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Problem 35 For a ring R, consider X “ Pn
R. Show that OXpXq – R.

Problem 36 (Veronese map) Let k be a field. Show that there exists
a morphism ϕ : P2

k Ñ P5
k which induces the map

ϕpkq : P2
kpkq Ñ P5

kpkq, px0 : x1 : x2q ÞÑ px2
0 : x0x1 : x0x2 : x

2
1 : x1x2 : x

2
2q

on k-valued points.

Problem 37
Let R be a ring, n ě 1. Let B “ RrX0, . . . , Xns. Let Z “ V pX0, . . . , Xnq Ď

An`1
R “ SpecB, and let U “ An`1

R r Z, an open subscheme of An`1
R .

Show that there is a “natural” morphism p : U Ñ Pn
R of R-schemes

such that for every field k the induced map Upkq Ñ Pn
Rpkq is given by

px0, . . . , xnq ÞÑ px0 : ¨ ¨ ¨ : xnq.

Hint. Let Pn
R “

Ťn
i“0 Ui be the standard affine cover. Define morphisms

DpXiq Ñ Ui and construct p by gluing of morphisms, applied to the
compositions DpXiq Ñ Ui Ñ Pn

R.

Problem 38
We continue to work in the setting of Problem 37. Let A “ paijqi,j P

GLn`1pRq be an invertible pn ` 1q ˆ pn ` 1q-matrix with entries in R.

(1) The ring isomorphism

B Ñ B, Xi ÞÑ
ÿ

j

aijXj,

1



induces an isomorphism An`1
R Ñ An`1

R of R-schemes.

Show that A restricts to an automorphism rfA of U .

(2) Show that there exists a unique automorphism fA of Pn
R which fits

into a commutative diagram

U U

Pn
R Pn

R.

rfA

fA

In this way we obtain a group homomorphism from GLn`1pRq into
the group AutRpPn

Rq of automorphisms of the R-scheme Pn
R.

(3) Now let k be a field, n “ 1. Let P1
k “ U0YU1 be the standard affine

open cover. We have P1pkq “ U0pkq Y tp0 : 1qu “ k Y t8u. Let
x, y, z P P1pkq be distinct points. Show that there exists a unique
automorphism f of P1

k of the form fA such that

fp0q “ x, fp1q “ y, fp8q “ z.
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