GAP BETWEEN LYAPUNOV EXPONENTS FOR HITCHIN
REPRESENTATIONS

MATTEO COSTANTINI AND FLORESTAN MARTIN-BAILLON

ABSTRACT. We study Lyapunov exponents for flat bundles over hyperbolic curves de-
fined via parallel transport over the geodesic flow. We consider them as invariants on
the space of Hitchin representations and show that there is a gap between any two con-
secutive Lyapunov exponents. Moreover we characterize the uniformizing representation
of the Riemann surface as the one with the extremal gaps.

The strategy of the proof is to relate Lyapunov exponents in the case of Anosov
representations to other invariants, where the gap result is already available or where
we can directly show it. In particular, firstly we relate Lyapunov exponents to a foliated
Lyapunov exponent associated to a foliation Hoélder isomorphic to the unstable foliation
on the unitary tangent bundle of a Riemann surface. Secondly, we relate them to
the renormalized intersection product in the setting of the thermodynamic formalism
developed by Bridgeman, Canary, Labourie and Sambarino.
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1. INTRODUCTION

Lyapunov exponents are characteristic numbers associated to the dynamics of trajec-
tories of a dynamical system. The interest for these invariants in this paper’s context
originated from the study of the dynamical properties of billiard trajectories on polygo-
nal billiards and trajectories of wind-tree models for the diffusion of gas molecules. Both
these settings can be studied by restating the problem in terms of properties of the ge-
odesic flow on a flat surface, i.e. a topological surface equipped with a flat metric with
finitely many conical singularities (see the survey [28]).

It turned out that, in order to study properties of a special flat surface, it is convenient
to study properties of the associated family given by the deforming the flat surface. The
Lyapunov exponents of the original problem for a special flat surface can be identified with
the ones associated to the flat cohomology bundle over the flat surface associated family.
It is at this point that the work of Eskin-Kontsevich-Zorich [12] allowed to compute the
sum of the positive Lyapunov exponents in this setting by relating it to the algebraic
degree of a holomorphic vector bundle.

Consequent works generalized the relation between Lyapunov exponents and degrees
of holomorphic bundles in the case of special flat bundles coming from families of curves
over ball quotients [20], family of K3 surfaces [13], and more generally in the case of

any flat bundle over a Riemann surface [11]. Daniel-Deroin [10] generalized even more
1
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this relation to the case of flat bundles over Kéhler manifolds. The first author [9]
refined the relation of [11] and proposed to study the Lyapunov exponents as functions
on representation varieties and conjectured an inequality for the gap between Lyapunov
exponents for Hitchin representations.

Hitchin representations are the central objects of study in Higher Teichmdiller Theory,
which generalizes the theory of Fuchsian and Kleinian groups to Lie groups of rank > 2
(see [Subsection 4.2). They were introduced by Hitchin [17] as representations in the
connected components of character varieties containing an embedding of the Teichmiiller
space. Labourie [21] showed that Hitchin representations possess a rich dynamical struc-
ture and in particular they are faithful and discrete.

Generalizing the rank one case, various asymptotic quantities describing the geometry
of a representation have been studied: the orbital counting problem [25], critical exponent
and entropies [23], Hausdorff dimension of limit sets [24] [14]. A defining feature of
representations in higher rank is that the relevant notion of “size” of a matrix is not
just a number, the norm, but the collection of all the singular values, which form a
vector called the Cartan projection which lives in the Cartan subspace. The asymptotic
geometry of the Cartan projection of the image of the representation is a central subject
of investigations. In the present work we study the Lyapunov exponents of a Hitchin
representation with respect to a hyperbolic metric on a surface. These characteristic
numbers are quantities that measure the asymptotic growth of the norm of vectors under
parallel transport in the flat bundle associated to the representation, where the parallel
transport happens over the geodesic flow defined by the hyperbolic metric. The Lyapunov
exponents define a vector in the Cartan subspace which reflects asymptotic properties of
the representation with respect to the hyperbolic metric.

Let S be a compact surface of genus g > 2 and X be a structure of Riemann surface on
S. Given a representation p : m(S) — SL(d,R), we can define the Lyapunov exponents
AM(X,p) > > Xa(X, p) of p with respect to X (see|Subsection 4.1)).

Computer experiments made by the first author hinted of a gap between the first and
the second Lyapunov exponents for Hitchin representations. In this work, we can show
the following more general statement.

Theorem 1.1. Let X be a structure of Riemann surface on a compact surface S of genus
g>2and p:m(X)— SL(d,R) be a Hitchin representation. Then it holds

)‘1<X7 p) - )‘iJrl(X? p) >1

for everyi=1,...,d—1.

Moreover the bound is attained for every i = 1,...,d — 1 if and only if p is conju-
gated to the image of the Fuchsian representation uniformizing X under the irreducible
representation SL(2,R) — SL(d, R).

The previous result follows from a more general statement regarding a specific class
of Anosov representations, the (1,1,2)-hyperconvex Anosov representations. They are
Anosov representations whose action on their limit set exhibit a form of asymptotic
conformality (see [Subsection 4.2)).

Theorem 1.2. Let X be a structure of Riemann surface on a compact surface S of genus
g>2andletp:m(X)— SL(d,R) be a (1,1,2)-hyperconvex Anosov representation. Then
it holds

/\1(X, p) - )‘Q(XHO) > 1.

We give two proofs of the previous result, both being a consequence of the relation we

show between Lyapunov exponents and other characteristic numbers (see [Theorem 5.1J).
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The first proof relies on the study of a deformation of the weak unstable foliation of the
geodesic flow on the unitary tangent bundle of X and it is a consequence of a more general
statement about the transverse Lyapunov exponent of this foliation (see . The
second proof is more concise but it uses the machinery of the thermodynamic formalism
for Anosov representations developed in [5] and [6] (see [Section 3). It is however only
in this context where we can show that the equalities of characterizes the
uniformizing representation.

