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ABSTRACT. We prove a closed formula for the integral of a power of a single
1-class on strata of k-differentials. In many cases, these integrals correspond
to intersection numbers on twisted double ramification cycles.

Then we conjecture an expression of a refinement of double ramification
cycles according to the parity of spin structures. Assuming that this conjecture
is valid, we also compute the integral of a single 1-class on the even and odd
component of strata of k-differentials.

As an application of these results we give a closed formula for the Euler
characteristic of components of minimal strata of abelian differentials.
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1. INTRODUCTION

The Hodge bundle over the moduli space of curves is the moduli space of abelian
differentials, i.e. Riemann surfaces endowed with an holomorphic 1-form. The
complement of the zero section admits a stratification according to the orders of
the zeros of the one-form. These strata may be studied from different perspectives.

These strata appear naturally in many areas of mathematics, such as the study of
flat surfaces, Teichmiiller dynamics and associated counting problems (see ,
[EMMT15], [Fil16], [EFW1S], [EMMW?20] to only cite a few of many works in these
directions).

Since these spaces can be described as algebraic objects, we may use intersection
theory to understand their numerical invariants and dynamics. For instance, using
a smooth compactification of the moduli spaces of abelian differentials ([BCG™19b],
), it was possible to apply intersection theory to compute the Masur-Veech
volumes and the sum of the Lyapunov exponents of the strata ([SaulS], [CMSZ20]),
as well as their Euler characteristic ([CMZ20a]). More generally one may consider
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the moduli spaces of holomorphic k-forms, and once again numerical invariants
of these spaces may be computed by intersection theory (see [CMS19|, [DGZZ21]
and [Sau20)]).

Another interesting connection to enumerative geometry is the relation between
strata of k-differentials and twisted double ramification cycles (see [FPI8| [Sch1S|
HS21l IBHP720]). Classical double ramification cycles were introduced to study
Gromov-Witten invariants via degeneration techniques ([Li02]). For instance, the
Gromov-Witten theory of curves may be reduced to integrals of v-classes on double
ramification cycles ([OP06], [BSSZ15]).

The aim of the present work is to generalize the results of [BSSZ15] and com-
pute integrals of the top power of a single i-class on strata of k-differentials and on
twisted double ramification cycles. The results we present allow both to simplify
the computations appearing in [Sau20] about volumes of strata of flat surfaces with
rational singularities and to give an explicit formula for the orbifold Euler character-
istic of minimal strata of abelian differentials based on results from [CMZ20al. This
last application allows us to formulate a conjecture about the asymptotic growth
of the orbifold Euler characteristic of such strata for large values of the genus.

Moreover, if the zeros of a 1-form are even, one may associate a canonical spin
structure to it (i.e. a square root of the cotangent bundle of the curve). This spin
structure defines an invariant called the parity of the spin structure. Below, we
formulate a conjecture on a spin analogue of double ramification cycles. We show
that this conjecture allows to compute intersection numbers of powers of -classes
and the orbifold Euler characteristics of strata of differentials weighted by a sign
depending on the parity of the spin structure.

We will now provide a more in depth summary of the results of this work.

1.1. Strata of k-differentials. Let g and n be non-negative integers satisfying
29 —2+n > 0. We denote by M,,, and M,,, the moduli spaces of genus g,
smooth and stable curves with n distinct markings, respectively.

Let k be an integer, and let a = (a1, ...,a,) € Z™ be a vector satisfying

la| == Zai =k(2g—2+n).
i=1

We denoteﬂ by Mgy(a) C M, ,, the locus of marked curves (C, z1, ..., z,) such that
(1) wf‘gg ~ Oc (@11 + ...+ anxy).

Since My(—a) = My(a), we can restrict our study to the case k > 0 from now on.
For k > 0 we call Mg(a) the stratum of k-differentials of type a, while if kK =0 we
call it the Hurwitz scheme of type a. To justify these names, observe that for £ > 0
the equality of line bundles is equivalent to the existence of a meromorphic
k-differential on C' with zeros and poles at the points x; of orders a; — k, and this
k-differential is unique up to scaling. On the other hand, for £ = 0 condition is
equivalent to the existence of a Hurwitz cover C' — P! with the points z; forming
the preimages of 0,00 and local ramification orders a; (over 0) and —a; (over co).

INote that we do not include k in the above notation as it is determined from a and g.
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The space Mg(a) is a smooth subspace of M, ,, of dimension

3g —3+n, ifa=0,k=0

(29 —2+mn), ifaeZ%y, and k=1
mixed dimension, if a € kZZ,, and k > 1

(29 —3+mn), otherwise

If £ > 0, and a € kZsq, then the space Mg(a/k) of dimension 2g — 2 + n sits
naturally inside M, (a) as the open and closed subspace of k-differentials obtained
as the kth power of a 1-differential. Meanwhile, all other components of M,(a) are

of dimension 2g — 3 +n, thus explaining the mixed dimension in the third line. We
denote by Mg(a) the Zariski closure of My(a) in Mg .

1.2. Double ramification cycles. There exists a family of cycles, the twisteﬁﬂ
double ramification cycles:

DRy : Z" — AI(My ),
satisfying the following properties:

e we have DRy(a) a1, ,, = [My(a)] € A9(My,,,Q), if a & kZ~o,
e the function DRy (a) is a cycle-valued polynomial of degree 2¢ in the entries
of the vector a.

We refer the reader to Section for a precise definition of these cycles. The
purpose of the present paper is to compute the following polynomial defined by
intersection theory:

(2) Ag: 2" — Q,
a / DRy(a) - 2g—8+n
My n

where we recall that 1; is the Chern class of the cotangent line at the i-th marking
forall 1 <i<n.

Theorem 1.1. For all g,n > 0 satisfying 29 —2+n > 0 and a € Z™, we have

e (@2 802)Y L, S(a2)
(3) Ag(a) - [Z ] eXp ( S(kz) S(Z)S(k2)2g71+n7
where k = |a|/(2g — 2+ n), S(z) = %, and [229](+) stands for the coefficient

of 229 in the formal series.

This result extends Theorem 1 of [BSSZ15], which proved this formula in the
case |a| = k = 0. As in their paper, we prove the formula by first giving a
list of properties satisfied by the functions .4, which characterize them uniquely
(see Lemma . Then we verify that the formula on the right-hand side of
indeed has all desired features and thus computes the value of A4,. The analogous
properties in [BSSZ15] for £k = 0 were proven using a definition of the double
ramification cycle via the Gromov-Witten theory of the projective line. For k > 0
no such definition is available. Instead we use properties of the formula for DR, (a)

®k ~

2Here, the word twisted refers to the fact that the cycles compactify the condition Wiy =

Oc (>, asx;) for arbitrary k € Z instead of the more restrictive case k = 0 appearing e.g. in the
paper [BSSZ15]. In particular, we mention the word in the title of our paper to distinguish our
results from theirs. That having been said, we will, in the interest of brevity, mostly omit the
word twisted in the following text.
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in terms of tautological classes studied in [JPPZI1T, [PZ] and results about the
geometry of the strata of k-differentials (combined with their connection to the
double ramification cycles).

One of the reasons why the case k > 0 of Theorem [1.1}is particularly interesting
is that the corresponding values of A (a) are related to intersection numbers on
strata of k-differentials. Indeed, we have

0 A(a) = For, M(@)] - 472%™ if k>0 and ay ¢ KZso,
W =1 - Fa,  M(@)] - 919724 it k=1 and a € 22,

This equality follows from a relationship between strata of k-differentials and double
ramification cycles conjectured (see Conjecture A in [FPIS8| [Schl8]) which was
recently established in [HS21, [ BHP20] (see Section [2.2for details). More generally,
the intersection number of a power of a single v class on an arbitrary stratum of
k-differentials may be recovered from the function A, (see [Sau20], Section 2.2).

1.3. Spin refinement. If k£ is odd and a has only odd entries, then a marked
curve (C,21,...,&,) € My(a) carries a natural spin structure (i.e. a line bundle L
satisfying L®? ~ w¢) defined by

_ —k n—k
L:wg( /2 o 0, <a12 x1+m+a . :En>

The parity of a spin structure L — C, defined as the parity of h°(C, L), is invariant
in a family of spin structures over smooth curves (see [Mum1]). In particular the
space M(a) may be decomposed as the disjoint union

My(a) = My(a)** U Mg(a)™*"

of two (possibly themselves disconnected) subspaces defined by the parity of the
above canonical spin structure.

Remark 1.2. The reader should be careful as there is another natural definition
of the parity of a k-differential for £ > 1. Indeed, one can define the parity of a
k-differential as the parity of the associated canonical cover (this choice is made
in [CG21] for example). This second definition is more natural from the point of
view of flat surfaces (for example it is well defined for values of k even and positive).
However, it does not agree with our definition of parity. For instance, the parity
of a k-differential of genus 0 may be odd with this alternative definition while it is
always even with the definition that we use in the text.

We will consider the following cycle
(M (@)]P™ = [My(a)™"] — [My(a)*] € A" (Mg, Q).

Moreover, if a1 ¢ kZ~g, we set:

apnia) = [ @ gt

Mg.n

In the text, we will make the following assumption:

Assumption 1.3. There exists a family of cycles DR;lDiIl 1 2" — A9(M,,,) such
that:

(1) The function DRZpin is a symmetric polynomial of degree 2g;
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(2) Tt holds
T DRP™(ay,...,a,) = DRP (a1, ..., an, k)

where 7 : My 41 — Mg, is the forgetful morphism of the last marking
and k= (a1 +...a,)/(29 — 2+ n);

(3) If a and k are odd, and P is a monomial in classes 1); for which a; is negative
or not divisible by k, we have

| WP = [ DRIV P
Mg.n Mg.n
in particular, when a; ¢ kZ~, we have

apnia) = [ DR ui
Mg .n
and thus the function AP (a) is a polynomial of degree 2g;
(4) if a is positive and k = 1, the polynomial extension of A" (a) satisfies

AP = [ (ot
Myg.n

Concerning the validity of the assumptions, we first note that all of them hold
verbatim for the usual (i.e. non-spin) double ramification cycles and strata of
differentials. Moreover, in Section [2.3] we present an explicit candidate for the
function DRZpin. It satisfies parts (1) and (2) of the assumption by unpublished
work [PZ] of Pixton and Zagier. Moreover, in Conjecture we formulate a spin
analogue of Conjecture A from [FPIS8| [Schi8§] which would imply the remaining
parts of the assumption (see Proposition . We also describe the outline of a
possible proof for this new conjecture.

Assuming the properties above, we show that the techniques used to prove The-
orem u can be applied to give an explicit formula for Azpin(a).

Theorem 1.4. If parts (1)-(3) of Assumption[1.5 are valid, then we have:

ayz - S’(kz)) cosh(z/2) [[;51 S(a:z)
S(k'z) S(Z) S(kz)2g—1+n'

1.4. Applications. In [Sau20], the second author showed that the volume of mod-
uli spaces of flat surfaces with rational singularities, as well as the Masur-Veech
volumes of strata of k-differentials (if all a; are in Z~¢ \ kZ~¢) may be computed.
The input needed to calculate these volumes are the functions A4,. Therefore the
present work simplifies these computations by making the input explicit.

In Section [6] below we present a second application of this formula. The first
author with M. Moéller and J. Zachhuber, provided an expression for the orbifold
Euler characteristic of strata of abelian differentials in terms of intersection numbers
on these strata (see [CMZ20a]). We use this result together with Theorem to
obtain a closed formula for the orbifold Euler characteristic of the minimal strata
Mgy(2g —1) for g > 1.

In order to state this formula, we introduce the following formal series in Q(y)[#]:

(5)  AP@) = 279%) exp(
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where the numbers b, are defined by S(z)™' =1+ > b,2%9. Then we define:

(y.2) = W ex (y <z§‘(g) ~In(S(2)) — ’H)) .

Theorem 1.5. For all g > 1, the orbifold Euler characteristic of the minimal
stratum My (2g — 1) is given by

X(My(2g — 1)) = (29 — 1) [2¥]x(29 — 1, 2).

This result simplifies drastically the computation of the Euler characteristic of
the minimal strata from the formula shown in [CMZ20a] involving a sum over a high
number of combinatorial graphs. In particular, this makes it feasible to explicitly
compute the value of x(My(2g — 1)) for large values of g.

Finally, we have a spin analogue of Theorem We define

X(Mg(2g — 1))P™ := x(Mg(2g — 1)) — x(My(2g — 1)°9%)

to be difference of the orbifold Euler characteristics of the even and odd components
of the minimal stratum M (2g — 1).

Theorem 1.6. If Assumption[I.3 holds, then for all g > 1, we have
X(My(2g — 1)) = 279(2g — 1) 297 D[229]x P (2g — 1, 2),

where we define:

szpin(y7 Z) - _ 2(29 _ 1) 279~ 1bg <ZS Z)) S((Qg — l)z)

! ;
= 229-1 — Yy S(z)

) y+1— yQM S’
Xspln(y7 Z) — Jy -exp (y <Z (Z)

yS(z)2cosh(z/2) 1 50) In(S(2)) — Hm)) .

In Table [I] we present the orbifold Euler characteristic of the even and odd spin
components of minimal strata of abelian differentials in low genera.

g 1| 2| 3| 4 5 6
even 1 269 693 76466

X(My(2g = 1)) | 0 0 | —s1| 70| 20 | 63
odd 1 1 7 5 3933 5841833

XMg(2g—1)°) | =z | =36 |~ | =1 | —T16 | — 316

TABLE 1. Euler characteristics of even and odd components of
some minimal holomorphic strata.



INTEGRALS OF -CLASSES ON TWISTED DOUBLE RAMIFICATION CYCLES 7

1.5. Outlook and open questions. A first natural question to ask is how The-
orem generalizes to arbitrary monomials in )-classes.

Question 1.7. Given g,n > 0 and nonnegative integers eq,...,e, summing to
29 — 3 +n, compute the function

Z" - Q, aw [ DRgy(a) 97" -y
Mg

Restricted to vectors a with |a| = 0, this question was answered in [BSSZ15]
Theorem 2]. The proof of this Theorem was achieved by using the semi-infinite
wedge formalism and by computing integrals of -classes on classical DR cycles as
vacuum expectations (see [BSSZ15, Theorem 7]).

While the intersection numbers above are readily computable for many pairs
(g,n) using the software admcycles [DSv20)], it proved difficult to guess a formula
generalizing the one presented in [BSSZI15]. Alternatively one could try to under-
stand how to naturally account for the twisting parameter k in the semi-infinite
wedge formalism. To our knowledge, such approach does not exist in the literature
yet. A first step would be to define a “natural” operator acting on the infinite
wedge space, whose vacuum expectation is given by the right-hand side of .

A second direction of study is the asymptotic behaviour of the orbifold Euler
characteristic of minimal strata of differentials. From numerical experiments based
on the formula given in Theorem we propose the following conjecture.

Conjecture 1.8. For all g > 1, the orbifold Euler characteristic x(Mg(2g —1)) is
negative. Moreover, there exist positive constants A and B such that

(29 —1)! (29 —1)!
for all g.

Note that this asymptotic growth rate is much higher than the one of M, 1,

which was shown in [HZ86] to be (—1)9(22(%;%3!. The conjecture is also a strong
indication that, as in the case of M, ,, the cohomology of minimal strata is not
spanned by tautological classes. However, in order to formally prove this, one
would have to compute the topological Euler characteristic, and not the orbifold
one. Note that in the case of M, ,, it was shown in [HZ86] that the growth rates
of the topological and orbifold Euler characteristics agree.

The global geometry of strata of abelian differentials is not well understood. The

above conjecture fits into the setting of two natural questions that are still open:

Question 1.9. Is M,(a) kéhler-hyperbolic?

The analogous result in the case of M, ,, was proven in [McMO00]. This property
would imply that the sign of the Euler characteristic of M (a) is (—1)dmMa(a)),
In particular, since the minimal strata Mg,(2g — 1) are always of odd dimension
2g — 1, this prediction is consistent with the first part of Conjecture [1.§

Question 1.10. Are the connected components of My(a) classifying spaces for
their fundamental groups?

This question was posed as a conjecture by Kontsevich and Zorich. The image
of the fundamental group of the connected components of Mg(a) in the mapping
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class group was described in [CS20] to be a framed mapping class group. In the
same work, it was shown to be a finitely generated infinite index subgroup of the
associated mapping class group. However, the kernel of the natural map to the
mapping class group is still ill-understood. Some analogous results appeared also
in [Ham20]. One approach for disproving the conjecture of Kontsevich and Zorich,
would be to use Conjecture[I.8|to show that the Euler characteristic of the minimal
strata and of their the fundamental groups are different for large values of g. This
is not possible until more information on the fundamental group of the strata is
known.

From numerical experiments, using the formula given in Theorem we also
conjecture that the Euler characteristics of the odd and even components are asymp-
totically equivalent for large values of g. This is implied by the following stronger
conjecture.

