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THEPROD CONEFORMOTISe ulations
of 1-periods"

Recale that in talk 8 we defined Cotorological PERIODS
,

FORMAL PEriODS and

the Evaluation Map
,

and we Stated te Period conjecture :

P := U Im (per :Hi , e) Xh(X ,
Y- ) Space Of Cohorological Period

3 ( ,Y ,
il EPeirert/E /w , 0)- complet lo

was dended by per .
We avoid tel decoration

↳
comp : Hi (XIng(X ,i
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Since we will consider only tel effective setting.
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P := Q-vector space generated by symbols SPACE OF FORMAL REMIODS

(X
,
Y ,

=
,
w

,
o]

with (X ,
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,
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d : Häm(Y ,
1)H ,
y 0 :H ,

7 :a)

bounday maps of long exact sequences of tel poin.

ev:P the -liveau map S .
t

.

(X
,
Y ,

5
,wis] to periw ,

o

EVALATION MAp

Guj : (period conjecture
THW1S

, Conj.
1)/ ev : P-C is injective.

The image is er(P) =P This conjecture tells that all -lineo↑

relations between coHorological REriODS one given by (A) ,
(B1) a (B2)



ofThe aim this talk is to prove this conjecture for"1-periods".

Pu : G1 . Say what we wear by "1-periods" and state

precisely the period conjecture we one going to prove.

thisG2. The statement of conjecture doesn't involve

motives
,
but we use the motivic framework

to prove it !

We need to formalize the period conjecture using motives.

This formalization can be applied to different

categories of motives.

Taking te category of NORI 1-motives we recover

tee period conjecture stated in 91.

Taking the category of DelgNe -Notes we obtain

an equivalent conjective ,
that we will prove in 93.

G3 .

We prove thee Period conjecture for deligne 1-motives.



G1 .
1-PERIODS AND THEIR PERIOD CONjECTURE

Re : We define the space of caltrological -Periods

IHWIE
,
Def 12 .2) P : = v Im (per :Hi ,e) xH(X ,

Y :-

ilparte
=

=: P(X
,
y

,1)
X

,
Y ore any!

Differently from P
,

P" isnot

Rink : ⑧ PicP is a -subvector space of K a Q-algebra! We don't care

-

about Multiplicative structure

CHI
,
Lev

. 12.4)For Kee dame reason why P is : in this talk.

- The Sune of2 Pros of (X ,
Y

,
1) and (XY1) con

be realized as a Period of (XIX ,
YAY

,
1) (see talk8)

-> Action ofis given by -fineering of Har(XYIQ) . E

⑧ pr contains also

P = = U Im (per :Hi ,e) xH(X ,
Y :-

widepartie
=

=: P(X
,
Y

,%
Indeed P=Q

Alteratively, notice tot an period of (X ,
4

,
o is

also a period of (XXA
,
YX

,
1) (see talk8)

So
,

1-PEriODS are PERioDS obtained by restricting to conside

cohomological degree 11.

Their period conjective is obtained by restricting the
Period conjecture to colomological degree 11.

More precisely ,
we consider

Pair1/cPaire/

the free subdigram containing vertices of ther kind

IX
,
Y

, is for i 1 1
-

-

-



Defi we define the Space of Formal 1-PEriods

51 = -rector space generated by symbols
(X

,
y

,
i

,
w

, o] <1
-
-

modulo relations :

CA') bilinearity in wa o

LB') induced by edges in PairlQ :

(B1') (XY
,
il + (X

,
Y

, i) we (X ,
X ,

2
, 8 o) = (X

,
Y

,
i

,
w

, 800]
[11 i)

(B2') (Y
,
7

,0+ (X
,
X

, 1) m [X
,
X

,
1

,
d

,
0] = (4

,
7

,
0

,
0

,
00]

.

We stile have an ExturAton Ma

eur : P-

the -linear mop S .
t. (X

,
% ,

=
,
w

,0] + pensw ,
ot

i=1

Thu : (PERIOD CONjECTURE For 1-PERioDS)
-

IHW1
,
The

.

B.3 (3)]/evr : Pr- & is injective.