These two approaches fit naturally in the perspective that Tholozan developed in his
note [26]. He explains that there is a correspondence between Anosov actions on the circle,
deformations of the weak unstable foliation of the geodesic flow, and reparametrizations of
the geodesic flow. Furthermore this correspondence preserves the (appropriately defined)
periods of each object. The two proofs we provide here consist of considering the Anosov
action on the circle given by an Anosov representation and interpreting it in one case as a
deformation of the weak unstable foliation and in the other case as a reparametrization of
the geodesic flow. It is however interesting to notice that the two proofs are not a simple
translation of each other. It is probable that there exists a third proof using directly the
Anosov action on the circle which would use a random walk discretizing the geodesic flow
and an adapation of Ledrappier formula [22] in this context.

Organization. In we define the transverse Lyapunov exponent associated to a
foliation Holder isomorphic to the unstable foliation on T X and prove the main bound
for this quantity.

In we recall the setting of the thermodynamic formalism developed by Bridge-
man, Canary, Labourie and Sambarino in [5] and [6] (see also [§]), in particular the main
bound about the renormalized intersection.

In we recall the main definitions of Lyapunov exponents via Oseledets The-
orem and the properties of Anosov and Hitchin representations. We also show some
implications that being Anosov has on the Lyapunov exponents.

In we show the relation between Lyapunov exponents, the foliated Lyapunov
exponent and the theormodynamic formalism. We finally prove the main results
rem 1.1l and [Theorem 1.2
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2. TRANSVERSE LYAPUNOV EXPONENT

In this section we provide a general setting to study a new invariant measuring the
growth of the holonomy of a reparametrization of the weak unstable foliation of the geo-
desic flow on a Riemann surface. We call this invariant the transverse Lyapunov exponent
and we will relate it to the usual Lyapunov exponents in the case where the reparametriza-
tion of the foliation is induced by a (1, 1, 2)-hyperconvex Anosov representation.

2.1. Setup and notation. Let S be a compact surface and X be a Riemann surface
structure on S. We denote by T X the unitary tangent bundle of X, by 7 : T'X — X the
projection and by (¥;) the geodesic flow on 71 X. We also consider the the weak unstable
foliation F, of the geodesic flow on T' X . We finally equip 7' X with the Liouville volume
form vy, normalized to be a probability measure.
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From now on we say that a function is C*+H5der if it has continuous derivatives up
through order k& and such that the k-th partial derivatives are Holder continuous for
some exponent 3, where 0 < § < 1.

Let now M be a C1HH0der_manifold which is Holder isomorphic to 7' X. Let us call

= :T'X 5 M the isomorphism and assume that Z is C* along the leaves of F,. Denote
by FM the foliation on M induced by Z and assume that this foliation is C1FHolder,
Denote also by UM = =0 ¥, 0 =71 the flow induced on M. Note that FM is by definition
the weak unstable foliation of ¥, and this flow is Holder and C* along the leaves of F7.

Remark 2.1. This setting may seem arbitrary but it is exactly the setting we are in
when we deform the conformal class of the weak unstable foliation of ¥, on T'X, c.f.
[26].

Let us finally define a volume form v on M in the following way. Since the foliation is
transversly oriented, we can fix an arbitrary 1-form a on M which defines the foliation,
meaning that its kernel defines the tangent bundle of F*. The form « induces a metric
on the normal bundle of FM and we define a volume form by v = a A 7™*wp, where wp
is the Poincaré metric on the surface X and 7 : M — X the projection 7 -1
Up to normalizing o we can assume that v induces a probability measure.

=To=

Remark 2.2. Note that that T'X is equipped with the Liouville measure v; and M
with the volume form v. The measures v and Z,v;, are in general mutually singular, but
the disintegrations of v and Z,v;, along the leaves of FM are both equal to the Poincaré
leafwise measure 7*wp.

2.2. The definition of the transverse Lyapunov exponent. We will now define an
invariant of the flow WM and the foliation FM, which we call the transverse Lyapunov
ezponent, which measures the asymptotic growth of the norm transverse to FM of vectors
under the flow.

In order to define these characteristic numbers, we would like to apply directly ergodic
theory machinery, but the subtlety here is that the measure v is not preserved by the
flow. We hence use the Liouville measure as an accessory, and then show that we can
compute the foliated Lyapunov exponent for almost every point with respect to v.

Given a path ¢ : [0,f] — M contained in a leaf, we define |Dhol(c)|, as the norm of
the derivative of the holonomy of this path along the foliation F*. More precisely, the
derivative of the holonomy induces a linear map between the one-dimensional fibers of
the normal bundle Nzw .o and Ngwm o), and we define |Dhol(c)|, as the norm of this
linear map for the metric on Nz induced by a. Note that |Dhol(c)|, depends on our
choice of a.

The local expression of | Dhol(c)|, can be described in the following way. Suppose that
the image of ¢ is contained in a chart V' which trivializes the foliation, i.e. V ~ U x [
where U is a disk in H? and [ is an interval. In this chart the measure v can be written
as fo(z,7)wp(dz)dzx, so

(1) | Dhol(c)|a = fa(c(t)/ fa(c(0)).
Let \I/f\oﬂ] (z) be the path s +— U (z) defined on [0, ].

Theorem 2.3. There exists a number Ay such that for every leaf L of FM and for m*wp
almost every x € L we have

lim ~log | Dhol (Wfly(@))| = M.

t—+oo

We call the number Ay the transverse Lyapunov exponent.
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Remark 2.4. The transverse Lyapunov exponent Ar is independent of the transverse
form «. Indeed, since M is compact, any two norms are uniformly bounded away from
each other.

Proof. For any x € T'X, we set H,(x) = log| Dhol(¥{f,(Z(x)))|a- This is a cocycle over
the geodesic flow on T1'X. As the geodesic flow on T'X is ergodic with respect to the
Liouville measure, there exists a number Ay such that, for v;-almost every z € T* X, we
have

Let us denote by G the set of “good points”, that is those for which the above equality
holds. We know that it is a set of full v; measure, and it is invariant under the flow.
We are going to show that for every leaf L of F,, the set G N L is of full measure. This
implies the main statement, as Z maps leaves of F, to leaves of FM and by
it maps full measure subsets to full measure subsets.