Conjecture 1.11. There exists positive constants A and B such that

X(My(2g = )P o g?
~X(M,y(2g = 1)) " T

for all g. In particular x(My(2g — 1))**™ > 0 and
X(My(2g — 1)*")
X(Mg(2g — 1)0dd)

1.6. Organization of the paper. We begin the paper by recalling in Section
the definition of double ramification cycles and their relation to the strata of k-
differentials as well as the smooth compactification of these strata by the spaces of
multi-scale differentials. In particular, in Section[2.3]we present our proposal for the
spin double ramification cycles and the corresponding generalization of Conjecture
A. In Section [3] we prove a splitting formula for i-classes on double ramification
cycles, i.e. a family of relations between -classes on double ramification cycles.
The splitting formula is then used to show a list of properties of the functions
Ay in Section [ which uniquely determine these functions. We finish the proof of
Theorem by verifying these properties for the right-hand side of equation .
We conclude the paper by discussing the spin refinements of our results in Section
and the application to the Euler characteristic of minimal strata of differentials
in Section

In Appendix [A] we collect some results about polynomiality properties of some
formulas in our paper, which are used in the proofs of Section

g
A2—g<

— 1 for g — oo.
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2. DOUBLE RAMIFICATION CYCLES AND MODULI SPACES OF MULTI-SCALE
DIFFERENTIALS

In this section we recall the definitions of the cycles DR, (a) and moduli spaces of
multi-scale differentials, which will be central in the rest of the paper. In particular
we recall the notion of twisted and level graphs and we fix the notation that will
be used in the next sections.

2.1. Twisted and level graphs. Let g,n > 0 with 2g—2+4+n > 0. A stable graph
is the datum of

I'=(V,H,g:V —Zs,i:H—H,¢:H—V,H" ~[1,n]),
where:

e The function 7 is an involution of H.

e The cycles of length 2 for i are called edges while the fixed points are called
legs. We fix the identification of the set of legs with the set [1, n] of integers
from 1 to n.

e An element of V is called a vertez and for a half-edge h with ¢(h) = v
we say that h is incident to v. We denote by Hr(v) the set of half-edges
incident to v and by n(v) the valency of the vertex v, i.e. the cardinality of
HF(U).

e For all vertices v we have 2g(v) — 2 + n(v) > 0.

e The genus of the graph, defined as

o) = WD)+ 37 glv), with h(T) = |E| - V] + 1
veV
is equal to g.
e The graph is connected.

A stable graph determines a moduli space Mp = Hvevﬂg(v))n(v) and a mor-
phism (r : Mp — M, ,, (see e.g. [GP03, Appendix A]).

We fix a value of k£ > 0 and a vector a such that |a| = k(2g — 2 + n).
Definition 2.1 ([FPIR]). A twist (compatible with a) on a stable graph T is a
function I : H — R satisfying:

e For all v € V| we have
> I(h) = k(29(v) — 2+ n(v)).
he¢=t(v)
e If (h,}') is an edge of T', then we have I(h) = —I(h’).
o If (h1,h}) and (hg, hf) are edges between the same vertices v, v/, then
I(h1) > 0 < I(hy) > 0. In which case we denote v > v’.

e The relation > defines a partial order on the set of vertices.
e The twist at the leg with label ¢ has value a;.

Given a twisted graph (T, I), we define its multiplicity as
mT, )= ] —I(h)I(R).
(h,h")EE(T)

We now introduce the objects that parametrize the boundary component of the
moduli space of multi-scale differentials.
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Let (I, 1) be a twisted graph. A level function of depth L > 0 on (T',I) is a
surjective function ! : V(T') — {0,—1,..., —L} satisfying I(v1) > l(vg) if v1 > vg,
for any vy and vy in V(T'),

Definition 2.2. A level graph T = (T, I,1) is the datum of a twisted graph together
with a level function. We denote by LG(g, a) the set of level graphs for the vector a
and with no horizontal edges (edge between vertices of the same level) and LG (g, a)
the set of such level graphs of depth L.

If T is a level graph in LG (g,a), and 1 < i < L, then we denote by m(T)[ and
£(T)1 the product and lem of the twists at all the edges crossing the level-passage
between levels —i + 1 and i. Here, the twist of an edge e = {h, '} is the positive
integer |I(h)| = |I(h')|. Finally we define m(T') = [[, m(T"), and £(T) = [, ¢(T)".

2.2. A formula for twisted double ramification cycles. The double ram-
ification cycle DRy(a) on M, is a cycle compactifying the condition w%é o
Oc(a1z1 + ...+ apxy,) on My . Many geometric approaches have been proposed
to make this statement precise (see [HS21, Section 1.6] for an overview) and over
the last years, all of them have been shown to be equivalent.

A particularly explicit approach is to express the cycle DRy(a) in terms of the
generators of the tautological ring of ﬂg’n. To state the corresponding formula
below, we write G, ,, for the set of stable graphs I' of genus g with n legs. Fix a
vector a € Z" such that the number k = |a|/(2g — 2 + n) is an integer. Then for
a stable graph T', an admissible weighting modulo r (with respect to a) is a map
w: HI) — {0,...,r — 1} satisfying:

a) For every vertex v € V(I'), we have

Z w(h) = k(29 —2+n) mod r.

h€Hr (v)
b) For every edge e = (h,h') € E(T'), we have
w(h) +w(h') =0 mod 7.

c) For every i =1,...,n and h; the half-edge associated to the i-th marking,
we have

w(h;) = a; mod r.

We write Wr .(a) for the set of admissible weightings modulo r on I'. Then, we
define a mixed-degree tautological class P *(a) on ﬂgm by the formula

fp*hl(F)

r,e — 2g .
(6) Pg (a) r Z Z ) |Aut(F)| gl"*conta,l“,w,r 9

Fegg,n wEWF,T(a



INTEGRALS OF -CLASSES ON TWISTED DOUBLE RAMIFICATION CYCLES 11

where the class Contg 1 - on the domain Mr of the gluing map &r is defined by

Contarwr = ] exp(= 3 (c1ym1Bnt®0) )

veV (T) m>1 m(m + 1)
_1Bmii(ai/T)
exp( ) (—1)" T )
z::!_[n mZZI m(m + 1)
I 1= exp(35, 5 (—1)™H Emat Colln) (g — (—qpy)m)
e€ E(T) Un + Y
e=(h,h")

For sufficiently large values of r, this class is a mixed degree tautological class on
Mg, whose coefficients are polynomials in r (see [JPPZ17]). We denote by Pg(a)
the evaluation of this class by substituting » = 0 in its coefficients. Then we define
the double ramification cycle as the multiple

DRy(a) =279P(a)

of the Chow degree g part of this cycle.

If k> 0and a ¢ kZZ), the double ramification cycle DRgy(a) has a geometric in-
terpretation as the weighted fundamental class of the locus of twisted k-differentials
in My ,,. This relationship was first conjectured in [FP18] for £ = 1 and in [Schig]
for k > 1 and was proved in [HS21, BHP720]. We recall this expression here.

Definition 2.3. A simple star graph (I',I) is a twisted graph such that

e the vertices of I' consist of a unique central vertex vy and a set Voyue of
outlying vertices, such that all edges of I go from vy to one of the outlying
vertices,

e the twists at half-edges adjacent to outlying vertices are positive and divis-
ible by k.

Two simple star graphs are called isomorphic if there is an isomorphism of the
underlying stable graphs sending the central vertex to the central vertex and re-
specting the respective twists. Denote by Starg(a) the set of isomorphism classes
of simple star graphs for the given genus g and vector a.

Given (I',1) and v € V(T') a vertex, we denote by I(v) the vector of integers
I(h) indexed by the half-edges h at v. Then we define
(7) Mr1 = Mgy (I(v0) X [] My (I(0)/k).

vE€Vout

The space MF, 7 is naturally a closed substack of M.
With this notation in place, we are ready to state the relationship between the
strata of k-differentials and the double ramification cycle.

Theorem 2.4 ([HS21, BHP"20]). Let g,n > 0, k > 0, and a € Z" such that
la| = k(29 — 2+ n) and such that a ¢ kZZ,. Then we have

m(r. 1) _
8 Pt : C M NiE
? " (FJ)GSZtarq(a) kVoul[Aut(T, )] " [Mr.1]
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2.3. The spin double ramification cycle. In this section, we give an explicit
proposal for the cycle DRZpin from Assumption as well as a conjecture gener-
alizing Conjecture A of [FP18] and [Schlg| to the spin setting. The proposal for
DRZpin is inspired by recent work [GKIL21] on spin Hurwitz numbers. Its formula
consists in a small modification of the original formulas for the double ramification
cycle presented above.

First we define the spin analogue of Pixton’s class above. Let r be an even
number, and a € Z™ a vector of odd integers such that the number k£ = |a|/(2g —
2+n) is an odd integer. Given a stable graph T, we write Wr ,.(a)°% for the set of
admissible weightings modulo r on T' satisfying that all numbers w(h), h € H(T),
are odd. It is easy to see that

e for I' a tree there exists a unique admissible weighting modulo r and it is
automatically odd,
e for arbitrary I, the cardinality of Wr ,.(a)°% is precisely (r/ 2)h* (@),

Then, we define a mixed-degree tautological class P SPIne (g) on Mg’n by the for-
mula

1
(9) PT7Spin’.(a) =r29279. Z Z Mﬁf‘*conta Cw,r
g [Aut(T)] s
FeGg,n wEWT,-(a)°dd

where the class Cont, ., is the class defined in the previous section. Using
similar arguments as presented in [JPPZI17, Appendix A], one sees that the cy-
cle PJ*Pin*(a) become polynomial in r for sufficiently large (even) r. Denote by
ng’sPi“(a) the value of the degree g part of this polynomial at » = 0. Then we
propose that the spin double ramification cycle should be given by

(10) DRP'™(a) = 279 PSP (a).

As mentioned before, the formula above is inspired by the paper [GKL21]. There,
the authors introduce a spin Chiodo class C?(r, k; @), where the modified vector @
is defined by the convention 2a; + 1 = a;. The comparison to the class P; Spinse(q)
is
C(r,k;a) = r_lP;’Sp‘“"(a) ,

see |[GKL21, Proposition 9.7, Proposition 9.20]. We used an implementation by
Danilo Lewanski of the formula for DRZpin(a) in the software admcycles [DSv20]
to verify that for the cases

(g=1,n<4),(9=2,n<2),(g=3,n=1)

the top-1 intersection number of the corresponding cycle agrees with the prediction
from Theorem for all admissible input vectors a.

Concerning the statement in Assumption that the cycle is a polyno-
mial in a of degree 2¢, it will be proved in the paper [PZ] by Pixton and Zagier,
alongside the corresponding statement for the classical double ramification cycle.
Furthermore, the statement 7*DR,(a)*P™ = DR (a, k)*P™™ can be shown from the
formula above using a short direct computation.

As for the remaining parts of Assumption [1.3] namely the relations between
top ¥i-intersection numbers of DR;pm(a) and [M,(a)]*P!® (for suitable k,a), these
would be implied by a spin variant of Conjecture A, which we present in the fol-
lowing. For this, we denote by Star, (a)°44 the set of star graphs with odd values
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odd

of twists at all half-edges. Given such a pair (T, I) € Stary(a)°?® we write

(1) [Mre ™ = My (o)™ @ T Mo (I0)/R) P

vEVout
Then we conjecture the following relationship between the spin cycles of the strata
of k-differentials and the spin double ramification cycle above.

Conjecture 2.5. Let g,n >0, k > 0, and a € Z" such that |a| = k(2g — 2+ n)
satisfying that a ¢ kZ%, and that all entries of a and k are odd. Then we have

(F7 I) M Spi spin
(12) . CF*[MF,]]Spm _ DR p (a) .
(F,I)es%;g(a)odd kIVoul|Aut(T, )| "

Proposition 2.6. Assuming Conjecture is true, the class DRme(a) satisfies
properties (3) and (4) of Assumption[1.3

Proof. To show property (3) we intersect both sides of the equality with the
monomial P in classes 1; for which a; ¢ kZ-o. This last assumption on the a;
forces all markings associated to classes 1; appearing in P to be on the central
vertex of any graph (I, I) € Star,(a)°dd. If T is non-trivial, a short computation
shows that the class [M(y,)(1(vo))]*P™ inserted at the central vertex has dimension
strictly less than the degree 2g — 3 + n of P. Thus for the intersection number of
P with the left-hand side of 7 the only surviving term comes from the trivial
star graph. This gives the left-hand side of the equation from property (3) and
thus finishes the proof. Finally, property (4) can be shown by similar arguments as
appear in [Sau20), Section 2.2]. O

Apart from theoretical evidence for Conjecture [2.5] which we discuss below, there
are a few cases where it can be verified directly.

In genus g = 0 it is trivial: a spin bundle £ on P! is always even and so both
sides of the conjecture equal the fundamental class of M ,,.

In genus g = 1, for a point (C,z1,...,z,) € Mi(a) with k = 1 and a odd, the
spin bundle

L=0c¢ (algkx1+...+a”;kxn>

on an elliptic curve C' is a 2-torsion line bundle. We can distinguish two cases: for
L = Og¢ it has precisely one section and thus it is odd, whereas for L # O¢ it has no
section and thus is even. Therefore the odd components of M;(a ) are precisely the
loci where L is trivial and thus they are given by My ((a1 — k)/2, ..., (an — k)/2).
Using that [M,(a)]*P™* = [M,(a)] — 2 - [M,(a)]°?? we then have
—k a, — k
5 T g )]
The cycles [M(a)] themselves are determined by the original Conjecture A. Thus
in genus g = 1 one can explicitly compute both sides of the equality since in the
sum over star graphs, we only need to compute the cycles [My(a)]**™ = [My(a)]
and [M;(a)]*P™®. A short calculation (similar to one appearing in [Schi8| Section
3.3.1]) then verifies Conjecture

Finally, using the software admcycles [DSv2()], the conjecture can be checked
for g = 2, a = (5,—1). In the sum over star graphs (I', I), the only genus 2 spin
cycles that appear as factors of [Mp ;]*"™ are [My(3)]*"™ and [My(5, —1)]*P™.

13)  [Mi(a,...,an)]"™ = My (a1, ... an)] — 2 [Mi (2
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In these cases, it follows from the classification of the connected components of
My(3) and Moz (5, —1) presented in [KZ03, Boil5] that the spaces have precisely
two components: a hyperelliptic one of odd parity and a non-hyperelliptic one of
even parity. This implies that

[Ma(3)]P™ = [Ma(3)] =2+ [Hypy 1), [Ma(5, —1)IP™ = [Ma(5,~1)] = 2 [Hyp, 5] ,

where Hyp, ; € My1 and Hyp, , C My 5 are the loci of (hyperelliptic) curves with
one or two marked Weierstrass points. Their fundamental classes can be computed
using the methods described in [SvZ20]. With these inputs, all terms appearing in
Conjecture can be computed as tautological classes and it is verified that the
claimed equality follows from known tautological relations.

A natural path towards a proof of Conjecture 2.5 should be as follows:

(i) Consider a compactification S, ,, of the moduli space
Son ={(C,z1,...,2,,L) : L£8? ~ we}t

of spin curves (see [Chi0O8, [AJ03]). As seen before, this space decomposes
into odd and even components, according to the parity of £, and we define

[gg,n}spin _ [ggm]even _ [gg n]Odd )

)

(ii) On the other hand, we can consider the universal Picard stack Pic, ,, over
S,.n parameterizing a curve C' in S, ,, together with a line bundle M on
C. Let e C Picy,, be the codimension g locus where M = O¢ is trivial,
and denote by € its closure.
Given k odd and a vector a of odd integers summing to k(2g — 2 + n),
we can consider the section oy : gg,n — Picg,n given by

_ ~ ai—k
M :£v®wz§( k+1)/2®oc <Z . IEz) .

i=1
We define the cycle
DR,(a) = o*[e] € AY(S,) -

Intuitively, this cycle compactifies the condition

- —a; —k
£%w?( M2 @ 00 <Za 3 »Tz)

i=1
that we used in the definition of the spin refinement of the strata of k-

differentials. We then expect that the machinery of the paper [HS21] can
be adapted to show that the cycle

F. (DR, (a) - [S, ™)

is precisely given by the linear combination of cycles on the left-hand side of
, with the numbers m(T", I) being related to intersection multiplicities
of the section ¢ with the locus e.

(iii) On the other hand, generalizing the machinery of [BHPT20], the class
[€] € A9(Picy,r) should have a formula in the tautological ring of Picy
which is structurally very similar to Pixton’s formula for the classical dou-
ble ramification cycle. Pulling this back under o we obtain a formula for
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ﬁﬁg(a) and a computation analogous to [GKL21l Proposition 9.18] should
imply

—spin

F. (DRy(a) - Sy,

which would conclude the proof.

J) = DRy (a)™,

We plan to pursue these directions further in the future.

2.4. The moduli space of multi-scale differentials. We recall now the defini-
tion and some features of the moduli space of multi-scale differentials, a smooth
modular compactification of strata of differentials with normal crossing boundary
divisors.

2.4.1. The incidence variety compactification. Given a vector P = (p1,...,ppn) of

—k R
positive integers, we denote by 2, ,(P) the vector bundle on M, ,, defined as
W*wf‘ig(mol + ..., Pn0On)

where we recall that 7 : Cy,, — M, , is the universal curve and the o; : M, —
Cy4,n are the sections associated to the markings. If a is a vector of integers satisfying
la| = k(29 — 2+ n), then for a sufficiently large value of P, we define Q,(a) as

the sub-space of €, (P) of smooth curves with a k-differentials with singularities

prescribed by a. We denote by PQ,(a) the Zariski closure of PQ,(a) in Pﬁ;n(P)
(the geometry of this space does not depend on the choice of P). This space is the
incidence variety compactification of M (a) (which is not smooth). See [BCG™19al
for the description of the boundary of this compactification.