The image is evFl =p: This conjecture tells that all -lineo

relations between cotorological 1-REnioDs ore given by (A) ,

(Bi) a (B2)

Il

This isle conjecture for -periods" we are going to prove in the talk.



G 2
.

THE MOTIVIC FORMALEATION

I d : A category of motives are Q MIE) couses equipped with

a de Rhau and a singular realization Fructors ,
which ae

isonoplic extending scalons to K

E-Vect
Har -Q
- ->

m() ↑ comp C-Vect

- -
CHang R-Vect -Q

They can be pot together to
give rise to a de Rhow-singular

realization functor

m()- (Q
,
Q) -Vect

(Mm (Han(M) , Hang(M) , compr
2

campfi Ham(MDE Hang(Moak
With this dator

,
we can define theSPACE of PENIODS

-

of Ma =: PIM)

Plauiper: Ham(M)XHsing(M- )
Memel

(w ,
0) + compp(vllo

and the Space of FORMAl PrioDs of Mic
-

~

P (M(G)) : = Q-rector space generated by symbols
JM

,
w

, 0] with we Har(M)

OE Hang(M)v
modulo the relations :

(A) bilinearity in w and o

(B) induced by maphisms in Ma

We also hove an EVAlation Map
-

ev :Flmi -PImialC

(M ,
w

,
o I compr (w((d)

We say that the PERIOD conjecture holds for Mic-

if er is injective.



This idee can be easily generalized to any category /or more generally
a direct diagram) with a fructor (representation) into (K

,
71-Vest

For some K
,
LCK subpeeds .

THWE
, G7 .17

However
, he directly give the examples we ore interessed in

S

without entirely repeating each time the definitious explained above

#) Paina (E
,
Q)-vect

(X
,Y ,
il (AX, YI)

, Hsing(X ,
X iR) ,

compl

We recover exactly themotions of

P(parl = P SPACE OF COLOROLOGICAL REIODS

↑ (Pare() = SPALE OF FORMAL PERIODS

and te Period conjecture ! It's incuedide by definition!

#) By universo property of diagrau category

~
Ma↳

Paira/ "
Ising &-Vect-

- Projection an ind component
I)

m

(Q ,
R)-Vect is fithpue and exact!

is Q-linean obelian

we dotoin ther functor

Ma ,
al-Vest

and hence the -rector spaces

Pri SPACE OF PERIODS OF NOM NOTIVES

↑ IMMäll SPACE OF FORMAL PERIODS OF NOM NOTIVES

and a Period Conjecture For Nom NotiveS.

As wrot
,
this conjective teles that -linear relations

between PENIODS OF NOM notivt on given by
(A) bilinearity
LB) induced by maplitms in ter Category of Non Motives



It's notso clear what it is
, especially because morphisms

in the CATEGORy of NOM Motivis ore difficult to understand.
It's the big drawbock of Norl motives!

In fact ,
it is nothing new!

Prop : The Period conjecture FOR NOM MOTIVE is equivalent
-

↓ the Period conjecture L

~ thick eliam subcolegony generded
· Since mal = (Hi(X ,y)

I
1 = fuel , closed under subquatients

then

P (mn()) = (P(H(X ,
Y1))= (P(X

,
Y

,il a = UPIX , Y ,i)=P (Poirete)
M Q

( S IX ,il E Poiret/

long to check -rector space genered
· Recall that in talk I We saw that :

Gen 2 represeltious
In Q-Vect
-

D u Air := comparison Space of TerTa
# Q-Vect

and C :Tr - Piz : = Formal PENioDS
S
theer

1) Piz Alz as -rector spoces

2) AreAle(D ,Tz) , fr. ·P , final = companion space of

Tr fino & fina
---ELD ,

Ti
fir R-Vect

D ↑ &
↑

- Pa
- fir

Z,Th -+ -reat
T

Applying His to D= Pareri
, Tr= Han & Trang,

we obtoin a camonicol isonaphitn
1)

↑(Paint/)A(Parat , Ham .Hango =

E A(M
,
Ham

, Hange) =

1)
E ↑ (Mm())

· we have be commublive Square

↑ (Pair) =P(Pa

↓12 Il

↑ (Mr())=Prä
Hence PERIOD Conjectures for Poize/E and Mentr (a) de

equivalent ⑭



Paireff/
S X

#I) Pain" IQ-(G
,
Q)-vect

(X
,Y ,
i) -> (HX ,YI)

, Asing(X ,
X iR) ,

compl
X

, y any ,
il

We recover exactly themotions of

P(Par() = P SPACE OF COHOrological 1-REIODS

-

↑ (Par() = Pi SPACE OF FORMAL 1- RENIODS

and te Period CONJECTURE FOR 1-PERIODS !