First, it is clear that there exists one leaf Ly for which this is true. Then we are going
to show that G is a set foliated by the strong stable foliation Fig, that is the 1-dimensional
foliation such that a leaf through a point x is the set of y’s such that d(V,(x), U,(y)) goes
to 0 exponentially fast. This will imply the result. Indeed, starting from the leaf Ly such
that G N Ly is of full measure, consider another leaf L of F,. Consider the first return
map of the horocyclic low Ly — L. Because the strong stable and unstable foliation are
transverse to each other, this is a smooth map and it is surjective. It sends the set of full
measure Ly N G to a set of full measure which is included in L N G.

Let’s finally show that the set G is foliated by the strong stable foliation. The holonomy
of the foliation FM is C*HHélder Tp particular, the derivative of the holonomy along a
geodesic of length 1 is uniformly S-Holder, for some 5 > 0. Let us denote by ||-||cs the
[-Holder norm

[f(z) = fy)]

fllcs := sup
|| ||C z,yeT1 X d(l’,y)ﬁ

where f: T'X — R and d(-,) is a distance in T'X (any two distances are equivalent
since T'X is compact). Then, by compactness of M, there exists a constant C' > 0 such
that

[z = Hy(2)]cs < C.

Let x and y be in the same leaf of the strong stable foliation. We show now that x and
y belong to G. We denote z; = ¥ (z). We have then

n—1 n—1 e’}
| H,(z) — Ho()lles < SN Hi(vx) — Hi(ye)les < C Y- d(an, yp)’ < C Y d(wg, )",

and the last sum is convergent because x; and y; become exponentially close. This implies
that lim,, o Hy(x)/n = lim,_,. H,(y)/n, which is what we wanted to show. O

The conclusion of the theorem implies that the limit defining Ay exists for v-almost
every x € M, because Z,v;, and v are absolutely continuous along the leaves.

The manifold M is a foliated fiber bundle 7™ : M — X, where 7™ = 7 0 Z-!. Hence,
the transverse Lyapunov exponent can be expressed using the fibered structure. The flow
UM induces a projective transformation between fibers \IJ% P Mon gy — MWM@?J (@) for

each x € M. For each { € My, we denote by D:W}. the derivative of ¥} at the

t,x
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point ¢. Then we have
1
(2) Ar = lim_—log] D 5|

for almost every x in every leaf, where ¢ is the point in M) corresponding to z and
for any choice of norm on the tangent bundle to the fibers. This follows from the the fact
that the holonomy along paths of the form \Iffg{t](x) is given by the maps \I/%U between
fibers and the tangent bundle to the fibers are identified with the normal bundle of the
foliation.

2.3. Bound on the transverse Lyapunov exponent. We will now show the main
estimate for the transverse Lyapunov exponent.

Theorem 2.5. The transverse Lyapunov exponent satisfies Ap < —1.

The previous theorem is a consequence of the following lemma which explains how the
measure v is transformed by the flow.

Lemma 2.6. The transformation of the measure v under the flow on M is given by
(UMY, v(dx) = et\Dhol\Ilf\[{t](xﬂy(d:c)
for any positive t.

Proof. First of all note that, since ¥ is not smooth, we cannot work directly with forms
and we can only argue with measures. Let now A be a set contained in a foliation chart
V ~ U x I stable under ¥ and such that in this chart A ~ U’ x I'. To prove the result
it is enough to compute (¥™),v(A) for all such A’s, since such sets cover M.

On every plaque U x {¢}, the flow UM induces a flow "¢ and we have UM (U’ x I') =
{(\Ifi‘u(z), Q);(2,() e U x I’}. Recall that the measure v in the chart V' can be written

as fo(2,()wp(dz)d¢. Because ¥, is conjugated to the geodesic flow on T' X by =, and =
is smooth and measure preserving along the leaves, we have

(\I!i‘/[’c)*wP = e'wp.

We can finally compute

(W) (A) = (O (A) = [l Qup(d2)ic
_ /I | /q} ey Fa5 Qp(d=)¢

= [ ] faw (), etwp(dz)ac
rJur

:/ fa(\ljiw’c(z)ao
vl fa(z,Q)

- U/X[,et‘DhOI\ij\({t]<27C)’fa(z,g)wp(dz)dg,

¢' fa(z, Qwp(dz)d(

where the last equality follows from the local expression of the norm of the holonomy.
This is exactly what we wanted to prove. U

We can prove now prove [Theorem 2.5( about the main estimate for the transverse
Lyapunov exponent. The main idea is that the flow UM is expanding along the leaves of
FM while the total volume of v remains constant.
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Proof of theorem[2.5. Using we obtain
1= /M v= /M(lllﬁ)*u = /M e'| Dhol Wiyl y (x)|v(dx).

Applying the logarithm function and using Jensen’s inequality we get

/ (t + log| Dhol Wl , () )v(dz) < 0.

Finally we can divide by ¢ and obtain
| +/ ~ log| Dhol W, (z)|v(dz) < 0.

Now, by theorem [2.3]the integrand converges to Ar for v-almost every z and it is bounded
uniformly in ¢, by continuity of the holonomy. By the dominated convergence theorem,
the integral converges then to Ay and so we have the desired estimate

1+ Ap <0.

3. THERMODYNAMIC FORMALISM

In this section, we recall the setting of the thermodynamic formalism developed by
Bridgeman, Canary, Labourie and Sambarino in [6] and [5] (see also [8]). In the next
section, we will relate it to Lyapunov exponents and use it to prove Theorem [1.1]

This thermodynamic formalism is a machinery which allows to encode quantities asso-
ciated to Anosov representations using reparametrisations of the geodesic flow.

We recall now the notions and results we will need for our purposes, and refer to [6]
for all the precise definitions and proofs.

Let as above X be a Riemann surface, T'X be its unit tangent bundle and ¥, be the
geodesic flow on it (note that in [6] and [5], they work with the more general geodesic
flow of the group 71(X)). We denote by O the set of periodic orbits of ¥, and, for any
a € O, we denote by p(a) the period of a.

Given a positive Holder continuous function f on 7' X, there exists a reparametrisation
U/ of the flow ¥ such that, for every periodic orbit a € O, the period of a for the flow
U/ is given by

pita) = [ flw (s

where z is any point in a. The flow ¥/ is only Hélder continuous but it is a Metric
Anosov flow (see [6, sec. 3.2]).