2.4.2. The moduli space of multi-scale differentials. The incidence variety admits
a modular desingularization PZ,(a) — PQ,(a), the moduli space of multi-scale
differentials, which is defined in [BCG™19b] in the case k = 1 and in [CMZI9)] for
higher values of k. We denote by p : PZ,(a) — M,(a) the morphism defined as the
composition of the desingularization and the forgetful morphism P, (a) — M,/(a).
This morphism restricts to an isomorphism over Mg(a).

The boundary P=,(a)\ M,(a) is a simple normal crossing divisor. The boundary
components of this space P=Z,(a) are parametrized by level graphs, as introduced in
Definition 2:2] The sum of the depth and the number of horizontal edges of a level
graph is the codimension of the associated boundary component. In particular
divisors are indexed by either level graphs of depth 0 with 1 (horizontal) edge,
or level graphs in LGi(g,a). We will denote by PE(T) C PZ,(a) the boundary
component corresponding to the level graph T.

If T is a graph in LGf(g,a), then the associated boundary component PZ(T)
parametrizes multi-scale differentials compatible with T’ modulo an equivalence re-
lation given by the action of a torus, called level rotation torus. We explain now the
details that we will need for the case of kK = 1 in Section [5.1} where we investigate
the spin parity of some boundary divisors. We refer to [BCGT19b| for the full
description of this compactification.

An abelian twisted differential is a tuple (wy),cy ) of abelian differentials on

each component of the stable curve defined by I. We say that an abelian twisted
differential is compatible with the level graph T if each w, has vanishing orders
prescribed by the twists of I and if it satisfies the global residue condition (GRC)
defined in [BCG™19al Definition 1.4]. An abelian multi-scale differential compatible
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with I is a twisted differential compatible with I' together with the choice of a prong
matching for each non-horizontal edge of I'. A prong matching on a vertical edge of
T is a bijection between the horizontal directions defined the twisted differentials
on the components of the stable curve at the upper and lower ends of the edge.

If we denote by L(T') the depth of T, the equivalence relation is given by the
action of CH() which rescales the differentials on each level and simultaneously
acts by fractional Dehn twists on the prong-matchings. The subgroup Twg C ctm
acting trivially on the prong matchings is called the Twist group, and so the action
factors through the quotient 7w = CL(M) /Twg, which is called the level rotation
torus. Two multi-scale differentials compatible with ' are defined to be equivalent,
if they differ by the action of 1%.

Now that we have explained which objects are parametrized by boundary divi-
sors, we would like to recall that the boundary divisors PZ(T) are commensurable
(see [CMZ20al, Prop. 4.4] for the details) to the product of lower dimensional
spaces of multi-scale differentials, one for each level. We will denote by PZ(T)
the moduli-space of multi-scale differentials defined by the i-th level of I'. More
specifically, PZ(T)! is the multi-scale differential compactification of the stratum

P( I Q@)
)

vel—1(4

where we denoted by ; the condition on residues induced by the GRC.

In the case of k > 1, the multi-scale compactification of a given stratum of k-
differentials can be defined (up to stacky issues) as the closure of the embedding of
the stratum into the corresponding stratum of abelian differentials obtained after
the k-canonical covering construction. The main difference with respect to the
abelian case is that for the same level graph, there can be different possibilities
for the residue conditions fR;, so that each level stratum can have more irreducible
components. Another source for new components of level strata in the case of
k > 1 is given by the possibility of having to consider components given by strata
of d-th power of k/d-differentials. All these new components are exactly indexed
by k-canonical covers of the level graphs I' (see [CMZ19]). However, even though
the action of the level rotation torus is a priori more complicated to describe for
k > 1, the most important remark to highlight is the fact that the torus still acts
level-wise and there is a well-defined notion of prong-matching equivalence classes
on I, so we don’t need to analyze the more refined classification by k-canonical
Covers.

Remark 2.7. We will not recall the GRC here but we mention the following facts
that will be used below.

e If every connected component of the subgraph above level ¢ contains at
least one half-edge with a twist not in kZ~(, then the residue condition R;
is empty.

e Ifk=1,n=1,and I is a 2-level graph of compact type, i.e. with only
separating edges, then the GRC states that all residues at the poles of the
multi-scale differential on level —1 are trivial.

2.4.3. Intersection theory on the space of multi-scale differentials. As PQg(a) is
subspace of a projective bundle, it has a tautologial bundle O(—1). We denote by
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n € A'(PE,(a)) the Chern class of the pull-back of this line bundle. We will also
denote by 1; € AY(PZ,(a)) the pull-back of the ¢-classes from M,(a).

First of all we recall a relation between the tautological class 1 and the -classes.
In the case k = 1, the following statement was proven in [Saul9, Theorem 6(1)]
for the incidence variety compactification and in [CMZ20a, Prop. 8.2] for the
space of multi-scale differentials. The case of general k > 1 is treated in [Sau20l
Theorem 3.12] in the context of the incidence variety compactification, but the proof
directly shows the following statement about the space of multi-scale differentials.

Proposition 2.8. For all T € LGi(g,a), and all irreducible components D of
P=(T), there exists a rational number m(D) satisfying the following conditions:

e foralll <i<n, we have

(14) n=a; — Z Zm(p) (D ([D[O]] ® [D[—uo ’

fEiLGl(g,a) D

where the set LG, (g, a) consists of the two-level graphs T without horizontal
edges where the i-th half-edge is on level —1, and DU are the i-th level strata
induced by D.

o if k=1, or if all vertices of I' have a half-edge of order not divisible by k,
then m(D) = m(T)/|Aut(T)|.

Finally we recall the relation between the class of the subspace cut out by a
residue condition and other tautological classes in the case of k = 1. As before, the
following relation was proven in [Saul9, Prop. 7.6] for the incidence variety com-
pactification and in [CMZ20al Prop. 8.3] for the space of multi-scale differentials.

Proposition 2.9. Let k =1 and let ]PE?(a) be a stratum cut out by a set of residue
conditions R. Assume that P2} (a) is a divisor in the stratum PE3°(a) cut out by
a smaller set Rq of residue conditions obtained by removing one condition from R.

Then we have the following relation

(15) P () = —n — >, D) [PE(D)

fGLGLm(g,a)

in AY(PEJ (a)), where LGy m(g,a) is the union of the sets of non-horizontal two-
level graphs where the GRC on top level induced by R does no longer introduce an
extra condition and the set of non-horizontal two-level graphs where all the half-
edges involved in the condition forming R\ Ry go to lower level.

In order to convert the previous ¢(T) coefficients when considering the commen-
surability diagram involving a level graph PZ(T') without horizontal edges and the
product of all its level strata P=(T) [l we recall that we have to multiply by

T
(16) _ml)
|Aut(T)[4(T)

This was proven in [CMZ20al Lemma 4.5].

3. SPLITTING FORMULAS FOR w—CLASSES ON DOUBLE RAMIFICATION CYCLES

The purpose of this section is to prove the splitting formula for i-classes on
double ramification cycles, i.e. a family of relations between v-classes on double
ramification cycles (see Proposition below). Theorem will play a key-role
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in the proof as it allows to reduce intersection with double ramification cycles to
intersection with strata of k-differentials.

To state this formula, we introduce the following notation: LG? (g,a) is the set
of level graphs with exactly 2 vertices vy of level 0 and v_; of level —1, and no
horizontal edges.

Proposition 3.1 (Splitting formula for ¢-classes on double ramification cycles).
Let gn > 0 with 29 —2+n > 0, let a = (a1,...,a,) € Z™ with > ,a; =
k(29 — 2+ n). Then for any two different elements s,t € {1,...,n}, we have

(asws - atwt)DR (al? <. an)

) = Y @D DRy, (1) @ DR, (I(v-1)))

(T,1)eLG2(g,a) |A t( )‘
Here, the function fs . is defined by

B 0 if s andt belong to the same vertez,
fsu (D) = 1 if s belong to v_1 and t to vy,
—1 otherwise.

3.1. Splitting formulas for strata of k-differentials. In order to prove Propo-
sition we will show that a similar statement holds when we replace DR, (a) by
[M,(a)]. An analogous splitting formula was proved in the case k = 1 in [Saul9].

Lemma 3.2. Let gon > 0, k > 0, and a € Z™ with |a| = k(29 — 2+ n). Let
s#te{l,...,n} be indices such that k does not divide as or a;. Then, we have
the following relation:

(a'sws - atwt) . [ﬂg(a)]

_ = _m(T)
(18) = > fs,t(r)m
(T,1)ELG2(g,a)

(s ([ go(I(UO))] ® [Mg—l(‘[(vfl))])

In order to prove this lemma we will work with the multi-scale compactification

of Mg(a) introduced in Section

Proof of Lemma[3-3 Recall that we denote by p : PE4(a) — Mg(a) the morphism
defined as the composition of the desingularization and the forgetful morphism to
Mg(a). By the projection formula, the class 15[M,(a)] is equal to p.(p*);). Thus
we now study the intersection theory on PZ4(a).

Using Proposition we can write (asis —n) or (az)y —n) on PEg(a) as a
sum on irreducible components of the boundary divisors indexed by the graphs in
LG1(g, a) such that s or t respectively are adjacent to a level —1 vertex. Moreover,
the coefficients of an irreducible divisor appearing in the expression of (asts — 7)
or (attpy — n) are equal. Thus, we write (asths — ar)t) as (asths — 1) — (agthe — 1) to
express it as a sum over irreducible components of the boundary divisors indexed
by LG1(g,a), where s and t are adjacent to distinct levels.

If T € LG1(g,a) is a level graph with at least 2 vertices of level 0, then the fibers
of p restricted to the corresponding divisors have positive dimension. Thus such a
graph contributes trivially to the expression of (as1s — aztht) - [Mgy(a)].

Moreover, for all graphs I' € LGy (g,a) involved in the expression of (asy, —
a1y, either s or t is adjacent to this unique vertex of level 0. Thus the global
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residue condition defined is empty as k does not divide ag, nor a; (see Remark.
Therefore, if such a graph has at least 2 vertices of level —1, then the fibers of p
restricted to the corresponding divisor have positive dimension and once again such
graphs contribute trivially to the expression of (ass — aiy) - [Mgy(a)].

Hence (as1)s — aghy)[My(a)] is expressed as a sum over level graphs in LG3 (g, )
and the coefficient for each such graph is exactly fs;(T)m(T)/|Aut(T)|, again by
Proposition 2.8 O

3.2. Proof of Proposition Finally, we can combine the results of Sections
and [3.1] to prove Proposition As a first step, we observe that it suffices to
show the proposition for particular input vectors a.

Lemma 3.3. Let g,n > 0 such that 2g — 2+ n > 0. Then Proposition |3.1| is true
if and only if it is true for k >0 and a € (Z\ kZ)™.

Proof. First note that for valid input vectors a € A contained in the sublattice
A C Z™ of vectors whose sum is divisible by 2¢g — 2+ n, the parameter k = k(a) can
be computed from a. Thus the statement in Proposition [3.1]is purely a statement
about cycles depending on these input vectors. The crucial observation is that the
two sides of the equality in Proposition are polynomial in the entries of a
by [PZ] (for the left-hand side) and Lemma (for the right-hand side). Thus we
conclude by observing that the statement of the proposition is vacuous for n = 1
and that for n > 2, the set of vectors @ € A with k = k(a) > 0 and a € (Z\ kZ)"™ is
Zariski-dense in R™ and so any polynomial equality satisfied for such a is satisfied
everywhere. O

Remark 3.4. Note that for a level graph in LG}(g,a), the level structure is
uniquely determined by the underlying twisted graph (and the automorphisms of
the level graph are automorphisms of the underlying twisted graph). Thus in the
following proof, we will consider these objects as twisted graphs.

Proof of Proposition[3.dl By Lemma[3.3]it suffices to show equality for vectors
a € Z"™ summing to some integer multiple k(29 — 2 + n) of 2g — 2 4+ n such that
a € (Z\ kZ)™ . The overall strategy of our proof is as follows:

Step 1 In the left-hand side of (L7)), we use Theorem to replace the double
ramification cycle by a sum over star graphs with strata of k-differentials
and strata of 1-differentials at the vertices. By the assumption on a, all
markings must go to the central vertex here.

Step 2 Then we use the splitting formula from Lemma [3.2] on the central vertex
(again made possible by the assumption on a) to replace it by a sum over
2-twisted graphs glued into this vertex. At this stage, we have expressed
the left-hand side of as a sum over graphs with appropriate twists
on all half-edges and strata of k- and 1-differentials in the vertices.

Step 3 In the final step we interpret the top and bottom part of the graph
as simple star graphs and recombine the corresponding sub-summations
into double ramification cycles using Theorem [2:4] in the opposite of the
direction used before. We are left with a sum over 2-twisted graphs with
double ramification cycles at the vertices, obtaining the right-hand side of
[T

The outline above contains all relevant mathematical ideas going into the proof,

and a reader satisfied by this outline may safely skip to the next section. The
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remainder of the argument below will focus on controlling the combinatorics and
multiplicities involved with the above manipulations of graph sums.

<

(19) (FS,IS) (1’\K7 IZ)
20) (T, 1)
(1"0,57]’0,5)
(fé,fé) (1’\—1,571’—175)



INTEGRALS OF -CLASSES ON TWISTED DOUBLE RAMIFICATION CYCLES 21

Step 1: We start with the expression (asys — a;3)DRy(a). By the assumption
that a € (Z\ kZ)™, we can apply Theorem to replace the double ramification
cycle by a sum over star graphs (I'*, I®) with strata of k-differentials/1-differentials
at the central and outlying vertices (see the left side of ) Moreover, all (legs
corresponding to) markings must be on the central vertex since all of their weights
are in Z \ kZ (see the definition of a simple star graph). In particular, the markings
s,t belong to the same stratum M,y (Zs(vo)) of k-differentials that is glued into
vo and the term as®s — a1, can be pulled back to that vertex.
Step 2: Again using the assumption a € (Z \ kZ)™ combined with the fact that
all entries of I(vg) are negative, we can then apply Lemma to replace the
expression

(as¢s - atwt) ’ Mg(vo)(a7 I (UO))
on the central vertex by a sum over 2-twisted graphs (I'¢, I) glued into this vertex
(see the right side of (19))).

Overall, we have by now written (a1 —a:1¢)DRy(a) as a sum indexed by simple
star graphs (I'*, 1) and 2-twisted graphs (I'*, IY) gluable into the central vertex of
I'*. The individual summands are described by the twisted graphs (T, I') depicted in
obtained by performing this gluing operation and, up to rational coefficients
which we make more precise below, they are given by a pushforward under &r
of strata of k-differentials and 1-differentials at the two central, respectively the
outlying vertices of I'. Let us make a couple of observations at this point:

e Due to the factor f, (I, I*) appearing in Lemma any (T', I) appearing
with nonzero coefficient will have to satisfy that s, ¢ appear at two different
vertices (the two central vertices depicted in blue). Using this observation,
we see that we can uniquelyf| reconstruct (I'*, I*) and (I'¢, I*) given (T, I):
we obtain I'® by contracting all edges between the two central components,
and we obtain I'! by cutting all other edges and removing all other vertices.

e The outlying vertices of I' (which are in natural bijection to the outlying
vertices of I'*) can naturally be placed at the top or bottom of T’ (and
coloured green and red). The rule is that any vertex connecting only to
the bottom central vertex will be at the bottom (red) and all others will
be at the top (green). This is motivated by the fact that the twist I at all
half-edges at the outlying vertices is positive, and thus in the partial order
on V(I') coming from the twist I they should be strictly above any other
vertex they connect to.

e We color all the edges of I' by

— blue for the edges between the two central vertices,
— green and red for the edges on the top and bottom level between central
and outlying vertices,
— brown for the edges connecting the lower central vertex of I" with an
upper outlying vertex.
Step 3: Finally, we regroup the terms in the sum over (I, I) to obtain the right-
hand side of . For this, given (', I) we compute a triple of twisted graphs as
follows:

3Strictly speaking the unique reconstruction requires the additional data of an identification
of the edges of I'* with the edges in I' incident to the non-central vertices. We will suppress
this detail for now and return to it during the last part of the proof, when we match the precise
coefficients and multiplicities of all involved terms.
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e We obtain a 2-twisted graph (I'¢, I¥) by contracting all red and green edges
(and preserving the brown edges).

e We obtain simple star graphs (I'v, %), i = 0, —1, by cutting all blue and
brown edges and taking the connected components of the top and bottom
levels.

From the construction, it is clear that (I, I) can be reconstructed by gluing the
graphs (I'"*, I**) into the vertices of (ff,ﬂ), so that again Step 3 defined a com-
binatorial bijection.

The graphs (fz ,f %) appearing like this are precisely the indices of the sum on

the right-hand side of (17). On the other hand, the double ramification cycles
appearing in this right-hand side can be replaced by sums over star graphs by
Theorem Indeed, since as,a; are assumed to be not divisible by k£ and since
s,t go to opposite sides of T , the assumptions of Theorem are satisfied and the
simple star graphs that appear are precisely of the form (', [%9).
Comparison of coefficients: At this point we have described how to use Theorem
and Lemma to expand the left-hand side of into a graph sum (with
insertions being strata of k-differentials and 1-differentials) and how to regroup this
sum using Theorem to obtain the right-hand side of . We established these
expansions and regroupings on the levels of the involved combinatorial objects (i.e.
twisted graphs), but it remains to be verified that in the final step, all summands
appear with the correct rational coefficients. Looking at the relevant formulas ,
and most of the factors are easily matchedﬁ

For the multiplicities m(I', I) we see that the union of half-edges (and twists) of
I'*, T'* is in natural correspondence to the union of half-edges (and twists) of (fe, ﬂ)
and the (I'>*, I%*), and thus

(22)  m(T, I°) - m(T 1Y) = m(T, TY) - m(T0%, 19%) - m(D 1 17 1%)

Since the outlying vertices of I'* are the union of the outlying vertices of the I'»*,
we have

Vour @) _ Vour (M) . IVour (D)
(23) k k k .