It's incuedide by definition!

#I) Recale the Category of Nori 1-notives

↓Mm() : = <H(X,)
,
H(X ,
y)) cMi

2
thick eliam subcolegay genered
1 = fuel , closed under subquatients

composing wine inclusion
,

we get

↓Met CalcMa al-Ventnovi

and hence the -rector spaces

P(dr SPACE OF PENIODS OF NORI 1-NOTIES

↑ diMMl SPACE OF FORMAL PENIODS OF NORI 1-MOTIVES

and a Period conjecture For Nom 1-motives
↑

As wrot
,
this conjective teles that -linear relations

between PENIODS OF NOM notivt on given by
(A) bilinearity
(B) induced by maplisms in ter CATEGOR Of NON 1-Motves.

Leuna : dMar is equivalent to te diagram category-

of bairtI with representation
Hing

Hing : Pair Paire/e- -Vest

Recall te direct diagram
(C

,
D) wwel : daj : (CD) C smooth effine corret
I &

(C
,
D

,1) Pair"I
D4 C finite Set of points

Mor : (CID + (<,2) for any

8: (C ,
D) + (CD'l mop of pains.



Thetheorem by Ayab & Babieri-viole cited in talka

states that ten diogram alegory of Correla

witl representation

Hang : Le Par
Hine
-> Q-Vect

(CD)rpinH'(C
,
D id)

Sing

is equivalent ↓ deMi(

deMa = El Come le
, Hsing) &

By universal properly of diogram colegony ElParla ,Hing
we have:

ElParl
,Hing) Häng- -

Pair" IQ.Tr Avet 7I -
- dimai(a) Häng
Hi (X) as

Novi

By universal property of diogram colegary deMi
we have :

u
dMer Hang

Lune Hig & - Vect-

- X
2)Pair/

,Häng Häng

By universality we conclude that dotted annows de

quasi-inverse fructors .

EA

Rop : The REnioD Conjecture FOR NORI 1-NOTIVES is equivolent to

the Period Conjecture For 1-PENIODS.

I follows from le above lemma
, nasoning as in the

proof of the previous proposition. E



Rink : · We can also take be representation
-

diogram seen Coure/Pair-( , Al-Vect
in hu last lena!

Hence
,

we obtain

P(CE) stale of Periods of Cre Type
-

PCCWE) Sile of formal Periods of Curve Type

and a Period Conjecture For Reniods of curve Type

As wrot
,
this conjective teles that -linear relations

between PENIODS OF CurF TE One given by
(A) bilinearity
(B) induced by mapeisms in ter digram correla.

Since
, as we recalled in te lost anno

ef
3) Curvel

, Hang) dinniti,
ther priod conjecture For Renios of Curv Type is equivalent

Lo tel Period conjecture for Nom 1- motived.

So
,
it gives an even simplen formulation of

Lu Period Conjecture for 1-periors)!
bla Formal Briods hove

both less generators
and less relations

'&GAN PERIOD Conjecture (
PERIOD Conje crNE

for a diagra for its diagram cregay
D E(D

,Hang)
2

this allows to give a

nore explicit description

of the Period Conjecture
bk maphisus ore known! - White

, typically,
norpeisms of ECD ,Hung)
are difficult to

describe



we mean the Delige 180-1-notives,
which isobelian.