Denote by Rr(f) the set {a € O | py(a) < T}. The topological entropy of the flow ¥/
is given by

1
hy = lim flog#RT(f),

T—+o00

and it is finite and positive. The unique probability measure of maximal entropy s for
U/ is given by

“f:TliToo#RTf > 4%

CLGRT( )

where §; is the probality measure supported on a and invariant by the flow ¥/.
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Given two positive Holder continuous functions f and g on 7' X, we define their inter-
section I(f, g) by

I(f,9) = /TIX chduf,

and their renormalized intersection J(f,g) by

I(f.9) = ij(f, 9.

The Hessian of the renormalized intersection was used in [6] to define a pressure form on
the set of pressure zero Holder functions, generalizing the Weil-Peterson form.

We finally recall an important estimate of the renormalized intersection. Recall that f
and g are Livsic cohomologous when the flows W/ and W9 are Hélder conjugate. In that
case these two flows have the same periods.

Proposition 3.1. [0, Prop. 3.8])] The renormalized intersection satifisfies the lower
bound:

J(f9) =1,
with equality if and only if hyf and hyg are Livsic cohomologous.

4. LYAPUNOV EXPONENTS AND ANOSOV AND HITCHIN REPRESENTATIONS

In this section we recall the definition of Lyapunov exponents associated to a represen-
tation of the fundamental group of a Riemann surface and investigate the special cases
of Anosov and, more specially, Hitchin representations.

4.1. Oseledets theorem and Lyapunov exponents. Let X be a compact Riemann
surface of genus greater than one and 7' X be its unit cotangent bundle equipped with the
Liouville probability measure. Let moreover p : m(X) — SL(d,R) be a representation
and E, be the associated flat vector bundle over T' X, i.e. the quotient of T'X x R? by
the diagonal action of m; (X)), acting on the second factor by p. The geodesic flow ¥; on
T X induces a flow ¥, on E, by parallel transport. We finally equip F, with an arbitrary
measurable norm ||-|| (here measurable, and in particular defined up to measure zero sets,
is enough since, similarly to we can use the Poincaré recurrence Theorem to
work on a compact subset where the norm is defined).

We define now the Lyapunov exponents of p with respect to X by applying the theorem
of Oseledets (see e.g. [1]) to the linear flow W, lying over the ergodic flow ;.

Theorem 4.1 (Oseledets). There exist real constants 5\1 > > S\T and a decomposition
E, = @ E;
i=1

by measurable real vector bundles such that for a.e. x € T'X and allv € (E}), \ {0}, it
holds

~ . 1 -
Ai = itl}&nooglogﬂ\llﬂvﬂ.
Moreover, for all © # j, we have
" ; ,
(3) tlgrnoo n log d((E}) w2, (F))w,.) = 0,

where d is the Hausdorff distance on the compact subset of the projective space.
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The set of values \; = A;(X, p), for i = 1, ..., d, obtained by considering the values \;
repeated with multiplicity dim Ef), is called the set of Lyapunov exponents or Lyapunov
spectrum of (X, p). Note that the Lyapunov exponents are independent of the choice of
the norm function on E,,.

Remark 4.2. Lyapunov exponents can be equivalently defined as

1
Ai = lim —logo;(¥,),

t—+oo

where o; are the singular values (defined in [Subsection 4.2)). We will use this characteri-
zation when we will relate Lyapunov exponents to other quantities in

We finally recall that we can associate two flags to the decomposition of £, the forward
flag Fg C Fp2 C -+ C F} and the backward flag B; C Bﬁ C -+ C B} defined by
i r+l1—t T
.Fg_Eler @...@E{N
e B =E!®---3E.
These measurable bundles satisfy the following properties. For almost any z € T'X it
holds:

b (B,i)):v N (F;Hlii)w = (E;)x )
o lim; %IOgH\I/tUH = A\y1-; if and only if v € (F;)I \ (Fff—l)x ,
o limes 10 4 logll T-qu = — if and only if v € (Bi), \ (B,
Note that all the measurable bundles E?, B* anf F* are equivariant with respect to the

action of ;. We say that a point z € T'X is called regular is it is a point for which the
previous properties hold.

4.2. Anosov and Hitchin representations. We consider now special representations
p: m(X) — SL(d,R). The notion of Anosov representations of fundamental groups of
hyperbolic manifolds has been introduced by Labourie in |21]. Since then, it has been
generalized to general hyperbolic groups and different equivalent definitions have been
found [16], [15], [18], |19], [4]. Here we state a definition adapted to what is needed in
the following.

Let |-] be word metric on m;(X) associated to the choice of an arbitrary symmetric
generating set. Fix a Euclidean norm ||-|| on SL(d,R). For a matrix g € SL(d, R), denote
by o1(g9) > --- > 04(g) its singular values, i.e. the eigenvalues of \/¢g*g defined using
this norm. Remark that ||g|| = 01(g) and ||A*g|| = 01(g9) + - - - + ox(g), where A*g is the
automorphism of the exterior power AFR? induced by g.

The following definition is from [4]. For any p = 1,...,d, we say that a representation
p:m(X) — SL(d,R) is p-Anosov if there exist constants C, A > 0 such that

op+1(p(7)) el
o) ¢

for every «y in 7y (X). This property is independent of the word metric chosen. Note that
by substituting v~! to «y in the previous expression, it is easy to show that a representation
is p-Anosov if and only if it is (d — p)-Anosov and that APp is 1-Anosov if and only if p
is p-Anosov.

Recall that the boundary O, m(X) of the group m(X) is a topological circle with a
Holder structure. We recall now one important property of p-Anosov representations .

Theorem 4.3 (|4, Prop. 4.9]). Let p : m(X) — SL(d,R) be a p-Anosov representation.
There exist two p-equivariant Hélder continuous maps &, @ Oom(X) — G, and &4 -
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0o (X) — Gy_p, where Gy is the Grassmanian of i-planes in R?, satisfying

gp(x) @ gd—p(y) = Rd;
for every x # 1y in Osom (X).

The maps &; are called the boundary maps of p.
We are now able to recall the definition of hyperconvex representations following [24].
These representations are the ones for which the bound of holds.