As the levels in T, T to which the markings s,t go are the same, we also have
(24) FoaT4 1) = fo o041,

It remains to match the automorphism factors. As might be expected, this is
the most tricky part of the argument, and the naive equality of products of sizes of
automorphism groups in fact fails. The reason is that implicit in Steps 1 to 3 we
have assumed e.g. an identification between half-edges at some vertex and the legs
of a graph that is glued into this vertex.

To make precise statements here, it is advantageous to reformulate the graph
sums in , and in terms of sums over twisted graphs (', I) together
with a bijective numbering o : E(I') — [[1,...,€]] of all involved edges, where
e = |E(I"”)|. The symmetric group S, operates transitively on all such numberings
and the stabilizer of an isomorphism class of a numbered graph is precisely the

4Instead of performing Step 3 in the direction described above (regrouping terms (I, I)), the
reader might find it easier to go in the opposite direction and expand the right-hand side of
into a graph sum. With this interpretation, the equations ,, , below show how
the coefficient of the graph sum term (I',I) from Steps 1,2 agrees with the coefficient obtained
from this inverse of Step 3.
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automorphism group of the underlying twisted graph. Using the Orbit-Stabilizer
Theorem from group theory one checks that formulas , and remain
valid under replacing

e the sums over isomorphism classes of (T, I) satisfying the respective prop-
erties with sums over isomorphism classes of (I',I,0: E(T') = [[1,...,¢€]]),
e replacing the factors 1/|Aut(I',I)| by 1/e!.

With this insight, we can essentially finish the argument. To set notation, let
€bl, Ebr, €g, €; be the numbers of blue, brown, green and red edges in the pictures

, (20) and . Then passing to the numbered version of formulas ,
and (18) has the following effects on the coefficients of (', I) in (20):

o In we can assume to have a numbering on the ez + en, + e, edges of
I'* and legs of I'* and that the gluing respects this ordering. Similarly we
have a numbering on the ey edges of I'*. Overall, the glued graph (T, I)
appears with a coefficient of

1
(eg + enr +er)lent!

and inherits two numberings (on the green, brown and red edges and on
the blue edges).

e In we can have a numbering on the ey + ey, edges of ¢ and legs of I'**
with the gluing respecting this ordering. Similarly we have a numbering
on the e, edges of I'"* and the e, edges of I'""*. Overall, the glued graph
(T, I) appears with a coefficient of

1
(ep1 + epr)legle,!

and inherits three numberings (on the blue and brown, the green and the
red edges).

To conclude we must not just compare the coefficients mentioned above but also
with how many different numberings each (T, I) can appear. To do this, we use the
following result:

Fact : Given sets My, ..., M, of sizes my, ..., m,, the map from the set of orderings
of M = M, U---UM, to the product of the set of orderings on each M; taking the
induced order on the subsets M; C M has fibres of size

my+...+my
My, My )
Thus given a graph (T, I) with four orderings on its edges (one for each colour),
there are (°7°*¢) orderings in inducing the given four orders, and ()

€g,€br,Er €bl,€br

orderings from . Overall, the desired equality of the coefficients in then
follows from the identity

(25) 1 (eg + epr + er> _ 1 <€b1 + ebr)
(eg + epr +er)len! \ eg, epr,er (en1 + enr)legles! \ epl e )
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4. IDENTITIES SATISFIED BY A,

In this section we use Proposition to determine three identities satisfied by
the functions 4,. We show that these identities determine the functions A, to

prove Theorem

Lemma 4.1. The functions Ay = Ag(as, ..., ay) are polynomials in the entries a;,
of total degree at most 2g and symmetric in the arguments as,...,a,. Moreover,
they satisfy the following identities:
ar+...+ay
(26) Ag(a17"'7an7k) = 'Ag(ah"'aan) fOTk:m7
(27) a - Ag(al, e ,an,O) + Z(ai - k)Ag( ca;— k.. )
i>1
L
= 52 ik =3)Aga(ar,. o an, =5 j — F)
§=0
for k = ar +...+an ,
20—2+n+1
I[ie; S(aiz)
28 = 291 4di=1 =\ )
(28) Aglaco = P12
Proof. The polynomiality and degree bound for A, follow from [PZ] and the sym-
metry in ag,...,a, follows from the S,-equivariance of the double ramification

cycle in its entries and the resulting .S, _i-invariance of the definition of A,.

The identity follows from the fact that the class DRy (a1, ..., an, k) is the
pull-back of DRy(az, . .., a,) under the forgetful morphism of the last marking (this
follows from Invariance II of [BHP20]). The identity was proved in [BSSZ15|
Theorem 1]. Thus it remains to prove the identity (27). We rewrite:

a1 Ag(ay, ... an,0) = / 2973 (ay4py — 0 Yny1)DRy(as, . .., an,0).
Mg nya

Using Proposition [3.1], we can express the right hand side as a sum on graphs with

2 vertices, with markings 1 and n + 1 being on different vertices. For dimension

reasons, the only graphs contributing non-trivially are the graphs such that the

vertex that does not contain 1 (and hence does contain n+ 1) is of genus 0 and has

exactly 3 half-edges. It occurs in 2 family of cases:
e either the (n 4+ 1)st marking is on a vertex with another marking i # 1,
connected to the other vertex by 1 edge;
e or the (n + 1)st marking is on a vertex with no other marking, connected
to the other vertex by 2 edges.

Keeping only these two contributions gives the second relation. O
Next, we prove that the properties above are sufficient to characterize A,.

Proposition 4.2. All functions Ay are uniquely determined by Ao, A1, and the
properties in Lemma[4.1]

The proof of the previous Proposition uses in a substantial way the polynomiality
and symmetry properties of A,. Before we begin the proof, we need some technical
lemmas concerning such symmetric polynomial functions.
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Lemma 4.3. Let g : Z" — Q™ be a polynomial function of total degree (at most)
D in the variables yi,...,yn, which is symmetric in yo,...,Yyn. Then there exist
coefficients

cap €Q for 0 <d <D and p = (ma,...,my) a partition of size at most D —d
such that

(29) 9() = cap yieu(y)
d,p

where e,,(y) is the elementary symmetric polynomial defined by:

H(X +yi) = Z
=1 120
11

e, =

For n > D, the coefficients cq, in the representation are unique. In other
words, the functions yfe,(y) form a basis of the space of all functions g as above.

Furthermore, recalling that e, (y1,...,yn) = 0 for n < m, the function g with
representation satisfies
(30) 91 Yn-1,0) = Y capyleny, o yn).
d,p

Proof. The set of functions g as above forms the degree at most D part of the ring

Q = Q[yl] ®Q Q[y27 ey yn]SWl 5

which, by the fundamental theorem of symmetric polynomials, has a canonical basis
given by y‘feu(yg, ..., Yn) where all parts of p are of size at most n — 1. We want to
show that the system {ye,(y) : d, u} is a generating set of Q, for y = (y1,...,yn)-
Since the system is closed under multiplication and contains y1, it suffices to show
that all functions g = e, (Y, - . ., yn) have a representation . This easily follows
by induction on m using the fact that

em(y) — em(ya, .- yn) = y1 - h for h € Q of degree at most m — 1.

For n > D we have that automatically all partitions p of size at most D have that
all parts are bounded by n—1. Thus the functions y{e, (yz, . .., y,) with d+|u| < D
form a basis of Q<p. But since the number of such pairs d, ;1 equals the number of
elements yfleu(y) and since these generate Q<p by the first part of the proof, they
form a basis as desired. The last statement of the lemma is immediate from

the definition of the elementary symmetric polynomials. (Il
Lemma 4.4. Letn >1, £ >0 and p= (my,...,my) a partition. Let furthermore
Yis-- -, Yn, k be formal variables. Then we have

(31) eu(yla"'7yn7_k) :eﬂ—’_o(k)?

(32) Zyieu(yl, ol — ko yn) = ere, — |pkey, + O(k2) ,
i=1
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where on the right-hand sides e1 = e1(y), e, = eu(y)ﬂ
Proof. The statement follows immediately from the fact that
em<y17 e Yny _k) = em(yla B yn> — kjemfl(yla cee 7yn) =em + O<k) .

For the second property, we expand e, = Hle em; and approximate the result up
to first order in k:

n 14
ZyiHem]’(yl,~«~,yi_k,...’yn)

i=1 j=1
n L

:Zyl H (emj(y) - kemj—l(yla" '7@7' 7yn>)
i=1 =1

14
:Zyz eu(y)szefuemj—l(yla7??uayn) +O(k2)
: j=1

where in the last line we use the notation i/ = (m,...,m;,...,my) for the parti-
tion obtained from p by removing the j-th part. Pulling the sum over i we obtain

n 4
Zy’b eu(y)_kzeﬁﬂemj—l(ylaa@n7yn) +O(k2)
i=1 =1

14 n
:ele/l, - kZ eﬁj Zyiemjfl(yh e 7@7 DR ;yn) + O(k2)
j=1 i=1

¢
=ere, — kz epimjenm,; + O(k?)
j=1
=ere, — klple, + O(k?),

which finishes the proof. Here in the second to last step we used that
n
Zyiemfl(ylv e »Z//\h s 7yn) = mem(y) .
i=1

And indeed, the two sides of this last equality are both sums of terms y;, - - -y, , for
subsets {i1,...,im} C {1,...,n} of size m, and each such subset appears precisely
m times (e.g. on the left for each choice of i =4, u=1,...,m). a

Proof of Proposition[4.4 For g > 1 we denote by jg : Z™ — Q the function defined

by
Ag(yrs-- - yn) = Ag(ys + b,y + k) for k= 2%_?’2

The functions Ay and .Kg determine each other and so it suffices to show that .Zg
is determined by the analog of the properties from Lemma [4.1] together with the
data in genus 0, 1.

We continue to fix g > 1 and assume for the moment that n > 2¢g. Then since ng
is a polynomial in its entries, of degree at most 2g and symmetric in the last n — 1

SHere the notations O(k), O(k2?) stand for the sets of elements of the polynomial ring
Q[y1,- - -, Yn, k] divisible by k, k2, respectively.
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arguments, we know from Lemma [£.3] that there exist unique coefficients cg,4,, € Q

for all d > 0, and g = (my, ..., my) a partition of size |u| at most 2g — d, such that
(33) Ag(y) = Z Co,d,pu - yg ell«(y) :
9.1

Moreover, the first identity of Lemma implies that .Zg(yl, ey Yn, 0) =
JZg(yh .-y Yn). Therefore, by the last part of Lemma the coefficients ¢4 4, are
not only unique but in fact independent of n, since the corresponding expression
restricts correctly to all lower numbers of marked points.

Now consider the third property . Note that the operation of restricting /Tg
to the locus where e;(y) = y1 + ... + vy, vanishes precisely corresponds to setting
e1(y) = 0 in the expression (33). Given a partition z, we denote by M (u1) its number
of entries equal to 1. Then the third identity determines all coefficients cg g,
with M (p) = 0. Therefore, we will show that the second identity provides
a relation allowing to compute the remaining coefficients, inductively on g, d, and
M (p).

Fix now g > 1 and n > 2g+ 1. Then the second relation translates into the
conventions of /Tg a

(34) (yl + k) : '/Zg(yh < Yn, _k) + Zyi-/zig(yl, ces Y — ka tee 7yn)
i>1
1 ~
= §Zj(k _]) . ‘Ag71<y17 sy Yn, _.7 - k7] - 2k>
§=0
for any integers y,...,y, and where k = (y1 + ...+ yn)/(29 — 1). Indeed, the
reader can verify that applying the definition of A to equation and substituting
y; = a; — k precisely gives the second relation . Note that the formula for &
was specifically chosen in such a way that
Y1+ t+yn—k
29 — 2

:k’

so that the value of k computed from the arguments of the functions A, and A, ;
in agrees with the defining formula of k.
Both the left and right hand side are polynomials in

(35) Q] ® Qlyz, - -, yn)*

of degree at most 2g + 1. Thus by Lemma and the assumption n > 2g + 1
both sides are unique linear combinations of the functions y{e,(y). Comparing
coefficients, we obtain a system of relations between the coefficients cg 4, and

Cg—1,d, of the functions .,Zg and Xgﬂ which appear. We will argue that this system
uniquely determines the coefficients ¢4 4., assuming the values of the coefficients
Cg—1,d,u are known by induction. In particular, since the right-hand side of equation

6There is a small annoying point: for g = 2 the term .Zg_l appearing below is not defined,
since in genus 1 the value of k£ cannot be reconstructed from the values of the y;. To fix the
argument that follows, one can just replace the evaluation of .2971 on the right by the expression
Ai(y1+k, ..., yn+k,—j,j—k) and the entire argument works verbatim. Indeed, the only thing we
need is that this term can be written as a linear combination of y‘lieu(y) and that by assumption
we know the coefficients of the linear combination in genus 1.
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(34) is assumed to be known (and thus forms the inhomogeneous part of the linear
system between the ¢4 4,,), we can focus on the left-hand side of the equation.

To control the notation below, we declare that for A, B, C elements of the ring
([35), the equation A = B+(C) means that A— B is contained in the ideal generated
by C. We begin with some preparatory computations: recall that k = e;/(2g — 1).
Given any partition y, we write it as g = (1) + 1/, so that u’ contains no parts
1. Then by Lemma[f.4] and using that (k) = (e;) as ideals in (35, we have

ew (W, Un,—k) = ew+(e1),
4 : _ ] 5
Zyleuz(yl,...,yl—k,...,yn) = 1—2 erey + (7).
‘ g—1
i>1
Now we put back the power eiw(” ) in the two equations above. For this observe
that
29 — 2
e1(yi, - Yn, —k) =e1(yr,- . yi — koo yn) =1 — k= 257 Tl

D)

Multiplying each summand on the left hand side above with eiw( , we obtain

M ()
29 — 2
eﬂ(yla”'ayn,_k) = (25_1) €u+(ei\4(ﬂ)+1)’

M () /
 (29-2 || M (p)+2
;yieu(yl,...,yifk,...,yn) = <2g—1) (12g—1 ere, + e .

Now we start putting together the terms appearing in the left-hand side of .
For this observe that

(v1 + B)ew(y, —k) + D _vieu( - v =k, ...)
i>1

:(yl + k)eu(y7 _k) - yleu(yl - ka .. ) + Zyieu(- s Yi — k) .. )
i>1

M(p)
_ €1 . 29 -2 M(um)+1y ) _

M(u) )
29 — 2 ,
<g ) (l E >eleu+(€1”“”+2)

2g —1 2g —1

M () /
29 —2 1 4 M(p)+2
= . ]_— .
(29_1) (29_1+ 59— 1 ere, + (y1) + (e; )

Multiplying the two sides of the above equality by v, we precisely get the terms
on the left-hand side of that are multiplied by the coefficient ¢4 q,. Thus we

see that cy 4, appears as a factor in front of a term yijeﬁ only if either
e d=dand g = (1) 4+ u, in which case it appears with the coefficient

<2g2>M“” 29 — ||

(36) 29— 1 2g—1 "~

e or possibly when d > d or M () > M (u) + 1.
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To conclude, we first remark that the coefficient can only vanish when |u/| = 2g.
Since the total degree of le‘g is bounded by 2g, this can only happen when u = p’
and thus M(u) = 0, in which case we already know the coefficient ¢, 4, by the
third assumption . Thus we can assume that does not vanish and looking
at the total factor in front of y{eie, on the left-hand side of ([34), we see a nonzero
multiple of ¢, 4, as well as some multiples of coefficients ¢, 4, satisfying d” < d
or M(p'") < M(u). By doing an induction on d and M (u), which we can start
with the cases d = —1, M (u) = —1 which vanish, we can assume that we have
already computed these lower coeflicients. Thus we can uniquely determine cg 4.,
as claimed above, finishing the proof. O

Proof of Theorem[I.1. We denote by

By:Z" = Q

2 a1z - S'(kz) [Iis: S(aiz)
a — [z }exp< IS(kzz) )S(z)S(kz)QQHn

Using Proposition we will prove prove Theorem by showing that B, is a
polynomial of degree 2g that satisfies the four identites of Lemma and that
.Ao = BO and .Al == Bl.

The polynomiality and degree bound of B, follows by the rules of expansion of
power series: the variable z appears in the definition of B, always with coefficients
that are either constant or linear in the a;. Thus after substituting into power series
and taking products of these, the coefficient of 229 is indeed a polynomial of degree
at most 2g. The symmetry of the formula in the arguments ao, ..., a, is likewise
obvious.

The fact that these numbers satisfy the first identity is straightforward, the
third identity follows the fact that setting |a| = 0 is equivalent to setting k = 0 and
the fact that S(0) = 1,8’(0) = 0.

In genus 0 we have that DRg(a) = [M, ] is independent of a and so

AO(G’) = w?_S = la

Mo,n

e.g. by [BSSZI5, Theorem 1], which agrees with By = 1.

