy of the modular curve, intersecting once Dy,.

The divisor Do minus its intersection with other boundary divisors is the union
of the modular curves X;(d) = H/T'1(d) for all divisors d > 1 of k + 1. The only
intersections with other boundary divisors are [(k 4 1)/2] — 1 intersection points
with Dy, and ged(a, b)-points with D ,.

The divisor D4 minus its intersection with other boundary divisors is the union
of the modular curves X;(d) = H/T'1(d) for all divisors d > 1 of k. The only
intersections with other boundary divisors are [(k)/2] — 1 intersection points with
Dy, and ged(a’, b')-points with Ds 4.

The curves D; , and Ds o form the exceptional divisor when realizing the level
compactification PEM, 3(—k — 1,1,k) as a blowup of M in the node of the
forgetful map to Ml,l- Without prong-matchings the curve D , were just an MOA
(with a stack structure of an involution if a = (k + 1)/2). The three boundary
points correspond to the intersection with D5 ,—1 and D5, (respectively with Dy,
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and Ds , if a = 1), and with Dy. By the formulas in Section[3.4] at the generic point
of D1 , (and also near the intersection with Ds) there are ged(a, b) prong-matching
equivalence classes. At the intersections with Ds there is just one prong-matching
equivalence class. This implies that each Dj, is a ged(a, b)-fold cover of MOA,
totally ramified over the two points of intersection with Ds.

Similarly, the divisor Dj is a ged(a’,b’)-fold cover of Mg 4, totally ramified over
the two points that correspond to the intersections with D;. We compute the nor-

mal bundles of the divisor using the special geometry of this example, independently
of Theorem [l

Proposition 10.2. The self-intersection number of D1 q is
Dia = = -kg1,0/l1,a where g1, = ged(a,b)

and where K11 = 1/2 ifa = (k+1)/2 and 6*+! = 1 otherwise. The self-intersection
number of Dy, is

D, = =6k (k+1)gsa/lsa where gsq =ged(d,b).

Proof. We consider the fibration m : PEM, 5(—k — 1,1,k) — M1 obtained from
forgetting the last two marked points and take a smooth chart of the quotient
stack near the image of the curves D; o, and Ds 4/. From the intersection discussion
above we deduce that the fiber over oo in Ml’l consists of a ring of rational curves
intersecting in the order

Dy —Dy1—Dsy —Dyp—Dso—--+—Dyp_1—Ds—Dyp41 — Dy,

see again Figure We claim that the multiplicity of D; , in the fiber F' = 7~!(c0)
is equal to (k+ 1)/ ged(a, k + 1). This can be deduced from the fact that 7|p, is a
cover of degree (k + 1)2 — 1 and from the order of the cusp stabilizers (see [DS05,
Section 3.8], in particular the explanation around Figure 3.2) since Dy and D q
intersect transversally in PEHLB(—I{ — 1,1, k). Similarly, the multiplicity of Ds 4
in this fiber is k/ged(a’, k). Using the orbifold degree of the intersection points
given in and Dy, - F =0 we find with @’ =a—1 and ' = b — 1 that

9 ged(a,b)  abk a b
pi, = ) bk . )
’ k+1 b, \l5qgcd(a/,k—a')) sy ged(t/, k—b))
ged(a,b) abk k+1
_o ™) ) = —k-gro/l1a.
k+1 (1. ab 9ra/ba,
The proof of Ds 4 is similar. [l

[Proposition 10.2agrees with [Theorem 1.6] Indeed, since the dimension of the top
(resp. bottom) level stratum of D , (resp. Ds o) is zero dimensional, we compute

1
Dio = Wo,.) = 5 (~€h,. ~ Lh,. +¢b..)
Kl a J1,a
é%,a Aut(DLa)é.Bia gl,a Aut(DLa) ( )

where in the last two equalities we used about evaluating top classes
and the computation of top powers of £ which can be done analogously as in the
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first case of [Proposition 10.1} Similarly we also get

( fD ,t fﬁmz - L‘gs,a,)

D;a/ = Cl(ND57a/) =

£5 a’

_ K5 a’ 1 T
N Aut(D5 a’ )E al gBTa gS,a’ [’Ds,a/
95,a’ 1
- e () D- 1-(ID D, D
Aut(D57a/)€57a/ ( k) (57(1/ ([ 5,a ] ([ 4] + [ 1l,a ] + [ 1,a +1]))
= L . (_k _ 1)

Aut(D57a/)€5’a/

The Euler characteristic. We give two ways proof of the following fact.

Proposition 10.3. The moduli space PQAM; 35(—k—1,1,k) has Euler characteristic
equal to k(k+1)/6.