Definition 4.4. Let p : m(X) — SL(d,R) be both 1-Anosov and 2-Anosov. We say that
pis (1,1, 2)-hyperconvex if for every pairwise distinct z,y, z in Oxm(X) it holds

(&1(2) @ &i(y)) N &a—a(z) = {0},

Remark that we always have & (z) C &(x) when p is 1-Anosov and 2-Anosov [16]. The
main property of (1,1,2)-hyperconvex that we will use in order to relate the Lyapunov
exponents given by Oseldets theorem to the transverse Lyapunov exponents and to the
thermodynamic formalism is the following.

Theorem 4.5 ([24, Prop. 7.4]|). Let p : m(X) — SL(d,R) be a (1,1,2)-hyperconvex
representation. Then the image & (0smi (X)) is a CYTHM manifold and its tangent
space at & (x) can be described as

T, (2)61 (001 (X)) = Ty () PEa ().

Note that even if the image of & is C1THOMer the map & itself is only Holder.

We recall now the definition and properties of Hitchin representations, which are a
special instance of Anosov representations. Consider the connected component of the
character variety of representations 7 (X) — PSL(d,R) containing the Fuchsian repre-
sentations (via the irreducible embeding PSL(2,R) — PSL(d,R)). This component is
called Hitchin component and the representations parametrized by this component are
called Hitchin representations. They have been introduced by Hitchin in [17] and are
central in the study of higher Teichmiiller theory (see e.g. [27]). A Hitchin representa-
tion 7 (X) — PSL(d,R) can be lifted to a representation p : m(X) — SL(d,R) and the
properties we are interested in are independent of the lift, so in the following we will only
work with representation with values in SL(d, R).

We recall now the main properties of Hitchin representation that we will use.

Theorem 4.6. Let p: m(X) — SL(d,R) be a Hitchin representation. Then
o p is i-Anosov, for everyi=1,...,d—1 (see [21]);
o Nfp:m(X) — SL(AMRY) is (1,1, 2)-hyperconvex for any k = 1,...,d—1 (see [24,
sec. 9.2]).

4.3. Oseledets and Anosov representations. Assume now that p : m;(X) — SL(d, R)
is a p-Anosov representation. We explain some consequences that this property has on the
Lyapunov exponents given by the Theorem of Oseledets. First we explain the relationship
between the notion of dominated splitting and the Anosov property.

Consider a continous flow (¢;) on a compact space B. Suppose that this flow lifts to
a flow (¢;) on a bundle E — B over B . A splitting £ = U & S of E is said to be
dominated for (@) if there exists constants C,a > 0 such that:

20l _ Eal
ol =" ol

Y

for every v € S and w € U, see [3]. In this case we say that (¢;) admits a dominated
splitting of index dim U.
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When p is p-Anosov, we can construct such a splitting of the bundle E,. First we
construct a splitting of the bundle 7' X x R% to a point € T'X we associated the
splitting

Ep(T—00) D Ea—p(T4o0)

of the fiber RY. By equivariance of &, and &;_,, this splitting descends to a splitting of
E, that we denote by U @ S. Observe that this splitting is invariant under the lift U, of
the geodesic flow on T'X. According to [4, prop. 4.6, prop. 4.9], p being p-Anosov is
equivalent to this splitting being dominated for ({Iv/t) In particular ({Ivft) is dominated of
index p.

We are now able to show how the property of the dominated splitting of £, implies
inequalities between Lyapunov exponents.

Proposition 4.7. Let p: m(X) — SL(d,R) be p-Anosov. Then
Ai > i1
fori=p,d—p. Equivalently
dim E? = dim B¢ 77 = 1.

Proof. As explained above, the flow (\IZ) admits a dominated splitting of index p be-
cause p is p-Anosov. By [3, th. A], this implies that Ug—:l(\llt) uniformly decreases to 0

exponentially fast. -
Since by [Remark 4.2 we have X, = lim }log 0,,(¥,), this implies that A, > A1, As
p-Anosov implies d — p-Anosov, we also have A\j_, > Ag_p41. O

We finally relate the boundary maps & : 0sm(X) — G; associated to a i-Anosov
representation p given by [Theorem 4.3 and the forward and backward flags F [f and BZ
given by the theorem of Oseledets (see|Subsection 4.1]). Note that we can identify S' and
Osom1 (X) using the Fuchsian representation jx : m(X) — SL(2,R) inducing the complex
structure X on a surface S. Let now x € T' X be a regular point, i.e., a point for which
the Oseledets decomposition and the Oseledets flags are defined, and let ., € S' and
T_oo € St be the boundary points in the future and in the past of the geodesic defined
by x.

Proposition 4.8. Let p: m(X) — SL(d,R) be p-Anosov. Then we have the relations
i(T100) = (F;)x and  &(1_o) = (B;i)w

for i =p,d —p and for any reqular point v € T*X.

Proof. Consider the dominated splitting £, = U @ S associated to the the representation

p and recall that U, = £,(r_~) and S; = {g—p(T400).

In the proof of [3, Th. A] it is shown that, when E, = U @ S is dominated for (),
then for a generic x we have

U, = (B?), and S, = (FJP),,

where B, and F), are the backward and forward flags given by Oseledets theorem.
Combining these two facts we have that

Ep(T-00) = (Bg)x and &g—p(T100) = (F,gip)m

for any regular point « € T*X. Finally, since if p is p-Anosov it is also d — p-Anosov, we
also have

Ca—p(T-o0) = (B;l_p):c and &(z100) = (F;?):v'



GAP BETWEEN LYAPUNOV EXPONENTS 12

5. RELATIONSHIPS AND PROOFS OF MAIN GAP THEOREM

In this section we prove the results about the gaps between Lyapunov exponents stated
in [Theorem 1.1| and [Theorem 1.2 in two independent ways. The main idea is to relate
the Lyapunov exponents given by Oseledets Theorem in the case of (1, 1,2)-hyperconvex
representations to other invariants for which we can prove an inequality statement. The
first approach relates the Lyapunov exponents to the transverse Lyapunov exponent de-
fined in and uses the inequality obtained in [Theorem 2.5 while in the second
approach we relate them to the thermodynamic formalism described in and we
use the inequality of |[Proposition 3.1}

Let X be a Riemann surface and p : m(X) — SL(d,R) be a (1,1,2)-hyperconvex
Anosov representation. Let first \;(X, p) be the Lyapunov exponents given by Oseledets
Theorem as in |Subsection 4.1} Let then Ap(M,) be the transverse Lyapunov exponent, as
in [Section 2] associated to the manifold M, defined below in [Subsection 5.1} Let finally
J(1, f,) be the renormalized intersection as defined in [Section 3|of the constant function
1 and the function f, asssociated to p as defined below in [Subsection 5.2l The main
relations we want to show in this section are the following.