In genus 1, we can reduce the check that A; = B; to the case k = 0. Indeed,
the fact that we = O¢ for smooth genus 1 curves C' can be used to show that the
double ramification cycle is independent of k, in the sense that

DRl(al,...7an) :DRl(al—k,...,an—k).

Alternatively, this equality can be checked directly from the formula of DR;(a)
by applying known relations between divisor classes on M; ,,. In any case we can
conclude that

(37) Al(al,...,an)zAl(al—k,...,an—k).

Note here that the arguments on the right-hand side of indeed sum to zero. As

for the function By, an explicit computation using the substition a; = kn—>,_; a;
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and the expansion S(u) = 1 + u2/24 + O(u*) shows that

_ .2 a1z - 8'(k2)\ Ilisy S(aiz)
Bl(a) = [Z ]eXp ( S(kz) ) S(z)‘Sl’(kZ)"Jrl

1 - )
From this form we then immediately see that
(38) Bi(ai,...,an) = Bi(a1 — k,...,a, — k).

Combining equations and we see that the functions A; and B; are deter-
mined (via the same transformation) by their values on vectors a with |a| = 0. But
for such vectors, the equality A (a) = Bi(a) follows from (28).

Thus, we only need to show that the numbers By(a) satisfy the identity (27).
We fix a vector a € Z™, and we introduce the following formal series in z:

_ a1z - S'(kz2) [1is1 S(aiz)
Bg(a)(z) = exp < S(ka) > ’ S(Z)S(kz)Zg—Q—i-n'

The derivative of this power series is given by:

d ay ay S'(kz)
aBg(a)(Z) = By(a)(z)- (kz T ES(ka)? (k(2g —2+n) —a1) S

~S'(7) a‘S’(aiz)
S6) T2 ZS(al-z))'

On the other hand, we write the terms involved identity using coefficient
extraction formulas:

@1By(,0) = ail2]S(k2) 2B, a)(2),
Z(ai —k)By(...,a;i —k,...) = [z%]By(a)(2) <(29 —a1/k)k
S'(kz) a;28"(a;2)
+(k(29—14n)—a)kz—— -k Y ————2|,
9 Shz) ~ & S(as2) )
3 X i -iByla—i—k+d) = KB (k5 -5,
0<j<k

The last expression follows from the formula
(39

)
S 1D 5508 ((k - 4)2) =

sinh(kz/2) cosh(z/2))
0<j<k ) ’

1
. <k cosh(kz/2) — —— s

which can be proven by inserting the definition of &, multiplying both sides with
sinh(z/2), expanding everything in terms of exponential functions and comparing
coefficients of each terms e“*/2 for ¢ € Z.

In order to show that B, satisfies identity , we will use the fact that

d
—k[2%9]2%911 azfngg(a) () =0,
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for all values of a, since the z~!'-coefficient of the derivative of any Laurent series
vanishes. Using the above expression of the derivative of By(a)(z), we obtain:

—k[z2g]229+1 — _2qB (a)(z
S'(kz)
= (2 209 — 2 —
< g—a1/k) k+5(kz) (k*(2¢ +n)—ark) Sh)
kzS'(z) S'(a;2)
+ SC) Zazkz S(a2) |
i>1
1 . ) . .
= a1By(a,0) — 5 > ik —5)By-1(a,—j, =k +j)
0<j<k
+3 (a; = k)By(...,a; = k,...),
i>1
thus showing that B, (a) satisfy the identity for all values of a. a

5. TOP-1) FOR SPIN COMPONENTS

In this section we analyze integrals of 1-classes on spin components. In order to
prove Theorem[I.4] we will follow the same strategy as for Theorem[I.1] That is, we
will first show that the intersection of -classes with strata of [M, (a)]SPm may be
expressed in terms of classes supported on graphs with 2 vertices. These formulas
hold for odd values of k£ and a, but we will use the polynomiality of the function
Azpi“ implied by Assumption to find constraints on this function that determine
it uniquely (in the spirit of Lemma and Proposition in the non-spin case).

5.1. Parity of boundary divisors. In this section we work over the moduli space
of multi-scale differentials P=,(a) (see Section and explain how spin compo-
nents intersect some special boundary divisors.

Recall that for an odd k& and an odd signature a, the parity of a k-differential
(C,[w],z1,...,2,) € PQy(a) is defined as the parity of the spin structure

-k n—k
WS/ ®(’)( 5 4.+ xn>

2

We will denote the parity of the the k-differential (C, [w], z1,...,2,) € PQ4(a) by
O(C,w).

First of all we describe the boundary divisors with precisely one edge appearing in
the spin components. These vertical level graphs parametrize equivalence classes of
multi-scale k-differentials ((C}, [1:])i=0,—1, [0]) where o is a global prong matching.
Recall that the equivalence relation is given by the action of the level rotation torus.

Proposition 5.1. Let PE(T) be a boundary divisor of PZ,(a) with only one vertical
edge connecting two vertices, for a odd, and let ((Ci, [n:])i=o0.—1,[0]) be a point
of this divisor with stable graph T. Let (C,[w]) be a nearby smoothing. Then
‘I’(C, w) = (I)(Co, ’f]o) + (I)(C_1, 77_1).

Proof. Consider a one-parameter family ¢ : B — P=Z,(a) smoothing the given
multi-scale differential ((C;, [7:])i) = ¢(bg) and let m : C — B be the associated
family of curves over B. Consider the modified family C obtained by blowing up
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the nodal point of the fibre over by, giving an exceptional divisor E' C C. Then on
C consider the line bundle

ki —k ok T) -1 _
EB:CU? 2 ®Oc(a1 I1+...+a xn+m(2) .E+m(F).C_1),

2 2

where C_1 C 51,0 is the component of the special fibre 5;)0 associated to the level
—1 vertex of I and m(T) is equal to the unique twist on the edge of I'. Note that it
follows from our assumptions that m(T') is odd, so that (m(T) — 1)/2 is indeed an
integer. Then from the definition of PZ,(a) one checks there exists a natural map
L£E? — w, giving a family of spin structures on C (in the sense of [Cor89]). But
now it follows from the results of [Cor89] that the parity of this spin structure

e is constant in the family,

e at the special fibre (Z,O = Cy U EUC_; is equal to the sum of the parities
of the spin structures on the irreducible components Cy, C'_1 modulo 2
([Cor89, Example 6.1]).

Comparing the parity at the special fibre with the one at the nearby smoothing
(C, [w]) concludes the proof. O

While we wrote the proof above for graphs with a single edge, a similar argument
in fact works for arbitrary graphs of compact type, and thus we obtain the following
generalization.

Proposition 5.2. Let PE(T) be a boundary stratum of PZ,(a) such that T is a tree
and all edges of T are vertical, for a odd. Let ((C;, i) vev ) [0]) be a point of this

divisor with stable graph T. Let (C,[w]) be a nearby smoothing. Then

B(Cw) = Y B(Cm).

veV(T)

We now present a lemma about the parity of banana divisors, i.e. a divisor
whose associated level graph has two vertical edges and two vertices. This result
was never explicitly stated but it was implicitly used in [EMZ03, Section 14.1] (see
also [CG21] for related arguments). Note that if a is odd, then the twists at the
two nodes have to be of the same parity.

Lemma 5.3. Let k,a be odd and let PE(T) be a banana boundary divisor of P=,(a),
parametrizing multi-scale differentials of the form ((Cy, [1m:])i=0,-1,[0]). Let (C,[w])
be a nearby smoothing.
(1) IfT has odd twists, then ®(C,w) = ®(Co,m0) + ®(C_1,n_1).
(2) If T has even twists, then ®(C,w) = 0 for half of the prong matchings
equivalence classes and ®(C,w) =1 for the other half.

We prove this lemma in 2 steps: first we show that it holds in the case k = 1,
and then use this special case to show it in full generality.

Proof. Case of k = 1. We start by considering the case of K = 1. Recall that in
the case of abelian differentials, the parity of a spin structure may also be defined
in the following way using the Arf invariant (see [EMZ03|] or [KZ03]). Consider a
flat surface (C,w) and fix a symplectic basis of homology {4;, B; }i= ... 4. When the
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zeroes of the abelian differential w have only even orders, we can define the parity
of the spin structure via

g
O(C,w) =Y _(Indy(A;) +1)(Indy,(B;) + 1) (mod 2),
i=1
where Ind,, (@) is the index of the tangent vector field of a closed curve « with respect
to the flat metric induced by w. One can show that this parity is independent from
the choices.

Note that the plumbing construction described in [BCGT19b] is only local near
the nodes, so we can choose a symplectic basis of homology on C; and C3 and
complete this basis to a symplectic basis of a smoothing C' only by adding the
vanishing cycles and their symplectic duals.

Given the previous remark, it is clear that in the case of only one vertical edge,
the parity of (C,w) is given by the sum of the parities of (C;,7;), since there are
no vanishing cycles in this situation.

In the case of two nodes and two vertical edges, we can consider the symplectic
basis on C' given by the union of the symplectic bases on the C; together with a
vanishing cycle v and its symplectic dual u. We hence find

O(C,w) = P(Co,no) + P(C-1,n-1) + (Ind,, (v) + 1)(Ind, (u) + 1) (mod 2).

Since a is of odd signature, the twists at the nodes (which are the same as the
numbers of prongs) have to be of the same parity, which we denote by . From the
definition of plumbing fixture of [BCG™19b], it is clear that the parity of the index
Ind,, (v) of the vanishing cycle equals &.

If k is odd, then Ind, (v) + 1 is even, and so we get that the parity of (C,w) is
the sum of the parities of the two levels. If k is even, then the parity of (C,w) is
determined by the parity of the index Ind,, (u) of the dual cycle. The key observation
now is that the parity of Ind,, (u) is changed whenever we move from an equivalence
class of prong matchings to the next one. Indeed, if [o] is an equivalence class of
prong matchings, then twisting o by 27 at one node while keeping the other node
fixed gives a different equivalence class, since the level rotation torus acts by twisting
the prong matchings at the two nodes at the same time. Moreover, this twisting
clearly alters the parity of Ind, (u) by 1. Hence we find that for half of the prong
matchings equivalence classes the number Ind, (u) is of even parity, and for the
other half it is of odd parity, so we finally obtain also the last claim.

Case of k > 1. By degeneration arguments, we will reduce the proposition for
arbitrary g to the case of genus 1. In the case of ¢ = 1 both the definition of strata
of multi-scale differentials and parity is independent of k, so in this case the main
statement for k > 1 holds from the first step of the proof.

Consider a general banana boundary divisor PZ(T") in the case of k > 1, and
its level strata PZ(T), for i = 0, —1. If the dimension of the level strata PZ(T)L"

is positive, it is possible to find a divisor in PE(T)[ with only one vertical edge
and with a genus 0 top or bottom level stratum, respectively. By constructing

the corresponding degeneration of P=(I") via the clutching operation, we obtain a

boundary component P=(A) of P=,(a) of codimension 3 such that its corresponding
level graph A is the one illustrated in Figure [l} Consider finally the codimension

2 boundary stratum PZ(A) given by the undegeneration of PZ(A) obtained by
collapsing the middle banana level passage. In particular the middle level }P’E(K)[*l]
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FIGURE 1. The graphs I', A and their common degeneration A
appearing in the proof of Lemma

is of genus 1 and there is only one vertical edge connecting it to the other two
different levels. o

By Proposition ﬂ, we can write ®(C,w) = Zi;zo O(CA, nh), where we denoted
by (CA,n}) a point in PE(A) in a neighborhood of PE(A) = P=(T') NPZ(A). Using
again Proposition we also know that ®(CJ,n) = ®(CH,nd) + @(C2,,1n2,)
and that ®(CY,,nY,) = ®(C%,,n,) + ®(C2,,1n2,). Since the prong matching
equivalence classes of PE(A) correspond bijectively to the ones of PZ(T'), we can
apply the main statement for the genus 1 stratum PZ(A)[=" and its divisor yielding
the degeneration PE(A). This, together with the previous equations, gives us the
main statement for the banana divisors in the general case of k > 1, when the
dimension of the level strata PZ(T)! are positive.

If only one of the level strata P=(T) [l is positive dimensional, the analogous
proof also works by considering only the degeneration of the positive dimensional
level stratum. If both level strata have dimension zero, then the level graph has

genus one, so the first part of this proof applies. O

(1]

We say that PZ(T) is a multi-banana boundary divisor if T is a 2-level graph with
only two vertices, one for each of the two levels, and at least two non-horizontal
edges. We can now generalize Lemma to the case of such graphs I'.

Proposition 5.4. Let k,a be odd and let PE(T) be a multi-banana boundary divisor
of P=4(a), parametrizing multi-scale differentials of the form ((Cy, [mi])i=0,-1, [0])-
Let (C, [w]) be a nearby smoothing.

(1) IfT has only odd twists, then ®(C,w) = ®(Coy,no) + ®(C_1,1-1).
(2) If T has at least one even twist, then ®(C,w) = 0 for half of the prong
matchings equivalence classes and ®(C,w) =1 for the other half.

Proof. First of all note that if a multi-banana level graph I' has an odd, resp. even,
number of edges, then the number of odd twists of I is odd, resp. even.

In a similar fashion as in the previous proof, we want to argue by using a degen-
eration and an inductive argument. By Lemma the statement is true in the
case of two edges. So we now assume the induction hypothesis that the statement
is true for multibanana boundary components with one edge less than T.
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Consider first the case where I' has at least one odd twist. We will treat after-
wards the case where all twists are even (in particular this means that T' has an
even number of edges).

First consider a boundary component P=(A) of codimension two given by the
degeneration of PZ(T") with level graph A (illustrated in Figure [2) consisting of
a triangle-like 3-level graph, where there is a long edge corresponding to an edge
of T with odd prong a, only one edge between level —1 and level —2 (which has
to have an odd prong d), and with the remaining edges of I' corresponding to
the edges from level 0 to level —1. This is obtained by the clutching operation
of the degeneration of the bottom level ]P’E(f)[_l] with a one edge 2-level graph
Ag € LG (PE(T)I1). Consider finally the banana divisor PZ(A) with odd prongs

such that P=(A) = PE(T')NPE(A). Then PE(A) is given by the clutching operation
of a multi-banana boundary divisor At € LG (PZ(A)°) with one edge less than T.

Consider first the subcase where I has at least an even twist. Then ZX has also
an even twist, and by induction hypothesis half of the prong matchings of PE(Ax)
belong to one spin component and half to the other one. Moreover, again by
induction hypothesis, we know that all the prong matchings of the banana divisor

P=(A) go to the same spin component. After the clutching operation, this implies

that half of the prong matchings of PZ(A) go to one component and half to the
other. In order to get the desired result for PZ(T), it is enough to note that since
Zf has only one edge, by Proposition all the prong matchings of Zf go to the
same component. This means that after undoing the clutching operation, we find
that half of the prong matchings of I' go to one component and half of them go to
the other component in this case.

Consider now the second subcase where I has only odd twists. In this case, since

as before we can apply the induction hypothesis on ZK and by using Proposition
fOI‘ §f7 “Le kl'lOW t}gt ‘biCé\aUS\) = (P(Céhnél) + ¢)<COA7T]OA) and (I)(Czlanzl) =
B(C2,,n2,) + ®(C2,,n?,). Using again the induction hypothesis, we finally also
know that ®(C,w) = ®(CA,nt ) + &(C4, n) where (C,w) is a smoothing in a

neighborhood of PZ(A). Putting together the previous equations (together with
the obvious equalities ®(C}) = ®(C&) and ®(C2,) = ®(C4,)), we get the desired
result that the parity of (C,w) is the sum of the parities of the levels of PE(T) in
this case of all even prongs.

The last case left to be treated is the one where I’ has an even number of edges
and all the twists are even. We can still consider the previous setting, but in this
case half of the prong matchings of PZ(A) are in one spin component and half in
the other one. More specifically,the proof of Lemma[5.3limplies that for each choice
of a prong matching at the edge with twist a, there are half of the prong matchings
at the edge with twist d that are in one spin component and half in the other.
Since the level rotation torus acts level-wise, if we fix a prong matching at the long
edge of A with twist a, by induction hypothesis half of the prong matchings at the
b-edges and at the d-edge are in one component and the other half in the other
component. By undegenerating A to I, we can forget the prong matchings at the
d-edge, and find again that if we fix a prong matching at the a edge of T, half of
the prong matchings at the b-edges are in one component and the other half in the
other one. Hence we have proven the desired result also in this last case. ([
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FIGURE 2. The multibanana graph T' and the other graphs used
in the degeneration argument.

5.2. Splitting formulas with spin parity. Using the result of the previous sec-
tion, we prove a splitting formula for )-classes that takes into account the spin
parity. Recall that LG?(g, a) is the set of level graphs with exactly 2 vertices vy of
level 0 and v_; of level —1, and no horizontal edges.

Lemma 5.5. We assume that k and the a;’s are all odd, and we chosel < s <t <n
such that k does not divide s or t. Then, we have the following relation:

(as/ws - Gtwt) : [ﬂg(a)}spin = Z B(‘& ta Fv I)7
(T,1)eLG2(g,a)

where

/B(Svtvl_‘7[) = fs,t(rvl)m

if I has only odd entries, and B(s,t,I',I) = 0 otherwise.