5
E) Finally ,

recall from talk9 Her category of deligne -notivet

1 - Not()

and from talk 10 te singular and de Than realizations

ME1-Mot(E) e Using (M) := Tang() *& , Tang(H) -Lielson
Il

(2+G]
L ↓ d ↓ exp

is a Q-vedan spoce L-gam
XGiac

Van (M) : = Lie(MY)
,N

is a -Veder spoce 0 -> 1000) - 12+ M4) + (2+ 6)+ 0

UNIVERSAL VICTOR EXTENSION OF M

togeteen with an isonoplism

&
m

: Vang(M VanIM
So

, we con define Un fractor
-Nota (R&)-Vect

M + (Vang(M) , Van(M) ,
er)

Tu

Nolice that they ore reressed W
.2.

t
.

ten previous examples! This reflectsfece

fot that DELIGNE NOTIVES ore honological
while non notive colonological!

Heace we have ben -rector spaces

Pla-notläll SPACE OF PENIODS OF DELIGNE 1-NOTIES

P(1-not(ält SPACE OF FORMAL PENIODS OF DELENE 1-MOTIVES

and a Period conjecture for delgne 1 Motuey

As wrot
,
this conjective teles that -linear relations

between PERIODS of Deligne 1-motivit one given by
(A) bilinearity
LB) induced by maplisms in tel Category of degne 1-Motves.



Pop : The Period conjecture for deligne 1-motivet is

equivalent do tel Period Conjecture for Norl 1-notives.

By the Theorem of Ayoub & Barbieri Viale (toeke we have an anti-

equivolate of colegories between Cattry of datione 1-rotes and

CATEGOny of Nom 1-notvet
,

which is compatible with singed

and te Rham realizations.

more precisely ,
we have the commublive diogram of fundons

op op
1-motlè-(a)-Vect Wa

,
V ,

9) 9 :VaV
↓2 ↓ ( I 3

Vdimion(a) (
,
a)-vect IV

,
V ,) VEVa

which induces te commodite square

Ele-mottäs) =P(1-Mot(eh) i) an equality by Lee

is an iso anti-equivouce + fact that

by le anti-te ti Il ~ & and tr have represultive
equivalence matrices with save entries.

Plamel = Pld,n
Heuce PERIOD CONjECTURES for 1- Not(e) and d,Ment ore

equivalent Th

The lost 2 propositions tele that to quore tel Period Conjecture
For 1-Periods we can reduce to poe thee Period Conjecture

For deligne 1-motives.

we prove ter latter in te Next section.

=Resume : PC PC(Pairatel # PC(Motel)
Irestricts

1- PC = PC(Paira) PC(dime) s PCCartell

#
PC(Curelä



G 3 .
Proof OF THE PERIOD CONjECURE FOR DEUGNE 1-NOTIVES

As we said above
,
the Period conjecture for Designe 1-motivey stoles

that -linear relatious between Periods of deligne 1-noties

Vang(R) X Var(M-
Co , wi - widpa) =/ - is only motation

for US

We :Valm)+

&mi Vang(M) ~Vannak
are (A) bilinearity

(B) induced byvorpuisus in 1-1ot()

As anticipated
,

we need the Analytic SUBGroup Torn (AST).

Just to give onl idea of how it wife be used
,

we list

the main steps of the proof :

· we start from a -linen combination of PENIODS = o

S. (pwe +... + In(qwn= Sie
, dieVang(Mil ,

wiEVanCMilv

· Using (A) & (B) we nemile it os a single Period to

Iw=o OfVang (M) weVang(M)
· We use a motivic rension of the Ast to find a

sub-monte n'cM St.

w = powl & 5 = in o

with otriFirmirto
, deVang('l weVan(MN).

Then
I

(aw = (0 1 pw" = S,
pe
=

that is
,
the relation Spe is induced by (B) !

we stort recotting the version of Ast for olgebroic groups
From talk 10.



category of connected commuttive

olgebraic grups/
Tum : (ANautic SubGroup toren)~
THWie

,
Thu6

.2.) Let GeG - 9 : = lie(G) ugc := fa = lie(gau)

negh S .

t
. expoluleG(a)I Then 7HCG Subgroup , HeG ,

S .

t.

1uthe where =lie(t) ehe=haglie(Hau)

2) Ann(ul = (9/h) a gu
il

gunfeg/f(u = 0

↳ image of le

First thing to do is obtain a motivic version of this theor :

T : (ANALYTC SBGROUP THEOMEN FOR DELIGNE 1-NOTES)
IHWI

,
Th9] Let Mel-motièl we Van(M) := Lie(ME)

of Using (M).