Theorem 5.1. Let p : m(X) — SL(d,R) be a (1,1,2)-hyperconvex Anosov representation.
Then we have the relation

M(X, p) = Xa(X, p) = =Ap(M,) = J(1, f).

Using the previous we are now able to prove the gap statement of
rem 1.2

Proof of [Theorem 1.4 1f p : m(X) — SL(d,R) is a (1,1,2)-hyperconvex Anosov repre-
sentation, the inequality A;(X, p) — A2(X, p) > 1 follows from the relations expressed in

together with either the bound of for the transverse Lyapunov

exponent or the bound of |[Proposition 3.1| for the renormalized intersection. U

The proof of is the content of [Subsection 5.3|

5.1. Relationship with transverse Lyapunov exponent. As usual, let S be a com-
pact surface and X be a Riemann surface structure on S. We denote by jx : m(X) —
SL(2,R) the Fuchsian representation defining the Riemann surface structure. The Fuch-

sian representation jy induces an identifications between the universal cover S = X and
the hyperbolic plane H?, and between the boundary d,,m;(X) of the fundamental group
of X and the boundary at infinity S' of H?. We will consider the isomorphism

fu:T'X =5 (H? x $Y)/m(X)

where 71 (X)) acts diagonally by jx. The isomorphism is given by associating to (Z,v) in
T'X the point (Z,¢) € H? x S, where % is given by the uniformization map and ¢ is the
point in the boundary S' reached by the geodesic defined by (x,v) when times goes to
negative infinity. With this identification, the horizontal foliation of this flat bundle is
identified with the weak unstable foliation of the geodesic flow.

Let now p : m(X) — SL(2,R) be a (1, 1,2)-hyperconvex representation. Then by
we know that the image S, := & (9m (X)) is a CTTHOMr_gubmanifold of
P~ H(R). Using jx, we identify 0, (X) and S' and so we obtain a map

XSt — 8, cPTY(R).
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We finally construct the C1HH0er manifold M, = (H? x S,)/m1(X) where 7;(X) acts
diagonally by jx X p.

The manifold M, is Holder-homeomorphic to 7'X via the map Z induced by the
composition of f, and the map (Z,¢) — (2,£*(¢)). We will denote by 7 : M, — X the
projection. The image FMr of the unstable foliation under = is C1+Holder and Eis C!
along the leaves of the foliation. We are then in the same setting as [Subsection 2.1 and
we can define the transverse Lyapunov exponent associated to M.

Now that we have constructed M),, we can now prove the relation stated in
between the Oseledets Lyapunov exponents associated to X and p and the transverse
Lyapunov exponent associated to M,.

Proposition 5.2. If p : m(X) — SL(d,R) is a (1,1,2)-hyperconvex Anosov representa-
tion, then A\p(M,) = A (X, p) — M (X, p).

Proof. We will use the notation of We consider the definition of the transverse
Lyapunov exponent via the expression , i.e.

1 M
Ar = tl}eroo n log||D<\I/t’[||

for almost any « € M, in every leaf, where recall that \I/%f is the projective linear

transformation induced by the flow \Ift on M, between the vertical fibers of 7# and ( is
the projection of x to the vertical fiber. Fix a pomt x € M, for which the previous limit
holds. The point z € M, corresponds to the point 2’ = :*1( )in T1X.

Consider now the linear map W, : (E,), — (E )w, (), Where E, is the flat bundle

associated to p as defined in |Subsect10n 4.1)and W, is the lift of the geodesic flow to E,.

The important remark here is that \I/t .« is the projective linear transformation between
the fibers (M,)ro() and (M) o (g (q)) induced by the restriction to S, of the projectivi-

cation of \I/m/, ie.
- M,
]P)\Ijt,w’wp = qjt,x :

Moreover, by definition, ¢ is the point in (M),)»(,) corresponding to z. By construction
of M,, we have then

C 61 ( —oo)

where 7/ __ € S! is the boundary point in the past of the geodesic defined by z’.
Recall finally that, since p is (1,1, 2)-hyperconvex, by [Proposition 4.7| and |Proposi-|
tion 4.8} we have

&' (7lo) = (B,)w and & (') = (B))w = (E,)w @ (Ep)w
and that moreover, by [Theorem 4.5 we have
Ter(nSp = Texr (P& (9):
Putting together the previous displayed expressions, we find

M, M, = =
DV, = Dex . Vi = Dpmy),, (P‘I’t,mf| Sp) = Dp(py),, (]P"I’t,x)

‘ (El) (Bg)z’

We choose u € (E}), and v € (E7}), two non-zero vectors. Since we can equip

E, = T'X x R?/n;(X) with the measurable norm given by the constant norm on R?
(which is well-defined only up to a measurable zero set of discontinuity), we can apply
the formula shown below in [Lemma 5.3 and obtain

-2
| ||\Ijtz/qu]tx/U|| (H\I/tx/uH)
[l Aol

| Dy
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Remark that \Ilt,x/u is in (E )w,(2) and \Ift »U 1S In (E )w,(2y- Recall the estimate
the angle between (E})y, ) and (E7)y, () given by Oseledets theorem {4.1 .
1
Jim = log d((E))wi@), (Ep)wiar)) = 0.
The previous expression implies
log|| Wy o A Wy ]| = log (|| W wrul|| Wy v]]) + o(2),

since d(Ly, L) = ||u A v||/||ul|||v] for any two lines L;,Ls and non-zero vectors u € L,
and v € Ly. We can then compute

log|| DeWet || = log|[ Wy ]| + log || Wy arv]| — 210g]| Wy o] + o)
= log|| W, wv| — log|| ¥, »ul + oft).
Taking the limit for ¢ — oo of the previous expression and using that
1 ~ 1 ~
glogH\I/t’x/uH — M(X,p) and ElogH\IJt,x/vH — M(X, p)
since u € (E}), \ {0} and v € (E2), \ {0}, we have proved the desired relation. O

We finally give a self-contained proof of the formula used previously to compute the
norm of the derivative of a projective linear transformation.