Proof. The first proof uses the description of B = PQM, 3(—k — 1,1,k) as the
complement of Dy and Dy in M; 5. By the above description of Dy and Dy we
need to compute

2 _
ST (/) = x(M1) YBLa(@): Talh/a)] =~
it i

which holds, since the rightmost sum counts the number of non-zero k-torsion points
in an elliptic curve. Together with x(Mj 2) = —1/12 implies the claim.
The second proof evaluates Theorem given in the surface case concretely by

X(B) = 35%—1— Z |A t (/ §BT +/ §BJ_>+ Z géo(A)Eél(A)[DA]'

I'eLG:(B) A€LG2(B)

Using the third statement of [Proposition 10.1| we find

3/;2 = 3(k*—1)/24.

For the divisors D; , and Dy the contribution from &g is zero and that of £ B is
non-zero, while for Dy, D3 and Ds o/ the converse holds. We evaluate in detail the
contribution of that last divisor type. Its top levels are D;:a, =PQy4(1l,0' — 1,0 —
1,—k — 1). Using again [Proposition 10.1| we get

Kp - NT 154 K2k -1
L / Ear = 3 > 2k —a) (k) = D)

| Aut(T
a’'=1

FD

a=1,...

Similar computations using again |[Proposition 10.1|yield

KrN{ ok 43k 42 7
Z ity G = R e e = g

I'=Djy
OIS

k 1 K2 -1
O L e T (s
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Using the evaluation result of we finally get

B 4+E+1
> lsyaylea)[Da] = k(k+ —
A€ELG2(B)
Adding these contributions gives the claim. 0

10.4. Hyperelliptic components. We recall from [KZ03| that strata of holomor-
phic Abelian differentials have up to three connected components, distinguished by
the parity of the spin structure and possibly hyperelliptic components. The strata
QMy.1(29—2) and QM 2(g—1, g — 1) have hyperelliptic components. Their Euler
characteristics are easy to compute.

Proposition 10.4. The Euler characteristic of the hyperelliptic components are

-1
_oyhypy - &
X(POM (29 = 2)P) = o=y and
. r
(29 +1)(29+2)

Proof. In the first case the surfaces are double covers of surfaces the stratum
Qp(—12911 29 — 3) of quadratic differentials with unnumbered points, which is
isomorphic to Mg ag42/S2g+1. The claim follows from x(Mont3) = (—1)" - nl,
taking into account the global hyperelliptic involution on the stratum.

Double covers of surfaces the stratum Qg (—12972, 2g—2) of quadratic differentials
with unnumbered points produce the Abelian differentials second case, and this
stratum is isomorphic to Mg ag4+3/S24+2. The extra factors 2 from labelling the
zeros of order g — 1 and 1/2 from the global hyperelliptic involution cancel each
other. (]

X(PQMg (g — 1,9 — 1)MP) =

10.5. Meromorphic strata and cross-checks. In this section we provide in Ta-
ble |3 some Euler characteristics for meromorphic strata. We abbreviate x(u) =
X(PQM, (1)) Moreover we provide several cross-checks for our values. First

1% (4a_2) (3717_2) (2727_2) (271ala_2) (14a_2)
X(B) | —3 i 10 6 26

1% (4771771) (371371>71) (272771a71) (2712371771) (14771771)

—4 —4 14 —63

=

=
|

oo

TABLE 3. Euler characteristics of some meromorphic strata

note that the union of the strata of types (4),(3,1),(2,2),(2,1,1) and (1*) glue
together to the projectivized Hodge bundle over Mg, if all of them are taken with
unmarked zeros. In fact, we read off from Table [1] that

X(4) + X3 1)+ 5x(2,2) + 22 L1 + px(1h) = o = X(F) - x(Ms).
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The value x(4) = —55/504 can also be retrieved from Proposition and the
computations of Bergvall [Ber19, Table 4], that gives the cohomology of the stratum
with odd spin structure QM 1(4)°4 with Z/2-level structure. Computing the
alternating sum weighted by dimension gives —141120. Since |Sp(6,Z)| = 1451520
this checks with

55 . ady  —1  —141120

sor — AW = XU EXET) = ot g -
(A few other strata in g = 3 might be cross-checked with table in [Ber19], but one
has to take into account that Bergvall glosses over the existence of hyperelliptic
curves in non-hyperelliptic strata.)

Another cross-check is the Hodge bundle twisted by twice the universal section
over My 1. It decomposes into the unordered strata (4,—2),(3,1,—-2), (2,2, —2),
(2,1,1,-2), (1*,-2),(2,0),(1,1,0),(2) and the ordered stratum (1,1), since the
simple zero at the unique marked point is distinguished. Note that x(2,0) = 3x(2)
and x(1,1,0) = 3x(1,1). We can now add up the contributions listed in Table[f]and
Table |3 and find that the sum equals 5 = x(P?) - x(Ma,1). A similar cross-check
can be made for the Hodge bundle over M 5 twisted by every section once, using
the second row of Table
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