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Problem 42 Let k be a field. Consider the projective quadric

X :“ V`px0x3 ´ x1x2q Ă P3
k.

a) Show that there exists a map ϕ : X Ñ P1
k ˆ P1

k which on k-points
is given by pa0 : a1 : a2 : a3q ÞÑ ppa0 : a1q, pa0 : a2qq for all
pa0 : a1 : a2 : a3q P Xpkq such that a0 ‰ 0.

b) Show that ϕ is an isomorphism.

Problem 43 Let k be an algebraically closed field. Consider the mor-
phism A1

k Ñ A1
k corresponding to the ring homomorphism krts Ñ krts,

t ÞÑ t2. Describe the scheme theoretic fibers f´1pxq for all x P A1
kpkq.

Which fibers are reduced?

Problem 44 Let ϕ : X Ñ S, S 1 Ñ S be maps of schemes. The
base-change of ϕ is defined to be the map ϕ1 : X ˆS S 1 Ñ S 1.

X ˆS S 1 S 1

X S

ϕ1

ϕ

a) Let K be a field, and let L1, L2 be extension fields of K. Show that
there exists a field L together with K-homomorphisms L1 Ñ L,
L2 Ñ L. (Hint. To construct L, you could start with the tensor
product L1 bK L2 (however note that this will not in general be a
field).)
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b) Show that the surjectivity of ϕ implies the surjectivity of ϕ1.

c) Give an example of a situation where ϕ is injective, but ϕ1 is not.

(We call a morphism of schemes surjective (or injective, bijective), if
the underlying continuous map has the respective property. Note that
every isomorphisms of schemes is bijective; but the converse is not
true.)
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