Lemma 5.3. For a linear transformation g : R* — R?, the operator norm of the restric-
tion of the derivative of Pg to a line P({u,v)) = P! at the point P((u)) is

-2
1 Ds Porpun | = lgu A gol| (IIQUII>
’ lunol \ [ul

where on the left hand side we consider the operator norm and on the right hand side the
euclidean norm on R,

Proof. For any point L € PR? (identified with a line in R?), the tangent space of PR? at
L is canonically identified with the space of linear maps Hom(L, R?/L).

The derivative D;Pg : TyPR?Y — T, PR? of this map at the point L is canonically
identified with the map

Hom(L,R?/L) — Hom(gL,R%/gL)
prrgopog™

A choice of Euclidian norm ||-|| on R? induces norms on L, R?/L and Hom(L,R?¢/L), and
this defines a metric on TPRY.
A choice of vector u € L defines an isometry

Hom(L,R%/L) — L A R*

where L AR? C A’R? is equiped with the norm on A?2R? induced by the norm on R¢.
For ¢ € TyPR? = Hom(L,R¢/L) and any u € L \ {0} we have:

lp()llre/n _ llu A p(u)lrza

full lul>

HSO“HomLRd/L)

and

lgpg™ (gu)llrasgr  llgu A go(u)||sega

| DLPg ()| Hom LRd/gL) = =
b2 al) gu] gul®
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Now, given two non-collinear vectors u,v € R? the tangent space at L = P(u) of
P =P (u,v) is generated by ¢ : u — v € Hom(L,R¢/L). By the previous equalities we
have:

IDLPgp|| =

2
IDLPgip()ll _ llgu A gvll <||9U||>
lell lu Aol \ [l

g

5.2. Relationship with thermodynamic formalism. We show now the relation of
Oseledets Lyapunov exponents to the thermodynamic formalism introduced in [Section 3|

For a matrix g € SL(d, R), denote by A(g) > ... \;(g) the modulus of the eigenvalues

of g and define the weight ¢(g) = log 2lg)

A2(g)”

Remark 5.4. Note that one can consider different weight functions, e.g. in [6, Cor. 1.5]
they consider the weight ¢(g) = log A1(g).

Now we recall how to associate a Holder continuous function on 7' X to an Anosov rep-
resentation of m1(X). Recall that the periodic orbits of the geodesic flow are in bijection
with the conjugacy classes of elements of 7 (X).

Theorem 5.5 ([24], Prop. B7). Let p : m(X) — SL(d,R) be a (1,2)-Anosov represen-
tation. Then there exists a positive Holder continuous function f,: T'X — R associated
to p and the weight ¢ such that for all V;-periodic orbits a € O and every v € m(X)
associated to a we can write the period of a for the reparametrized flow W/e as

ps,(a) = o(p(7))-

Remark 5.6. Note that the constant function 1 on T'X is the same as f;,, i.e. the
function given by the from the uniformizing representation jx of X.

Now consider a (1, 1,2)-hyperconvex representation p : m(X) — SL(d,R). Since it is
crucial for us to know the entropy of f,, we recall the following fact.

Theorem 5.7 ([24], Cor. 9.1). Let p : m(X) — SL(d,R) be a (1,1,2)-hyperconvex
representation. The entropy hy, of the associated flow Ui satisfies hy, = 1.

We can now prove the relation stated in between the Oseledets Lyapunov
exponents associated to X and p and the renormalized intersection J(1, f,) (see the

definition in [Section 3) of the constant function 1 : 7' X — {1} and f,.

Proposition 5.8. If p: m(X) — SL(d,R) is a (1,1,2)-hyperconver Anosov representa-
tion, then

J(]-afp) = )\1(Xa P) - )‘Q(Xﬂp)

Proof. Note that by definition the constant function 1 is the function associated to the
geodesic flow W,. It is classical that the entropy of the geodesic flow is one h; = 1, and
that the measure of maximal entropy is the Liouville measure py; = vy.

Since by we have hy = hy, = 1, the renormalized intersection is the same
as the intersection, i.e.

T L) =1L ) = [ fodor.
Applying Birkhoff erdogic theorem, we obtain that for vy -almost any x € T'X it holds

1T
/T ooy = lim /0 £, (W, (x))dt.
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For every T' > 0, we approximate the geodesic segment W () by a closed geodesic
ar(z) € O of length T 4+ O(1) by closing it by a short geodesic arc and we have

1T .1
i [ u@)de = iy (0 ().

Moreover, if we denote by vr(x) € m(X) the element corresponding to ar(z), we can

rewrite the previous expression using the characterizing property of f, given
as

Jim Loy (ar(@) = Tm_ Zo(p(rr(2)

= im_ - (log M(p(rr(2))) — Tog Ma(p(r(x)

T—+o0

Summarizing, we have show that

J<1’fp) =

for almost any x € T X.

Since (yr(x)) is a quasi-geodesic asymptotic to the geodesic ray W;(x) and A%p is 1-
Anosov if p is 2-Anosov, we can apply [Lemma 5.9 and [Lemma 5.10| below to p and A?p
and obtain

! (log M (p(72(2)) — log Ma(p(72()))

lim —
T—+o00 T’

iim (108 M (o0 (2) ~ 2 log Aa(p(r(a)

T—+o0o T
. 1 1
= Jim_(Zlogr1(p(rr (@) = 7 log na(p(r(@)
= )\1(X7 p) - >‘2<X7 p)
where in the last line we have used that A\ (X, A%p) = M\ (X, p) + X2 (X, p). O

We give here self-contained proofs of the two results, which are probably well known,
needed at the end of the previous proof to conclude. Recall that a sequence (7,) in 7 (X)
is a quasi-geodesic if

Aln—C < |y < An+C,

for some constants A > 0 and C' € R. By definition a quasi-geodesic (,) is asymptotic
to a unique Yy, in Jsomy (X), its limit point.