Cra (Mg (T(w0))JP™™ ® My, (I(v-1))[*P™)

Proof. We consider the components PZ,(a)° or PZ,(a)®"*" of the moduli space
of multi-scale differentials. Using the same arguments as in the non-spin case of
Lemma we can use Proposition in order to write (n + ass) and (n + a:)
on PZ,(a)° or PZ,(a)°"*" as a linear combination of components of the boundary
divisors indexed by twisted graphs with 2 levels. As in the non-spin case, the
contribution of a graph (I, I) vanishes if the graph is not in in LG2(g, a).

Fix now a divisor (T',I) € LG3(g,a). Thanks to Proposition and Proposi-
tion [5.4] if all entries of I are odd, then the parity of a connected component of
this divisor is equal to the sum of the parities of the projections of this connected
component in Mg (ag,Ip) and M, ,(a—1,I-1). Thus the contribution of (I',I) to

(astps — aphr)[My(a)]*P™ is given by:
m(I', I)
()
ST D) IR, 1)
If there is at least an even entry of I, then by Proposition half of the prong

matchings equivalence classes give a nearby even or odd differential. Since each
choice of prong matchings equivalence classes contributes with the same amount

Cro (Mg (a0, )P @ [My_, (a1, Iy)]P").
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to the difference of the psi-classes on each component, the contribution of (T', I) to
(asths —arhy) [Mg(a)]PP'™ is trivial as the even and odd contributions cancel out. [

Using Assumptionwe denote by .Azpi“ the unique polynomial extending .Azpi“.
We will prove the following refinement of the identities of Lemma taking into
account the spin parity.

Lemma 5.6. For all even k, and all vectors a with even entries, we have:

spin spin ay+...+an
(40) AP a k) = APM(a) Jork = o in
(41) ar - AP0 (a,0) + Y (a; — )AL a0 — K,
i>1
1 . . spin ..
= 5 > dk—DAT(a—5.j — k)
7 odd,
0<j<k
ar+...+an
h=——— "
Jork = a1
(42) (29 — 2+ n)ar AP (a) k=0
= = (@it a) AP a0 ag)
j>i>1

1 . . pi ~ .
—3 E E sign(a;) - j€ - AP ( ., @iy an, 5, 0) + R(a)
1<i< 0 odd,
= j[ﬁO,;—i—@:ai

where R(a) is the evaluation of the polynomial expression

1 spi
. pin .
6 E ng'Ag—Q(alr"aana],Eam)
7,4,m odd,
sign(j) =sign(¢)=sign(m),
Jj+e+m=>b

mnbatb=0.

Concering equation , it will turn out a posteriori from our formula that the
term R(a) vanishes. However, this is not obvious from the basic properties of Ay,
so for now we state the lemma in the slightly complicated version above.

Proof. First, we note that Lemma is only valid for odd values of a and k.
Moreover, by definition A" (a) = PRI M ()PP if ay is either negative
or not divisible by k. For all three identities above, the strategy is to prove the
corresponding identity with these constraints and write their polynomial extension
for even values of a.

Identity follows immediately from the property ﬂ*DRZpin(a) = DRZpi“(a, k)
from Assumption

To prove identity , first note that the identity is trivial in case n = 1: the
restriction k = 0 forces a = (0), so that the left-hand side vanishes due to the factor

7 Alternatively, it can be proven using only the polynomiality of Azpin and property (3) from
Assumption [1.3] since for a, k odd, the cycle [Mg(a, k)]*P™ is the pull-back of [Mg(a)]P™. Note
however that for a later part of the argument we need the full strength of part (2) of Assumption

and thus we cannot omit it.
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a1 = 0 and the right-hand side vanishes since the index-sets of the sum are empty.
Thus we may assume n > 2.

To prove , we will first perform a calculation on a moduli space with one
additional marking. Consider vectors a’ € Z"*! with |a’| = k(29 — 1 4+ n) so that
both k and all entries of a’ are odd and such that both a) and aj,  ; are not divisible
by k. Then we can use Lemma above with s = 1, and ¢ = n + 1 to get the
following expression:

(43) (a/1¢1 - a;+1wn+l)[mg(a/)]spin = Z ﬂ(lﬂl + 1, FvI)'

(I‘VI)

When taking the intersection number of with ¢, 41929 "™ we note that on
the left-hand side we can replace the cycle [Mg(a’)]*P by DR*™(a’) by Assump-
tion On the other hand, for the right hand side almost all terms 8(1,n+1,T,T)
contribute zero for dimension reasons. Going through all possible pairs (I', I), one
sees that only four types of graphs allow nonzero intersection numbers:

e two vertices, connected by a single edge such that one vertex has genus zero
and carries markings i,j,n+ 1 (for 1 <i < j<n+1),

e two vertices, connected by two edges such that one vertex has genus zero
and carries markings i,n + 1 (for 1 <1i <n),

e two vertices, connected by three edges such that one vertex has genus zero
and carries marking n + 1,

e two vertices, connected by a single edge such that one vertex has genus one
and carries marking n + 1.

Using the explicit description of 8(1,n + 1,T',I) given in Lemma by pairing
with 1, 41929 4™ we get the following expression:
(44) 1P (@01 — @y )DRP (@)

= —Z (aé+a}+aﬁl+1—2k)A;pin(...,c?;,...,(;;,...,a;+a;+a’n+1—2k:)

j>i>1
1 _ D
—3 Z Z sign(a; + ap, .y — 2k) - g0 AN (. ah, .5, 0)
1<i<n j,¢ odd,

J-0>0,j+b=aj+a;,  ,—2k

_(a;z—&-l —2k) - Aipin(a’;L-‘rl? 2k — a;z+1)Asp—in(a/1a ey, —2k + a;z+1)

g—1 »n
+R(d"),
where
1 )
(45) R(d) = G Z jlm - A5 (ah, . .. an, g, 0,m) .

7,¢4,m odd,
sign(j)=sign(¢)=sign(m),
jH+l+m=a;, -2k
From Assumption [I33] and Lemma [A74] it follows that all terms in the equality
(44) except possibly R(a’) are polynomial on vectors a’ such that all numbers
a; 4+ aj, . — 2k are even, and of fixed signs, whereas R(a’) is only polynomial for
vectors a’ satisfying the slightly stronger condition that the entire vector a’ is odd.
Thus, fixing a collection n € {£1}"~! of signs for the numbers a} + a/,; — 2k
cuts out a polyhedron in the space R™*! of all vectors a’ and we see that on the
intersection A, of that polyhedron with the lattice of vectors a’ such that the
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numbers a; 4 a;,,; — 2k are even, the two sides of are given by a polynomial
in a/, where R(a’) now really means the polynomial extending . Moreover, the
vectors a’ we considered above (k, a; odd and @/, a, ; not divisible by k) are Zariski
dense in each such domain, so that we have as an equality on each A,,.

Now let us return to equality (42). Consider an even vector a € Z" with |a| = 0
and so that none of the a; vanish. Again, since these are Zariski dense, it suffices
to prove the statement for such vectors. Then we can consider at the point
a’' = (a1,...,a,,0), which satisfies k = 0 and lies in A,, for n = (sign(a;))—,. Then
the right hand side of simplifies to the right hand side of .

On the other hand, for the left-hand side we have

2g—3 spi
ay /7 U1 DR (a4, -, g, 0)
Mg nt1

2g—3 i
PP TTDRIP (4, - an)

Mg.n
—a1(29 — 2+ W) AP (a),

=a1(2g9 — 2+n)/

using the property W*DRZpi“(a) = DRZpi“(a, 0) for the forgetful morphism 7 :
Mg7n+1 — ﬂg,n from Assumption This concludes the proof of equality

The proof of identity uses a similar strategy, now pairing equation (43|
with w%g_3+", again for vectors a’ such that both k and all a} are odd, the numbers
a’,ay, are not divisible by k and additionally such that a; < Oﬁ The only two
kinds of graphs that can contribute are

e two vertices, connected by a single edge such that one vertex has genus zero
and carries markings i,n + 1 (for 1 <i < j<n+1),

e two vertices, connected by two edges such that one vertex has genus zero
and carries marking n + 1.

We then obtain the equality
i 2g—3 AA in
Ay AP (a') = afy T M (a)PP

= =) (g td,, - kAP ta, k)
1<i<n
1 . . spi .
_5 Z J(k_a;z+1_.7)'A;Ifrll(aia"-va/nv_%.]+a;z+1_k)‘
7 odd,
0<j<k—ay

Combining Assumption [I.3] with Lemma[A.4] we see that both sides of this equality
are polynomial in vectors a’ for which k& — a;,, is even and that the equality
holds on the level of these polynomials. Specializing to even k and even vectors

a’ = (ay,...,an,0) produces equality (4I). O

Proposition 5.7. The functions AP™ are determined by AP AP and the
identities of Lemma[5.6,

Proof. The arguments used to prove Proposition [1.2] may be directly adapted to
prove this Proposition. ([

8The condition on a; being negative ensures that certain graphs with nontrivial residue con-
ditions cannot appear below.



40 MATTEO COSTANTINI, ADRIEN SAUVAGET, AND JOHANNES SCHMITT

As for Theorem the proof of Theorem [T.4] is obtained by a combination of
Lemma and Proposition .

Proof of Theorem[1.J. We denote by

Bzt = Q

0 o 2792 exp <aiz . S’(kz)> cosh(z/2) [[;51 S(aiz)

S(kz) S(Z) S(k;z)2.q—1+n

the polynomial of degree 2¢g defined by the RHS of formula . By direct compu-
tation we have A" = BiP'™ and A" = BiP'", using the identity [Mo(a)]*P™ =
[Mo.n] and the formula for [M;(a)]*P™™ discussed in Section

Thus we will finish the proof by showing that the function BgP™ satisfies the
three relations of Lemma By Proposition this implies that BP™ = Aspin
for all g. The fact that BiP™ satisfies identity (40) is straightforward.

We first show that szin satisfy identity . If £ = 0, then the numbers szin(a)
take the simpler form:

cosh Z

Bspm =92~ 2g 2 S a
J#1
The first thing we note in this expression, is that every variable as, ..., a, has even

degree in each monomial that appears. This implies that the term R(a) in
vanishes by the last statement in Lemma [A7]]

For the first term on the RHS of identity , we use addition formulas of the
hyperbolic sine and the form of B;pi“ for kK = 0 to obtain:

Z (ai+aj)B;pin("'7é\i7~-~7d}',-..,a,i+a,j)
cosh (%)

WZ(az—i—al cosh( ) H S(a;z)

i>1 J#i,1

= 2]

For the second term, we use the identity

) 3l . 1 /m
(46) sign(m) | g 55(]2)8(52) =2 (2 cosh(mz/2) —
7,€ odd,
Jj£>0,5+l=m

which can be shown in a way analogous to the proof of identity . Then we have

1 . . i ~ .

3 E E sign(a;) - j€- BMV (..., a0 §,4)
i>1 4t odd,
T 20 5t e

cosh (Z)

- et (e () -

i>1

)Hsaj

J#Li
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The sum of these two terms gives:
—9[,29 % —ar aiz\ sinh (a;) |
279z 502) ; 5 cosh ( 2 ) sinh(z/2)cosh(z/2) jgiS(a]Z)
d
=-279 29 il _o| 222 \2) .
a1 (2] (Zdz+n ) SC) HS(a 2)
cosh (%)

=—-2"9%a1(29 — 2+ n)[ng]W H S(a;z)

cosh (%)

which is the opposite of the LHS of identity .
Finally, to check that the numbers B_Zpin(a) satisfy the identity we proceed
as in the non-spin case. For all a € Z", we by introduce the formal series:

; _ a;z 8 (kz)\ cosh(z/2) [];51 S(aiz)
pepin — 979 2 .
v o)) o (" ) s s
Then we can check that:

—k[2%9] 2%9t! %z_ngzpm(a) (2)

= @BP™(a,0)+ Y (aj - k)BP (... a—k,...)

i>1
1 . . spin L.
—5 2 dk DB =i~ k).
J odd,
0<j<k
The left hand side vanishes, and the vanishing of the RHS shows that B, satisfies
identity [A1] O

6. EULER CHARACTERISTIC OF THE MINIMAL STRATA

In this section, we will work only under the assumption k = 1. We will show
how to obtain the formula of Euler characteristic of minimal strata and of the spin
refinement of this Euler characteristic under Assumptions [I.3]

6.1. Top-y for strata with residue conditions. A central ingredient in our
study will be spaces of meromorphic differentials on curves satisfying residue con-
ditions at some of their poles and the intersection numbers of their fundamental
classes with powers of 1)-classes. These spaces are very natural since they appear in
the description of boundary strata of the usual spaces of abelian differentials (see
e.g. [BCGT19b]). Moreover, their fundamental classes have many nice properties
and explicit descriptions. For instance, as shown in [BRZ21] these classes form a
partial cohomological field theory when requiring the residues to vanish at all of
the poles, and for the case of differentials with precisely two zeroes there exists a
connection to the KP hierarchy.

We start by choosing a vector a = (ag, ..., a,) such that |a| =2¢g—1+n, ay >0
anda; < 0for1 <i<n.Form e {1,...,n—1}, we denote by M?(m) (a) C My(a),
the subset of the stratum of abelian differentials cut out by the condition that the
residues 71, ..., 7, at markings 1,...,n vanish. We denote by PE?(m)(a) its multi-
scale differentials compactification as defined in [CMZ20a, Prop. 4.2]. In analogy
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with the previous sections, we define the intersection number
R 2g+n—3—
= [ g
P=%(m) (a)

We use Proposition [2.9| which translates a stratum cut out by a residue condition
as a tautological in class in the ambient stratum. We obtain a recursive formula in
m, describing the previously defined intersection numbers.

Lemma 6.1. Let a = (ap,a1,...,a,) be a vector such that ag > 0 and a; < 0 for
i>1. Forany 1 <m <n—1, we have

AT (a) = —ag AT D (a) + Y > my - AS M (ay ) 'A?(”BD(@IJ),

j=m4+11C{1,...,m—1}

where mp; = —am — 3 e o5 (@i — 1), and:

ar,j = (ml,jv {ai}ielaam7aj) )
ar; = (a\{aiticiofm,jy, —mr;j) -

We illustrate the lemma in equation below. Here, a stable graph in brack-
ets should be replaced by the product over the vertices v of the graph of values
Ag{(%n(v))(a(v)), where a(v) are the orders of zeros and poles at half-edges incident
to v and m(v) is the number of such half-edges with imposed residue conditions
(which are drawn in red). We also write the order my ; of the unique zero on the

genus zero vertex in blue.

m m
m—1 m+1 m—1 m—+1
(47) ) . 0 ) .
top top
0 0
"
I
n
toP | My j
DRSS
J=m~+1IC{1,...,—m—1}
IC
top
L 0 -

Proof. Let 1 <m < n—1. We can use Propositions 2.8 and [2.9]in order to express
the locus cut out by one residue condition r,, = 0 as:

—n - [PEF" "V (a)] = [PEF™ (a)] + 6(m) € AN (PEG™D(a)),

such that 6(m) is a linear combination of the boundary divisors of PE?(m_l)(a),
along which the residue 7,, vanishes identically. Besides, we also have:

(= + aotpo) - [PEF" D (a)] = 6 € AY(PEJ"V(a)),
where 0 is the linear combination of all the boundary divisors PE?(m_l)(a) as ag
is the only entry of a that is positive. Taking the difference of the two expressions
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implies:
[P=3™) (a)] = —agthy - [PE ™D (a)] — 6(m) + 6.

Thus, the only divsors that are involved in §(m) — ¢ are the ones defined by level
graphs in LG1(g, a) such that the mth marking is supported on a vertex of level
0, and such that at least one of the markings in {m + 1,...,n} is attached to the
same vertex.

Let T be such a level graph. Note that since marking 0 is the only zero of
the differential, the graph has a unique vertex on level —1 and this vertex carries
the leg associated to this marking. The intersection of the divisor associated to
this graph with 29"~ vanishes, unless there is exactly one edge between one
vertex of level 0 of genus 0 and one vertex of level —1 of genus g, and only one leg
in {m+1,...,n} is adjacent to the vertex of level 0. The coefficients m; ; are given
by the conversion factor , in particular noting that these graphs have only the
trivial automorphism. ([l

Note that apart from the theoretical argument given above, we were also able
to check the formula from Lemma [6.1]in many non-trivial cases using the software
package diffstrata [CMZ20b], which can compute formulas for the pushforwards

of PE?(m)(a) to M 41 in terms of tautological classes.

We denote by TR(g,a) the set of genus g twisted graphs with legs a such that
the vertex vy carrying the marking 0 has genus g. In particular, this forces the
graph to be a tree, with all vertices apart from vy having genus 0. Such twisted
graphs are uniquely determined by the underlying stable graph. Moreover there
are no automorphisms of such objects as the poles are marked.

By a straightforward analysis, each vertex v has exactly one half-edge adjacent
to it with a positive twist. We denote this number by I(v)*. For such a twisted
graph (T, I), we define

(48) Fr,n= [[ - (-1w*")"72,

veV(T)
where n(v) is the number of half edges attached to wv.

Proposition 6.2. Let a = (ag,a1,...,a,) withag >0 and a; <0, fori=1,...,n.
Then, we have:

A @) = 3 A () F(T ).

