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Problem 26 Let X be a topological space, U Ď X open, and denote
by j : U Ñ X the inclusion map. Let F be a sheaf of abelian groups on
U . Denote by j!pF q the sheaf associated with the following presheaf
on X:

V ÞÑ

"

F pV q if V Ď U,
0 otherwise, for V Ď X open

Compute the stalks of j!pF q and the restriction j!pF q|U . It is possible
to define j! on sheaf morphisms, so that j! is a functor. Show that j´1

is right adjoint to j!.

Remark. Recall that j´1G “ G|U . You do not have to write out
the proof that the bijections Hompj!F ,G q

–
ÝÝÑ HompF , j´1G q are

functorial in F and G .

Problem 27 Give an example of affine schemes X, Y and a morphism
X Ñ Y of ringed spaces which is not a morphism of locally ringed
spaces.
Hint: Consider a DVR R and its field of fractions K. Construct a
morphism of ringed spaces SpecpKq Ñ SpecpRq whose image is the
closed point.

Problem 28 (Gluing topological spaces) Let U1, U2, U3 be topological
spaces. Suppose we are given:

• Uij Ď Ui, i, j P t1, 2, 3u open,

• isomorphisms ϕji : Uij
–

ÝÝÑ Uji.
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such that

(a) Uii “ Ui and

(b) the cocycle condition ϕkj ˝ ϕji “ ϕki holds on Uij X Uik for all
i, j, k “ 1, 2, 3.

Show that there exists a topological space X together with open em-
beddings ψi : Ui Ñ X such that

• ψj ˝ ϕji “ ψi on Uij for all i, j “ 1, 2, 3,

• X “

3
ď

i“1

ϕipUiq

• ψipUiq X ψjpUjq “ ψipUijq “ ψjpUjiq for all i, j “ 1, 2, 3.

U1

U2

U3

U12 – U21

U13 – U31

U23 – U32

Bonus exercise: Generalize to arbitrarily many Ui. Show that pX,ψiq

is unique up to unique isomorphism.
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