Lemma 5.9. Let p: m(X) — SL(d,R) be a 1-Anosov representation and let (vy,) be a
quasi-geodesic in w1 (X). Then

1 1
lim —log Ai(p(7n)) = lim —logoi(p(yn))-

n—+oo n, n—+oo n,

Proof. First observe that the two limits exists, the first by a similar reasoning as in the
first part of the proof of [Proposition 5.8 and the second by a subadditive argument. In
particular it is enough to prove the equality for a subsequence.

For a matrix g € SL(n,R) with 09(g) < a1(g), let U'(g) be the eigenspace associated
to the greatest eigenvalue of gg* and S;_1(g) the sum of the eigenspaces associated to the
d — 1 lowest eigenvalues of g*g. Let d(g) be half the projective distance between U'(g)
and Sy_1(g). According to |2, Lemma 14.14] if

02(9) 2
a1(9) <o)

then 0(g)||gll < Ai(g).
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Now if p is 1-Anosov and (v,) is a quasi-geodesic, by definition there exist constants
C.,a > 0 such that
0'2(p(7n)) S Cle—om,
Jl(p(’}/n))
Denoting by & and &;_; the limit maps of p and by 7. the limit point in O, (X)
associated to (7,), by [4, Lemma 4.7] we have
§1(7e0) = lim U (p(7n)),

and
€i-1(7e0) = lim Sy—1(p(7a) 7).

On the other hand, up to taking a subsequence, (7, !) converges to a point y' # 7uo,

because (X)) acts on its boundary as a uniform convergence group. By [Theorem 4.3
i.e. by the transversality of the limit maps, we have hence that & (7s) € &i1(7))-

Moreover
a-1(7) = Jim Sa-1(p(7n))-
In particular, there exists 6 > 0 such that for n large enough, the distance between
U(p(y,)) and Sq_1(p(7)) is greater than 25. As
o2(p(m))

01 (:0 (771))
for n large enough, by the general fact recalled above we have

Ollp(m)ll < A(p(m)-
Since o1 = ||-]|, then A\ (p(74)) < ||p(7n)]| and so this implies that

— 0,

o1 1
lim —logA\i(p(7n)) = lim —logoi(p(yn)).

n—+oo n, n—+oo n,

g

The next lemma is classical.

Lemma 5.10. Let p : m(X) — SL(d,R) be a 1-Anosov representation and let (yr) in

m1(X) be the sequence constructed above associated to the geodesic ray Wr(x) for a generic
r€T'X . Then

1
Am logoi(p(yr)) = M(X, p)

Proof. Pick az € T'X generic both for the Birkhoff theorem and the Oseledets theorem.
Since the operator norm of W, is by definition the same as its first singular value, by

[Remark 4.2 we have

) 1 —~
Ai(p) = TETOO T 10g||‘1’t||(Ep)za

where recall that U, is the lifted geodesic flow to the linear bundle £, associated to
p above T'X and ||\17t||(E,,)z is the operator norm of W, between the fibers (E,), and
(Ep)wi(a)- N N

The operators (V;)(g,), between (E,), and (E,)y,) and the automorphism (¥,),, of
a fiber above the loop 7 differ by a composition by a bounded operator because (yr) is
constructed by closing by a short geodesic arc the path Wy r(z), so we have:

1 N R
Mlp) = lim - logl[Wills,), = lim — log|[[l,,.
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Since parallel transport in £, over vy is given by the image of the monodromy p(vr), we
can finally conclude

N P 1
Mlp) = lim —logl[Wyfl,, = lim = log||p(yr)]

which proves what we want since by definition ||p(yr)|| = o1(p(v7)). O

5.3. Proof of [Theorem 1.1. In this section we can finally explain how to deduce the

inequality statement of from and show the rigidity statement

for the extremal gaps situation using the thermodynamic formalism.
Let p : m(X) — SL(d,R) be a Hitchin representation. Remark that we have the
following relationships between Lyapunov exponents:

Air1(p, X) = Xilp, X) = Xao(A'p, X) = Mi(A'p, X)),
for every ¢ = 1,...,d — 1. Since by we can apply to every

wedge power A’p of a Hitchin representation, for i = 1,...,d — 1, we get the inequality

part of [Theorem 1.1}

We assume now that p is a Hitchin representation and that we are in the extremal gap
case, i.e. forevery i =1,...,d — 1:
Ai(p, X) = Aia(p, X) = 1.
We will show that p is conjugated to the image of the Fuchsian representation by the
irreducible representation SL(2,R) — SL(d, R).
Let i € {1,...,d — 1} and let p; := A’p. Since by assumption and by [Proposition 5.8|
we have that

1= X(pi, X) — Xa(pi, X) = J(1, fp,),
the equality case of |Proposition 3.1 implies that f, is Livsic cohomologous to 1. In par-
ticular this means that the flows \If,{” * and W, have the same periods, which by
means that for every v € m1(X) it holds

MUx() _ M) Alek)

A(ix (1) Aa(pi(7)  Aia(p(v))

where jy : m(X) — SL(2, R) is the Fuchsian uniformizing representation of X. Since the
product of the eigenvalues of any p(y) € SL(d,R) is one, this implies by an elementary
calculation that for every v € m;(X) we have

) (d—1)/2
voon = (555)

and it is well-known that

‘ (d-1)/2
M(% () = <m> 7

where j% : 7 (X) — SL(2,R) — SL(d, R) is the image of jx by the irreducible represen-
tation SL(2,R) — SL(d, R).

To conclude, we apply the “Hitchin rigidity” result of [7, Cor. 5.19]. This result states
that if two Hitchin representations p; and ps satisfy

A(p1(7) = Ai(p2(7))

for every v € m(X), then p; is conjugated to py. Applying this result to p and ;¢ and
using the last two equalities, we get that p and j¢ are conjugated. This concludes the

proof of
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