(I, I)eTR(g,a)

Proof. The expression is obtained by applying Lemma [6.1] iteratively n — 1 times
to impose the vanishing of the residues at the (n — 1) first poles (and thus at all
poles). Looking at equation , we see that when removing the residue condition
at marking h incident to a vertex v, we obtain a sum of terms, corresponding to
either

e leaving the graph unchanged, dropping the residue condition at h and ob-
taining a factor equal to minus the order of the unique zero on v, or

e sprouting off a genus zero vertex from v, carrying some markings I with
residue conditions, the marking h and precisely one additional marking
without residue condition. In this case, the multiplicity is given by the
order of the unique zero on that new vertex.
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Continuing to remove one residue condition at a time, we see terms with more
complicated underlying stable graphs appearing, all of them trees with a unique
genus g vertex, and thus contained in TR(g, a).

The terms appearing after n — 1 steps are given by intersections numbers on
strata of genus 0 differentials with residue constraints. For each of these strata we
apply Lemma, until only the functions A, and Ay are needed.

After n — 1 steps, it can be shown that all twisted graphs in TR(g,a) appear
once in the resulting formula with coefficient given by —A,(I(vo)) - F(T', I). This
equality uses that after having removed all residue conditions, the contribution from
the genus zero vertices is given by

/ =1 0
ﬂO,n

The following proposition will not be used in the sequel, but it is interesting to
note that in the genus 0 case, we can provide a closed formula.

Proposition 6.3. We assume here that g = 0. Let a = (ag, a1, ..., a,) with ag > 0
and a; <0 fori=1,...,n. Forn>2 and 0 <m <n — 2, we have:
NR(m) - (TL — 2)! e ,
AO (ao,...,an) = mg(ial)

Proof. We will show the stronger statement

m
(49) PEg " (@) = (=)™ [ ] ases.

i=1
which implies the statement above by the dilaton equation. The proof is similar to
the proof of [6.1] above. We write:

—R(m—1 —R(m
—n-[P= " @) = [PE) " (@)] +6(m)
(=1 + amthm) - [P=5 " (@) = 3(m).

Indeed, in genus 0, the only boundary components along which the residue 7,
vanishes identically are the ones such that the m-th marking belong to the level —1.

These boundary components are also the only ones contributing to (=9 + amtm)
(and with the same coefficients). Thus

[PE5 ™ (@)] = —amtb - [P0 (a)],
and by induction we get the desired identity (Il

6.2. Euler characteristic and minimal strata. As before we consider a =
(ag,ai,.-.,a,) withag > 0and a; < 0 for i < 0, and we fix 0 < m < n. We will first

work on the stratum PE?(W)(a) and denote by dj'(a) its dimension. These strata
are the ones that will appear as level -1 strata of boundary divisors of minimal
holomorphic strata.

Let T be a level graph of depth L, and —L < i < 0. We denote by d%l] the

dimension of PZ(T)l) (the space of multi-scale differentials parametrizing the i-
th level of this graph), and by 17%] the first Chern class of its tautological line
bundle. We will also denote by LG?(m)(a) the set of level strata parametrizing
boundary components of IP’EZ{("’) (a) (see [CMZ20al, Prop. 4.2]). Note that, for T €
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LG?(m) (a), the residue condition defining the level strata PZ(T)[") is a combination
of the GRC of the graph and the condition 2R(m).

Proposition 6.4. We assume that ag > 0, and a; < 0 for alli > 1. Then:

dwz ((L)

(o) _ m() d[]
‘/H)Egi(m,)( )(aowo Z Z |Aut(f H/_ (Tl

L=0 Tera?™ (g,a)

where m(T') is the product of the twists at the edges of T.

Proof. Since there is only one zero, by Proposition and the conversion factor

(16), we have

n=apo— . AD)-[PED)] € A (PE] ™ (a)).

TeLGl ™) (g,a)

Consider now the chain of equalities

/ ) "‘””n(“):/ iy, O g = Y UT)PE(D)]
P=g (a) PEy (a) FELG?UYU(Q,G)

— ™ (a)—1

= ag¥o - 1

/1?53“"")((1)

_ m(T) [0]\dp—1 a 0
> /mm(”r’ /Pamuwo)

fELG?{(m) (g,a)
(50)

= dy'(a)
/1?53‘(””((1)(&0%)
~m(T) [0]yd! / g1
- M= r a 1/1 Ty,
2 |Aut(T)| Jp=(m)0 ) Ps(f)[—u( o%o)

TeLGy ™ (g,a)

where we used the conversion factor to pass from class of boundary divisors to
the integrals on their level strata and where the last equality follows by repeating
the replacement procedure of i by vy a total number of dj*(a) times. The crucial

7 (a)

observation is that for a given graph I € LG the product of the two integrals

in the sum vanishes for dimension reasons unless we are in the step number d[f_ 1
of the replacement procedure. Note that for this argument it is important that g
is always supported on bottom level.

Now the bottom levels ]P’E(f)[’” of every graph of a stratum with only one
positive entry in its signature is again a stratum of the same type (in particular the
level —1 of T consists of a single vertex), so we can re-apply the previous relation
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1]
to the last term fPE(f)[,I] (aozpo)c% . We then obtain:

(aoibo)d:’n(a) = / Ud;n(a)
/PE;’W” (a) P=3(™ (a)

m(f) 0] dﬁl/ (—1]\ql= !
=+ Ne ) T M= T
2 IAut( )| ez ) PE(T)!-Y e )

TeLG ™) (g,a
~m(T) (0] dl?) [~ 1]y al= "] g2
+ Z Aut(T (77 )T g )T _ (agtho) T .
FeLal ™ (g I ut(L)| /=l =(0)-1 PE(T)(-2I

Repeating this procedure dg“(a) times, we get the claim of the proposition. For this,
a crucial observation is that for any L > 0, the level graphs obtained by gluing an

arbitrary graph with 1 level passage into the bottom vertex of a graph in LGm( )( )

precisely form the set LGLJrl (a) and each graph in LGLJr1 (a) is obtained like this
in a unique way. ]

We apply the previous proposition in order to simplify the expression for the
Euler characteristic shown in [CMZ20al specialized to the case of strata of abelian
differentials with only one positive entry in their signature. The original formula
expresses the Euler characteristic as a sum over all possible level graphs of some
intersection numbers, while here we simplify the problem by expressing the Euler
characteristic as a sum indexed by level graph with L = 1.

Corollary 6.5. If (ag,a1,...,ay) is a vector such that ag > 0 and a; < 0 for all
i=1,...,n, and 1 < m < n, then we have:

(—l)d;"(a)x(/\/lg*(m)(a)) = (dy'(a) + 1) /sz(m)( )(aowo)d;"(a)

_ f) [0] [—1]
- a-! +1 7771( = / 07T / a =
Z (s )‘AUt(F)‘ =(T)0! 1) u»a(f)[—l]( ovo)

feLG?ﬂm) (g,a)

Proof. To start, let us recall the formula for the Euler characteristic of Mm(m)( )

proven in [CMZ?Oa Theorem 1.3]:
(51)

1) (a) 2R(m) [0] r d@
x(My d= +1 / T
( ) ( Z Z ( T |A t H ._(F ) F

L=0F ELG?(m)(g,a)

Given T' € LG?(m) (g,a) for L > 1 as in the formula above, we write d; (f/) =T
for the first undegeneration of T', that is the 1-level graph T obtained from T’ by

contracting all level passages of T apart from the first one. To prove the formula
from the corollary, we group all summands of associated to non-trivial graphs

T" according to their undegeneration T = &, (f/).
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To simplify the formula from there, observe that given any I' € LGm(m)(
we obtain the equality

m(T) / o / o
. o) o
|Aut(D)] PE(T)“)( ) 5(?)[71]( )

™ (a) [
!
T,
IAut H/ =(

L=1 ¢ GLGm(m)(
by applying Proposition to the bottom level stratum PZ(T)[~. Multiplying this
equality by (d[fo] + 1) and summing over all choices of ', we obtain all summands

g,a),

51(T")=T

of the right-hand side of associated to non-trivial graphs ' In particular,
writing the term of the trivial graph separately, we obtain

(—1)%" @ (M (a)) = (d(a) + 1)/ B AC
PEg " (a)
m(T) (0]l g
+ @Y 1) (nl9)dr (aotbo)
FELGzl(g,a) ' |Aut(T)] Jezmm " PE(T)(-1]

In order to show the main statement, it is enough to rewrite fP:mm)(a) nd?(“) using
=g
the relation and using that dj*(a) — d[FO] = d[{l] + 1. O

Remark 6.6. Following a similar approach, one can show that the Euler charac-
teristic of a general stratum (not necessarily with only one zero), may be written as
a sum only on two level graphs (even more, only the ones with only one vertex on
top level). However this sum would contain integrals of powers of  on meromorphic
strata which are a priori hard to compute.

Now, we apply Corollary to the case of the minimal stratum Mgy (2g — 1).
In this case, the top level of a 2-level graph is basically given by a product of
holomorphic strata. Then, as we explain below, we can use the fact that top-n
powers of non-minimal holomorphic strata vanish thanks to [SaulS], to simplify
further the expression of the Euler characteristic.

Proposition 6.7. For g > 1, we denote dg = 29 — 1. Then for all g > 1, we have:
xX(My(dy)) = 2g - d;lg_l - Ag(dy)

g—1 n
-1 e
+ E 29J‘ E 7( "3 d g A%( b dg, —dg) | I dgt/ nd!li
gl=1 g =1

]PEQi (dyi )

where the second sum is on all vectors of size size g — g*, and dy = (dy,,...,d,,).

Proof. We want to describe the 2-level graphs which give a non-trivial contribution
in Corollary In order to do that, we want to investigate top n-powers on top
level strata of 2-level graphs.

Since these level strata are in general disconnected, we first reduce the compu-
tation of powers of 1 on disconnected strata in terms of powers of n on connected
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ones. For a graph T' € LG (g, (d,)), the total space of the top level stratum PZ(T)!]
is isomorphic to the total space of the projective bundle 7 : P(&r) — Y& where

Ve = 11 PZy ) (I(v))
veV(T): 1(v)=0
and
&= @ Dy OIF’EQ(,U) (I(v)) (1),
veV(T): 1(v)=0
with p, : Yz — PEQ(U) (I(v)) being the projection map. Then, we have:

(52) / g / 012 (E)
PE(T)0)

:( 1) []+ H 77dg(,u)—‘,-|l(v)\—17
VeV (D): i(v)=0" EZa (V)

[0]

where vp Is the number of vertices of level 0.

By [Saul8], the top n-powers on non-minimal holomorphic strata vanish. Hence,
thanks to , the only non trivial contribution from a 2-level graph on the right
hand side of the statement of Corollary is given by star-shaped graphs, i.e.
2-level graphs with only one vertex on bottom level (this is the only possiblity in
a stratum with only one positive entry in its signature) and with some vertices on
top level, each top vertex connected to the bottom vertex via only one edge.

We can parametrize such 2-level graphs by choosing a partition (g1,...,gn) of
the possible total genus ¢ on top levelﬂ Note that in the formula the number
g was rewritten as the difference ¢ — g=. The bottom level stratum of a 2-

level graph defined by a partition (g, ..., gy) is given by P”m("n_:f(Zg —1,-2¢; +
1,...,—2g, + 1), since the global residue condition imposes zero residue as every

pole. We conclude by using and rewriting the top vy contributions using
the symbols previously introduced. Note that in the contribution from the trivial
graph, the term fﬂg(dg) wilg has to be replaced by —A,(dgy)/dg, since My(2g — 1)
is a holomorphic stratum (see the relation (). O

We may now state and prove the following theorem, which is equivalent to The-
orem stated in the introduction after using coefficient extraction formulas.

Theorem 6.8. For all g > 1, we have

M) = 3 2t S E A gy T] ()1 b

1<gt<g 9=(91,--- gn) i=1
n>0 S gi=g—g+
where dg = (dg, ..., dg,) and where the numbers by, are determined by
z/2
— =1 by
sinh(z/2) + Z &
g>0

9We remark that a 2-level graph only determines an unordered partition g7 = g1 + ... + gn.
By a standard combinatorial argument using the Orbit-Stabilizer theorem, summing over such
partitions and weighting by 1/|Aut(T)| as in Corollary is equivalent to summing over vectors
(g1,-..,9n) and dividing by n! as in Proposition W
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Before giving the proof of this theorem we introduce a set of twisted graphs that
will be used only in this proof and in the proof of Lemma [6.9] below. We fix g > 1
and 0 < g* < g. The set TR(g, g*) is the set of graphs of compact type (trees) of
genus g with 1 leg satisfying the following properties:

e the root v of the tree has genus g+ and carries the unique leg;

e the leaves of the tree have positive genus (we denote by Leaf(T") the set of
leaves);

e internal nodes (vertices which are neither the root nor leaves) have genus
0 (this set will be denoted by Int(T")).

Each such graph carries a unique twist such that the twist at the unique leg is

2g — 1. Moreover, we define r,[‘\/R(g) to be the set obtained from ﬁ(g, 0) by adding
the trivial graph in genus g with one leg.

Proof. We start from Proposition [6.7] First we will use Proposition [6.2] to replace
integrals on strata with residue conditions by integrals on classical strata.

(53) A?(n_l)(dg» _dg) = Z Ag(I(vo)) - F(I',I).

(D,1)ETR(g+,(dg,—dy))

Note that if we define Ag‘(*l)(dg) = Ay(dy)/dg, then it is immediate from the
definition of F(T',I) that equation is still satisfied in this case. Moreover the
first term in Proposition can be written as

2g - dgfl - Ag(dg) =2g- d;l-" ) A?(il)(dg)

and can then be integrated as the g- = g,n = 0 term of the remaining sum.

By inserting equality into the formula of Proposition we can replace
the expression of x(M,g(d,)) as a sum over star-shaped graphs where one central
vertex contributes with a function A with residue condition, by a sum indexed
by the sets TR(g,g") where the central vertex contributes with the function A
(without residues):

(54)
-1 n(vh)+1 d L +n(vt)—2
M) = 3t Y St )
1<g+<g Feﬁ(ggi)
X H _(_I(v)+)n(v)—2 X H dg(v)ag(v) )
veInt(T) vELeaf(T")

where, as above we used the notation I(v)* for the unique positive twist at an
internal vertex, and we used the notation:

ag — _/ n2971’
P=,4(29—1)
for all g > 1.

We will regroup this sum as follows. In order to construct a tree in ﬁ(g, gb),
one may equivalently chose: (i) the number n = n(vt) — 1 > 0 of descendants of
the root; (ii) the genera g1, g2, ..., gn of the descendants (i.e. the n trees obtained

by removing the root); (iii) a tree in ﬁ(gz) for all 1 <¢ < mn. An autormorphism
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of this new data is given by a permutation o of {1,...,n} and an isomorphism of
[y and Ty for all 1 <4 < n.
Then formula becomes:

My = 3 2t S E e (4, —dy)

n! =
1<gl<g 9=(91:--:9n)
n20 S gi=9—9gt
X H Z |Aut B] H*(*I(”)ﬂn(v%z X Hdg(v)%(v)
i=1p, ETR(gI vé¢Leaf(T';) vELeaf(T';)
Thus, the theorem follows from Lemma [6.9] below. O

Lemma 6.9. For all g > 1, we have:

1 n(v)—2
(20 -1y = At ()| [T -1 @=2 x| T do)age)
I'eTR(g) v¢Leaf(T") v€Leaf(T")
Proof. We first recall from [Saul8, Theorem 1.6] that the series b, and a, satisfy
the following identity for all g > 1

(55) [29)F (2)* = (29)'bg,

where F(2) = 1+ 3 5,(29 — 1)ag2* H

We will prove the lemma by induction on g > 1. First, we note that the initial
step is trivial as b; = a; and there is only one (trivial) graph in TR(1).

Let g > 2. As in the previous proof, we may decompose a sum over non-trivial
graphs in TR(g) as a sum over: (i) choice of n > 2; (ii) a vector (gy,...,gn) of size
g; (iii) choices of n trees in TR(g;). Thus we get:

1 2
2 mmmy | L @O el T daage

I'eTR(g) v¢Leaf(T") vELeaf(T")

2g+1 1
= gt D -1 ¥ T

n>2 i=1
g1+---+gn=g I ETR

[T -1 @2 x| ] dewage

v¢Leaf(T';) vELeaf(T;)

—2g4+1 n—1 1
= dgag — Z 29+ "7 H(2gi — Dlb,.

|
n>2 n: i=1

g1+---+gn=g

The last line was obtained by applying the induction hypothesis. Thus we need to
show that

_ n—1 "1
(56) (29-Day= S DT T 1y,

n!
n>1 i=1
g1+...+an=g

10Note that the paper [Saul8] works with the class & = —n in the definition of its numbers
ag and the function (t/2)/sin(t/2) for its analogue of the numbers by, both resulting in a factor
(—=1)9 compared to our definition.



INTEGRALS OF -CLASSES ON TWISTED DOUBLE RAMIFICATION CYCLES 51

for all g > 2. This last identity is equivalent to formula by [BGW19, Corollary
2.(ii)], which we apply to z, = (2n — Dan,y, = (2n — )b, and (a,b,c,d) =
(—=2,0,0,1) in the notation of this paper, thus finishing the proof. O

Finally, we are able to prove the version of the formula for the Euler characteristic
that is claimed in the introduction.