Then 5! M ce M sibmative
,
M'et-rot()

,
s it.

1) E In Vang(R)
2) Ann(a) = poVan(M/Mi)" <Varin) ,

where p : -- M/M
in

#
Swe Varimil Jaw =0 ?

WW6
,

we can assime oTsing(M) Otherwise we can loke NEW

St. not Teng(M) and work with no

Recoll we havehe commblive diogram

was used T Lie (Maus= Lie (Mau) = Lie(ME) =VariaheSag(R) = LXp , au

to construct I S

&n!
j ↓ ↓ yis in ↓ expma

L - L- Ma,an

-

isM Il

is inj RE()CMY (C)
(Tolk 10

- we con see of Lie (Milc. It is s .
t

. expra(am(a)
By Ast 7 HOME

, Hey ,
St .

1) lie (H)e ~
po : lie (MY/Ac vie (M4)v

2) Anncol = pocie (M2/H) wite p : ma - M4/
4 Since retsing(M) is seem os on element of Van(MIc

vie In
,
his Ann is exactly the one in Att!



Now we need :

Lema : let M =1+G]e1-not()

THW18
,Prop .On] For any HCMY , HEG ,

Frich
,
retrotca

,

-

I H

ti

/

with Mit M

S.t . Vang(m) n LieCh) =V (m')
& sing

we only see be construction of M .

I

Let 0 + V + H - 6 + 0 be camonical decoup. in
rector Suni-obeliani

Group variety
we have a set

given by Ve structure Thiorn. bic one se

canonicol SES

We have te injective mahism of Setet of the structure

THEONEM
.

0 + V + H + 6 + 0 It is inj bic

S S H'C ME is.

·-fino -> 0

T LI 4H()
odand ne define is/ we near ↓ I

L Ma

we put M := /L' + 6]e1-rot().

Notice it is a

Properties can be proved. E

We true bock te ke proposition . By he Lume we can find
ric, M up : nM/m) =: M"

S
.

t
.

V
Sing
(ms = Vang(r)d Lie (H) &

- · E v
sing
(M) ~ Ofiang (M) ,

which is 1)
~ From war an

· polie (mit) < Ann (0) I is only
Monoven be proposition gives· linear

M" =+ H/H) = : H" algebra

~ Am(d) = Lie(t")" Lie(M14Va Ann(o)

- An(os = Lie(M"2) = PoVmCMISV
,

which is 2).



i
Il let M. CM be aude submotive with sare properties.

- p : m- MM=:Mr.

Then by 2) , povan(Mu) = Anco = povan (M")
ve McF =M *

~ Mz = n"
.

- 14 is faithful M

Cori let Metrotlä) -Vang(m) ,
we Vancast

.

Jawo
ItW18

,
Cor

.
e.9] Ther exists a set in t-rot(al

P
o +n n-n+ 0

S .t. r = i col O'E Vang (M'l
w = powi wie Van (M"

Apply previous the do M and o We get the SE

o + r dis i FiMri to
·

Sit . Il JEToVang(M) w = :20

2) Ann(o = p
: Va(Mil" -e w = pal

A
↑ byp

The : ( Period conjecture for deligne 1-motive
-

CAW
,
Thue

.10] All & -lilean relations between PENIODS of DELIGNE 1-motives one :

I (A) bilinearity

(B) induced by mophisms in 1-rotha).

Proof follows steps outlined above :

· Consider a -linear combination of Priods = o

↳egwe +... + brawn=0

where JoWi is a Period of MieArt)

We want to "prove" the = Uhing wees (A) & (B).

· we con see te linear combination os a single pecial

al M = Mo ... Mr bla
,
if Mini

(B) (A)
Se (Wet . --

+ de)gWn =[bi 5 = [Ligo:

w = EXiwi



· Since (w =

o

,

ther we can opply he previous Car and
M

detoin a ses in 1-Motta

[ond'enfor" to St
.
Orol and w = pow"·

(B)
so I = 1

:gi
" = Ja,

ipw Am
-
=