Proof of Theorem[1.5. We use the expression of x(M,(2g — 1)) given by Theo-
rem [6.§] to obtain the coefficient extraction formula of Theorem We begin with
a slight rearrangement of terms:

>t Y (*;!)nd;lg””‘lAgL(dg,fdg)H(dg)

1<gt<g 9=(915---,9n) i=1
n20 S gi=g—g+
2g n
dzg ’ Z n! Z 'A ( - 7) H_d_(li 2gl(d!]¢)! ' b91
1<gl<yg 9=(g91,---» gn) 1=1
n20 S gi=g9—gt

Now, we use Theorem [ to write the function A,: with a coefficient extraction
formula. Then the x(/\/l (29 — 1)) takes the followmg shape:

29—2 29* 2g+1€xp(dg28'(2)/S(2))
dgg ZL 7[2 9 ] S(Z)ngrl

> H ~S(dg,2)(dg/S(2)) 2% (dg,)! - by,

9=(g1,-+» gn) i=1

Sg;=9-gt
0g—27_291€XP(dg 28" (2) /S (2
= 477z }e ul S(Z)Q(gl{ )
1 z %9 _
Z QQJ-[y—Q(g—!J )]exp Z — () S(dgz)(dg/s(z))l—Qq(d§)| . b§
1<g+<yg >0 Yy
d2g 2[ }exp(dS'zS);(gi{S(Z))

Z QgL[y—Q(g—gL)]eXp (—dg’H(dgy, Z))

= d97%[2%) eXp(d‘gg?fggji{S(z)) ((y +1+ y;;) exp (—dg’H)) -

= d2972[%] (We){p (y (z:;i;) —In(S(2)) - H))) [

Note that in the third equality we use the fact that for a Laurent series G(y, z) such
that all Laurent monomials y°z/ satisfy f > —e > 0, which we later specialize to
G(y, z) = exp(—dyH(y, 2)), we have that

61 )3 20t 6 ) = ¥+ 1y )G 2)

1<g+<yg

y=29—1"

The equality can be checked on Laurent monomials. [
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6.3. Euler characteristic of connected components of minimal strata. We
want to refine the previous Euler characteristic computation and compute the Euler
characteristic of the connected components of minimal strata. In order to do so,
we show first a spin version of Theorem Recall that we set

X(Mg(2g — 1)) := x(My(2g — 1)7") — x(M,(2g — 1)°7)

to be difference of the orbifold Euler characteristics of the even and odd components
of the minimal stratum M,(2g — 1).

Theorem 6.10. Assume part (4) of Assumption holds, then for all g > 1, we

have
in (_1)” dq +n—1 spin - 7
X (Mg (dg))™P™ = Z 29L Z nl dg’L A_ffi (dg>_dg) H(dgi)! by,
1<gl<g  9=(91,--.9n) ’ i=1
n=0 S gi=9—gt
where dg = 2g — 1, Eg = 22_92,71111()9 and dg = (dg, ..., dy,).

Proof. First of all recall that by a generalized version of the Gauss-Bonnet theorem
(see for example [CMZ20al, Sec. 2]), we have

(=) % DX (M (a)) = €a, (@) (Qbz, (@) (log(D))) - [PEF™ ()]

where D = P=Z,(a) \ My(a). The top Chern class of the logarithmic cotangent
bundle Qﬁ»ag(a) (log(D)) was computed (as a cohomology class) in [CMZ20a, Theo-

rem 9.10]. It can be written as a sum over all level graphs T for P=Z,4(a) as in the
right-hand side of , with integrals replaced by gluing pushforwards. As in the
proof of Corollary we can then regroup the summands according to their first
undegeneration I' and use Proposition to obtain

(58)  cay(a (s, ) (08(D)) = (dy(a) +1) - (aoti) () - [PZ, (@)
= 3 @Dty (o) [PE(D)]
TeLG1(g,a)

Here we note that while Proposition [6.4] was formulated on the level of intersection
numbers, the proof only uses relations in the Chow groups and can thus be lifted
to an equality of cohomology classes.

Now we want to argue that, as in the proof of Proposition [6.7 all non-star
graphs in the sum above have a trivial contribution. To see this, first note that
when pairing the class with [M,(a)]*P™", the fundamental class of each con-
nected component of the loci P=(T') is simply multiplied by +1, depending on
the parity of the associated differential. Then, we may carry out the argument in
Proposition which converts the top power of 7 on PZ(,)(I(v)) into a product
over the level zero strata, on each component of PZ, (I (v))[% separately. Finally,
we observe that the proofs explained in Section 3.1 of [Saul8] show that the top
power of ) vanishes on each connected component of every non-minimal stratum of
holomorphic differentials. Thus, even in the spin setting, only terms coming from
star graphs I' can give non-trivial contributions in .

Since these terms are all of compact type, we know that the parity under the
associated gluing map is simply the sum of parities at all vertices by Proposition
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[5-2] This implies that we can now repeat the proof of Proposition [6.7] replacing all
fundamental classes by their spin counterparts, and arrive at the following formula:

X(MEP™(dg)) = 2g - dge ™" - ATP™(dg)

(-1 d

g—1
d spin,R(n—1 .
+ Z 2gJ_ Z ngglAgIl ( )(dQV_dg)Hdgz/ oin ,,,Idyz.
gt=1 ' '

9=(91,---,9n) =1 ]P’th (dg,-)

lgl=g—g+

Note that in order to obtain the first term above, we use part (4) of Assumption
H‘to replace f[ﬂg(dg)]spm P by — AP (dg)/dy.

Before continuing, we remark that Lemma [6.1] and its consequence Proposition
6.2|are true in the spin case after substituting the terms with their spin counterparts.
Indeed the only graphs appearing are of compact type, and so again the parity of the
graph is given by the sum of the parities of its vertices. Moreover, when generalizing
the proof of Proposition 6.2 we use in the end that in genus zero, the spin cycle
agrees with the fundamental class [Mo_,].

Using the analogue of Proposition we can now run the same argument as in
the proof of Theorem to reduce to the spin-version of Lemma where b, is

replaced by b, and ag4 is replaced by

azpin _ _/ ,’729—1 .
[PE(2g—1)]°Pi»

In the proof of this lemma, the role of equality is played by the corresponding
equality

o n—1 71 .
(29 — l)azpin _ Z M H(le — 1)'bgz

n!
n>1 =1
g1+.-.-+9n=g

which is proved in [CMSZ20), Corollary 6.11] by means of representation theory.
Indeed, from [CMZ20a] and [Saulg], the intersection number afP'™ is (up to a simple
combinatorial coefficient) the difference between the Masur-Veech volumes of the
odd and even component of M,(2g — 1) computed in [CMSZ20].

The final observation that we need is that when generalizing the proof of Lemma,

which was an induction in g > 1, the initial equation to check here is b = asPm,

On the one hand, from the formula we have by = —b;. On t'he other hand, the
equality [M;(1)]P" = —[M; ;] following from implies ai®™ = —a; and so we
can conclude from the known equality b = a;. O

Using this theorem, the proof of Theorem [1.6] is analogous to the proof of The-
orem given in the previous section. Here we use Theorem to explicitly
compute the function A’ and thus we need parts (1) to (3) of Assumption

Note that one can then compute the Euler characteristic of all the connected
components of minimal strata. Indeed recall from [KZ03, Cor. 1] that for g = 2
there is only the hyperelliptic component, for ¢ = 3 there is hyperelliptic and
the odd component, and for g > 4 there are exactly three components given by
the hyperelliptic component and the non-hyperelliptic odd and even components.
Moreover by [KZ03l Cor. 3] we know that the hyperelliptic component has even
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parity for odd genera and odd parity for even genera. Hence, using the previous
information together with the result x(M¥P(d,)) = ngﬂ) (see [CMZ20al, Prop.
10.4]), we can use the formulas we have shown for x(M,(d,)) and x(M,(2g—1))*Pi
to compute the Euler characteristic of every connected component of the minimal
strata.

Using the statements of the previous paragraph, one can independently compute
the Euler characteristic of the spin components in genus g = 2,3. One can then
double-check that the values given in Table [I| using the formula of Theorem are
indeed correct in genus 2 and 3.

APPENDIX A. POLYNOMIALITY PROPERTIES IN THE SPLITTING FORMULA

The goal of this section is to prove the following result used in the proof of
Proposition 3.1]

Lemma A.1. For g,n > 0 with 2g — 2+ n > 0, the right-hand side of equation
from Pmposz’tion is given by a (cycle-valued) polynomial in a.

Before we begin, we need two technical preliminaries about sums of polynomials
over partitions of given numbers. Here we remark that for the entire section we
have the convention that when iterating over sums by + ...+ b, = c for e, ¢ fixed,
the terms are ordered (so that for e = 2,¢ = 3 the sums 1 +2 =2+ 1 = 3 are
counted separately).

Lemma A.2. Let f > 1, then the function

Sf :ZZO —>Z,C’—) Z (blbg)f
b1 +bo=c
b;€Z>1
is given by a polynomial in c satisfying Sy(—c) = —S¢(c).

Proof. Let ¢ > 1 be an integer, then we write by = b,bs = ¢ — b and expand the
binomial to compute

c—1 c—1 f
550 = e =07 = 0 S (1) (-
b=1 b=1 =0
f c—1
:Z( 1)i({>cfzzbf+z
1=0 b=1

Using Faulhaber’s formula, we can compute the sum of the b/** in terms of Bernoulli
numbers B;, obtaining

f SHi .
0= S (D)ot 3 (T e

i=0 j=0 J

fof+i .
B ) (A1 G IESP
== i j f+i+17’

Since all odd Bernoulli numbers except for By vanish, the lemma is proved once
we show that the coefficient of ¢2/*1~! vanishes, since then only odd powers of ¢
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appear above. This corresponds to extracting the terms for j = 1 and so indeed we

obtain
155(0) = B 3 (1) DT

=0

O

Lemma A.3. Let Q(A, B) = Q(a1,...,an,b1,...,b) be a polynomial with rational
coefficients in n + e variables (for n > 0,e > 1) satisfying Q(—A,—B) = Q(A, B).
Let ¢ : Q" — Q be a nonzero Q-linear map and denote by AT C Z™ the set of
integer vectors A for which c(A) is integral and non-negative. Then the expression

(59) P(A): Z blbeQ(AvB)a 14€Ac+
bi+...+be=c(A)
b71€ZZl
is giwven by a polynomial expression in the entries of A, and this polynomial is
divisible by c(A) and satisfies P(—A) = —P(A).

Proof. We prove this result by induction on e, treating the cases e = 1, 2 separately.
For e = 1 the expression takes the simple shape P(A) = ¢(4) - Q(A4,c(A)),
which is clearly polynomial in A, divisible by ¢(A) and satisfies

P(=A) = c(=4) - Q(=4,c(=4)) = —¢(A) - Q(A, ¢(A)) = —P(A),

using that c is linear and that @ is even.

For the case e = 2 we first note that we can assume without loss of generality,
that @ is symmetric in the variables b1, by. Indeed, since the tuples (b1,b2) in the
sum over by +by = ¢(A) are symmetric under exchanging by, by, we can replace Q by
the symmetric average Q(A, B) = (Q(A, b1,b2) + Q(A, b2, b1))/2 without changing
the value of P.

Since the symmetric functions in by, bs are generated as an algebra by the ele-
mentary symmetric functions by + by and by bo, it suffices to prove the lemma for
of the form

Q(A, by, by) = q(A) - (by + 1) (b1b2) ",

where ¢ is a polynomial, which must be even for f; even and odd for f; odd.
Plugging this form into the expression for P we have

P(A)=q(A) > biba(by + 1) (biby)
by +bo :C(A)

(60) =q(A)c(A) D (k)T = q(A)e(A)1 5, 11(c(A)),
by+by=c(A)

where for the last equality we use the result and notation of Lemmal[A-2] From the
form we see that P is polynomial. Moreover, for f; either even or odd, we see
that the expression q(A)c(A)% is even in A. Thus, since Sy, 11 is odd by Lemma

the overall expression for P is odd and the oddness of Sy,;1 also implies that
the term Sy,11(c(A)) is divisible by ¢(A).
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We conclude by proving the result for arbitrary e > 3, assuming by induction
that the result is true for smaller values of e. For this, we split the sum over
bi,...,be into two parts:

PA)= Y bib-QAB)

b1+...+be :C(A)

(61) = > i bez- > beyibe- QA B).

byt...tbe_atb=c(A) bes1+be=b

By applying the proven case e = 2 of the lemma to the auxiliary functions

Q(Awblw .. 7b€727,57 befhbe) = Q(AvB)7 E(Zu E) :’57
—_—

=A =B
we find that
F(Aby,. . be—2,b) = > besrbe - Q(A, B)
bet1+be=b

is an odd polynomial in the entries of A,B,FI;7 which is divisible by ¢ = b. In
particular we can write it as F = b- F for an even polynomial F. Plugging this
expression back into we find

P(A) = > by be_g-b-F(Ab,... ,bes,b).
bi+...+be_a+b=c(A)

But this sum is now covered by the proven case of the lemma for e — 1 and all
desired properties of P follow. O

Proof of Lemma[A.1 For the proof, we group the summands (T, ) in accord-
ing to the underlying graph I' and show that each partial sum is a polynomial in
a. Such a graph I is specified by the data of

e the number e > 1 of its edges,
e a partition g — e + 1 = ¢’ + ¢” of the remaining genus and
e a partition J' U J” = {1,...,n} of the marked points.

In order to have a nonzero contribution, the markings s,¢ must go to different
vertices, and below we assume that s € J”,¢ € J'. Fixing such a graph I there are
two possible level-assignments I'* on T, depending on the choice of the vertex of
genus ¢’ going to level 0 (in I'") or level —1 (in I'™). We claim that depending on the
input vector a, at most one of the two orientations can give a nonzero contribution
to the sum . Indeed, denote by ¢ : Q™ — Q the linear function defined by
(62)  cla) =k(2g' —2+n') = D aj for k= Dizy
i / 29—2+n

and n' = |J'| +e.

In Proposition we only consider a such that the k defined above is an integer,
and then in the formula for c¢(a) > 0 we only see contributions (T, ) with
underlying level-graph 't (similarly for T~ and c¢(a) < 0). For c¢(a) > 0, the

possible twists I on I'" are enumerated by partitions by + ... + b, = c(a) for
positive integers b;, and the sum of all contributions from graph I" is given by

1
(63) P+(a) = Z gbl .. 'be . CF* (DRg’(aJ'yb);®DRg”<O’J”7—b)) .

b1+...+be=c(a)
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Here b = (by,...,b,) and again we run through the partitions of c¢(a) with the
order of the summands taken into account. Compared to the original formula this
is compensated by the fact that we divide by the size e! of the full automorphism
group of I' instead of the group of automorphisms fixing a given twist. We also
note that by our conventions of s € J”,t € J" we have f;(I',I) =1 here. On the
other hand, at points a with ¢(a) < 0 the sum of contributions is given by

(64) P (a)=— Z élh -+ -be - Crv (DRy/ (a7, —=b), ®DRgr (ayr, b)) .

bi+...+be=—c(a)
Using the fact that the double ramification cycle is an even polynomial in its entries
(i.e. that DRy, (—A) = DRy, (A), as follows from its formula or from Invariance I
of [BHP™20]) we can apply Lemma to conclude that both Pt and P~ are
given by polynomials on their respective half-spaces {a : ¢(a) > 0} and {a : ¢(a) <
0}. Moreover, using again that the DRg,-cycles are even, one sees from and
that P~ (—a) = —P*(a). Combining this with the fact that P~ is odd by
Lemma i.e. P~(—a) = —P(a), it follows that PT = P~. Thus indeed the
contribution of I' to the formula is polynomial everywhere, which concludes
the proof of the lemma. O

For the results involving intersection numbers of spin double ramification cycles,
we also need the following lemma on sums of polynomials over odd integers.

Lemma A.4. Let n,m > 0 be integers and P € Q[z1,...,Tnitm] any polynomial.
Then there exists a polynomial Q € Qlx1,...,xn,al, such that for a > 0 of the same
parity as m, we have
(65) Q(xlv"'vmn,a): Z P(‘rlv'”vxnajla'“ajm)'
Gy >0 odd,
Jit...+im=a

Moreover, for m odd and all terms of P having of odd total degree in ji,...,jm,
the polynomial Q is divisible by a.

Proof. By decompositing P into monomials and drawing out the factors z1, ..., z,,
it is easy to reduce to the case n = 0 and P being a monomial of some degree e.
Then, we begin with a preparatory remark: using similar techniques as in the
proof of Lemma or alternatively a suitable version of Ehrhart reciprocity, it is

possible to show that for any polynomial P’ € Q[z1,...,Z,,] the assignment
> 01 5eeestm 20, Pl(i1,...,im) b>0
(66) Z— Qb i1 A =b ' |
(_1)m_12 i150005Tm <0, Pl(zla"'7zm) b<0
i1+ iy =b

is given by a polynomial Q' € Q[b].
Then, if the original polynomial P is of pure degree e, we can parameterize the
odd numbers jy in as jy = 219 + 1. Using moreover that

1 1
P(2i1+1,...2i,, +1) =2°P(i1 + 5,...,% + 5),
we can obtain the sum from by choosing P’(z1,...,om) = 2°P(x1 +
1/2,..., 2y, + 1/2) and making the substitution b = (a-m)/2. This shows that Q
is indeed a polynomial.
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Finally, going through the substitutions above one checks that for negative a of
the same parity as m, the polynomial () is given by

(67) Q@)= (=" > P, dm)

J1reenrim <0 0dd,

Jit...+im=a
For m and P odd, it is then immediate that Q(—a) = —Q(a), so that indeed @ is
divisible by a. O
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